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ON QUANTITATIVE OPERATOR K-THEORY

HERVE OYONO-OYONO AND GUOLIANG YU

ABSTRACT. In this paper, we develop a quantitative K-theory for filtered
C*-algebras. Particularly interesting examples of filtered C*-algebras include
group C*-algebras, crossed product C*-algebras and Roe algebras. We prove
a quantitative version of the six term exact sequence and a quantitative Bott
periodicity. We apply the quantitative K-theory to formulate a quantitative
version of the Baum-Connes conjecture and prove that the quantitative Baum-
Connes conjecture holds for a large class of groups.
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0. INTRODUCTION

The receptacles of higher indices of elliptic differential operators are K-theory
of C*-algebras which encode the (large scale) geometry of the underlying spaces.
The following examples are important for purpose of applications to geometry and
topology.

e K-theory of group C*-algebras is a receptacle for higher index theory of
equivariant elliptic differential operators on covering space [1, 2, 5, 11];

e K-theory of crossed product C*-algebras and more generally groupoid C*-
algebras for foliations serve as receptacles for longitudinally elliptic oper-
ators [3, 4];

e the higher indices of elliptic operators on noncompact Riemannian mani-
folds live in K-theory of Roe algebras [15].

The local nature of differential operators implies that these higher indices can be
defined in term of idempotents and invertible elements with finite propagation.
Using homotopy invariance of the K-theory for C*-algebras, these higher indices
give rise to topological invariants.

In the context of Roe algebras, a quantitative operator K-theory was introduced
to compute the higher indices of elliptic operators for noncompact spaces with fi-
nite asymptotic dimension [19]. The aim of this paper is to develop a quantitative
K-theory for general C*-algebras equipped with a filtration. The filtration struc-
ture allows us to define the concept of propagation. Examples of C*-algebras with
filtrations include group C*-algebras, crossed product C*-algebras and Roe alge-
bras. The quantitative K-theory for C*-algebras with filtrations is then defined in
terms of homotopy of quasi-projections and quasi-unitaries with propagation and
norm controls. We introduce controlled morphisms to study quantitative operator
K-theory. In particular, we derive a quantitative version of the six term exact
sequence. In the case of crossed product algebras, we also define a quantitative ver-
sion of the Kasparov transformation compatible with Kasparov product. We end
this paper by using the quantitative K-theory to formulate a quantitative version
of the Baum-Connes conjecture and prove it for a large class of groups.

This paper is organized as follows: In section 1, we collect a few notations and
definitions including the concept of filtered C*-algebras. We use the concepts of
almost unitary and almost projection to define a quantitative K-theory for filtered
C*-algebras and we study its elementary properties. In section 2, we introduce the
notion of controlled morphism in quantitative K-theory. Section 3 is devoted to
extensions of filtered C*-algebras and to a controlled exact sequence for quantitative
K-theory. In section 4, we prove a controlled version of the Bott periodicity and
as a consequence, we obtain a controlled version of the six-term exact sequence in
K-theory. In section 5, we apply K K-theory to study the quantitative K-theory of
crossed product C*-algebras and discuss its application to K-amenability. Finally



ON A QUANTITATIVE OPERATOR K-THEORY 3

in section 8, we formulate a quantitative Baum-Connes conjecture and prove the
quantitative Baum-Connes conjecture for a large class of groups.

1. QUANTITATIVE K-THEORY

In this section, we introduce a notion of quantitative K-theory for C*-algebras
with a filtration. Let us fix first some notations about C*-algebras we shall use
throughout this paper.

o If B is a (C*-algebra and if by,...,b; are respectively elements of
M,,(B),...,M,, (B), we denote by diag(by,...,b;) the block diagonal
by
matrix of My, 4...on, (B).
by,

e If X is a locally compact space and B is a C*-algebra, we denote by
Co(X, B) the C*-algebra of B-valued continuous functions on X vanishing
at infinity. The special cases of X = (0,1}, X = [0,1), X = (0,1) and
X =10,1], will be respectively denoted by CB, B[0,1), SB and B[0, 1].

e For a separable Hilbert space H, we denote by K(H) the C*-algebra of
compact operators on H.

e If A and B are C*-algebras, we will denote by A ® B their spatial tensor
product.

1.1. Filtered C*-algebras.

Definition 1.1. A filtered C*-algebra A is a C*-algebra equipped with a family
(Ar)r>o of linear subspaces indexed by positive numbers such that:

e A. C A ifr<r';

e A, is stable by involution;

e A.-A. C Ar—i-r’;

e the subalgebra U A, is dense in A.

r>0

If A is unital, we also require that the identity 1 is an element of A, for every
positive number r. The elements of A, are said to have propagation r.

e Let A and A’ be respectively C*-algebras filtered by (A, ),>o and (AL),~o.
A homomorphism of C* -algebras ¢ : A—+ A’ is a filtered homomorphism
(or a homomorphism of filtered C*-algebras) if ¢(A,) C A for any positive
number 7.

o If A is a filtered C*-algebra and X is a locally compact space, then
Co(X,A) is a C*-algebra filtered by (Co(X, Ar))r>o. In particular the
algebras C A, A[0,1], A[0,1) and SA are filtered C*-algebras.

e If A is a non unital filtered C*-algebra, then its unitarization A is filtered
by (A, + C),so. We define for A non-unital the homomorphism

pA:Z—HC;a—i—z»—)z

fora € A and z € C.

Prominent examples of filtered C*-algebra are provided by Roe algebras asso-
ciated to proper metric spaces, i.e. metric spaces such that closed balls of given
radius are compact. Recall that for such a metric space (X,d), a X-module is a
Hilbert space Hx together with a s-representation px of Co(X) in Hx (we shall
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write f instead of px (f)). If the representation is non-degenerate, the X-module is
said to be non-degenerate. A X-module is called standard if no non-zero function
of Cy(X) acts as a compact operator on Hx.

The following concepts were introduced by Roe in his work on index theory of
elliptic operators on noncompact spaces [15].

Definition 1.2. Let Hx be a standard non-degenerate X -module and let T be a
bounded operator on Hx.

(i) The support of T is the complement of the open subset of X x X
{(z,y) € X x X s.t. there exist f and g in Co(X) satisfying
f@)#0,9(y)#0 and f-T - g =0}.

(ii) The operator T is said to have finite propagation (in this case propagation
less than 1) if there exists a real r such that for any x and y in X with
d(x,y) > r, then (z,y) is not in the support of T.

(iii) The operator T is said to be locally compact if f-T and T - f are compact
for any f in Co(X). We then define C[X] as the set of locally compact
and finite propagation bounded operators of Hx, and for every r > 0, we
define C[X], as the set of element of C[X] with propagation less than r.

We clearly have C[X], - C[X],» C C[X];4r. We can check that up to (non-
canonical) isomorphism, C[X] does not depend on the choice of Hx.

Definition 1.3. The Roe algebra C*(X) is the norm closure of C[X] in the algebra
L(Hx) of bounded operators on Hx . The Roe algebra in then filtered by (C[X],)r>0-

Although C*(X) is not canonically defined, it was proved in [9] that up to
canonical isomorphisms, its K-theory does not depend on the choice of a non-
degenerate standard X-module. Furthermore, K, (C*(X)) is the natural receptacle
for higher indices of elliptic operators with support on X [15].

If X has bounded geometry, then the Roe algebra admits a maximal version [7]
filtered by (C[X],)r>0. Other important examples are reduced and maximal crossed
product of a C*-algebra by an action of a discrete group by automorphisms. These
examples will be studied in detail in section 5.

1.2. Almost projections/unitaries. Let A be a unital filtered C*-algebra. For
any positive numbers r and e, we call

e an element v in A a e-r-unitary if u belongs to A,, ||u*-u —1|| < € and
lw-u* —1|| < e. The set of e-r-unitaries on A will be denoted by US"(A).
e an element p in A a e-r-projection if p belongs to A, p = p* and ||p® —p|| <
e. The set of e-r-projections on A will be denoted by P="(A).
For n integer, we set U5 (A) = US" (M, (A)) and P57 (A) = PS"(M,,(4)).
For any unital filtered C*-algebra A, any positive numbers £ and r and any
positive integer n, we consider inclusions

r T 0
i) o Pl (i (3 ()
and

. o ) u 0
US"(A) = Ul (A); u— (0 1) )
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This allows us to define
U (4) = J Ui
neN
and
P (4) = | Pur(A).
neN
Remark 1.4. Let r and e be positive numbers with e < 1/4;

(i) If p is an e-r-projection in A, then the spectrum of p is included in
(1—\/21+4e, 1—\/21—45) U (1—}-\/21—467 1+\/21+45) and thus ||p|| < 1+ e.

(ii) If u is an e-r-unitary in A, then
l—e<|lul| <1+4+¢/2,
1—¢g/2<|ul| <1+,
u* —u™t < (1+¢)e.

(iii) Let koe : R — R be a continuous function such that koe(t) = 0 if t <
1-y]l-de V2174€ and ko o(t) = 1 if t > =18 V2174E. If p is an e-r-projection in A,
then ko(p) is a projection such that ||p — ko(p)|| < 2¢ which moreover
does not depends on the choice of ko.. From now on, we shall denote this
projection by ko(p).

(iv) If w is an e-r-unitary in A, set k1(u) = u(u*u)
unitary such that ||u — k1 (u)|| < e.

(v) If pis an e-r-projection in A and q is a projection in A such that ||p—ql| <
1 — 2e, then ko(p) and g are homotopic projections [18, Chapter 5].

(vi) If u and v are e-r-unitaries in A, then uv is an £(2 + €)-2r-unitary in A.

/2. Then ki(u) is a

Definition 1.5. Let A be a C*-algebra filtered by (A, )r>o-

o Let pg and py be e-r-projections. We say that py and p1 are homotopic e-
r-projections if there exists a e-r-projection q in A[0, 1] such that q(0) = po
and q(1) = p1. In this case, q is called a homotopy of e-r-projections in A
and will be denoted by (qt)iefo,1]-

o If A is unital, let ug and uy be e-r-unitaries. We say that ug and uq
are homotopic e-r-unitaries if there exists an e-r-unitary v in A[0, 1] such
that v(0) = ug and v(1) = uy. In this case, v is called a homotopy of
e-r-unitaries in A and will be denoted by (v¢)ie(o,1)-

Example 1.6. Let p be a e-projection in a filtered unital C*-algebra A. Set ¢; =
cosmt/2 and sy = sinwt/2 fort € [0,1] and let us considerer the homotopy of projec-

2
tions (ht)iefo,1] with hy = (;tst C;?) in M3(C) between diag(1,0) and diag(0,1).

Set (qr)eepo,1) = (diag(p, 0)+(1—=p)@ht)eeo,y) Since qf —q; = 57 (p* —p)®I2, we see
that (gt )tefo,1] %5 a homotopy of e-r-projections between diag(1,0) and diag(p, 1 —p)

Next result will be frequently used throughout the paper and is quite easy to
prove.

Lemma 1.7. Let A be a C*-algebra filtered by (A )r>o0-
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(i) If p is an e-r-projection in A and q is a self-adjoint element of A, such
that ||p — ¢l < %27’9”, then q is e-r-projection . In particular, if p is
an e-r-projection in A and if q is a self-adjoint element in A, such that
lp—qll < e, then q is a be-r-projection in A and p and q are connected by
a homotopy of be-r-projections.

(ii) If A is unital and if u is an e-r-unitary and v is an element of A, such
that Ju —v|| < M, then v is an e-r-unitary . In particular, if u
is an e-r-unitary and v is an element of A, such that |[u — v|| < &, then
v is an de-r-unitary in A and u and v are connected by a homotopy of
4e-r-unitaries.

Lemma 1.8. There exists a real A > 4 such that for any positive number € with
e < 1/, any positive real r, any e-r-projection p and e-r-unitary W in a filtered
unital C*-algebra A, the following assertions hold:

(i) WpW™* is a \e-3r-projection of A;

(ii) diag(WpW*,1) and diag(p, 1) are homotopic Ae-3r-projections.

Proof. The first point is straightforward to check from remark 1.4. For the second
point, with notations of example 1.6, use the homotopy of e-r-unitaries

Wc24s2 (W—1)sice _ ¢t —st\ . di (8
((W_tl)sfct st-l—cf )t€[071] = ((St ct ) dlag(W,l) (7;75 cz ))tE[O,l]

to connect by conjugation diag(WpW™*,1) to diag(p, WW*) and then connect to
diag(p, 1) by a ray. O

Recall that if two projections in a unital C*-algebra are close enough in norm,
then there are conjugated by a canonical unitary. To state a similar result in term
of e-r-projections and e-r-unitaries, we will need the definition of a control pair.

Definition 1.9. A control pair is a pair (A, h), where

e A>1;
e h:(0,4) = (0,400); € — he is a map such that there exists a non-
increasing map g : (0, ﬁ) — (0,400), with h < g.
Lemma 1.10. There exists a control pair (A, h) such that the following holds:
for every positive number r, any e in (0, ﬁ) and any e-r-projections p and q of a
filtered unital C*-algebra A satisfying |[p—q|| < 1/16, there exists an Ae-her-unitary
W in A such that |[WpW™* — ¢|| < Ae.

Proof. We follow the proof of [18, Proposition 5.2.6]. If we set
z = (2r0(p) = 1)(2ro(q) = 1) + 1,
e then
Iz =2 < 2[ro(p) — ro(9)
< 8+ 2(p—df

and hence z is invertible for ¢ < 1/16.
e Moreover, if we set U = z|z~!| and since zko(q) = ko(p)z, then we have
ro(q) = Uro(p)U™.
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Let us define 2/ = (2p — 1)(2¢ — 1) + 1. Then we have ||z — 2’| < 9¢ and ||| < 3.
If £ is small enough, then ||z*2" — 4|| < 2 and hence the spectrum of z"*z’ is in
[2,6]. Let us consider the expansion in power serie Y, .y axt® of t — (1 +¢)~1/2
on (0,1) and let n. be the smallest integer such that >, . lar] /2% < e. Let us
set then W = 2//2% 7 ak(zl*i*‘l)k. Then for a suitable A (not depending on
A, p, q or €), we get that W is a Ae-(4n. + 2)r-unitary which satisfies the required
condition. d

1% 1
z

Remark 1.11. The order of h when € goes to zero in lemma 1.10 is Ce=3/2 for
some constant C.

1.3. Definition of quantitative K-theory. For a unital filtered C*-algebra A,
we define the following equivalence relations on P (A) x N and on US) (A):
e if p and ¢ are elements of P (A4), [ and I’ are positive integers, (p,l) ~
(g,1") if there exists a positive integer k and an element h of PS)(A[0, 1])
such that h(0) = diag(p, Ix+1r) and h(1) = diag(q, Ir41)-
e if u and v are elements of US(A), u ~ v if there exists an element h of
U (A0, 1]) such that ~A(0) = u and h(1) = v.
If p is an element of P (A) and [ is an integer, we denote by [p, ], the equivalence
class of (p,1) modulo ~ and if u is an element of UZ) (A) we denote by [u]., its
equivalence class modulo ~.

Definition 1.12. Let r and € be positive numbers with € < 1/4. We define:
(i) K5"(A) =P (A) x N/ ~ for A unital and

K§"(A) ={[p,l]c.r € P"(A) x N/ ~ such that dimro(pa(p)) =1}
for A non unital. 5
(i) K7"(A) =UJ(A)) ~ (with A= A if A is already unital).

Remark 1.13. We shall see in lemma 1.24 that as it is the case for K-theory,
K" () can indeed be defined in a uniform way for unital and non-unital filtered
C*-algebras.

It is straightforward to check that for any unital filtered C*-algebra A, if p is an
e-r-projection in A and w is an e-r-unitary in A, then diag(p,0) and diag(0, p) are
homotopic e-r-projections in M3(A) and diag(u,1) and diag(l,u) are homotopic
e-r-unitaries in Ma(A). Thus we obtain the following:

Lemma 1.14. Let A be a filtered C*-algebra. Then KJ"(A) and K7 (A) are
equipped with a structure of abelian semi-group such that
[pa Z]EW + [plv l/]EyT = [diag(p,p/), l + l/]s,r
and
[ue,r + [u']e,r = [diag(u, v)]e,r,
for any [p,l)cr and [p',U']cr in K5 (A) and any [u]c, and [u']., in KT (A).
According to example 1.6, for every unital filtered C*-algebra A, any e-r-projection

pin M,(A) and any integer [ with n > [, we see that [I, —p,n — ], is an inverse
for [p,1]e,». Hence we obtain:

Lemma 1.15. If A is a filtered C*-algebra, then K" (A) is an abelian group.

Although K7"(A) is not a group, it is very close to be one.
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Lemma 1.16. Let A be a filtered C*-algebra. Then for any e-r-unitary u in Mn(fl)
(with A = A if A is already unital), we have [u]se o, + [U*]3c.20 = 0 in K52 (A).

Proof. If u is an e-r-unitary in a unital filtered C*-algebra A, then according to
point (vi) of remark 1.4, we see that (diag(1,u) (& %) - diag(1,u*) - ( %%, & >)te[0,1]
is a homotopy of 3e-2r-unitaries between diag(u, u*) and diag(uu*,1). Since ||uu*—
1]] < €, we deduce from lemma 1.7 that uu* and 1 are homotopic 3e-2r-unitaries

and hence we get the lemma. O

Remark 1.17. According to lemma 1.16, if we define the equivalence relation on
U (A) to be homotopy within U (A), then K7 (A) can be endowed with an
abelian group structure.

We have for any filtered C*-algebra A and any positive numbers r, r’, ¢ and &’
with e < &’ < 1/4 and r < ¢/ natural semi-group homomorphisms
o 1" K5 (A)—Ko(A); [p,l]er = [r0(p)] — [L];
° L?T : K?T(A)HKl(A), [u]e,r — [u],
e,r e,r e,r
® L =1y DL
o 55 KT (A) K (A): [pl)es > [l
o 7T KT (A)— KT " (A); [u]er > [u]er p

’ / ’ / ’ /
e,e’,rr e, e’ ,rr ® e’ ,r,r
* = L

* ! b 1

If some of the indices r, 7’ or €,&’ are equal, we shall not repeat it in Li’a/’T’T/.
Remark 1.18. Let py and p1 be two e-r-projections in a filtered C*-algebra such
that ko(po) and ko(p1) are homotopic projections. Then for any e in (0,1/4), this
homotopy can be approxzimated for some v’ by a e-r’'-projection. Hence, using point
(iii) of remark 1.4, there exists a homotopy (qt):eo,1] of e-r" projections in A such
that ||po — qoll < 3¢ and ||p1 — q1|| < 3e. We can indeed assume that v’ > r and thus
by lemma 1.7, we get that pg and p1 are homotopic as 15e-1"-projections. Proceeding
in the same way for the odd case we eventually obtain:

there exists A\ > 1 such that for any filtered C*-algebra A, any e € (0, ﬁ) and
any positive number 1, the following holds:

Let © and x' be elements in K" (A) such that 12" (x) = 127 (2') in K.(A), then

. . . A / A /
there exists a positive number v’ with v’ > r such that 1°°"" () = 12°""

K27 (A).

(') in

Lemma 1.19. Let p be a matriz in M, (C) such that p = p* and ||p? — p|| < € for
some ¢ in (0,1/4). Then there is a continuous path (pt)iejo,1) in My, (C) such that

® Do =Pp;

e p1 = I}, with k = dim ko(p);

e p; =p; and ||p? — pi|| < € for every t in [0,1].
Proof. The selfadjoint matrix p satisfies ||p? — p|| < ¢ if and only if the eigenvalues
of p satisfy the inequality

—e< XN - )\<e,

ie.

)

Ae(l—\/Ql-l——%’l—m)U(\/?-i—l

\/1+45+1)
2 2 '
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Let A1,...,Ax be the eigenvalues of p lying in (1—v21+457 1—\/21—48) and let
Ak+1,---5An be the eigenvalues of p lying in (V1_245+1, v 1+245+1). We set for
te[0,1]

o Nis=thfori=1,...,k
° )\i,t:t)\i—l—l—tfori:k:—i—l,...,n.

Since A + A2 — X\ is decreasing on (17V21+4€, 17V2174€) and increasing on
(\/1—2454-17 \/1+245+1) then,

—e <A, A <e

for all t in [0,1] and ¢ =1,...,n. If we set p; = w - diag(A1¢, ..., An,e) - u* where u
is a unitary matrix of M, (C) such that p = u - diag(A1,..., Ay) - u*, then

® Do =D;

* p1 = ko(p);

e p; =p; and ||p7 — pi|| < € for every ¢ in [0, 1].

Since there is a homotopy of projections in M, (C) between ko(p) and I with
k = dim ko (p), we get the result. O

As a consequence we obtain:
Corollary 1.20. For any positive numbers r and € with ¢ < 1/4, then
K" (C) = Z; [p, l]e,r — dim ko (p) — 1
is an isomorphism.

Lemma 1.21. Let u be a matriz in M, (C) such that ||[u*u — I,,|| < & and ||uv* —
I,|| < forein (0,1/4). Then there is a continuous path (ut)iepo,1] i Mn(C) such
that

o ug=u;
® Uy = In;
o |lufur — I|| < e and ||ugu; — I,|| < € for every t in [0, 1].

Proof. Since u is invertible, u*u and uu* have the same eigenvalues A1, ..., \,, and
thus |ujuy — I|| < € and |lwuf — I,]| < ¢ if and only if \; € (1 —¢,14¢) for
t=1,...,n. Let us set

o hy=w- diag()\;t/Q, ce )\Et/Q) -w* where w is a unitary matrix of M, (C)

such that v*u = w - diag(A1, ..., A\n) - w*;

e vy =u-hy for all t € [0,1]. Then viv, = w - diag(A\j~%,..., AL~ - w*.
Since [A; 7' —1| < e for all all ¢ € [0, 1], we get that ||[vjv;—I,|| < € and |[vyv} — I, || <
e for every ¢ in [0,1]. The matrix v; is unitary and the result then follows from
path-connectness of U, (C). O

As a consequence we obtain:

Corollary 1.22. For any positive numbers r and & with ¢ < 1/4, then we have
K7'(C) = {0}.
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1.4. Elementary properties of quantitative K-theory. Let A; and A5 be two
unital C*-algebras respectively filtered by (A1,)r>0 and (Asz.)r>0 and consider
Ay @ A, filtered by (A1, ® Az )rs0. Since we have identifications PE (A1 @ Ag) =
P (A1) x PSS (A2) and U (A @ Ag) = UL (A1) x UL (Az) induced by the
inclusions Ay < A; @ A and A — A; ® Ao, we see that we have isomorphisms
KS’T(A1>@KS’T(A2> = KS’T(Al@A2> and Kir(z‘h)@Kf’T(Ag) = Ki’r(Al@AQ).

Lemma 1.23. Let A be a filtered non unital C*-algebra and let € and r be positive
numbers with ¢ < 1/4. We have a natural splitting

K" (A) = KE(A) @ Z.
Proof. Viewing A as a subalgebra of A, the group homomorphisms
K;"(Ad) — Ky'(A)eZ
p,ller = (Ip,dimko(pa(p))le.r, dim ko (pa(p)) — 1)

and
K" (A @Z — K§'(A)
o p 0 /
(D llerk—K) o [(o Ik),me
are inverse one of the other. O

Let us set AT = A @ C equipped with the multiplication
(a,x) - (b,y) = (ab+ zb + ya, zy)
for @ and b in A and x and y in C. Notice that

e AT is isomorphic to A ® C with the algebra structure provided by the
direct sum if A is unital;
e AT = A if A is not unital.

Let us define also p4 in the unital case by pa : AT — C; (a,z) — z. We know
that in usual K-theory, we can equivalently define for A unital the Zs-graded group
K.(A) as AT by
Ko(A) = kerpAﬁ* : Ko(AJr) — Ko((C) =7
and
Ki(A) = K1 (AT).
Let us check that this is also the case for our Zs-graded semi-groups K,*"(A). If

the C*-algebra A is filtered by (A, ),~¢, then AT is filtered by (A, + C),>0. Let us
define for a unital filtered algebra A

K" (A) = {[p,l]e.r € P""(AT) x N/ ~ such that dimxo(pa(p)) =1}
and
K{™(4) = U7 (A7) .
Proceeding as we did in the proof of lemma 1.23, we obtain a natural splitting
K™ (AT) = KT (A) o Z.

But then, using the identification AT = A ® C and in view of lemmas 1.19 and
1.21, we get
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Lemma 1.24. The Zo-graded semi-groups K" (A) and K.="(A) are naturally
isomorphic.

This allows us to state functoriallity properties for quantitative K-theory. If
¢ : A — B is a homomorphism of unital filtered C*-algebras, then since ¢ preserve
e-r-projections and e-r-unitaries, it obviously induces for any positive number r
and any ¢ € (0,1/4) a semi-group homomorphism

627 K27 (A) — K27(B).
In the non unital case, we can extend any homomorphism ¢ : A — B to a homomor-
phism ¢* : AT — B™T of unital filtered C*-algebras and then we use lemmas 1.23
and 1.24 to define ¢2" : K2'"(A) — K" (B). Hence, for any positive number r and
any € € (0,1/4), we get that K" (e) (resp. K7 (o)) is a covariant additive functor
from the category of filtered C*-algebras (together with filtered homomorphism) to
the category of abelian groups (resp. semi-groups).

Definition 1.25.

(i) Let A and B be filtered C*-algebras. Then two homomorphisms of filtered
C*-algebras g : A — B and ¢1 : A — B are homotopic if there exists a
path of homomorphisms of filtered C*-algebras iy : A — B for 0 <t <1
between 1y and 1 and such that t — ; is continuous for the pointwise
norm convergence.

(ii) A filtered C*-algebra A is said to be contractible if the identity map and
the zero map of A are homotopic.

Example 1.26. If A is a filtered C*-algebra A, then the cone of A
CA={feC([0,1], A) such that f(0) =0}
is a contractible filtered C*-algebra.
We have then the following obvious result:

Lemma 1.27. If ¢ : A — B and ¢’ : A — B are two homotopic homomorphisms
of filtered C*-algebras, then ¢3" = ¢'<" for every positive numbers e and r with
e < 1/4. In particular, if A is a contractible filtered C*-algebra, then K" (A) = 0
for every positive numbers € and r with € < 1/4.

Let A be a C*-algebra filtered by (A,),>o and let (Bj)reny be an increasing

sequence of C*-subalgebras of A such that U By is dense in A. Assume that

keN
Ur>0 Bi N A, is dense in By for every integer k. Then for every integer k, the

C*-algebra By is filtered by (Br N A, ),>o. If A is unital, then By, is unital for some
k, and thus we will assume without loss of generality that By is unital for every
integer k.

Proposition 1.28. Let A be a unital C*-algebra filtered by (A )r>o and let (Bk)ken
be an increasing sequence of C*-subalgebra of A such that
. U (Br N A,) is dense in By, for every integer k,
>0
° U (Bx N A,) is dense in A, for every positive number r.
keN
Then the Zs-graded semi-groups K" (A) and lillvrn K2 (By) are isomorphic.
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Proof. In particular, we see that U By is dense in A. Let us denote by
keN

Yier: h}?l K" (Bg) — K27 (A)

the homomorphism of semi-group induced by the family of inclusions By — A
where k£ runs through integers. We give the proof in the even case, the odd case

being analogous. Let p be an element of P;"(A) and let § = |[p? — p|| > 0 and

choose a < £=%. Since U (BN A,) is dense in A,, there is an integer k and a

T
kEN

selfadjoint element g of M,,(By N A,) such that ||p — ¢|| < @. According to lemma

1.19, ¢ is a e-r projection. Let ¢’ be another selfadjoint element of M, (B N A,)

such that ||p — ¢’|| < a. Then ||¢ — ¢’|| < 2« and if we set ¢z = (1 — t)q + t¢’ for

t € [0,1], then

ld —all < g —aal + lgeg — @l + ld® — all + llg — gl
< llge = all(lgell + llgll +1) + 4ac + 0
< 12046
< e

and thus ¢ and ¢’ are homotopic in P;"(By). Therefore, for p € P;"(A) and ¢ in

some M, (B N A,) satisfying ||g — p|| < szlgp”, we define Yg _,.([p,]c.») to be the

image of [g,!],, in liin K" (Bg). Then Y . is a group homomorphism and is an

inverse for Yo . . We proceed similarly in the odd case. g

1.5. Morita equivalence. For any unital filtered algebra A, we get an identifi-
cation between Py" (M (A)) and P (A) and therefore between PZ (M (A)) and
PZ7(A). This identification gives rise to a natural group isomorphism between
K3 (A) and Ky"(My(A)), and this isomorphism is induced by the inclusion of
C*-algebras
ta: A= Mg(A); a — diag(a,0).
Namely, if we set e; 1 = diag(1,0,...,0) € M(C), definition of the functoriality
yields
S ller=p@ern + L@ (I — e11), l]er € K5 (My(A))

for any p in P5"(A) and any integer [ with | < n. We can verify that
(Lil’j:k)il [q7 l]E,T = [q, kl]s,r

for any ¢ in P;"(My(A)) and any integer | with I < n, where on the right hand
side of the equality, the matrix g of M,,(My(A)) is viewed as a matrix of M,;(A).

In a similar way, we obtain in the odd case an identification between UL} (M (A))
and UZ)(A) providing a natural semi-group isomorphism between K;"(A) and
K" (Mjy(A)). This isomorphism is also induced by the inclusion ¢4 and we have

tastler =z ®e1n+ 1, @ (I —e1,1)]er € Kf’T(Mk(A))
for any x in U3 (A).

Let us deal now with the non-unital case. For usual K-theory, Morita equivalence
for non-unital C*-algebra can be deduced from the unital case by using the six-
term exact sequence associated to the split extension 0 — A — A= C =0
But for quantitative K-theory this splitting only gives rise (in term of section 2.1)
to a controlled isomorphism (see corollary 4.9). In order to really have a genuine
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isomorphism, we have to go through the tedious following computation. If B is a

non-unital C*-algebra, let us identify My (B) with M (B) @ My (C) equipped with
the product

(b, A) - (b, N) = (bb' + N0 + DX, AN)
for b and V' in My (B) and A and X in My (C). Under this identification, if A is not
unital, let us check that the semi-group homomorphism

e~

@y : K77 (A) = K77 (M3 (A)); [(2, M]er = [(2 @ €11, Ner

induced by the inclusion ¢4 is invertible with inverse given by the composition
Uy K7 (Mi(A)) = K7 (Mi(4) = K77 (A),

where the first homomorphism of the composition is induced by the inclusion

Mi(A) = My(A); (a,2) > (a, 21y).

Let (z,A) be an element of U;"(A), with € M,,(A) and A € M,,(C). Then
Uy 0®q[(z,N)]er = [(z Q@ €11, AR Ip)]e,rs

where we use the identification M,,;(C) = M, (C)® My(C) to see x®@e1 1 and AQ I},
respectively as matrices in M,;(A) and M,;(C). According to lemma 1.21, as a
e-r-unitary of M, (C), XA is homotopic to I,,. Hence

(z®e1,1, AR Ik)|ler =[(z@e11,AQ@ €11 + [,&;—1)]

and from this we get that W1 o @, is induced in K-theory by the inclusion map
A < My (A); a — diag(a,0) which is the identity homomorphism (according to the

unital case). Conversely, let (y, A) be an element in UZT(]\ZC\(Z)) with
y € Myn(My(A)) = My (A) @ M(C)
and A € M, (C). Then
P10 Wi[(y, N]er = [(y ® e1,1, A ® Iip)]er,

where
e y® ey belongs to M, (My(A))® M (C) = M, (A) @ Mi(C) ® My(C) (the
first two factors provide the copy of M,,(My(A)) where y lies in and eq 3
lies in the last factor).
o A®I} belongs to the algebra M, (M (C)) = M, (C)® M},(C) that multiplies
M, (A) ® Mi(C) @ Mi(C) on the first two factors.
Let

0 : Mp(A) @ Mi(C) @ My (C) = Mn(A) @ Mi(C) @ My(C)
be the C*-algebra homomorphism induced by the flip of M} (C) ® M (C). This flip
can be realized by conjugation of a unitary U in My (C) ® M (C) = M;2(C). Let
(Ut)tejo,1) be a homotopy in Uy (C) between U and Ij>. Let us define

e~

A={(z,201); v € Mp(A)@M(C)®M(C), z € M,(C)} C My,(My(A))@M;(C),

where z ® I}, is viewed as z ® [, ® I in

e~ e~

My (MR(A)) © My (C) = My (€) ® My(A) © My (C).
Then for any ¢ € [0,1],
A=A (2,20 ) = (I, oU) -z (I, Uy) Y 2@ I)
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is an automorphism of C*-algebra. Hence,

(In®U) - (y®ern) (n @ U7 ), AR k) oy
is a path in U, (M (A)) between (y ® €1,1,A ® I1,) and (o(y ® e1,1), A ® Iy). The
range of o(y ® e1 1) being in the range of the projection I, ® e1,1 ® Ii, we have an
orthogonal sum decomposition

(cly®@e11),A\@Ix) = (c(y®@e11),A®@e1,1) + (0, A® (I —e1,1))

(recall that A ® e1,; and A @ (I — eq,1) multiply M, (A) ® My(C) @ M(C) on
the first two factors). By lemma 1.21, A is homotopic to I, in U5"(C) and thus
(oc(y®e11), A® Ii) is homotopic to (c(y @ e11),A®e11)+ (0,1, @ (I —e1,1)) in

—_—

UZ (M (A))) which can be viewed as

dlag((ya )‘)a (Oa Ik(kfl))

in My(M,(My(A)). From this we deduce that [(y,A)]er = [(y @ €1,1, A Ij)]e,r in

)
o~

K7 (M (A)).
For the even case, by an analogous computation, we can check that the group
homomorphisms

Kgr(A) - KS’T(M]C(A))7 [(pa Q); l)]a,r = [(p ® 61,1)’ q, 1]877“

and

—_~—

K" (Mi(A)) = K" (A); (0, @), D]er = [(p,q @ Ii), klle,r,

respectively induce by restriction homomorphisms @ : K5 (A) — K" (Mg (A))
and Uy : Ky (Mg(A)) — K" (A) which are inverse of each other, where in the
right hand side of the last formula, we have viewed p € M,,(M(A)) as a matrix
in Mpr(A) and ¢ ® I, € M,(C) ® Mg(C) as a matrix in M, (C). Since ®q is
induced by ¢4, we get from lemma 1.23 that ¢3", : K5 (A) — Kg'"(My(A)) is an
isomorphism.

Let A be a C*-algebra filtered by (A, ),>0. Then K(H)® A is filtered by (K(H)®
A,)r>0 and applying proposition 1.28 to the increasing family (M (A)T )ken of C*-

subalgebras of K(H) ® A, lemmas 1.23 and 1.24, and the discussion above, we
deduce the Morita equivalence for K; " (e).

Proposition 1.29. If A is a filtered algebra and H is a separable Hilbert space,
then the homomorphism

A KH) @ A; am 0

induces a (Zo-graded) semi-group isomorphism (the Morita equivalence)
M K27 (4) = K27 (K(H) @ A)

for any positive number r and any ¢ € (0,1/4).
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1.6. Lipschitz homotopies.

Definition 1.30. If A is a C*-algebra and C' a positive integer, then a map h =
[0,1] = A is called C-Lipschitz if for every t and s in [0,1], then ||h(t) — h(s)| <

C|t — s|.

Proposition 1.31. There exists a number C such that for any unital filtered C*-
algebra A and any positive number r and € < 1/4 then :

(1)

if po and p1 are homotopic in P (A), then there exist integers k and
I and a C-Lipschitz homotopy in P}},  (A) between diag(po, Ir,0;) and
diag(p1, Iy, 01).

if uo and uy are homotopic in U (A) then there exist an integer k and a
C-Lipschitz homotopy in Uf’fﬁ: (A) between diag(ug, Iy;) and diag(uy, I).

Notice first that if p is an e-r-projection in A, then the homotopy of e-r-
projections of My(A) between ((1) 8) and (p 0 ) in example 1.6 is

0 1—p
2-Lipschitz.
Let (pt)tcjo,1) be a homotopy between py and p; in P;"(A). Set a =

infep0,1) % ant let to =0 < t; < ... <t =1 be a partition of [0, 1]
such that ||py;, —pi, .|| < a fori € {1,...,k}. We construct a homotopy
of e-r-projections with the required property between diag(po, In(k—1),0)
and diag(p1, In(k—1),0) in My (21-1)(A) as the composition of the following
homotopies.

e We can connect diag(ps, , In(p—1,0) and diag(ps, In, 0, . . ., Iy, 0) within
PZ’(T%A)(A) by a 2-Lipschitz homotopy.

e As we noticed at the beginning of the proof, we can connect
diag(pey, In, 0, ..., I, 0) and diag(ps,, In — DtysPtrs -+ » In — Dtys Dty )
within PZ’(T%A)(A) by a 2-Lipschitz homotopy.

e The e-r-projections diag(piy, In — DtysPtyy---sIn — Pt Dt,) and
diag(pty, In — Dtgs - - » Pti_v1» In — Dt,_1» Pt ) satisfy the norm estimate
of the assumption of lemma 1.7(i) and hence then can be connected
within PZ’(Qk,l) (A) by a ray which is clearly a 1-Lipschitz homotopy.

e Using once again the homotopy of example 1.6, we see that diag(ps,, I, —
Dtos« s Pta_vy In — DPti_ys Pt ) and diag(0,1,,...,0,L,,ps,) are con-
nected within Pi’{Qk_l)(A) by a 2-Lipschitz homotopy.

e Eventually, diag(0, I, ..., 0, In,ps,) and diag(pt,,, Ink—1),0) are con-
nected within Pi’(TQk_l)(A) by a 2-Lipschitz homotopy.

Let (ut):epo,1] be a homotopy between ug and u; in Uy"(A). Set a =
infieo,1] M and let 1o =0 < t; < ... <t, =1 be a partition of
[0,1] such that |Juy, —us, || < afor i€ {1,...,p}. We construct a homo-
topy with the required property between diag(ug, Ianp) and diag(ui, Tonp)
within Uis(’;;rl) (A) as the composition of the following homotopies.

e Since I, and diag(uj us,,. .. ,ufputp) satisfy the norm estimate of
the assumption of lemma 1.7(ii), then diag(uy,, Inp) is a 3e-2r-unitary
that can be connected to diag(us,, uf, us,, - .., u; ug,) in Uf’f(’;;l)(/l)
by a 1-Lipschitz homotopy.
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e Proceeding as in the first point of lemma 1.8, we see that
diag(Ip, uf . .. sup s Inp) and diag(uj,, ... ,ufp,[n(pﬂ)) can be con-
nected within UZ’(TQP +1)(A) by a 2-Lipschitz homotopy and thus, in
view of remark 1.4,

. * * _
diag(uty, uy, utys - - -, Uf U, Inp) =

. . . .
diag(ln, uy, s .- uf , Inp) - diag(uey, uty, - - - s Uty Inp)

and
diag(uru s aurpﬂ In(p-i—l)) ’ diag(utoﬂutu sy Uty L, ) =
diag(uy, ugy, - - - u;‘putpfl TV )
can be connected within Uis(’;};l) (A) by a 4-Lipschitz homotopy.

e Since |luj us;,_, — In]| < &, we get by using once again lemma 1.7(ii)
that diag(uj us, .-, up Ut, Ut I,p) and diag(lyp, us,, Inp) can be
connected within Uia(ifﬂ)(A) by a 1-Lipschitz homotopy.

e Eventually, diag(l,p, ut,, Inp) can be connected to diag(uy,, I2pp) within

U?;I’jfl)n(A) by a 2-Lipschitz homotopy.

O

Corollary 1.32. There exists a control pair (o, ky) such that the following holds:

For any unital filtered C*-algebra A, any positive numbers € and r with € < E
and any homotopic e-r-projections qo and q1 in P."(A), then there is for some
integers k and 1 an ape-kp .r-unitary W in U:f,c’i'Z’ET(A) such that

H dia‘g(QOa I, Ol) - Wdla'g(qla I, OZ)W*H < QpRE.

Proof. According to proposition 1.31, we can assume that gg and ¢; are connected
by a C-Lipschitz homotopy (gt):e[o,1], for some universal constant C. Let to =0 <
t1 < --- < t, =1 be a partition of [0,1] such that 1/32C' < |t; — t;—1| < 1/16C.
With notation of lemma 1.10, pick for every integer i in {1,...,p} a Ae-l.-unitary
W; in A such that |Wigy, W/ — g, || < Ae. If we set W = W, --- Wy, then W is
a 3P Ae-pl.r-unitary such that [|[WqgoW™* — ¢1]] < 2PAe. Since p < 2C, we get the
result. O

2. CONTROLLED MORPHISMS

As we shall see in section 3, usual maps in K-theory such as boundary maps
factorize through semi-group homomorphism of quantitative K-theory groups with
expansion of norm control and propagation controlled by a control pair. This
motivates the notion of controlled morphisms for quantitative K-theory in this
section.

Recall that a controlled pair is a pair (A, h), where

e )\ >1;
e h: (0, ﬁ) — (0,4+00); & — he is a map such that there exists a non-
increasing map ¢ : (0, ﬁ) — (0,400), with b < g.

The set of control pairs is equipped with a partial order: (A, h) < (N, h') if A < X
and he < hL for all € € (0, 7%7)
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2.1. Definition and main properties. For any filtered C*-algebra A, let us de-
ﬁne the famﬂies ICO(A) = (KS,T(A))O<€<1/4,T>03 ICI (A) - (K?T(A))0<5<1/41T>0 and
’C*(A) = (K:’T(A))O<s<1/4,r>0-

Definition 2.1. Let (A, h) be a controlled pair, let A and B be filtered C*-algebras,
and let i, j be elements of {0,1,*}. A (A, h)-controlled morphism

F:Ki(A) = K;(B)
is a family F = (FE’T)0<s<ﬁ,r>0 of semigroups homomorphisms

For s KT (A) — K25 (B)

such that for any positive numbers €, ', v and v’ with 0 < € < & < 4 and

her < herr', we have
e e’ Ae e’ her,horr! r
Foomouf = o F*T.

If it is not necessary to specify the control pair, we will just say that F is a
controlled morphism.

Let A and B be filtered algebras. Then it is straightforward to check that if
F : Ki(A) — K;(B) is a (A, h)-controlled morphism, then there is group homo-
morphism F' : K;(A) — K;(B) uniquely defined by F o = L;\E’hET o F&". The
homomorphism F will be called the (A, h)-controlled homomorphism induced by
F. A homomorphism F : K;(A) — K;(B) is called (A, h)-controlled if it is induced
by a (A, h)-controlled morphism. If we don’t need to specify the control pair (), h),
we will just say that F' is a controlled homomorphism.

Example 2.2.

(i) Let A = (Ar)r>0 and B = (B;)r>0 be two filtered C*-algebras and let
f: A — B be a homomorphism. Assume that there exists d > 0 such
that f(A,) C Bgy for all positive r. Then f gives rise to a bunch of semi-

group homomorphisms ( o KT(A) — Kf’dT(B)) and hence
0<e<3,r>0

to a (1, d)-controlled morphism f. : K. (A) = K.(B).
(ii) The bunch of semi-group isomorphisms

(M7 K27 (A) = K2 (K(H)®A))

0<e<%,r>0
of proposition 1.29 defines a (1,1)-controlled morphism
My Ki(A) = K (K(H)®A)
and
MG KA(K(H)®A) — K. (A)
inducing the Morita equivalence in K-theory.

If (A\,h) and (N, h') are two control pairs, define

hxh':(0 ) = (0,400); € = hyrchl.

1
AN
Then (AN, h* h') is a control pair. Let A, B; and Bs be filtered C*-algebras, let
i,j and I be in {0,1,x} and let F = (F*")o.c 1 o0 1 Ki(A) = K;(Bi1) be a
(ar, kr)-controlled morphism, let G = (GE’T)0<5<@,T>0 1 KCj(B1) = Ki(B2) be a
(ag, kg)-controlled morphism. Then GoF : K;(A) — K;(Bz2) is the (agar, kg xkr)-
controlled morphism defined by the family (Go#k7.=" o F&r)

0<8<@,T>0'
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Remark 2.3. The Morita equivalence for quantitative K -theory is natural, i.e
Mpo f = Idip))@f)o Ma
for any homomorphism f: A — B of filtered C*-algebras.
Notation 2.4. Let A and B be filtered C*-algebras, let (A h) be a control pair,
and let F = (FE’T)0<s<ﬁ,r>0 1 Ki(A) = ’Cj(B) (resp. G = (GE,T)O<E<Q,T>O) be
a (ar, kr)-controlled morphism (resp. a (ag, kg)-controlled morphism). Then we
. (A\,h) .
write F "~ G if
e (ar,kr) < (\h) and (ag,kg) < (A h).
o for every e in (0,7%) and r > 0, then
?fs,As,kf’Er,har o o — L?gs,/\s,kg,gr,har o GE’T.

If F and G are controlled morphisms such that F O G for a control pair (A, h),
then F and G induce the same morphism in K-theory.
Remark 2.5. Let F : K;i(A2) — K;j(B1) (resp. F' : Ki(A2) — K;(B1)) be a
(ax, kr)-controlled (resp. a (az:, kx)-controlled) morphisms and let G : Ky (A1) —
Ki(A2) (resp. G': KC;(B1) — Ki(B2)) be a (ag, kg)-controlled (resp. a (ag, kg )-
controlled) morphism. Assume that F O 5 for a control pair (A, h), then
. g/of(aglk;\lfg/*h) g’o]-—’;
e Fog Flog.
If i is an element in {0,1,*} and A a filtered C*-algebra, we denote by Zd, (a)
the controlled morphism induced by Id4.
Let F : ICZ(Al) — ICZ'/(Bl), F IC](AQ) — IC[(BQ), g : K:l(Al) — IC](AQ) and
G : Ki/(B1) = Ki(Bz2) be controlled morphisms and let (A, h) be a control pair.
Then the diagram

(g A, hxkg)
~Y

Ki(B1) —%— Ky(B2)

fT T]—"
Ki(A1) —2— Kj(A2)
is called (A, h)-commutative (or (A, h)-commutes) if G’ o F M F o G.

Definition 2.6. Let (A h) be a control pair, and let F : K;(A) — K;(B) be a
(ax, kr)-controlled morphism with (ar,kr) < (A h).
o F is called left (N, h)-invertible if there exists a controlled morphism

such that G o F ()\f’vh) IdKi(A). The controlled morphism G is then called

a left (A, h)-inverse for F. Notice that definition of O implies that
(a;ag, kr * k’g) < ()\, h).
o F is called right (X, h)-invertible if there exists a controlled morphism

such that F o G (/\A’Jh) IdKi(B). The controlled morphism G is then called a
right (A, h)-inverse for F.
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o F is called (A, h)-invertible or a (X, h)-isomorphism if there exists a con-
trolled morphism
which is a left (A, h)-inverse and a right (\, h)-inverse for F. The con-
trolled morphism G is then called a (A, h)-inverse for F (notice that we
have in this case necessarily (ag,kg) < (A, h)).

We can check easily that indeed, if F is left (A, h)-invertible and right (X, h)-
invertible, then there exists a control pair (X', h’) with (A, h) < (N, R'), depending
only on (A, h) such that F is (XN, h')-invertible.

Definition 2.7. Let (A, h) be a control pair and let F : K;(A) — K;(B) be a
(ax, kr)-controlled morphism.

o Fis called (A, h)-injective if (ar, kr) < (A, h) and for any0 < & < 45, any
r >0 and any x in K;"(A), then F="(xz) = 0 in K?FE’kF’ET(B) implies
that Lf’AE’T’hET(:c) =0 in K;‘E’hET(A);

o F s called (N, h)-surjective, if for any 0 < ¢ < ﬁ, any r > 0 and

any y in K;"(B), there exists an element x in K" (A) such that

A
FAE,hAET(:C) — Ljaaf)\avTak}',AahsT(y) n K‘?}‘Afak}',xahs"’(B)'

Remark 2.8.
(i) If F : Ki(A) — Ki(B) is a (A, h)-injective controlled morphism. Then
according to lemma 1.16, there exists a control pair (N, h') with (A, h) <
(XN, 1') depending only on (X, h) such that for any 0 < e < 357, any r >0
and any x and ¥’ in K7 (A) , then F&"(z) = F&"(2') in Kiafa’kf'gr(B)
implies that Li’)‘ 8’T’hir(x) = Li’/\ E’T’hET(:I:') in K{\ E’hET(A);
(ii) It is straightforward to check that if F is left (A, h)-invertible, then F is
(A, h)-injective and that if F is right (A, h)-invertible, then there exists a
control pair (N, h') with (\,h) < (N,h’), depending only on (X h) such
that F is (N, h')-surjective.
(iii) On the other hand, if F is (A, h)-injective and (X, h)-surjective, then there
exists a control pair (X', h') with (A, h) < (N, }"), depending only on (A, h)
such that F is a (N, h')-isomorphism.

2.2. Controlled exact sequences.

Definition 2.9. Let (A h) be a control pair,
o Let F = (F*")geoc 1,0 @ Ki(A) — K;(B1) be a (ar, kr)-controlled
dar?

morphism, and let G = (GE’T)0<E<Q,¢«>0 1 IC;(B1) — Ki(Bz) be a(ag, kg)-
controlled morphism, where i,j and | are in {0,1,%} and A, By and Bs
are filtered C*-algebras. Then the composition

Ki(4) 5 Kj(Br) % Ki(By)
is said to be (A, h)-exact at Kj(B1) if Go F =0 and if for any 0 < ¢ <
m, any r >0 and any y in K;"(B1) such that G="(y) = 0 in

K;‘gs’kg’”(Bg), there exists an element z in K}*"<"(A) such that

F/\E,hxar(x) _ L?GFA&KIC}‘,AEhaT(y)
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in K§TEEART (B,
o A sequence of controlled morphisms

Fr_1 . Frt1
K (Arn) 5 K (AR) TS K (Akn) 53 Ky (Akga) -+

is called (A, h)-exact if for every k, the composition

Fr—1
Ko (A1) 75" Ko (Ar) T Koy (Apsn)

is (A, h)-exact at K;, (Ag).

Remark 2.10. If the composition K;(A) 4K (B1) EN Ki(Bz) is (A, h)-ezxact, then
according to lemma 1.16, there exists a control pair (N, k') with (A, h) < (N, })
depending only on (A, h), such that for any 0 < e < W any r >0 and

aF,agl’
any y and y' in K" (By) , then G5 (y) = G="(y') in K?FE’kF’ET(B) implies that
there eists an element x in K" E’hET(A) such that

4
E,a}-/\’s,r,k],—ngh’sr
J

E,af/\’s,r,k],—ngh’sr '
2 (y")

. Nekr ach!
in K7 SRRy,

(y) + X" (x)

3. EXTENSIONS OF FILTERED C*-ALGEBRAS

The aim of this section is to establish a controlled exact sequence for quantitative
K-theory with respect to extension of filtered C*-algebras admitting a completely
positive cross section that preserves the filtration. We also prove that for these
extensions, the boundary maps are induced by controlled morphisms. As in K-
theory, one is a map of exponential type and the other is an index type map, and
the later in turn fits in a long (), h)-controlled exact sequence for some universal
control pair (A, h).

3.1. Semi-split filtered extensions. Let A be a C*-algebra filtered by (A, )r>0
and let J be an ideal of A. Then A/J is filtered by ((A/J);)r>0, where (A/J),
is the image of A, under the projection A — A/J. Assume that the C*-algebra
extension

0J—=A—=A/J50

admits a contractive filtered cross-section s : A/J — A, i.e such that s((A/J),)) C
A, for any positive number. For any x € J and any number ¢ > 0 there exists
a positive number r and an element a of A, such that || — al| < e. Let us set
y =a—soq(a). Then y belongs to A, NJ and moreover

ly =zl = lla—z+soq(z—a
< lla—z| +[lsoqla—a)
< lla—a| +lla(z —a)l
< 2e.
Hence, U (A, N J) is dense in J and therefore J is filtered by (A, N J)r>o.

>0

Definition 3.1. Let A be a C*-algebra filtered by (A, )r>o and let J be an ideal of
A. The extension of C*-algebras

0—>J—>A—A/J—=0
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is said to be filtered and semi-split (or a semi-split extension of filtered C*-algebras)
if there exists a completely positive cross-section

st AJJ— A
such that
s((A/J)r)) C Ar
for any number r > 0. Such a cross-section is said to be semi-split and filtered.

We have the following analogous of the lifting property for unitaries of the neutral
component.

Lemma 3.2. There exists a control pair (ae,k.) such that for any semi-split ex-
tension of filtered C*-algebras

0—J—A5A/J—0

with A unital, the following holds: for every positive numbers r and € with € < t
and any e-r-unitary V. homotopic to I, in U;"(A/J), then for some integer j,
there exists a aee-ker-unitary W homotopic to I in szj’ke’ir(fl) and such
that ||g(W) — diag(V, I;)|| < ace.

Proof. According to proposition 1.31, we can assume that V and I,, are connected
by a C-Lipschitz homotopy (V;)¢co,1), for some universal constant C. Let tp =0 <
t1 < --- < t, =1 be a partition of [0, 1] such that 1/16C < |t; —t;—1] < 1/8C.
Then we get that ||[V;—1 — Vi|| < 1/8 and hence ||V;—1V* — I,|| < 1/2. Let I,
be the smallest integer such that >, -, ., 27F/k < ¢ and D ksl 41 log"2/k! < &

and let us consider the polynomial functions P.(z) = Z%:o ¥ /k! and Q.(z) =
7225:1 2% /k. We get then ||[Vi_1V* — P. 0 Q-(1 — Vi1 V;*)|| < 3e. Choose a
completely positive section s(A/J) — A such that s(1) = 1 and let us set W} =
P.(s(tQcs(I, — Vie1V¥))) for ¢ in [0,1] and ¢ in {1,...,p}. Since V;_1V;* is closed
to the unitary V;— V;*(ViV;* | Vi1 V) 71/2, then W} is uniformly (in ¢ and 4) closed
to expts(log(Vi_1 Vi*(V;Vi* Vi1 Vi*)~1/2)) which is unitary (the logarithm is well
defined since V;_1 V;*(V;V;i* | Vio1V;*) /2 is closed to I,,) and hence W} is a ae-2l.7-

unitary for some universal o. Hence W} is a ae-2[.r-unitary in U,"(A) homotopic

to I,, and such that [|g(W;) — Vi1 V|| < 3ae. If we set now W = W ... W, and
since p < 16C, then W satisfies the required property. (Il

Lemma 3.3. There exists a control pair (c, k) such that for any semi-split exten-
sion of filtered C*-algebras 0 — J — A — A/J — 0 with A unital, any semi-split
filtered cross section s : AJ/J — A with s(1) = 1 and any e-r-projection p in A/J
with 0 < & < 75, there exists an element y, in Ji, such that |14y, —e?mstko@®)|| <
ag/3. In particular 1+ vy, is a ae-ker-unitary of J*;

Proof. Let [ be the smallest integer such that

—+o0

Z 1041 < €.

I=l.+1
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ZZE (2ums(p))!

Let us define z, = . Then z, belongs to M, (A;,,) and we have

!
=0
9 L 2@7rs = (2umrs( Ho )
Hzp _ g2ms(ko(p)) ’ Z Z
=0 =0
le +oo l
(20s(p))! — (2ums(ko(p (2ums( Iio D))
< |12 I Z
1=0 I=l.
< ls(p) = s(ro(p))lle’® +e

< (20 4+ 1)e.
If we set yp = zp — s 0 q(2p), then y, € M,,(J N A;.,) and

lzp = A+ yp)ll = HSO(J(Zp)*lH
< o (s —ermeen)|
< e,

with A = (2¢' 4+ 1). Therefore we have ||1 + y, — e275(%0(P))|| < 2)\e. The end of
the statement is then a consequence of lemma 1.7.
O

3.2. Controlled boundary maps. For any extension 0 = J — A — A/J — 0
of C*-algebras we denote by ;4 : K.(A/J) — K.(J) the associated (odd degree)
boundary map.

Proposition 3.4. There exists a control pair (ap, kp) such that for any semi-split
extension of filtered C*-algebras

0—J—AL A/J—0,
there exists a (ap, kp)-controlled morphism of odd degree
Dya = (05 0)oce b Ka(A)T) = Ki(J)
which induces in K-theory 0y 4 : K (A/J) = K. (J).
Proof. Let s: A/J — A be a semi-split filtered cross-section. Let us first prove the

result when A is unital.

(i) Let p be an element of P;"(A/J). Then 9j4([xo(p)]) is the class of
e?ms(ro(P)) in K, (J). Fix a control pair (a, k) as in lemma 3.3 and pick
any y, in M, (Jy.,) such that |14y, —e?™*oP)|| < ae/3. Then 1+y, is
an ae-k.r-unitary of M, (J7), and according to lemma 1.7, any two such
ae-k.r-unitaries are homotopic in U3*¢*<"(J*). Applying lemma 3.3 to
A/ J[0,1], we see that the map

PLT(A)T) — U™ (JH ) ps 14 yp
preserves homotopies and hence gives rise to a bunch of well defined semi-
group homomorphism

32 : K(E)J(A/J) — Klgagykar(ljﬁ [0, ler = [1+ Ypl3ac kor

which in the even case satisfies the required properties for a controlled
homomorphism.
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(ii) In the odd case, we follow the route of [18, Chapter 8]. For any element u
of U"(A/J), pick any element v in some U5"(A/J) such that diag(u,v)

is homotopic to I,,4; in Ui’ﬁT(A/J) (we can choose in view of lemma 1.16

v = u*). According to lemma 3.2, and up to replace v by diag(v, Iy) for
some integer k, there exists an element w in Uij‘_ej’%e'sgr(/l) such that
lg(w) — diag(u,v)|| < 3aee. Let us set © = wdiag(l,,0)w*. Then z is an
element in P54 (4) such that [l(z) — diag(Ln, 0)] < 9eree.

Let us set now h = z — diag(l,,,0) — s o g(z — diag(I,,,0)). Then his a

self-adjoint element of My, (A4, 5. N J) such that
|l — diag(I,,0) — h|| < Yt

45ace,4ke 3eT
n+j

ai:;([u]EﬁT) = [h’ =+ dlag(l’ﬂv 0)5 n]450ae€,4k87357" .

It is straightforward to check that (compare with [18, Chapter 8]).
e two choice of elements satisfying the conclusion of lemma 3.2 relatively

and therefore h + diag(1,,0) belongs to P (J). Define then

to diag(u,v) give rise to homotopic elements P450a ocrdke, <"(J) (this
is a consequence of lemma 1.7).
e Replacing u by diag(u, I,,,) and v by diag(v, I) gives also rise to the
4500c€,4ke 3cT
same element of K (J).

Applying now lemma 3.2 to the exact sequence
0— J[0,1) — A[0,1] — A/J[0,1] — 0,

we get that 97", ([ule.)
e only depends on the class of u in K7 (A/J);
e does not depend on the choice of v such that diag(u,v) is connected
to Iy in UYL (A/T).

e If A is not unital, use the exact sequence
0—>J—A— AA/TI —0

to define 97", as the composition

95"

K57 (A7) o K57 (A]7) =3 Kooy,

where the inclusion in the composition is induced by the inclusion A/J <
AlJ=AlJ.

e Since the set of filtered semi-split cross-section s : A/J — A such that
s((A/J),) C A, is convex, the definition of 05 actually does not depend
on the choice of such a section.

e Using lemma 1.7, it is plain to check that for a suitable control pair
(ap,kp), then Dja = (077))o<c-1_, is a (ap, kp)-controlled morphism

dap’

inducing the (odd degree) boundary map 9.4 : K.(A4/J) = K.(J).

O

For a semi-split extension of filtered C*-algebras

0—J—AL A/J—0,
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we set DY 4 : Ko(A/J) — Ki(J), for the restriction of Dja to Ko(A/J) and
D} 4 : Ki(A/J) = Ko(J), for the restriction of Dy to K1(A/J).

Remark 3.5.

(i) Let A and B be two filtered C*-algebras and let ¢ : A — B be a filtered
homomorphism. Let I and J be respectively ideals in A and B and assume
that

o o(I)C J;

e there exists semi-split filtered cross-sections s : A/I — A and s’ :
B/J — J such that s'o¢ = ¢pos, where ¢ : A/I — B/J is the
homomorphism induced by @,

then DJ,B Oq;* = ¢* ODLA'

(i) Let 0 — J — A -4 AJ)J — 0 be a split extension of filtered C*-
algebras, i.e there exists a homomorphism of filtered C*-algebras s : A/J —
A such that qos = Idysy. Then we have Dja = 0.

For a filtered C*-algebra A, we have defined the suspension and the cone re-
spectively as SA = Cy((0,1), A) and CA = Cy((0,1], A). Then SA and CA are
filtered C*-algebras and evaluation at the value 1 gives rise to a semi-split filtered
extension of C*-algebras

(1) 0—+SA—-CA—-A—0

and in the even case, the corresponding boundary dsa,ca : Ko(A) — Ki(SA)
implements the suspension isomorphism and has the following easy description
when A is unital: if p is a projection, then dsa,calp| is the class in K;(SA) of the
path of unitaries

[0,1] = U, (A); t — pe™ +1—p.
Let us show that we have an analogous description in term of almost projection.
Notice that if ¢ is an e-r-projection in A, then

2q:[0,1] = Ayt ge*™ +1—¢q
is a He-r-unitary in SA. Using this, we can define a (5, 1)-controlled morphism
Z4=(Z3" )o<e<1/20,r50 : Ko(A) = K1(SA) in the following way:
e for any ¢ in P;"(A) and any integer k let us set
Vgr 1 10,1] — UPST(SA) : t s diag(e 2™ 1, 1) (1 — q + ge2™);
e define then Z5"([q, kle,r) = [Vgk)5e,r-
Proposition 3.6. There exists a control pair (A h) such that for any filtered C*-

algebra A, then DOCA,SA Cele) Z4.

Proof. Let [q, kl.» be an element of K" (A), with ¢ in P;/"(A) and k integer. We
can assume without loss of generality that n > k. Namely, up to replace n by 2n
and using a homotopy between diag(q,0) and diag(0,q) in P35} (A), we can indeed
assume that ¢ and diag(Ij,0) commute. As in the proof of proposition 3.4, define I,
as the smallest integer such that Zf;g 11 10/1' < €. Let us consider the following
paths in M,,(A)

le
z:10,1]— M, (A);t — Z(Qm(tq + (1 — t) diag(Ix,0)))! /1!
=0
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and

2" [0,1]—M,,(A);t — exp(2ur diag(—tIx,0))(1 — g + €*™q).
Since q and I commutes, then

exp(2im(diag(—tl,0) +tq)) = exp(2ur diag(—tl,0)) - exp(2umtq)

and hence

z(t) = exp(2vr diag(—t1, 0)) exp(2umtq) — Z (2um(tq + (1 — t) diag(I,0)))! /1!
I=l.+1
We get therefore
J(t) — () < e+ g™ + (1 - q) — exp 2t
< e+ 2[ko(q) — gll + || exp 2umtro(q) — exp 2umtq|
< e(5+4e'm).

Let us set
le le

Y [0,1] 1 — My (A); t = 2(t) — 1 — (1 —t) diag (T, 0) Y _(2um)' /Il = > (2umq)"/IL.
=1 =

For some as > ag, we get then that 1 + y and 2’ are homotopic elements in
Uffse’ka’ar(SA). Using the semi-split filtered cross-section A — CA; a — [t — ta]
for the extension of equation (1), we get in view of the proof of proposition 3.4,

ape,as€,ky er £,r
o d,e Oa

ty sa,callt; Kler) = [1+ Ylaceko ors
and thus we deduce
9E, s ,k' - ,
0?70 0 0g) ol Kler) = [ aue ko, or-
We get the result by using a homotopy of unitaries in Mn(S,’\;l) between
t s diag(e 2k 1,...,1)

and t — exp(2ur diag(—tIx, In—k)). O

The inverse of the suspension isomorphism is provided, up to Morita equivalence
by the Toeplitz extension: let us consider the unilateral shift S on ¢2(N), i.e the
operator defined on the canonical basis (e, )nen of £2(N) by S(en) = enq1 for all
integer n. Then the Toeplitz algebra T is the C*-subalgebra of £(¢?(N)) generated

by S. The algebra of compact operators K(¢?(N)) is an ideal of 7 and we get an
extension of C*-algebras

0— K(2N) =T 5 C(S) =0,

called the Toeplitz extension, where S; denote the unit circle. Let us define Ty =
p~H(Co((0,1)), where Cy(0,1) is viewed as a subalgebra of C(S;). We obtain then
an extension of C*-algebras

0 — K((3(N)) = To & Cy(0,1) = 0.
For any C*-algebra A, we can tensorize this exact sequence to obtain an extension

0= KEPN))RA—=Too A—-SA =0
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which is filtered and semi-split when A is a filtered C*-algebra.

Proposition 3.7. There exists a control pair (A, h) such that

(k)
Di(e2m))@A, Towa © 24~ Ma

for any unital filtered C*-algebra A.
Proof. Let ¢ be a e-r-projection in M, (A). We can assume indeed without loss of
generality that n = 1.The Toeplitz extension is semi-split by the section induced
by the completely positive map s : C(S1) — T; f — My, where if 7 stands for
the projection L?(S;) = ¢%(Z) — I*(N), then My is the composition
P(N) = 2(Z) = 12(S1) 5 £7(81) B8 1P(),
S 1-58S*

(f+ being the pointwise multiplication by f). Notice first that ( - ) is a
unitary lift of S; — M3(C); z — diag(z,z) in M3(T) under the homomorphism
induced by p: T — C(S1). Under the section induced by s, we see that z, lifts to
1®(1—¢q)+S®gq, and hence

S 1-85%

is a lift in US™"(Tp ® A) of diag(zg,2;). Since [lg(1 — ¢)|| < e, we see that
W+ diag(1,0)W is closed to

S* 0\ /1 0\ /S 1-565* %+ 10 2 (1- q)?
1-55* s)\o o)\o s 7 o o o
Hence, W* diag(1,0)W is an element of P3°"*" (To®A) which is closed to diag(1, (1—

S5*) ® q). Since

Ma(lg,0]c,r) = [diag(0, (1 — 557) @ ).,
we get the existence of a positive real o; such that the proposition holds. (I
3.3. Long exact sequence. We follow the route of [18, Sections 6.3, 7.1 and

8.2] to state for semi-split extensions of filtered C*-algebras (A, h)-exact long exact
sequences in quantitative K-theory, for some universal control pair (A, h).

Proposition 3.8. There exists a control pair (A, h) such that for any semi-split
extension of filtered C*-algebras

0—J 1A A/ J—0,
the composition

Ko.(J) 25 Ko(A) 5B K(A)T)
is (A, h)-ezact at K.(A).
Proof. We can assume without loss of generality that A is unital. In the even
case, let y be an element of K" (A) such that ¢.(y) = 0 in K" (A/J), let e be
an e-r-projection in M, (A) and let [ be a positive integer such that y = [e, k] .
Up to stabilization, we can assume that k¥ < n and that ¢(e) is homotopic to
pr = diag(Ix,0) as an e-r-projection in M,(A/J). According to corollary 1.32,
there exists up to stabilization a ape-kp cr-unitary W of M, (A/J) such that

IWq(e)W* — pi|l < ane.
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The 3ase-2ky, cr-unitary diag(W, W*) of M, (A/J) is homotopic to I2,. Let choose
as in lemma 3.2, a control pair («,l), an integer j and a ae-l.r-unitary V of
Moy ;(A) such that

llq(V) — diag(W, W*, Ii;)[| < ae.

If we set ¢/ = V diag(e,0)V*, then €’ is a 4ae-2l.r-projection in Mo, 4;(A). If
s:A/J — Ais a semi-split filtered cross-section such that s(1) = 1, define f =
e/ — soq(e — diag(I,,0)). We see that f belongs to May,+,;(JT) and moreover,
since ||f — €/|| < (4a + ap)e, then according to lemma 1.7, f is for a suitable A a
Ae-2l.r-projection of May,4+x(JT) homotopic to €’. Then z = [f, k|rc 21, defines a
class in K,5?"<"(.J). As in the proof of (ii) of lemma 1.8 we can choose A big enough
so that diag(e’, Ion4;) and diag(e, 0, Ion4;) are homotopic Ae-2ky, .r-projections of
My, (A) and hence we get the result in the even case.

For the odd case, let y be an element in K;""(A) such that ¢.(y) = 0in K7 (A/J)
and let us choose an e-r-unitary V' in some M, (A) such that y = [V].,. In view
of lemma 3.2 and up to enlarge the size of the matrix V, we can assume that
lg(V) — qV)|| < aee with W a aee-ke cr-unitary of M,(A) homotopic to I,.
Hence W*V and V are homotopic 3aee-(ke,c + 1)r-unitary of M, (A). If we set

U=W*V+soq(l,—W*V),
then the coefficients of the matrix U — I,, lie in .J. Moreover, since
U =WV < (2ae + 1)e,

we obtain that U is a Ae-(Ic +1)r-unitary for some A > 1. Hence, x = [U] )¢, (k. . +1)r
)\Ev(ke,s"rl)”‘

defines a class in K (J) with the required property. O
Proposition 3.9. There exists a control pair (A h) such that for any semi-split
extension of filtered C*-algebras

0—J A5 AT —0,

the composition
1
D J A

Ki(4) 5 Ki(A/T) =" Ko(J)
is (A, h)-exact at K1(A/J).

Proof. We can assume without loss of generality that A is unital. Let y be an
element of K,"(A/J) such that 9577 (y) = 0 in Kgas’ka‘ET(A/J) and let U be an
e-r-unitary of M, (A/J) such that y = [U].,,. With notation of lemma 3.2, let j be
an integer and W be a 3aee-2ke 3.r-unitary in Moy ;(A) such that

HQ(W) - diag(Ua U*a Ij)” < ae.

Set « = W diag(I,,,0)W* and h = z — diag(1,,0) — s o g(x — diag(l,,0) as in the
proof of proposition 3.4. Since aﬁ;(y) = 0, we can up to take a larger n assume that
h+ diag(I,,,0) is homotopic to diag(1,,,0) as an ape-kp r-projection of My, j(J).
Since z is close to h+diag(I,,0), we get from corollary 1.32 that up to take a larger
j, there exists for a control pair («, 1), depending only on the control pairs (ap, kn)
and (ap, kp) of corollary 1.32 and lemma 3.3, an ae-l.r-unitary V' in M2n+j(j)
such that

|W diag(I,,,0)W™* — V' diag(l,,,0)V"| < ae.
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Then V = p;(V)V'7IW* is a 10(a + a)e-(le + ke,c)r-unitary in Mo, ;(A) such
that
lq(V) — diag(U, U™, I;) || < ae.
Since for a suitable constant o’ depending only on « we have
lps (V") diag (T, 0)p., (V") — diag(In, 0)|| < e,

we obtain that

|V diag(I,,,0)V* — diag(I,,0)|| < a’e
and

[|[V* diag(I,,,0)V — diag(I,,0)|| < ¢
for some constant o” depending only on o’ that we can choose indeed larger than

(10 + ). Hence the n x n-left upper corner X of V' is a a’e-(I. + I.)r-unitary in
M,,(A) such that ||¢(X) — Ul| < o’¢. Hence we get the result. O

Proposition 3.10. There exists a control pair (A, h) such that for any semi-split
extension of filtered C*-algebras

0—J-L AL 4/7—0,
the composition

Dja s

Ki(A/J) = Ko(J) = Ko(A)
is (A, h)-exact in KCo(J).
Proof. Tt is enough to prove the result for A unital. Let y be an element of K" (J)
such that 5" (y) = 0 in K" (A), let e be an e-r-projection in M, (J") and k be
a positive integer such that y = [e, k]c,». If we set pr = diag(Iy,0), we can indeed
assume without loss of generality that ||g(e) — pr|| < 2¢ (where J7T is viewed as a
subalgebra of A). Up to stabilization, we can also assume that e is homotopic to
pr as an e-r-projection in M, (A). According to corollary 1.32, there exists up to
stabilization a ape-kp, cr-unitary W of M, (A) such that

lle = WppW™|| < ape.
Up to replace n by 2n, W by diag(W, W*) and e by diag(e, 0), we can assume that
W is a 3ape-2kyp, cr-unitary homotopic to I,,. Since
laWV)pegW™) —pell - < llgW)prg(W™) — q(e)]| + llg(e) — prll
< (2 + Oéh){:‘,
then
lg(W*)preg(W) — pell < (2 + 4o )e.

Hence for an o/ > 1 depending only on «y, the left-up n X n corner V; and the
right bottom corner Vs of ¢(W) are o’e-2k, cr-unitaries of M, (A/J) such that

lq(W)q(W*) — diag(V1, V2) diag(V1, Va)*|| < (an + &')e

and
lg(W*)qg(W) — diag(V1, V2)* diag(V1, Va)|| < (au + ')e.

Hence ¢(W) is close to diag(V1, Va) and hence there is a A > 1 depending only on
o such that as a Ae-2kjp, cr-unitary of M, (A/J), then diag(V1,V2) is homotopic
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to ¢(W) and hence to I,,. We can indeed choose A big enough such that if we set
r = [Vi]xe 2k, ., then

8/\6’2ke’5T(ZL‘)

J,A [e’ kb\aa&ka,as?ke,ar

Li’T’/\Ele’ET(y).

O

From propositions 3.8, 3.9 and 3.10 we can derive the analogue of the long exact
sequence in K-theory.

Theorem 3.11. There exists a control pair (A, h) such that for any semi-split
extension of filtered C*-algebras

0—J- AL A/ —0,

the sequence
Dy,a

Ki(J) 25 Ki(A) 25 K (A)T) =22 Ko(J) 25 Ko(A) X5 Ko(A)T)
s (A, h)-ezxact.
As a consequence, using the exact sequence
(2) 0—+SA—-CA—- A0,

and in view of lemma 1.27 and point (iii) of remark 2.8, we deduce in the setting
of the semigroup K3 (e) the analogue of the suspension isomorphism in K-theory.

Corollary 3.12. Let D} = Dg, o4 : Ki1(A) = Ko(SA) be the controlled boundary
morphism associated to the semi-split and filtered extension of equation (2) for a
filtered C*-algebra A.

e There exists a control pair (A h) such that for any filtered C*-algebra A,
then DY is (A, h)-invertible.

e Moreover, we can choose a (A, h)-inverse which is natural: there exists a
control pair (ag,kg) and for any filtered C*-algebra A a (A, h)-controlled
morphism BY = ( ZT)O<E<¢,T>O : Ko(SA) — K1(A) which is an (A, h)-

inverse for DY and such that BY o fs = f o By for any homomorphism
f: A— B of filtered C*-algebras, where fs: SA — SB is the suspension
of the homomorphism f.

3.4. The mapping cones. We end this section by proving that the mapping cones
construction can be performed in the framework of quantitative K-theory. Let

0—-J—=A% A/J-0

be a filtered semi-split extension of C*-algebras. Let usset A/J[0,1) = Cy([0,1), A/J)
and define the mapping cone of ¢:

Cy={(z,f) e A®d A/J[0,1); such that f(0) = g(x)}.
Using a semi-split filtered cross-section for g, we see that Cj is filtered by

(CqaN(Ar & A/J[0,1))r), o0

Let us set
eq:J = Cq; z— (2,0)
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and
¢q: SA/T — Cy; f— (0, f).
We have then a semi-split extension of filtered C*-algebras
0—J3AC,8A/J0,1)—0,
where 79 is the projection on the second factor of A® A/J[0,1).

Lemma 3.13. There exists a control pair (A, h) such that eq . is (A, h)-invertible
for any semi-split extension of filtered C*-algebras 0 — J — A % AlJ —0.

Proof. The even case is a consequence of theorem 3.11. We deduce the odd case
from the even one using corollary 3.12. O

It is a standard fact in K-theory that the boundary of an extension of C*-algebras
0>J A A/J — 0 can be obtain using the equality

€qx 0054 = ¢qx004,7,
where 04,7 = Osa/5,ca/7 stands for the boundary map of the extension
0—SA/J—-CA/J— A/J—=0

(corresponding to the evaluation at 1). We have a similar result in quantitative
K-theory:

Lemma 3.14. With above notations, we have eq . 0 Dja = ¢q.« 0 Dyyy, where
Dyyy stands for Dsajgca)g-

Proof. We can assume without loss of generality that A is unital. Let us fix a
semi-split filtered cross-section s : A/J — A such that s(1) = 1. Let p be an e-r
projection in A/J. Using the notations of the proof of proposition 3.3, define for ¢
in [0, 1]

o = IZE (2umts(p))! ;'t(Qm)ls(pl) A
=1 .
o fi: [0 1] N A/J C o IZE ((2Z7T(1 — O')t+o')p)l _ ((1 _ O’)t+0’)(2’b7Tp>l.

l!
1=1
Then, (14 (yt, ft))tejo,1] is a path of ae-k.r unitary in C;f with 2o = 0 and f; = 0.
Moreover,

e z; belongs to J and satisfies the conclusion of lemma 3.3 starting from
the e-r-projection p and with respect to the semi-split extension of filtered
C*-algebras 0 — J — A % A/J — 0 and to the semi-split filtered cross-
section s;

e fo belongs to SA/J and satisfies the conclusion of lemma 3.3 starting from
the e-r-projection p and with respect to the semi-split extension of filtered
C*-algebras 0 — SA/J — CA/J—A/J — 0 corresponding to evaluation
at 1 and to the semi-split filtered cross-section A/J — CA/J;a — [t — tal.

Hence, following the construction of proposition 3.4 in the even case, we obtain
that eg« 0 Dja and ¢, . 0 Dy, coincide on Ko(A/J).

Let us check now the odd case. Let u be an e-r-unitary in M,(A/J). Pick
any e-r-unitary in some M;(A/J) such that diag(w,v) is homotopic to I,4; in

Uf’fﬁ-T (A/J). According to lemma 3.2, and up to replace v by diag(v, I;;) for some
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. . . 3ace,2ke 3.7 :
integer k, there exists an element w in U, *"""***" (A) homotopic to I,,4; as a 3a.e-

2ke 3er-unitary and such that [|q(w) — diag(u, v)|| < 3aee. Let (w)epo,1] be a path
3aee,2ke 367
Un-i—j 7

As in the proof of proposition 3.4, we see that y; is an element in P:LQ_FO}‘:E’%""“T(A/J)
such that ||y; — diag(I,,0)|| < 9ace. Define

in (A) with wg = I4+; and w1 = w and set y; = q(w;) diag(ln, 0)g(w;).

g:[0,1] = Mp4;(A/J); t — yy — diag(1y,0) — t(y1 — diag(I,,0)).

Then g + diag(I,,0) is the element of PiiO}EEAkE’SET(S"’A/J) that we get from u

and v when we perform the construction of proposition 3.4 in the odd case with
respect to the extension 0 — SA/J — CA/J — A/J — 0. Let us set now
xy = wydiag(l,,0)wy and hy = z; — diag(1,,0) — ts o g(x1 — diag(I,,0)) for ¢

in [0,1]. Then diag(I,,0) + h; belongs to Piia}es’4ke’gir(A) and diag(I,,0) + hy

is the element of Piia}es’4ke’SET(J) that we get from w and v when we perform

the construction of proposition 3.4 in the odd case with respect to the extension
0—J—A% A/J — 0. Eventually, if we define

Hy 2 [0,1] = My j(A/J); 09 g1—0)itos

then ((he, Hy) + diag(n, 0))c(o 1) is a homotopy in Pﬁro}esAke’SET(C;‘) between ((0, g) + diag(1,,0))
and ((h1,0) + diag(I,,,0)). Thus we obtain the result in the odd case.
O

As a consequence, we get that the controlled suspension morphism is compatible
with the controlled boundary maps.

Proposition 3.15. There exists a control pair (A, h) such that for any semi-split
extension of filtered C*-algebras 0 — J — A — A/J — 0, the following diagrams
are (A, h)-commutative:

Ko(A)J) =25 Ky(SALT)

DJ,Al lDSJ,SA

Ki(J) —2L%  Ko(SJ)
and

K (A)T) 220 Ko(SALT)

DJ,AJ( lDSJ,SA
Ko() —2L5 Ki(SJ)
where Dy and D4y stands respectively for the controlled suspension morphisms

Dsycg and Dsayg,ca)7-

Proof. Let gs : SA — SA/J the suspension of the homomorphism ¢ : A — A/J.
Applying lemma 3.14 to the extensions 0 - J - A — A/J - 0and 0 —» SJ —
SA — SA/J — 0 and using the naturality of controlled boundary maps mentioned
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in remark 3.5, we get

€qox ©Dsjsa0Dasy = ¢g.+°Dsajj0Dayy
= Dsc,°¢qx°Dayy
DSCq O €g,x O D.],A

= €qx0DjoDja

The proposition is then a consequence of lemma 3.13.

4. CONTROLLED BOTT PERIODICITY

The aim of this section is to prove that there exists a control pair (A, k) such that
given a filtered C*-algebra A, then Bott periodicity Ko(A) = Ko(S2A) is induced
in K-theory by a (), h)-isomorphism Ko(A4) — Ko(S?A). As an application, we use
the controlled boundary morphism of proposition 3.4 to close the controlled exact
sequence of 3.11 into a six-term (A, h)-exact sequence for some universal control
pair (A, k). This will be achieved by using the full power of K K-theory.

4.1. Tensorization in K K-theory. Let A be a C*-algebra and let B be a C*-
algebra filtered by (By),>o. Within all this section, we will assume for sake of
simplicity that B, is closed for every positive number r (which is the case for Roe
algebras and crossed product algebras). Let us define A®B, as the closure in the
spatial tensor product A® B of the algebraic tensor product of A and B,.. Then the
C*-algebra A®B is filtered by (A®DB,),>o. Moreover, if J is a semi-split ideal of
A,ie0—J— A— A/J — 0is a semi-split extension of C*algebras, then

0— J®B — A®B — A/J®B — 0

is a semi-split extension of filtered C*-algebras. Recall from [11] that for C*-
algebras Ay, As and D, G. Kasparov defined a tensorization map

D KK*(Al,AQ) — KK*(A1®D,A2®D)

in the following way: let z be an element in K K, (A1, A2) represented by a K-cycle
(m, T, &), where
e & is a right As-Hilbert module;
e 7 is a representation of A; into the algebra £(£) of adjointable operators
of &;
e T is a self-adjoint operator on & satisfying the K-cycle conditions, i.e.
[T, 7(a)], m(a)(T? — Zdg) are compact operators on £ for any a in Aj.

Then 7p(z) € KK, (A1®D, Ay®D) is represented by the K-cycle (n®Idp, T®Idp,ERD).
In what follows, we show that if A; and A, are C*-algebras, if B is a fil-

tered C*-algebra and if z is an element in K K,(A1, A2), then the homomorphism

K.(A1®B) = K.(A2®B) provided by left multiplication by 75(z) is induced by a

controlled morphism. Moreover, we have some compatibility results with respect

to Kasparov product. As an outcome, we obtain a controlled version of the Bott

periodicity that induces in K-theory the Bott periodicity.

Proposition 4.1. Let A1 and As be C*-algebras, let B be a filtered C*-algebra
and let z be an element in KK;(A1, A2). Then there exists an (ap, kp)-controlled
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morphism
T5(2) = (75" (2))ocec im0 Ku(A1@B) = Ki(A20B)
of degree 1 inducing in K -theory the right multiplication by T5(2).

Proof. Recall that z can be indeed represented by a odd A;-As-K-cycle (7, T, H® As),
where H is a separable Hilbert space, 7 is a representation of A; in the algebra

L(H®As) of adjointable operators of H®As and T is a self-adjoint operator in

L(H®As) satisfying the K-cycle conditions. Let us set Pp = Id“®A2®2B+T®IdB,

mp = m®Idp and define the C'*-algebra
E™T) = {(2,y) € A,@B P LI(H®A,®B) such that Pg-mp(x)-Pp—y € K(H)®A;@B}.

Since Pg has no propagation, the C*-algebra E(™T) is filtered by (EST’T))W() with
Eﬁ”’T) ={(x, Pp-mp(z) - Pg+vy); x € A1®B, and y € K(H) ® A2®B,}.
The extension of filtered C*-algebras
(3) 0— K(H)® A2®B — E™T) — A1 @ B — 0
is semi-split by the cross-section
s: 4,0B = E™D; ¢ (z, Pg - wp(z) - Pp).
Let us show that the associated controlled boundary (degree one) map
Dipygasen,pen  Ki(A1©B) = K (K(H)®A22B)

only depends on the class z of (m,T,H ® As) in KK;(A1,As). Assume that

(m, T,H ® As[0,1]) is a A1-A3[0,1]-K -cycle providing a homotopy between two

Aq-Ag-K-cycles (mg, To, H ® Az2) and (m1,T1,H ® Az). For t € [0, 1] we denote by

e : Az2[0,1] — Aj the evaluation at t;

F, € L(H ® As) the fiber at ¢ of an operator F' € L(H ® A2[0,1]);

m 2 A = L(H ® As) the representation induced by 7 at the fiber ¢;

st As@B — BT g (2, Py p - mep(x) - Pop)  (with P = THL);
Then the homomorphism E(™T) — EToT: (2 ) s (z,y,) satisfies the con-

ditions of remark 3.5 (with s : Ay®B — E™T); x s (x,Pg - np(x) - Pg) and

s¢ 2 Ay®B — E(™Tt)) and thus we get that

(Zdic(r) ® e:®1dB)s © DiyearoBi0,1], 7 = Pxnyearon, gt o

and according to lemma 1.27, we deduce that

DK(H)®A1®B2,E("0’TO> = DK(H)®A1®B,E("1’T1)'
This shows that for a A;-As-K-cycle (7,7, H ® Az), then Dy ()ga,08, 507 de-
pends only on the class z of (7, T, H ® As) in KK;(A;, Ag). Finally we define

def _
Tr(2) = (Tgr(z))o<s<ﬁ = MA21®B o DK(H)®A1®B,E("’T)7

where

o (m,T,H®As) is any A;-As-K-cycles representing z;
e My,»p is the Morita equivalence (see example 2.2).
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The result then follows from the observation that up to the Morita equivalence
K. (K(H) ® A,©B) S K,(4:®B),

the boundary Jx(3)g 4, ,E(~ corresponding to the exact sequence (3) is induced

by right multiplication by 75(z). O

Remark 4.2. Let B be a filtered C*-algebra.

(i) For any C*-algebras Ay and Az and any elements z and 2" in KK;(Aq, A2)
then

Te(z+2") = Ti(z) + T(2).

(ii) Let 0 - J — A — A/J — 0 be a semi-split extension of filtered C*-
algebras and let [0 4] be the element of KK1(A/J,J) that implements the
boundary map 0j.4. Then we have

TB([aJ,A]) = DJ®B,A®B-
(iii) For any C*-algebras Ay, Ay and D and any K-cycle (m,T, HQA3) for

KK;(A;, As), we have a natural identification between E(.Tp) gnd BT @D.

Hence, for any element z in KK (A1, As) then Tp(mp(2)) = Teen(2).

For a a filtered C*-algebra B and a homomorphism f : A; — Ay of C*-algebras,
we set fg : A1®B — Ay®B for the filtered homomorphism induced by f.

Proposition 4.3. Let B be a filtered C*-algebra and let A1 and As be two C*-
algebras.
(i) For any C*-algebra A', any homomorphism of C*-algebras f : A} — A}
and any z in KKq(A}, As), we have Tp(f*(2)) = Te(2) o fB,«;
(ii) For any C*-algebra Aly, any homomorphism of C*-algebras g : As — A}
and any z in KK1(A1, A2), we have Tp(9+(2)) = gp.« 0 Te(2).
Proof.

(i) Let A} be a filtered C*-algebra, let f : A; — A} be a homomorphism of
C*-algebras and let (7w, T, H ® A3) be an odd Aj-As-K-cycle. With the
notations of the proof of proposition 4.1, the homomorphism

fE BN o D (2,y) - (fa(2),y)
fits in the commutative diagram

0 —— K(H)® Ap@B —— EI'"T) — A/\®@B —— 0

-| | I
0 —— K(H)® A,®B —— E™T) — 5 A/®@B —— 0
Moreover fg and f¥ intertwines the semi-split and filtered cross-sections
A1®B — Ef*(ﬂ—’T); T = (,CC,PB TR O fB(iE) . PB)
and
A'@B — E™D: s (2, P - mp(x) - Pg)
and thus, we get by remark 3.5 that
Ts(f*(2)) = Ts(2) © fx
for all z in KK; (A}, As).
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(ii) Let A, be a C*-algebra and let g : A2 — A be a homomorphism of
C*-algebras. For any element F in L(H ® A3), let us denote by

F= Foa,lda, € L(H® As®a,AY).

Notice that H ® A2®4, A, can be viewed as a right A5-Hilbert-submodule
of H® Al and under this identification, for any F in K(H) ® Ag, then F is
the restriction to H® A2® 4, A5 of the homomorphism (Id(3)®g)(F). Let
z be an element of K K;(A1, As) represented by a K-cycle (7, T, H®As).
Consider the A;-As-K-cycle (7', T, H'®As) with H' = Hi ® Ho O Hs,
where H1, Ho and Hz are three copies of H, 7’/ = 0 0@ 7 and T/ =
Idy, 04, ® Idy,ga, ®T. Then (n',T',H'®A3) is again a K-cycle repre-
senting z and g.(z) is represented by the K-cycle (7, 7", &), where
e E=HI1 QAP H2 R AL, P Hs @ As® 4, Ab;
e 7' =000 T; )
o T = IdH1®A/2 b IdH2®A/2 DT.
Using Kasparov stabilization theorem, we get that HoR ALY P HsRAsR 4, A
is isomorphic as a right- A5-Hilbert module to H ® A} and hence, using this
identification, we can represent g.(z) using a standard right- A5-Hillbert
module, as in the proof of proposition 4.1. Then, under the above identi-
fication Ho @ Ay P Hs ® Aa®a, AL 2 H @ AL,
gg : E™T) o po-(mT)
/1

(z,y) = (z,Ppr”(2)Pg + (Idcpu)ep®9)(y — P’ () Pp))

restricts to a homomorphism K(H; BHaGHs)RA20B — K(H1OH)RALQB.
We get now a commutative diagram

0 —— K(H1®Ha® Hs) @ Ap®@B —— ETT) 5 A/@B — 0

.| o
0 —— KHioH)®A,eB —— ECT) 5 A/@B —— 0
Hence, we get by remark 3.5 that
Dy (g ayeB,20" 1 = 9Ex © D)o a,0B8,50 7 -
But the restriction of gg to the corner K(H;)®A2®B of the C*-algebra
K(H10H2OH3)®A2@B is Idi(3,)®9®Idp. Since the Morita equivalence
Muayen : K (A40B) 5 K (K(H, & H)@A,0B)

can be implemented by an inclusion of A5®B in a corner of K(H;1)®AL,RB,
and similarly for the Morita equivalence

Masan : Ku(A2®B) 5 Ku(K(H1 © Ha © Hz)@A:0B),
we deduce that the two following compositions coincide:

9B, Maye

K.«(A2®B)) =3 K. (A2 B)

and
Mua,o8B
Ko(As0B) 2287 K (K(H1 & Ho ® Hs)QA20B)
225 K (K(Hy @ H)®A,@B).

"KL (K(H1 @ H)o(Ay@B))
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Hence we get
T5(9+(2)) = g« 0 Tn(2)
for any z in K K1(A1, As).
O

Let us now extend the definition of 75 to the even case. Consider for a suit-
able control pair (ap,kp) and any filtered C*-algebra A the (agp,kp)-controlled
morphism of odd degree B4 : K. (SA) — K. (A) defined

e by BY on K¢(SA) as in corollary 3.12;
e by M;l o Dic(e2(n))@A,To24 on Ki(SA) using the Toeplitz extension
0= KPN))RA =Ty A—-SA =0

(see the discussion at the end of section 3.2).

Then, according to corollary 3.12 and proposition 3.7, there exists a control pair
(A, h) such that B4 is a right (A, h)-inverse for Dg4 ¢4 for any filtered C*-algebra
A. Let us set ar = Aag and kr = h *x kg.

Now, let B be a filtered C*-algebra, let A; and Ay be C*-algebras, then define
for any z in K Ky(A1, A2) the (a1, k1)-controlled morphism

Te(2) = (T;7T)O<e< L r>0 - K.(A1®@B) = K.(A2@B)

Tar>

by

To(2) LB aen o Ta(z @4, [04,))

where
o [04,] = [0s4,,04,] € KK1(Az,SA3) corresponds to the boundary of the
exact sequence 0 — SAs — CAs — A — 0;
® ®4, stands for Kasparov product.

Up to compose on the left with (2P&*7S*PmETT " wo can in the odd case define

Ts(e) also as an (a7, k7)-controlled morphism.

Theorem 4.4. Let B be a filtered C*-algebra, let Ay and As be C*-algebras

(i) For any element z in KK,.(A1, As), then Tp(z) : K.(A1®0B) — K. (420B)
is a (a7, k7)-controlled morphism with same degree as z that induces in
K -theory right multiplication by Tp(z).

(ii) For any elements z and 2z’ in KK.(A1, A2) then

T(z+2") =Tp(2) + T(Z').

(i) Let A} be a filtered C*-algebras and let f : Ay — A} be a homomorphism
of C*-algebras, then Tp(f*(2)) = Tp(2) o fp.« for all z in KK,(A}, Az).

(iv) Let A} be a C*-algebra and let g : Ay, — Az be a homomorphism of C*-
algebras then Tp(g«(2)) = gp.« 0 Tp(z) for any z in KK.(A1, A}).

aT,k

) To((Ida) “R7 Td a,0m).

(vi) For any C*-algebra D and any element z in KK, (A1, A2), we have Tp(mp(2))
TB®D (Z)

Proof. Since Ba,gp is a right (A, h)-inverse for Dga,eB,c4,08, it induces in K-
theory a right inverse (indeed an inverse) for the (degree 1) boundary map

054,8B,c4,08 : Ki(A2®@B) — K,.(SA2®B).
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But since Tp(2®4,[0s4,0B,c4,08]) induces in K-theory right multiplication by
2®4,[0s 4,0 B,c 4,08, We eventually get that Tp(2®4,[0s4,08,c4,08]) induced in
K-theory the composition

® B8(2 14)
K.(A@B) “25 ) g (a,0B) 90500 g (54,0B)

and hence we get the first point.

Point (ii) is a consequence of remark 4.2. Point (iii) is a consequence of
proposition 4.3. Point (iv) is a consequence of proposition 4.3 and of the naturality
of B, (see remark 3.5 and corollary 3.12), point (v) holds by definition of B,. Point
(vi) is a consequence of point (iii) of remark 4.2. O

We end this section by proving the compatibility of 75 with Kasparov product.

Theorem 4.5. There exists a control pair (A, h) such that the following holds :
let A1, As and As be C*-algebras and let B be a filtered C*-algebra. Then for
any z in KK,.(A1,As) and any 2" in KK.(As, As), we have

To(2@4,2") ) Ti() 0 T (2).

Proof. We first deal with the case z even. According to [12, Lemma 1.6.9], there
exists a C*-algebra A4 and homomorphisms 6 : Ay — A; and 5 : Ay — As such
that

e the element [0] of K K,(A4, A1) induced by 6 is invertible.

o 2 =n.(6]").
Since 0, ([0] 1) = [Ida,] in KK.(A1, A1), we get in view of remark 2.5 and of points
(iii), (iv) and (v) of theorem 4.4 that

To(204,2) % Ta(0" (200,2)) o To (6],
with (\,h) = (a®,kr = k7). But by bi-functoriality of K K-theory, we have
0*(2®4,2") = n*(2') and then the result is a consequence of points (iii) and (iv)
of theorem 4.4. We can proceed similarly when z’ is even. Let us prove now the
result when z and 2’ are odd. Then [04,] = [0sa,.c4,] is an invertible element
in KK1(As, SAz) and 2®4,2" = 2®4,[04,]®s54,[04,] *®a4,2" and hence using the
even case, we get that

(4) To(204,2") ) T5(104,] 7 04, 7') 0 T (2@ 4, [04,))-
But

TB([aAz]il(g)Az Z/) = BA3®B © TB([8A2]71®A2Z/®A3 [aAz])
(5) CL) Busen o To(#/@a,104,)) 0 To([0a,] )

for some control pair (X', h'), depending only on (X, h) and (a7, k1), where equation
(5) holds by the even case applied to 2’'®,[04,] and [04,]~!. Hence, for a control
pair (A, h"")-depending only on (), h), we get applying the even case to [04,] "
and ZQ A, [8A2] that

)\//7}7]//
(6) To(:04,2) " X Baon o To(='8a,10a.]) 0 Ti(2).
In view of this equation, we deduce the odd case from the controlled Bott period-
icity, which will be proved in the next lemma: if we set [0] = [O¢,(0,1),c0(01]] €

KK1(C,Cy(0,1)), then there exists a controlled (o, k) such that T4([0]71) is an
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(o, k)-inverse for Dy for any filtered C*-algebra A. Indeed, from this claim and

since for some control pair (¢, k'), the (ag, kg)-controlled morphism B is for every
filtered C*-algebra A a right (o, k’)-inverse for T4 ([9]), we get that

_ a”,k//

Ta(o)™) 2 Ba

for some controlled pair («”, k") depending only on (¢, k') and (a1, k7). Noticing

by using point (vi) of theorem 4.4, that Ta,o5([0]71) = Ts([0a,]~1), the proof of

the theorem in the odd case is then by equation (6) a consequence of the even case

applied to [04,]71 and 2/®4,[04,] O

4.2. The controlled Bott isomorphism. We prove in this subsection a con-
trolled version of Bott periodicity. The proof use the even case of theorem 4.5 and
is needed for the proof of the odd case. Let A = (A,),>0 be a filtered C*-algebra
and let us assume that A, is closed for every positive number r. Let us denote for
short as before Dga,ca by Da and [0sa.ca] by [0a] for any filtered C*-algebra A
and let us set [0] = [Oc].

Theorem 4.6. There exists a control pair (a, k) such that for every filtered C*-
algebra A, then Ta([0]71) is an (, k)-inverse for Da.

Proof. Consider the even element z = [0]®s[0s] of K K.(C, S?), where S = Cy(0, 1)
and S? = SS. The lemma is a consequence of the following claim: there exists a

control pair (A, h) such that Dgy o Dg (:) Ta(z) for any C*-algebra A. Before
proving the claim, let us see how it implies the lemma. Notice first that by point
(ii) of remark 4.2, we have Dy = Ta([0]). Since by associativity of Kasparov
product [0]7'®cz = [0s], we get from theorem 4.5 applied to the even case, that
there exists a control pair (A, h’) such that for any filtered C*-algebra A, then

Ta(z)oTa([0]71) o Da O DgsaoDy. Using the claim and since z is an invertible
element of K K,(C,S?), we obtain from theorem 4.5 applied to the even case that
there exists a control pair («, k) such that T4 ([0]7') is a left (o, k)-inverse for Da.
Using associativity of the Kasparov product, we see that [J] = z®g2[0s]~!. Then
applying twice theorem 4.5, on one hand to [0]~! and 2®g2[0s]~! and on the other

hand to [0]7'®z and [0s]7!, we get that there exists a control pair (o/, k") such
that Ta([0]) o Ta([0]™") <) Tea([0]™") o Toa([8]). But according to what we

have seen before, T ([0]7!) o Tsa([0]) (@) Tdx, (s4)-

Let us now prove the claim. It is known that up to Morita equivalence, [04] " is
the element of K K;1(SA, A) corresponding to the boundary element of the Toeplitz
extension

0= KPN))®A—=To® A-SA — 0.

Let us respectively denote by DY : Ko(A) — K1(SA) and DY : K1(A) — Ko(SA)
the restriction of Dg to Ko(A) and IC1(A). According to proposition 3.7, there
exists a control pair (X, h’) such that, on even elements

oY

(7) Ta((9)™Y) 0 D% "X Tde, ).

Since [9s] = [0]'®z, we get by left composition by T4(z) in equation (7) and by us-
ing theorem 4.5 in the even case that there exists a control pair (A, h) depending only

on (X, k') and such that that D§ , oD% O TR (2) (here T4 (2) : Ko(A) — Ko(S2A)
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stands for the restriction of T4(z) to Ko(A)). For the odd case, we know from
corollary 3.12 that there exists a control pair (X\”, h”") such that Dg, , : K1(S%A) —
Ko(S2A) is (N, h"")-invertible. Using the previous case, and since by associativity
of the Kasparov product, we have [04]®saTsa(z) = 74(2)®[0s2.4], we get by ap-
plying twice theorem 4.5 in the even case that there exists a control pair (A", h""")
such that D, , 0 D 4 0 DY AT Do 40 TA(2), where T1(z) : K1(A) — K1(S?A)
is the restriction of Ta(2) to K1(A). Since Dy , : K1(S?A) = Ko(S?A) is (X, h)-
invertible, we get the result by remark 2.5. O

4.3. The six term (), h)-exact sequence. Recall from proposition 3.15 that
there exists a control pair (A, k) such that for any semi-split extension of filtered C*-
algebras 0 — J — A — A/J — 0, the following diagrams are (A, h)-commutative:

Dayr

Ko(A/J) —— K1(SA/J)

'DJ,AJ( J{’DSJ,SA

Ki(J) —2L5 Ko(SJ)
and
Kr(A)) 2220 Ko(SALT)

'DJ,Al J{’DSJ,SA

Ko(J) —2X5 Ki(SJ)
As a consequence, by using theorem 4.6 and proposition 3.11, we get
Theorem 4.7. There exists a control pair (A, h) such that for any semi-split ex-
tension of filtered C*-algebras
0—J-L AL 4/7—0,
with A, closed for every positive number r, then the following siz-term sequence is
(\, h)-ezact
Ko(J) —L— Ko(A) —E— Ko(A/J)

D.I,AT D.I,Al
Ki(A)J) 22— Ki(A) «L— Ki(J)

Remark 4.8. Let us consider with notations of section 3.4 the semi-split extension

of filtered C*-algebras

(8) 0 SA4/J%C, ™ A0,

where m : Cq — A is the projection on the first factor of Cy. Since we have a
semi-split extension of filtered algebras 0 — J N Cy B A4/J[0,1) = 0, and since
A/J[0,1) is a contractible filtered C*-algebra, we see in view of theorem 4.7 that
ejx : Ku(J) = Ki(Cy) is a controlled isomorphism. It is then plain to check that
up to the controlled isomorphism ej. and Dyyy 2 Ki(SA/J) — Ki(A/J), we get
from the semi-split extension of filtered C*-algebras of equation (8) (for a possibly
different control pair) the controlled siz-term exact sequence of theorem 4.7.

If we apply theorem 4.7 to a filtered and split extension, we get:
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Corollary 4.9. There exists a control pair (A, h) such that for every split extension
of filtered C*-algebra 0 — J — A — A/J — 0, with A, closed for every positive
number v and any filtered split cross-section s: A/J — A, then

Ki(J) & Ki(A)T) — Ki(A); (2,y) = 54(2) + 54(y)
is (A, h)-invertible.

5. QUANTITATIVE K-THEORY FOR CROSSED PRODUCT C*-ALGEBRAS

In this section, we study quantitative K-theory for crossed product C*-algebras
and discuss its applications to K-amenability.

Let T" be a finitely generated group. A I'-C*-algebra is a separable C*-algebra
equipped with an action of I" by automorphisms. Recall that the convolution alge-
bra C.(T', A) of finitely supported A-valued functions on I" admits two canonical C*-
completions, the reduced crossed product Ax,.qI" and the maximal crossed product
AXpmagl'. Moreover, there is a canonical epimorphism Ar 4 @ AX el = AXpeql
which is the identity on C.(T", A).

5.1. Lengths and propagation. Recall that a length on I'' is a map £: ' — RT
such that

£(y) = 0 if and only if 7 is the identity element e of T';
(yy") < L(y) + £(v') for all element v and " of T

(y) = £(r™)

In what follows, we will assume that ¢ is a word length arising from a finite generat-
ing symmetric set S, i.e £() = inf{d such that v =~ -+ 4 with 71,...,7v4 in S}.
Let us denote by B(e,r) the ball centered at the neutral element of I with radius
r,i.e B(e,r) = {7 € I such that ¢(y) < r}. For any positive number r, we set

(Axpeal’) d—Ef{f € C.(T', A) with support in Ble,r)}.

Then the C*-algebra Ax,.qI is filtered by ((AXredl)r)r>0. In the same way,

setting (AXmaql )Td—Ef{f € C.(T', A) with support in B(e,r)}, then the C*-algebra

AX T is filtered by ((AXmazD)r)r>o (notice that as sets, (AXpeal’)r = (AXmazD)r).
It is straightforward to check that two word lengths give rise for AX,¢qI" (resp. for
AX eI to quantitative K-theories related by a (1, ¢)-controlled isomorphism for

a constant c.

For a homomorphism f : A — B of I'-C*-algebras, we denote respectively by
frored t AXpeal’ = BXpegl’ and fromaz @ AXmazl = BXimezl the homomorphisms
respectively induced by f on the reduced and on the maximal crossed product.

For any semi-split extension of I-C*-algebras 0 — J -+ A —%» A/J — 0, we
have semi-split extensions of filtered C*-algebras

Jr,red qr,red

0 — JXpeal' == AxXpeall = A/ T Xpeal’ — 0

and

0 — J¥maal "8 Axmael 78" A/ T ¥ maxl — 0

and hence, by theorem 4.7, we get:
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Proposition 5.1. There exists a control pair (A, h) such that for any semi-split
extension of I'-C*-algebras
0—J A5 AT —0,
the following siz-term sequences are (A, h)-ezxact
Ko(Jxpeal) 0% Ko(AXpeal) —22% Ko (A) T X peal)
DJNTEdF,AxTEdFT Deredr,Axredrl

K1(A) T xpeql) 55 Ky (AXpeal) 2520 Ky (J XpeqlD)

and
JT,mawx,* qr,max,*
Ko(JXmaal) 225 Ko(AXmael)) —225 Ko(A) T X maal)
DJNredFvANWLGIFT D-’”mazF,ANmaa:FJ/

K1 (A) T Xmaal) S K (Axpael) €222 Ky (J Xmael)

5.2. Kasparov transformation. In this subsection we see how a slight modifica-
tion of the argument used in section 4.1 allowed to define a controlled version of
the Kasparov transformation compatible with Kasparov product.
Notice first that every element z of K KL (A, B) can be represented by a K-cycle,

(m, T,H ® B), where

e 7 is a separable Hilbert space;

e the right Hilbert B-module H ® B is acted upon by I';

e 7 is an equivariant representation of A in the algebra L(H®DB) of ad-
jointable operators on ‘H ® B;
T is a self-adjoint operator on H ® B satisfying the K-cycle conditions, i.e.
[T, 7(a)], m(a)(T? — Zdyg i) and 7(a)(y(T) — T) belongs to K(H) ® B, for
every a in A and v €T.
Let Tt = T ®p Zdpx,,,r be the adjointable element of (H ® B) ®p BXyeql’ =
H ® BXyeql' induced by T and let 7 be the representation of Ax,..4[" in the
algebra L(H® BX,.qI') of adjointable operators of H® BX,.4I" induced by 7. Then
(rr, Ty H @ BXypeql') is @ AXypeql-BX,cql-K-cycle and the Kasparov transform

[11] of 2 is the class J&4(z) of this K-cycle in KK, (AxX.cql', BXeql'). In the odd
Zdnge+T
—HEET—

case, let us set P = Then P induces an adjointable operator Pr =
P®p IdBdeF of (7‘[ (24 B) QB BXpegl' = H ® BX,oql'. Let us define

E™T) = {(2,y) € AxyealBL(H®BX eal') such that Promr(z)-Pr—y € K(H)@Bxpeal'}.
Since Pr has no propagation, the C*-algebra E(™7) is filtered by (E,EW’T))DO with
ET) = {(z, Pr-mr(2) - Pr +y); @ € (Axpeal), and y € K(H) @ (BXreal)r}-
The extension of C*-algebras
0 — K(H) ® BXpegl — E™T) —5 Asxtyeql’ — 0
is filtered semi-split by the cross-section
st Axypeql = ETD: 1y (x, Pr - mr(x) - Pr).

Let us show that Dic(3)g px,.,r, ¢~ only depends on the class of (7,7, H ® B) in
KKI(A, B). Assume that (7,T,H ® B[0,1]) is a I'-equivariant A-B[0, 1]-K-cycle
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providing a homotopy between two I'-equivariant A-B-K-cycles (7o, To, H® B) and
(m,T1,H® B). For t € [0,1] we denote by

et : B0, 1]XeqI’ = BX,.¢qI" the evaluation at t;

F; € L(H®BXoql') the fiber at ¢ of an operator F' € L(H® B[0, 1]Xcql');
7t the representation of A x,.q I induced by 7 at the fiber t;

st AXpea D = BTy s (2, Pry - py - Pry)  (with P = THL;

)

Then the homomorphism E(™T) — E(eT): (2 y) s (z,y,) satisfies the con-
ditions of remark 3.5 (with s : Ax.eql' = E™T): 2 s (z, Pr - 7p(z) - Pr) and
8¢ 2 A Xpeg T — E™ 7)) and thus we get that

(Zdx (1) @ €t)x © Dic (1)@ BI0,1]xreal, ECT) = Dic(31)@ Btyoul, ECe T 5

and according to lemma 1.27, we deduce that

D’C(H)®B><redF,E("0'T0) = DK(H)@eredr,Em JT1)

This shows that for a I'-equivariant A-B-K-cycles (7,7, H®B), then Dic(3)g B x, . T, B T)
depends only on the class z of (7,7, H® B) in KKY (A, B). Eventually, if we define

T (z) = Mf%ilmdr © Dic(1)@Bxyeal, BT 5
where
e (m,T,H ® B) is any I'-equivariant A-B-K-cycles representing z;
o Mpy,.,r is the Morita equivalence (see example 2.2).
we get as in section 4.1

Proposition 5.2. Let A and B be I'-C*-algebras. Then for any element z of
KKI(A, B), there is a odd degree (ap, kp)-controlled morphism

jlred(z) = (leed7E’T(z))0<s< Lot K (A Xrea I') = Ki(Bxpeal’)

Tap

such that
(1) Jred(z) induces in K -theory the right multiplication by Jred(z);
(i) Jred is additive, i.e
Tl (z + 2) = TLz) + TReA().
(iii) Let A’ be a T'-C*-algebra and let f : A — A’ be a homomorphism T'-C*-
algebras, then
TEA(f(2)) = T4 2) 0 frored.s
for any z in KKT (A", B).
iv) Let e a I'-C*-algebra and let g : B — e a homomorphism o
iv) Let B' b I'-C*-algeb dl B B b h h f
T'-C*-algebras, then
jlred(g*(z)) = g ,red,x © lred(z)
for any z in KKT (A, B).
(v) If
0—>J—>A—A/J—=0

is a semi-split exact sequence of I'-C*-algebras, let [0 4] be the element of
KKI(A/J,J) that implements the boundary map Oj.a. Then we have

T4 105,4]) = Drseyeul Axtyeal-
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We can now define [J7;¢¢ for even element in the following way. Set a; = arap
and k7 = kyxkp. If A and B are I'-C*-algebra and if z is an element in KK} (A, B),
then we set with notation of section 4.1

T2 = (T (oo e T, (0]7) 0 TE (2 @5 D3],

According to theorem 4.6, there exists a control pair (A, h) such that for any I'-C*-

algebra A, then J1¢?([1d 4]) (
we can assume indeed that J;°?(e) is also, in the odd case a (a7, kg )-controlled
morphism. As for theorem 4.4, we get.
Theorem 5.3. Let A and B be I'-C*-algebras.
(i) For any element z of KK (A, B), then

TEe(2) : Ku(A ¥pea T) = KB pedl)

is a (ag,kg)-controlled morphism of same degree as z that induces in
K -theory right multiplication by erd(z).
(ii) For any z and 2’ in KKL(A, B), then
Tz + ) = ) + T,
(iii) For any T'-C*-algebra A’, any homomorphism f : A — A" of T'-C*-algebras
and any z in KKI(A', B), then Jed(f*(2)) = Jie4(2) o fr ..

(iv) For any '-C*-algebra B’, any homomorphism g : B — B’ of T-C*-algebras
and any z in KKL (A, B), then J5°%(g.(2)) = gr .« o Jr(2).

\h . , K k
N)IdK*(Amedp). Up to compose with (3257 & PeiTel

Using the same argument as in the proof of theorem 4.5, we see that j{ed is
compatible with Kasparov products.

Theorem 5.4. There exists a control pair (A h) such that the following holds:
for every I-C*-algebras A, B and D, any elements z in KK (A, B) and 2’ in
KKI(B,D), then

)\’h Te re
Trel(z @p ) R JEed(z) o Jred(z).

We can perform a similar construction for maximal cross products.

Theorem 5.5. Let A and B be I'-C*-algebras.
(i) For any element z of KKL (A, B), there exists a (a7, kg )-controlled mor-
phism
T (2) = (Jp 7 (2))ocec o P Ki(AXmaal’) = Ki(BXmaol)

do g’

with same degree as z that induces in K-theory right multiplication by
Ja® (2) and such that Ar g« o J7%%(2) = Jr¢4(2) o Ar -

(ii) For any z and 2’ in KKL(A, B), then

T (2 +2) = 0 (2) + T (E).

(iii) For any I'-C*-algebra A’, any homomorphism f : A — A’ of T-C*-algebras
and any z in KKL (A, B), then J(f*(2)) = J&(2) © T maz -

(iv) For any T'-C*-algebra B', any homomorphism g : B — B’ of T-C*-algebras
and any z in KKL (A, B), then Ji%(g.(2)) = gr maz,» © T (2).

Moreover, there exists a controlled pair (A, h) such that,

o for any T algebra A, then J79%([IdA]) ) Tdic a1



44 H. OYONO-OYONO AND G. YU

e For any semi-split extension of T algebras 0 — J — A — A/J — 0, then
Ah
T ([0.4]) % Doa.

Theorem 5.6. There exists a control pair (X, h) such that the following holds:
for every T'-C*-algebras A, B and D, any elements z in KK (A, B) and 2’ in
KKI(B,D), then

A7h max max
T (z @p ) R gmas(2) o gmes (z),

5.3. Application to K-amenability. The original definition of K-amenability is
due to J. Cuntz [6]. For our purpose, it is more convenient to use the equivalent
definition given by P. Julg and A. Valette in [10]. If T is a discrete group, let us
denote by 1r the class in K K{ (C, C) of the K-cycle (Idc,0,C), where C is provided
with the trivial action on I'.

Definition 5.7. Let I' be a discrete group. Then I' is K-amenable if 1p can be
represented by a K-cycle such that the action of I' on the underlying Hilbert space
is weakly contained in the reqular representation.

(The previous definition indeed also makes sense for locally compact groups.)

Example 5.8. Amenable groups are obviously K-amenable. Typical example on
non-amenable K-amenable groups are free groups [6]. More generally, J. L. Tu
proved in [17] that group which satisfies the strong Baum-Connes conjecture (i.e
with v = 1) are K-amenable. Examples of such group are groups with the Haagerup
property [8] and fundamental groups of compact and oriented 3-manifolds [13].

For a I'-C*-algebra B and an element T of L(H®B), where H is a separable
Hilbert space, let us set It ymae = T®BIdBx,,,.7 a0d IT req = T®pldBx%, v 1If
A is a I-C*-algebra and 7 : A — L(H®DB) is a I-equivariant representation, let
T, red * AXypeql — E(H@BX}TedF) and T, maz * AX el — L(H@Bmmwf) be
respectively the reduced and the maximal representation induced by 7. Then, we
have the following (compare with the proof of [10, proposition 3.4]).

Proposition 5.9. Let ' be a K-amenable discrete group and let A and B be I'-
C*-algebras. Then any elements of KKI (A, B) can be represented by a K-cycle
(m, T,H®B) such that the homomorphism Tr maz @ AXmaezl = L(H®BXmasl)
factorises through the homomorphism Ar 4 1 AXpael’ = AXpeql', i€ there exists a
homomorphism

T, red,max - Axredr — £(H®B>4mamr)
such that

Tr,maxz = T, red,maz © )\F,A-

As a consequence, for any I'-C*-algebra A, then

AF,A,* : K*(AXImazF) — K*(AXITedF)
is an isomorphism [6].

We have the following analogous result for quantitative K-theory.

Theorem 5.10. There exists a control pair (A, h) such that
)\F,A,* : K:,k (Ammaml") — IC* (A)dTedF)
is a (A, h)-isomorphism for every T'-C*-algebra A.
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Proof. Let (w,T,H®SA) be a I'-equivariant K-cycle as in proposition 5.9 repre-
senting the element [04] of KK1 (A, SA) corresponding to the extension

0—-SA—-CA—A—0.

Let then choose 7r A redmaz @ AXredl! = LIH®BXpmeI') such that 7 mes =
7T red,maz © AT, A- Let us set P = Mi# and then define

Eﬁgf) = {(z,y) € Axyeql’ ® L(H @ SAXql') such that
PF,red : 7Tl—‘,red(-r) . PF,red -y < IC(H) X SAXITedF},

E,(j;g) ={(z,y) € AX ol ® L(H ® SAX4.) such that
Promaz - 70 maz (T) - Promaz — Y € K(H) @ SAX eI}
and
Eﬁ’erf%am ={(z,y) €AXreal ® L(H ® SAXq,T") such that
Promaz * T red,maz(T) * Promaz — Y € K(H) @ AXaal'}

Then E™T BT and BT are respectively filtered by

red red,max

{(xa PF,Ted . WF,red(:E) : PF,Ted + y)7 HAS Amredrr and (/S IC(H) & SAXI’I‘edF’I‘}a

{(z, Prmaz * 0 maz(T) - Promaz +¥); T € SAXmaalr and y € K(H) @ SAXpmal'r}
and

{(@, Prymaz 7T red;maz (T) - Promaz +Y); © € AXpeql'y and y € K(H)® SAXmael'y )
Moreover, the extension of C'*-algebras

0 — K(H) ® SAxpeal — BT 5 Axt,eql — 0,

red

0 — KH) ® SAXmael — BT —5 Axppael — 0
and
0 — K(H) ® SAXmaal — BT 5 Axtyeql — 0

red,max

provided by the projection on the first factor are respectively semi-split by the
filtered cross-sections

T
Sred - Ax'redr — Eﬁzd ); T (-Ta PF,red . 7Tl—‘,red(-r) . PF,red)a
Smazx * Ammaml—‘ — ET(:,;?, T (:L'a PF,mam . WF,mam(-T) . PF,mam)
and
Sred,max - Ax'redr — Eﬁl{z)y T (:L'a PF,mam * T, red,max (-T) : PF,mam)-
Let us set
T T
f BT = Bt (@,9) = Oran(@),y)

and

fo ED S BT (@) = (2, 9@ 4t Idas, . r)-

red,max red



46 H. OYONO-OYONO AND G. YU

The the three above extensions fit in a commutative diagram

0 — K(H) ® SAXmael —— E&D —5 Axpeal —— 0

:l fll PF,A

0 — K(H) ® SAXmael —— E™D s Axped —— 0

red,mazx

/\r,)C(H)@s;ml le l:

0 —— K(H)®SAx,q —— E™D 5 Axpedd —— 0

red
which satisfy the conditions of remark 3.5 relatively to Sycd, Smaz a0d Sred,magz, and
hence we deduce

D oA =D
) K(H)@S AN maa T, BT L ° AT K(H)®S AX maxT S

and

(10) )‘K(H)Q@SA,F,* °© DIC(H)@SAM,,,,MF,E("’T) = DK(H)@SAmedF,Eg'T)

red,max d

Let us set then

D)y =Mgh, oD K (Axpeal’) = Ku(SAX anl).

SAXmaal, BT

red,max
Since we have by definition of the quantitative Kasparov transformation the equal-
ities

-1

jF,red([aA]) = MSAxredF © DSAdeF,ESQT)

and

-1

Tr.maa(10a]) = Miasiaar © P s, r G0

we deduce by using equations (9) and (10), theorems 5.3, 5.5, 5.4 and 5.6 and
naturality of Morita equivalence, that there exists a control pair (A, h) such that
jr‘,maz([aA]_l) oD, is a («a, h)-inverse for Ar 4 . (]

6. THE QUANTITATIVE BAUM-CONNES CONJECTURE

In this section, we formulate a quantitative version for the Baum-Connes con-
jecture and we prove it for a large class of groups.

6.1. The Rips complex. Let I'" be a finitely generated group equipped with a
lenght ¢ arising from a finite and symmetric generating set. Recall that for any
positive number d, then the d-Rips complex Py(T") is the set of finitely supported
probability measures on I' with support of diameter less than d for the distance
induced by ¢. We equip P;(I') with the distance induced by the norm |h| =
sup{||h(y)|l; v € T} for h € Cy(T',C). Since ¢ is a proper function, i.e. B(e,r)
is finite for every positive number r, we see that P4(T') is a finite dimension and
locally finite simplicial complexe and the action of I' by left translations is simplicial,
proper and cocompact. Let us denote by

e V4(T') the closed subset of elements of P4(I") with support in B(e, d).
o Wy(T") the closed subset of elements of Py(I") with support in B(e, 2d);

Then V4(T") is a compact subset of Wy(I') and contains a fundamental domain for
the action of " on Py(T").

Lemma 6.1. The compact Vg(T') is contained in the interior of Wu(T').
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Proof. Let h be an element in V4(I') and choose an element v in B(e,d) such that
h(y) > 0. Then if g is an element of Py(T') such that ||g — k|| < h(y), we get that
g(7) # 0 and thus every element v of the support of g satisfies £(y~1y’) < d. Hence
g belongs to Wy(T). O

Lemma 6.2. There is a continuous function ¢ : Py(T') — [0, 1] compactly supported
in Wy(T') such that
> ) =1.

vel

Proof. Let ¢ : P4(T') — [0,1] a continuous function compactly supported in the
interior of W4 (T") and such that ¢(z) = 1 if 2 belongs to V4(T'). Since V4(T") contains
a fundamental domain for the action of I' on Fy(I'), we get that 3 ¢ (yx) > 0
for all @ in Py(T") (notice that the sum » . _p1(yz) is locally finite). We define

then ¢(z) = % for any x in Py(T). O

Let us define sr 4 as the cardinality of the finite set
{~v € T such that yW4(T') N Wy(T') # 0}.

Then for any function ¢ as in lemma 6.2, the function

es: T = Co(Pa(D)); v = Y 6"/ 24(¢'/?)
~el

is a projection of Co(Py(T')) X eqI" with propagation less than sr 4. Moreover, since
the set of function satisfying the condition of lemma 6.2 is an affine space, we get
that for any positive number ¢ and r with € < 1/4 and r > sr 4, the class

[e4,0le.r € K" (Co(Pa(T)) Xreal)

does not depend on the chosen function ¢. Let us set then rr 4. = kg c/a,Sr.4-
Recall that k7 can be chosen non increasing and in this case, rr 4, is non decreasing
in d and non increasing in €.

Definition 6.3. For any I'-C*-algebra A and any positive numbers e, r and d with
e<1/4 and r > rrqe, we define the quantitative assembly map

penl  KKD(Co(Pa(D)), A) — KS"(AXpeqT)

red,—=—

7“-”“,;&
R O (. |

Then according to theorem 5.3, the map uli’:;xd is a homomorphism of groups
(resp. semi-groups) in even (resp. odd) degree. For any positive numbers d and d’
such that d < d’, we denote by qq,q4 : Co(Py(T")) = Co(Pa(T")) the homomorphism
induced by the restriction from Py (T") to Py(T"). It is straightforward to check
that if d, d’ and r are positive numbers such that d < d and r > 7,4, then
M?’:&d = M?’:Z;d/ © qq,q',« Moreover, for every positive numbers ¢, ¢/, d, r and r’ such
that ¢ < &' < 1/4, rrge <7, 11740 <7/, and r < 7/, we get by definition of a
controlled morphism that

’ / d ' d
(11) 5T o uE i = Ak
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Furthermore, the quantitative assembly maps are natural in the I'-C*-algebra, i.e.
if A and B are I'-C*-algebras and if ¢ : A — B is a ['-equivariant homomorphism,

then
er,d _  erd
@r,red,,e,r © Hr oA« = Hr B« © Px

for every positive numbers r and € with r > rp 4. and € < 1/4. These quantitative
assembly maps are related to the usual assembly maps in the following way: recall

from [2] that there is a bunch of assembly maps with coefficients in a I'-C*-algebra
A defined by

:ulci,A,* : KKE(CO(Pd(F))aA) = Ki(Axpeal)
z = eg] @cy(py(ry)xr Jr(2).
For every positive numbers r and € with r > rr 4. and € < 1/4, we have
(12) 7o pEl, = i e
Recall that since ,u%:A* ©qd,d « = ug’A,* for all positive numbers d and d’ with
d < d', the family of assembly maps (,u% 4)d>0 gives rise to a homomorphism

proa.  lim KK (Co(Py(I)),A) — K.(A Xpeq )
>
called the Baum-Connes assembly map.

6.2. Quantitative statements. Let us consider for a I'-C*-algebra A and positive
numbers d,d’,r,r’,e and ¢’ with d < d', ¢’ < e < 1/4, rr g < 7 and v’ < r the
following statements:
QIr a.(d,d',r€): for any element x in K KI'(Co(Py(T)), A), then ul‘i’;’f* (x) =
0 in K57 (A %,eq T) implies that g5, (z) = 0 in KKL(Co(Py(T)), A).

QSr.a«(d,r, 1" e,€"): for every y in Kf/’T,(A Xreq I'), there exists an element
xin KKI(Co(Py(T)), A) such that

HEiL (@) = 5 ().
Using equation (12) and remark 1.18 we get

Proposition 6.4. Assume that for all positive number d there exists a positive
number & with € < 1/4 for which the following holds:

for any positive number r with r = rr 4., there exists a positive number d' with
d' > d such that QIr a(d,d',r,e) is satisfied.

Then pr, 4« s one-to-one.
We can also easily prove the following;:

Proposition 6.5. Assume that there exists a positive number & with ¢’ < 1/4 such
that the following holds:

for any positive number v’ | there exist positive numbers €,d and r with &’ < e <
1/4, rrae < 7T and v’ <r such that QSr a(d,r, v’ e,€") is true.

Then pr,a« 1s onto.

The following results provide numerous examples of finitely generated groups
that satisfy the quantitative statements.
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Theorem 6.6. Let A be a I'-C*-algebra. Then the following assertions are equiv-
alent:
(1) pr,e ()@ A),« 15 one-to-one,
(ii) For any positive numbers d, € and v = rp g with e < 1/4 and r > rrq,
there exists a positive number d’' with d' > d for which QIp a(d,d ,r,€) is
satisfied.

Proof. Assume that condition (ii) holds.
Let = be an element in some K K (Co(Py(T)), £ (N,K(H) ® A)) such that

B g (ke (31) @A)+ () = 0.

Using equation (12), we get that Li,’w(uij:f(:ﬁ)) = 0 for any ¢ in (0,1/4) and
" 2 rp,4. and hence, by remark 1.18, we can find € and r > rp 4. such that
M?’Z’i (K@) )« (%) = 0. Recall from [14, Proposition 3.4] that we have an iso-

morphism
(13) KK (Co(Pa(T)), 6= (N K(H) ® A) = KI5 (Co(Pa(I), A)"
induced on the j th factor and up to the Morita equivalence

KK; (Co(Pa(D)), A) = KK (Co(Pa(I)), K(H) ® A)
by the j th projection ¢*(N,K(H) ® A) — K(H) ® A. Let (z;)ien be the ele-
ment of KK (Co(Py(T)), A)N corresponding to  under this identification and let
d" > d be a number such that QIr a(d,d’,r,e) holds. Naturality of the quanti-
tative assembly maps implies that M?,T,ﬁ*(iﬂi) = 0 and hence that g4 «(z;) = 0
in KKI(Co(Py(T)),A) for every integer i. Using once again the isomorphism of
equation (13), we get that gq 4 «(z) = 0 in KK (Co(Py (1)), £ (N, K(H) ® A) and
hence pir goo (v (1)@ A),« 1S One-to-one.

Let us prove the converse in the even case, the odd case being similar. As-
sume that there exists positive numbers d, e and r with ¢ < 1/4 and r > TT,d,e
and such that for all d’ > d, the condition QIr a(d,d’,r,e) does not hold. Let us
prove that pr e x(#)®4),« 1S not one-to-one. Let (di)ien be an increasing and
unbounded sequence of positive numbers such that d; > d for all integer . For all
integer 4, let z; be an element in KK (Co(Py(T)), A) such that M?,T,ﬁ*(iﬂi) =01in
Ko(A xpea D) and ga.a;.+(xi) # 0 in KK (Co(Py,(T)), A). Let x be the element of
KK{(Co(Py(T)), £ (N, K(H) ® A)) corresponding to (x;);en under the identifica-
tion of equation (13). Let (p;)ieny be a family of e-r-projections, with p; in some
M, (A Xpeq T') and n an integer such that

,ryd
M?,ZW(NJC(H)Q@A),*(:C) = [(pi)ien, nle,r

in K5 (0° (N, K(H) ® A)x,eql). By naturality of u?:’i, we get that [p;,n]e, =0
in K5"(A %eq D) for all integer i. We see by using proposition 1.31 that then
2 ([((pi)ien,n]) = 0 in Ko(0>°(N,K(H) ® A)Xeql'). We eventually obtain that

pp a(z) =057 o () = 0. Since qaa, «(x) # 0 for every integer i, we get that
KT 050 (N, KC(H)®A),» 18 IOt one-to-one. ]

Theorem 6.7. There exists A > 1 such that for any I'-C*-algebra, the following
assertions are equivalent:

(1) pr,e )@ A4),« 18 onto;
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(ii) For any positive numbers e and r' with e < ﬁ, there exist positive num-
bers d and r with rp g < v and v’ < v for which QSr a(d,r, 7', Ae,€) is
satisfied.

Proof. Choose A as in remark 1.18. Assume that condition (ii) holds. Let z be an el-
ement in K, (> (N, K(H)®A) X, eql') and let y be an element in K" (£*°(N, K(H)®

/

A)xyeql) such that 15" (y) = 2z, with 0 < & < 7 and ' > 0. Let y; be the image
of y under the composition

(14) K=" (0°(N, K(H)®A) % peql) = K (K(H)QA %peq T) = K& (A Xyeq ),

where the first map is induced by the evaluation ¢ (N, K(H) ® A) — K(H) @ A
at 7 and the second map is the Morita equivalence of proposition 1.29. Let d
and r be numbers with » > ' and r > 7 4. and such that QSp a(d,r, 7', Ae, )
holds. Then for any integer i, there exists a z; in KK (Co(P4(T)), A) such that

MI)QEATf(xl) = Li’)‘E’T/’T(yi) in K" (AXpeql’). Let
z € KK (Co(Pa(I)),£*(N,K(H) ® A))

be the element corresponding to (x;);eny under the identification of equation (13).
By naturality of the quantitative assembly maps, we get according to proposition
1.31 and up to replace A by 3A (for the odd case) that

Ae,r,d Ae,r’,
Rk oy, (@) = 57277 (Y)

in K" (0°(N,K(H) ® A)x,.eqT"). We have hence

d ! _
KT 000 (1) @A), (T) = 127 (y) = 2,
and therefore pur soc (v ()@ A),« 18 Onto.

Let us prove the converse in the even case, the odd case being similar. Assume
that there exist positive numbers ¢ and ' with € < ﬁ such that for all positive
numbers r and d with » > ' and r > rr g, then QSr a(d,r, 7", \e,e) does not
hold. Let us prove then that fir g (v ic(2)@4),« 18 N0t onto. Let (d;)ien and (7;)ien
be increasing and unbounded sequences of positive numbers such that r; > rr g, e

/
e, e,r’ i

and r; > r’. Let y; be an element in KS’T/ (A Xpeq ) such that (y;) is not
in the range of u%iﬁjdi. There exists an element y in KS’T/ (>N, K(H)®A) X real’)
such that for every integer ¢, the image of y under the composition of equation (14)
is y;. Assume that for some d’, there is an z in K K§ (Co(Pu (), 0° (N, K(H)® A))
such that 5" (y) = “gl,ZW(N,IC(H)®A),*(x)' Using remark 1.18, we see that there
exists a positive number r with 7" < r and rr ¢ ». < r and such that

LE,/\E,T/,T
*

4 /7d/ ) ) /1
°© M?,;N(N,IC(H)(@A),*('T) =15 (y).

But then, if we choose i such that r; > r and d; > d’ we get by using naturality

of the assembly map and equation (11) that Jore (y;) belongs to the image of
)\E,Ti,di . . .
Bpoals s which contradicts our assumption.

O

Replacing in the proof of (ii) implies (i) of theorems 6.6 and 6.7 the algebra
(N, K(H) ® A) by [[,en(K(H) ® A;) for a family (A;)ien of I'-C*-algebras, we
can prove the following result.
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Theorem 6.8. Let I' be a discrete group.

(i) Assume that for any I'-C*-algebra A, the assembly map pr a . is one-to-
one. Then for any positive numbers d, € and r > rpq. with ¢ < 1/4
and r = 17,4, there exists a positive number d" with d > d such that
QIr a(d,d 1 €) is satisfied for every I'-C*-algebra A;

(ii) Assume that for any I'-C*-algebra A, the assembly map pr a . is onto.
Then for some X\ > 1 and for any positive numbers ¢ and r' with e < ﬁ,

there exist positive numbers d and r with rr.q. < 7 and ' < r such that
QSr.a(d,r, 1", e, e) is satisfied for every ['-C*-algebra A.

In particular, if I' satisfies the Baum-Connes conjecture with coefficients, then I’

satisfies points (1) and (ii) above.

Recall from [16, 20] that if I" coarsely embeds in a Hilbert space, then pr, 4 . is
one-to-one for every I'-C*-algebra A. Hence we get:

Corollary 6.9. IfT" coarsely embeds in a Hilbert space, then for any positive num-
bers d, € and r = rr g with e < 1/4 and r > 17,4, there exists a positive number
d" with d' > d such that QIr a(d,d’,r €) is satisfied for every I'-C*-algebra A;

The quantitative assembly maps admit maximal versions defined with notations
of definition 6.3 for any I'-C*-algebra A and any positive number ¢, r and d with
e<1l/4and r > rpqe, as

M?:Xﬁmaz,* : KKE(CO(Pd(F))’ A) — Ki’T(AX]mazF)

mam,i’%
a7’ kje/a; (Z)) <[€¢;O]a2’k~farﬁn]> .

z (JF
As in the reduced case, we have using the same notations
e for any positive number d and d’ such that d < d’, then

e,r,d _emnd o
MF,A,max,* - H’F,A,maz,* dd,d’ -

e for every positive numbers ¢, ', d, r and v’ such that e < &’ < 1/4,rp 4. <
7, rde <1, and r <7, then

’ ’ ’ /
e’ g Mf:‘md _ ME rd
* I'A,max,* I'A,max,*"

L
e the maximal quantitative assembly maps are natural in the I'-C*-algebras.
Moreover, by theorem 5.5(i), the maximal quantitative assembly maps are compat-
. . . ,ryd s ,ryd
ible with the reduced ones, i.e pp")", = ARy | o up"A o -
Baum-Connes assembly map pr 4« implies that the map
)\F,A,* : K*(Ammaml—‘) — K*(Amredl—‘)

is onto. We have a similar statement in the setting of quantitative K-theory.

The surjectivity of the

Theorem 6.10. There exists A > 1 such the following holds : let T' be a discrete
group and assume that for any I'-C*-algebra A, the assembly map pr 4« is onto.
Then for any positive numbers € and r, with € < ﬁ, there exists a positive number
' with v’ > r such that

e for any I'-C*-algebra A;

o for any x in Ko (AXyeql),

there eists y in K=" (AXmasT) such that )\1’1'751’:7/* (y) = oA (z).
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7. FURTHER COMMENTS

The definition of quantitative K-theory can be extended to the framework of
filtered Banach algebras, i.e. Banach algebra A equipped with a family (A4;),so of
linear subspaces indexed by positive numbers such that:

e A . C A ifr <1’y

i Ar : AT’ - AT-‘,—T’;

e the subalgebra U A, is dense in A.

r>0

Since we no more have an involution, we need to introduce instead a norm control
for almost idempotents. Let ¢ be in (0,1/4) and let  and N be positive numbers.
An element e of A is an e-r-N-idempotent if

e cisin A,;

o [le* —ell <&

o fleff < N;
Similarly, if A is a unital, an element x in A is called e-r-N-invertible if

e risin A,;

o [zl <N
e there exists an element y in A, such that ||y|| < N, |Jzy — 1]] < € and
lyz — 1| <e.

Quantitative K-theory can then be defined in the setting of e-r- N-idempotents
and of e-r-N-invertibles. We obtain in this way a bunch of abelian semi-groups
(Kf’T’N(A))Ee(071/4)7r>,N>1. Let us set for a fixed N > 1

KN (A) = (K2"N (A))ee0,1/4),r>0-

If A is afiltered C*-algebra and e an e-r- N-idempotent in A, then there is an obvious
(1,1)-controlled morphism Ko(A) — K2 (A). Approximating ((2e* — 1)(2e — 1) +
1)2e((2e* — 1)(e — 1) + 1)~Y/2 by using a power serie (compare with the proof
of lemma 1.10), we get that for every N > 1, there exists a control pair (Ay,hn)
such that Ko(A4) — K& (A) is a (A, hy)-controlled isomorphism. Using the polar
decomposition, we have a similar statement in the odd case.
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