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NONPARAMETRIC ESTIMATION OF THE INTENSITY FUNCTION
OF A RECURRENT EVENT PROCESS

OLIVIER BOUAZIZ®, FABIENNE COMTE®**) AND AGATHE GUILLOUX***

ABSTRACT. In this paper, we consider the problem of estimating the intensity of a re-
current event process observed under a standard censoring scheme. We first propose a
collection of kernel estimators for which we provide MSE and MISE bounds. Then, we
describe and study an adaptive procedure of bandwidth selection, in the spirit of Gold-
enshluger and Lepski (2010) and we prove an oracle type bound for both the MSE and
the MISE of the final estimator. The method is illustrated by simulation experiments.

June 10, 2011
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Keywords. Adaptive estimation. Censoring. Kernel estimator. Intensity. Nonparamet-
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1. INTRODUCTION

Recurrent event data arise in many fields such as medicine, insurance, economics and re-
liability. Medical examples include infections in HIV-infected subjects, tumor recurrences
in cancer patients or epileptic seizures of patients. Such repeated events impact on the
quality of life of the patients and also increase their risk of death. Therefore it becomes of
natural interest to study the rate function of the recurrent event process which represents
the instantaneous probability of experiencing a recurrent event at a given time. In this
paper, we propose a new kernel estimator of the rate function when the recurrent event
process is subject to right censoring and a terminal event is present. Then, we study the
finite sample properties of this nonparametric estimator and develop a method to choose
the bandwidth using data driven techniques.

Regression methods have been widely studied to estimate the cumulative mean function
or the rate function of the recurrent event process. For instance, Andersen and Gill [2]
considered a Cox model in presence of right censoring and they studied the intensity of
the recurrent process under a Poisson assumption. In the absence of terminal events, Pepe
and Cai [17] and Lin et al. [14] performed estimation of the regression parameters in a
more general model, taking into account time dependent covariates. Ghosh and Lin [9, 10]
extended these results to the presence of terminal events and derived asymptotic properties
of the regression parameter estimates. Finally, Bouaziz et al. [5] studied the cumulative
mean function through a single-index assumption which can be seen as a generalization
of the previous models. Asymptotic results on the parameter estimates were derived and
data-driven techniques were used.
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(). LSTA, University Pierre et Marie Curie.
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However, all these approaches rely on a modelisation assumption on the mean or rate
functions which may not hold in practice. In a more flexible way, nonparametric proce-
dures were considered by several authors. In presence of censored data and without the
Poisson assumption, Nelson [16] and Lawless and Nadeau [13] introduced an estimator
of the cumulative mean function and derived a robust estimator of its variance. They
also obtained confidence intervals which enable them to compare mean functions in a two
sample testing. Then, the theoretical properties of this estimator were derived in Ghosh
and Lin [8]. In their main result, the cumulative mean function is proved to converge
weakly to a zero mean gaussian process. More recently, Dauxois and Sencey [7] studied
a model of recurrent events with competing risks and a terminal event. They performed
two sample tests on the rate function although their estimation procedure did not need
estimation of this function.

Few works using smoothing approach were also introduced in this framework. Bar-
toszynski et al. [3] briefly presented a kernel estimator of the rate function when the
recurrent events were supposed to be a Poisson process and the censored times constant.
Then, Chiang et al. [6] extended their results to a more general setting where no Poisson
assumption was made and they included a terminal event treated as a random censor-
ing variable. They studied two types of kernel estimator of the rate function and gave
asymptotic results for both estimators. Mainly, the asymptotic normality is proved and
confidence intervals are derived using a bootstrap method, where theoretical arguments
are provided to validate their procedures. An other kind of smoothing estimator was also
introduced in Bouaziz et al. [5] to estimate the cumulative mean function when covariables
are present. In our work, we extend this estimator to the rate function estimation in a
nonparametric context. It is well known that the performance of kernel estimator strongly
depends on the choice of the smoothing parameter. Therefore, adaptive bandwidth selec-
tion is carried out based on the recent work of Goldenshluger and Lepski [11]. Following
their minimax approach, the purpose of this article is to provide an oracle inequality for
the Lo-risk and the integrated ILo-risk of the kernel estimator with a data-driven choice of
the bandwidth.

The paper is structured as follows. After presenting the recurrent event model in the
next section, we introduce our estimation procedure and infer a kernel-type estimator of
the rate function in Section 3.1. In Sections 3.2 and 3.3 we give Mean Squared Error
(MSE) and Mean Integrated Squared Error (MISE) bounds of the estimator for a fixed
bandwidth. An adaptive procedure of bandwidth selection is then presented in Section 4.
In particular, we derive our main result, an oracle bound for both the MSE and MISE of
our rate function estimator. A short simulation study is conducted in Section 5 in order to
assess the practical properties of the method. Lastly, a few concluding remarks gathered
in Section 6 ends our presentation. The main proofs are detailed in Section 7 and some
technical results are postponed to the appendix Section 8.

2. NOTATION AND FIRST ASSUMPTIONS

2.1. Process assumptions. Let D be the terminal event (e.g. death) and N*(¢) be the
number of recurrent events experienced up to time ¢. As no recurrent event can occur
after the terminal event, the process N*(-) has jumps of size +1 on [0, D].
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Let C be the censoring time, assumed to be independent of both N*(-) and D. The
i.i.d. observations are then given by:

T, = D; NC;
0; = I(Di < Ci)
Ni(t) = N (t A Cy),

for i = 1,...,n. The distribution functions of D and C are respectively denoted by:
F(t)=P[D <t|]and G(t) =P[C <t], t>0.

The mean function of N* is defined as E[N*(t)] = u(t) for all ¢ > 0. We assume that
N* has an intensity, in the sense that there exists a non-negative function A such that, for
all ¢t > 0:

BV (0] = ut) = [ A(s)ds

We aim to infer on this intensity function A. To this purpose we first introduce some
assumptions.

Assumption 1. Assume that:
(i) CIL(N*, D),
(i) P[dN*(C) # 0] =0,
(iii) P[D =C] = 0.

Assumption (i) is common in the context of recurrent events when censored data are
present (see e.g. [7],[8]). Assumptions (i7) and (ii7) are technical assumptions used to
prevent us from ties between death, censoring and the apparition of recurrent event. Notice
that in practical situations, if such ties exist, they can be dealt with by assigning to
censored events values just slightly larger than their actual values.

The next assumption is introduced to circumvent problems arising in the tails of the
distributions of G and N.

Assumption 2. Assume that:
(i) there exist three positive constants 7, ¢ and ¢ such that 7 < inf{¢ : H(t) = 1} and,
for all ¢ € [0, 7],
1-G(t)>cg, 1—F(t)>cp.
(ii) there exists ¢; > 0, such that N(t) < ¢, almost surely for every ¢ € [0, 7].
(iil) [[Mlloo,r := supye(o - At) < oo.

The first assumption is common in the context of estimation with censored observations
(cf. [1]) while the second can be found e.g. in [7]. The last one is an additional condition
only required for the pointwise setting.

2.2. Kernel and functional assumptions. In this paper, our goal is to perform non-
parametric estimation of the function A using a kernel-type estimator. Very classical
regularity conditions are required for the intensity function and the kernel K. We first
impose A to belong to a Holder space (see [18]).
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Assumption 3. Let 3 >0 and L > 0. Assume \() exists for I =[] and
AO(t+2) = D @) < L)z, Vze[=h,h],tehT—h.

We also need to impose some conditions on the kernel K and the bandwidth h. Note
that the following set of assumptions can be fulfilled by many standard kernel functions.

Assumption 4. Assume that
(i) K has a compact support [—1,1], [ K(u)du =1 and [ K?(u)du < oo,
(i) [[K oo := supye—1,1) [K (u)] < oo,

(iii) K is a l = |B] order kernel, in the sense that

1 1
/ W K(u)du =0, for j=1,...,1, / uﬁK(u)du<oo,
-1 -1

(iv) nh>1and 0 < h < 1.

Considering all these four assumptions, it is now possible to perform estimation of A.
Our kernel estimator is introduced in the next section.

3. STUDY OF THE MSE AND MISE oOF 5\h

3.1. Kernel estimator. One of the difficulties of estimating the intensity function comes
from the fact that N* is not directly observed. Therefore, our estimation procedure is
based on the next equality which provides a new expression of A relying on N instead of
N*.

Under Assumption 1 and since N* does not jump after D, we have:

(1)  E[dN(t)] =E[dN*(t AC)] =E[dN*(H)E[I(t < C)|N*]] = A(¢)(1 — G(t—))dt.

The distribution function G is estimated by G, the Lo et al. [15] modified Kaplan-Meier

estimator,
1- I (1 ! )1% ft<T,
. - - ittt < Ty,
G(t) = T <t n—t+2

G(T(n)), if t > Ty,
where T(;) denotes the order statistic associated to the sample T1,...,T), (that is T <
... < Tipy and the (¢;))’s are the d;’s associated to the new indexes). Notice that, from
this definition, for all ¢ > 0:
(2) 1-G@t) > (n+1)7N

Then, we can propose the following kernel estimator to estimate \:
. 1 « t—s dN;(s)

3 A(t) = — / K ( > . ,

(3) n(t) nh; W) 1)

where K is a kernel function and h a bandwidth satisfying Assumption 4. It is important
to notice that the kernel is bounded with compact support on [—1, 1] and consequently the
integral in (3) will vanish outside the interval [t — h,t + h]. Therefore, given a bandwidth
h, we will in the following only discuss estimation of A for ¢ such that ¢t + h € [0, 7].
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Let us also introduce the following pseudo-estimator:

1 < t—s dN;(s)
_nh;/K< h ) = G(s)
which is the kernel estimator of A in the case where G is known. In the following, the
study of the quadratic error of )\h — A is divided into two steps. We first study the error
of A\, — A, then the one of Ap — )\h The final results, a bound for the Mean Squared Error
(MSE) at a fixed point and the Mean Integrated Squared Error (MISE) of A — \ are given
in Theorem 1.

Throughout this paper we will use, for some function f, the notations || f|l1 = [ |f(z)|dz
and || f||?> = [ f*(z)dz where the integrals are taken over the support of the function f.
Moreover, for two quantltles a(n) and y(n), the notations a(n) < v(n) and a(n) x v(n)
will be used to say that there exists a positive constant ¢ such that respectively a(n) <
cy(n) or a(n) = cy(n).

3.2. Study of the pseudo estimator M. We obtain with rather classical tools the
following results for the risk of the pseudo-estimator. We state successively the pointwise
error and the integrated error as the sum of a bias term and a variance term.

Proposition 1. Under Assumptions 1 to 4 we have:
(i) for allt € [h, T — h]:

o [(5\}1@ _ )‘(t))ﬂ < 2n 4 cr [ Alloo,r IK2,

nhcg
where
1
= ZI;/_I lul’ K (w)du
T—h _
(i7) /h E [()\h(t) —A(t)) } dt < r2n?’ + ( )HKH2 where

[T As)ds
A0= |

Proof. For the bias terms, observe that, from Equation (1)

:/Kh (t —s)\(s)ds

and using a change of variables, this leads to
(E[Ah(t)] — )\(t))2 < </ K(u) ()\(t + uh) — A(t))du) .
-1

Now write A(t + uh) = A(t) + N(B)uh + -+ + SO (¢ 4 guh), for 0 < € < 1, and use
Assumptions 3 and 4 to obtain the required result in both (i) and (ii).
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Now for the variance terms, write

V[S\h(t)]ziV[ mdms)]
1 K (t— s) 2]
<2|(/ 155 me)

Then apply Lemma 9 (see Section 8):

Vin(t)] < %E U (K’Q‘(t_s)dN(s)-

1-G(s—))?
c K2 (t —s)
<= 1ET(S_))\(S)dS.

From this point, Assumption 2 and the equality [ K7(t —s)ds = h™!||K||? give the point-
wise variance bound while a change of variables gives the integrated variance term.
Gathering the bias and variance bounds gives the MSE and MISE stated in (i) and (i)

and thus the result of Proposition 1.
O

3.3. Study of the estimator Ah. The most difficul part concerns the study of the
difference between A, and ). We give our final conclusion here and postpone the proof
in Section 7.

Lemma 1. Under Assumptions 1 to 4, for all t € [h, T — h|, we have

E [(Xh(t) - xh(t))ﬂ < cw,

n

and

E [/,:_h (An(t) — ih(t))zdt] < C/M’

n

where ¢ is a constant depending on ||K||oo, |[Al|co,r, ¢+ and ¢ is a constant depending on

A(7), |K||2 and c;.

Now, gathering the results of Proposition 1 (i) — (i7) and Lemma 1 gives the following
global bounds for the estimator.

Theorem 1. Under Assumptions 1 to 4 we have:
(i) for allt € [h,T — h],

B [0~ x@)7] <260 42T TR P 4 B,
(i) )

[ [0 - A0 de < 2vi 22 ),
! n

where ¢y is the constant defined in Proposition 1 and ¢ and ¢ are the two constants intro-
duced in Lemma 1.
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A classical consequence of Theorem 1 is that the best resulting rate is proportional to
n~28/(2B+1) " Nevertheless, to reach such a rate, we should choose h o« n=1/20+1)  where
(B is the unknown regularity index. In the following, we provide a data driven way of
selecting the bandwidth which allows to reach almost or exactly the optimal rate without
requiring the knowledge of j.

4. ADAPTIVE ESTIMATION OF \

4.1. Pointwise bandwidth selection. In this part we want to select automatically a
relevant bandwidth for our estimator using Goldenshluger and Lepski’s [12] method. Let
t = to be the point of interest and define:

5‘h,h’ (t) = Kh’ * Xh(wv

where Kj(-) = (1/h)K(-/h) and u * v denotes the convolution product of the functions u
and v, u * v(x) = f u(x — t)v(t)dt. Note that, from the definition of Ap j,
. dNy(s) 1< /
)\/t: /K/*K t—8)————— = — Ky« Kp(t—s
ni (t) s K ( )l—G(s—) n; hx K (t = s)
so that 5\h7h/ (t) = K}, * )\h/(t) = )\h/’h(t). Then, for some kg > 0, define

Cr[Alloo. [ E€|* log(n)

le(S)
1—-G(s—)

)

4 Vo(h) =
@) (1) = ry A=
and consider
(5) Ao(h,to) = sup {(S\h’ — j‘h,h’)Q(tO) — Vo(h/)}
h'€Hn +

Lastly, we define our adaptive estimator in the following way:
(6) h(to) = azgrﬁin (Ag(h,to) + Vio(h)) and A(to) = Ah(t J(to).

€Hn

Theorem 2. Under Assumptions 1 to 4, and if H, is a finite discrete set of bandwidths
such that Card(H,) <n

(7) Vh € Hp, nh > k1log(n), for some k1 > 0,
and
1 a
(8) Z e < logt(n),  for some a >0,
k,h€Hn
then there exists a constant kg such that A defined by (4), (5) and (6) satisfies:
. 1 (14-a)
(9) Vh€H,, E [(A(to) - A(to))ﬂ < o(Fh? 4+ Vo(h)) + c’(’gn(”),

where ¢ is a numerical constant and ¢’ a constant depending on c;, ||N|so,r and cq.

Remark 1. Note that Vy(h) contains several types of terms:

e 1, a numerical constant. The proof below shows that kg = 80 would give the
theoretical result but a much lower value works, in practice (see Section 5).

e log(n)/(nh) which gives the asymptotic order of the term and is known.

e | K|, a known constant, as the kernel is user chosen.
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e ¢; and ||A||s,r which are unknown quantities that can respectively be estimated
by
(10) ér = max Ni(7), Ao, = sup Ay, (2).
1<i<n 2€[hn,7—hn]

Here h,, is an arbitrary bandwidth (it can be taken equal to n~'/® for instance). Note
that if we replace in Vj(h) the unknown terms by their estimates given in (10), we get an

estimate Vo(h). Inserting this in theoretical part would imply several additional steps to
the study of the estimate. For sake of simplicity, we do not provide this part of the study.

The bound (9) holds for all h € H,, and therefore reaches automatically the rate
(n/log(n))~2%/A+1) provided that hgpt x (n/log(n))~Y @A+ belongs to H,. We can
note that a logarithmic loss occurs here with respect to the optimal non adaptive rate.
This is also what happens for classical density estimation and we can thus conjecture that
the procedure is nevertheless adaptive optimal.

Example of H,,. Considering constraints (7) and (8) on H,, we can propose
k
H, = {, k= Uogz(n)J,...,n}
n
so that Card(H,) < n and Vk = [log*(n)],...,n, we have hy € [n~%,1]. Moreover,
ko = [(n/log(n))?3/(26+1)| is guaranteed to be such that hgpt = ko/n belongs to H,.
Besides, >, 1/(nhy) = O(log(n)) and condition (8) holds with a = 1.

4.2. Global bandwidth selection. In the global risk setting, we set, for some x > 0,

crA(T)[IK?
11 V(h) = k———"
(1) () = w0
and we consider
(12) Ay = sup {1 = Ml = VR }
h'€Hn +
Finally we define:
(13) h = argmin (A(h) + V(h)) and \* = \; .
he€Hn

Theorem 3. Under Assumptions 1 to 4, and if H, is a finite discrete set of bandwidths
such that Card(H,) < n, condition (8) is fulfilled and

(14) > exp(=b/hy) < +oo, Wb>0,
k,h€Hn
then there exists a constant k such that \* defined by (11), (12) and (13) satisfies:

(15) Vh € Hp, /T1 E [(A*(t) — A(t))ﬂ dt < c(r3h?P + V(R)) + C/M,
1

n

where ¢ is a numerical constant and ¢ a constant depending on c¢., A(T) and cg.
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Remark 2. Note that all the points in Remark 1 can be transposed to V' (h). The additional
term A(7) is also unknown and can be estimated by:

o 1 - T dNZ(S)
o 2/ (1-G(s—))?

It is worth emphasizing here that, if H,, is large enough to contain bandwidths of order
hopt o< n~1/(26+1)  then the adaptive estimator automatically reaches the optimal rate

n~28/(20+1) | without requiring the knowledge of 3. Compared to the pointwise setting, no
logarithmic loss occurs here.

Let us now give two examples of H,, fulfilling conditions (8) and (14).
Example 1. Take

1
Then Card(H,) < /n <nand Vk =1,...,[/n], we have hy, € [n~!,1]. Moreover

na
> (1/(nhw)) Z k=
k,h€EHn
which ensures condition (8). Lastly
Lv/n)
S exp(-b/h) = Y e = 0(1)
k,hi€Hn k=1

and (14) is ensured.

Let us emphasize that since hop < n~ /20D the condition n=1/2 < n=1/ 20+ < 1 is
required, that is > 1/2. This means there is a minimal regularity condition to impose
on the function of interest for (15) to hold.

Example 2. Take

1
o= {hu = k=1 Llog(n)/log@)J} .
Then Card(H,) < log(n)/log(2) < n and Vk = ., |log(n)/log(2)], we have hy €
[n=1,1]. Moreover
1 Los(m)/log(2)] .
> Wemy=— Y 2=on),
k.hp€Hn k=1
which ensures condition (8). Lastly
[log(n)/log(2)] .
S oep(-bh) = S e =o)
k,hi,€Hn k=1

and (14) is verified.

Here, no minimum regularity condition of the function to estimate is needed.
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FIGURE 1. Scenario 1 with 8 =1 and n = 500, 7e = 1.02, pc = 0% (top),
n = 1000, 7e = 1.04, pc = 0% (middle), n = 5000, re = 0.97, pc = 0%
(bottom)

5. SIMULATIONS

We illustrate the behavior of estimator A, constructed with the pointwise bandwidth
selection of Section 4.1.

Recurrent events data are simulated as follows. For individualsi = 1, ..., n, the terminal
event D; is simulated according to the distribution F', the censoring time C; according to
G. Conditionally on D;, the number n(7) of recurrent events experienced by individual i
on time interval [0, D;] are simulated according to a Poisson distribution P( fODi o(u)du).
Finally the recurrent times for individual i is simulated as n(i) i.i.d. random variables
with common p.d.f ¢/ fOD ¢(u)du. The intensity of the process N* to recover is, in this
case, given by:

Alt) = @(t)(1 = F(t)).
We consider two scenarios for the simulated data:
(1) p(t) =t and 1 — F(t) = exp(—pt).
(2) () = (3/2)(1 — |t —1])2 on [0,2] and 1 — F(t) = exp(—/3t) on [0, 2].
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FIGURE 2. Scenario 2 with 8 = 0.05 and n = 500, 7e = 0.92, pc = 0%
(top), n = 1000, e = 0.89, pc = 0% (middle), n = 5000, re = 0.91,
pc = 0% (bottom)

The estimators of Section 4.1 are constructed with Epanechnikov kernels: K(t) =
(3/4)(1 — t?), if |t| < 1. We use a data-driven criterion for the selection of the band-
width, by replacing Vj(h) in Definition (4) by:

with

A | Mloo.rl| € |2 1og ()
h) = :
Vo(h) =k n h cq 7
éT _ 'maX ( Sup Nz(t)) + 2
i=1,...,n t€[0,Tmax)
Woor =  sup  [Aos(®) and
te[O,TrﬂaX}
éG = 1= G(Tmax_)7

where Ti,ax is the greatest observed recurrent event.
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The finite set of bandwidths (H,,) considered in the algorithm is given by:

H, = {log*(n)/n+1/2%, k=0,..., |log(n)/log(2)]}.

In the figures below, the intensity functions are estimated on a 20-points grid, regularly
spaced on [0, Tiax] and kg equals 1072. The number of observations n, the mean number
of recurrent re and the level of censoring pc are reported in the captions. In each figure,
the left plots show the true intensity functions in red, the estimators in blue, and the set
of all the estimators proposed to the selection algorithm is dashed black. The right plots
show the value of the selected windows for all points on the grid.

In Figures 1 and 2, we investigate the behavior of our estimators, when the sample size
n grows. In scenario 1, where the intensity A to recover is smooth, as in scenario 2, where
A has a singularity, the estimator behaves as expected: it improves with the sample size.

In Figure 3, we illustrate the behavior of our estimator when the censoring level grows.
In this case, the censoring time has an exponential distribution, with 1 — G(t) = exp(—~t),
where the parameter 7 takes the values v = 1/30 (top), v = 1/3 (middle) and v = 1
(bottom). The resulting levels of censoring and mean numbers of recurrent events are
indicated in the caption. Note that, as the level of the censoring grows, the numbers
of observed recurrent events vanishes (from re = 1.12, when pc = 4%, to re = 0.25,
when pc = 50%) as does the time intervals, on which they are observed (from [0, 9], when
pe = 4%, to [0,2.5], when pc = 50%).

From a general point of view, we can see in Figures 1, 2 and 3 that the algorithm
makes very different bandwidth choices, depending on the point of time. Therefore, the
pointwise strategy is very useful. In particular, we can see in Figures 1 and 2 that the
minimal bandwidth choice occurs at time 1 which in both cases is the location of the
maximum; moreover, the selected bandwidth is all the smaller that the peak is abrupt.
Lastly, Figure 3 shows that the pointwise strategy is relevant: indeed, it is obviously a
good strategy to change the bandwidth in function of the time since none of the proposed
curves would globally give a better estimate.

6. CONCLUDING REMARKS

In this work, we not only provide a kernel estimator for the intensity function of a re-
current event process, but we also prove oracle type inequalities for the risk of an adaptive
estimator with data-driven selected bandwidth. We have studied both cases of pointwise
risk for pointwise chosen bandwidth and integrated global risk with a globally selected
bandwidth. Our bandwidth selection proposal is original and slightly different from stan-
dard cross-validation methods. This is because it is based on recent ideas developed by
Goldenshluger and Lepski [11]: in this sense, our results are new and the way of proving
the results is of interest. We also assess the practical feasibility and the good performances
of our proposal through a short simulation study: we found it more challenging to evaluate
the pointwise selection and illustrate the different bandwidths choices performed by the
algorithm.
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FIGURE 3. Scenario 1 with =1 and n = 1000, re = 1.12, pc = 4% (top),

n = 1000, e = 0.55, pc = 25% (middle), n = 1000, e = 0.25, pc = 50%
(bottom)

7. PROOFS

7.1. Proof of Lemma 1. The proof relies on four additional lemmas which are presented
below. First, write:

An(t) = Ja(t) = — Z/ % (1(;_(:()5_))1( (t . S) AN (s).

Then introduce the sets
Q¢ = {w vt e [0,7], G(t) — G(t) > —00/2}

O = {w Yt e [0,7], |G(t) — G(t)] < coy/n1 logn} ,

(16) Qo = Qg N Q.
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Our idea is to study the difference process 5\h — )\, on ., and its complementary. The
next lemma gives a useful bound of P[Q2¢ ]. The proof is postponed to Section 8.

Lemma 2. For all p € N, there exists a choice of the constant co = co(p) such that,
an P[0 < con”,

where ca is a constant depending on k, cp and cg and co(k) also depends on cp.

In the following, we denote by €, = €, such that Equation (17) in Lemma 2 holds.

We now start the proof of Lemma 1 by studying the difference process A — \j, on the set
Qe.
P

Lemma 3. Under Assumptions 1 to 4, for all p € Nt € [h, 7 — h|, we have:

~ ~

E [ (n(t) = 2(0)*1(95)] < (0417072 e | K,

where

Consequently, choosing p > 10 yields E {(Xh(t) - S\h(t))QI(Q;)} < ¢/n for a positive con-
stant c.

Lemma 4. Under Assumptions 1 to 4, for all p € N, we have:

/h T [(hn0)  300)210)] de < (-4 10 2o K

Consequently, choosing p > 8 yields hT_hIE [(Xh(t) — :\h(t))QI(QZ)} dt < c¢/n for a positive
constant c.

Proof of Lemmas 3 and 4. From the facts that 1 — G(t) > (n 4+ 1)~! (see Equation (2))
and |G — G||eo < 1, we have for all t € [h, T — hj:

E {(Xh(t) _ ;\h(t>)2[(97§)} < (n ;;1)2133 (i: f{f(é(;j))dNi(s)> I(52)

2
< (n+1)°E ( f(_h(é(;j))dN(s)> ()
2 — s Q¢
(18) < (n+1)>%E [/ Ii’ll(f G(if());)dN(s) :
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where the last inequality is obtained from Lemma 9. Now, for the proof of Lemma 3, use
consecutively the Cauchy-Schwarz inequality and Lemma 9 to obtain:

2 Qc 2 — s 2
o[ ] <v (] i) ] Vo
<IxvaE? | Mt g

T s)ds 1/2
I ==

and conclude the proof using the fact that h~! < n. To prove Lemma 4 write,

T—h T s

Then, using Cauchy—Schwarz mequahty, we get from inequality (18):

/h ' () = 2n(0)*1(%)] dt < WIK“? E [ /0 M]
T dN(s) 2 ¢
(/ <1—G<—>>)] P 105)

(n . 1)2n—p/2 T )\(s)ds 1/2
< S K ( /0 <1-G<—>>s> |

and again, we conclude the proof using the fact that A=! < n. O

< (n+1)2

< L P B

We now study the difference process of A — Ap on Q,.

Lemma 5. Under Assumptions 1 to 4, we have for allt € [h,7 — h] and any p € N,

N ~ 2 64logn 2 CTHK||2
- <
E [(/\h(t) )‘h(t)) I<Qp)} = H)‘”oo T {”KHl”)‘Hoo,T + canh )

where ¢4 = 4c%cg,2 and ¢y = co(p).
Consequently, fort € [h,T — h], we have

E [(S\h(t) — S\h(t))QI(Qp)} < Clog(n)’

n

where ¢ is a positive constant.

Lemma 6. Under Assumptions 1 to 4, we have, for any p € N

/hf—hE [(;\h@ B S\h(t))zf(ﬂp)] dt < C4 lognHK”g { /OT A2 (t)dt + CT;?}(LT)} )

where A(T) is defined in Theorem 1. Consequently, we have

T—h
/h E [(;\h(t) - Xh(t))zj(gp)} dt < clog(n)7

n

where ¢ is a positive constant.

Proof of Lemmas 5 and 6. First, use the facts that
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o 1-G(t)=1-G(t) +G(t) - G(t) > ¢/2 on O,
o |G(t) — G(t)||oo < con/n~1logn on QF,
to write:
i . d42logn | (1<~ [ |Kn(t—s)] ’
£ [t - ey < S8t | (13 [l

Then, we have:

< [ Z/’Kh - ‘(3)]>2=</|Kh(t—s))\(s)ds>2

< 1K IR

00, T

Ky (t e 1K |2 I M] [ oo,r
2/\ s ()]< LIy
cagn

which follows from Proposition 1. Comblnlng these two bounds gives the final result of
Lemma 5.

The proof of Lemma 6 follows the same line. From a change of variables and the
Cauchy-Schwarz inequality we have:

. (E D> mdm(s)]>2dt= [ ([t snaus) a

=1
1 T—h 1
< ( / KQ(u)du) / / N (t — wh)dudt
-1 h -1
§2HKH2/ N2(8)dt,
0

where the last inequality was obtained from an other change of variables. On the other
hand, from similar arguments as in the proof of Proposition 1, we have

T—h n — s
[ o st

and the result follows. O

and

Gathering the results of Lemmas 3 to 6 imply the result of Lemma 1. [J

7.2. Proof of Theorem 2. First, for all h € H,,, the following sequence of inequalities
holds:

(Alto) = A(t0))* < 3(j 0 (t0) = A i) (10))” + 3 (X ey (F0) = An(t0))” + 3(An(to) — Alto))*
< 3(Ao(h,to) + Vo( (t0))) + 3(Ao(hlto), to) + Vo(h)) + 3(An(te) — A(to))?
< 6Ag(h, o) + 6Vo(h) + 3(An(to) — A(to))”.

Since Vo(h), see (4), and (Ax(to) — A(tg))?, see Theorem 1, (i), have the adequate order
(with additional log(n) for Vp), we only study Ag(h,to). With obvious definition of )\h,h' =
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K % A, An(to) = E[A(to)] and A (to) = E[S\h,h/ (to)], Ao(h,to) can be decomposed into
five terms:

Ao(h,to) = Sup {(S\h/(to) — S\h,h’ (to))2 - V(](h/)}

h €My, +

<5 sup. {(S\h' (to) — A (to))” — Vo(h')/lo}+

+5 sup {(S\h,h’ (to) — Anw(to))” — V()(h’)/10}+

=

+5 sup (A (to) = A (to))” +5 sup (A (to) — M (to))”
= =

+5 sup (A (to) — A (to)”
=

:=5(To1 +To2 + Toz + Toa +Tops).
We start with the last one:

|)‘h’(t0) - )‘h,h’(tO)| = |Kh’ * )\(to) - Kh’ * Kh * )\(to)| = ’Kh’ * ()\ - Kh * )\)(to)|

< [|K[[r sup [(A— Kp = A)(@)]-
te(0,7]

This yields to

Tos < IKIT A — K * Al - < IIK|IFeER®,

o0, T —

since A — Kj * A corresponds to the bias term in Proposition 1.

Then we decompose Tp 3 into two terms corresponding to I(€,) and I(€25) where §, is
defined by (16). First, from Lemma 3, we have

E | sup (A —S\h/)g(to)I(Q;)] < ) E [(th — Ay )2 (t0) I (925
h'€Mn keohi €Hn

< Y des|| K|2n* P2 < des|| K20 P2,
k,hi €Hn,
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using the fact that Card(H,) < n. Consequently, this term is of order 1/n as soon as
p > 12. On the other hand, the following sequence of inequalities holds:

E | sup (A — Aw)(t0) (9, )]

h €Hn
actog(n) [ tto =91 (15 0 )
<2 T, |0 (/ 1—G(s) (n;dws)»
- 2
Sloa(n) g |y ([ Erlo =91 (1S40 - 2(s)(1 = Gls—))ds
<z, E h/eﬁ’n< 1 —G(s0) (”@-zldN’U A(s)(1 - G(s—))d >>

80210 2
4 B losln) (/m/ to - s)A(s)d )
¢ N WeH,

K, (to — 82|N|%.,
<) 5y Z/‘ e Ni<8>]+ e L

G k,hi€Hn

(19)

< 8Colog( ) 3 CTII/\Iloo,THKIIQ+8Co\l>\Homlog( n)

5 1K1,
G " e, ‘c

where the bound on the variance term comes from the proof of Proposition 1. Therefore
E[Tp 3] < log'™(n)/n from Condition (8) and this ends the study of Tp 3

The term Tp 4 can be handled in a similar way using the relation S\h,h/(to) — S\h,h’ (to) =
Ky x (A — Ap)(to). Indeed,

E L/SSE (Anpr — xh,h,)Z(to)I(Q;)} =K [5375 (Kh, s (A — Xh))2 (to)I(Q;)}

< [ {1130 = Ml ()]
< e | K2 K [2ont 72,

from Lemma 3 and

E [ sup (j\h,h’ — S\h,h’)Q(tO)I(Qp)]

h'eHn
!th * Kh — ) (s
/ 2 )]

sup || Kp * K3
h'eHn

_ 863 log(n)
2

k hk EHn

8c2 log(n)
c n

Then, using the property

(20) [uxollg < lullifvlly for ¢ =1,
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it is easy to see that
|th * Kh to — s)|
5—)

Cr
dNi(8) | < = Alloo,r | K * K, |I?
nea

¢ 2 2
< %H)‘HOO,THKhnl”thH

Cr[[Alloo.r [ I K12

<
neahy,

)

and
1K+ Kull? < [ Kw |1 KR T = 1K]3-
We conclude as previously that E[Tp 4] < log'**(n)/n.

Finally, let us study the terms Ty and Tpo. We start by recalling the following con-
centration inequality.

Lemma 7. [Bernstein inequality] Let &1, . .., &, be independent and identically distributed
random variables and Sp(§) = > 1 &. Then, forn >0,
2

nn nn
— > < _
Q) POSE) - B O]] > ) < 2max (exp (<52 ) e (1) ).
where w and b are such that |€1] < b almost surely and V(&) < w.

Now, we want to apply this result to & = [ Kj(to — s)dN;(s)/(1 — G(s—)). First, we
need to establish the values of the bounds b and w. We have

1] < (e[l K lo)/(cah) := b and V(&) < er|[ Moo, [IE|?/(cch) =

Thus, Inequality (21) can be written in the following way: for some z > 0,
P [’;\h(to) = An(to)| = \/W}
< 2max (exp(—n(Vo(h)/10 + 2)/ (4w)), exp(~n/Vo(h)/10 + o/ (4b)) )
< 2max (exp(—n(Vg(h)/lO + z)/(4w)), exp(—n\/Vo(h)/5/(8b)) exp( nM/(%))) .

Then, we set kg > 80, in order to have

nlfggi) = (ko/40) log(n) > 2log(n).

On the other hand,

8bv/5 8[| Ko v/5er

Then taking #; > 4k, 2 in Condition (7) gives,

ny/Vo(h)
TV > 2log(n).

nVolh) _ KV earolNer gy v fahTog(o.

Therefore, we have

P (|3 (to) — Mnlto)] = /Vo(h)/10 + x] < 272 max (e—ﬁsnhff, e—whﬁ) ,
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where
G

der | KooV

- ‘G
Acr[|Moo,r

K3 and Ky =

K|
This yields

+o0
E [{yih(to) —n(to)? — vo(h)/lo}J < /0 P [\Xh(to) “(to)] = VVo(h)/10 + x] da

oo —+o00
< 2n 2 max (/ e“3"hxdx,/ e’“”hﬁdx)
0 0

< 2n72 ! 2 < ksn >
n“max | ——, —5—— | < ksn 7,
- kanh’ k2(nh)? >

for some positive constant k5. Finally,

it = | sup { (w — 0)’(0) = Val0)/10} |

T,

k.hp€Hn
< Ks Card(Hn)n_Q,

and since Card(H,,) < n, we conclude that E[Tp ] <n~ L.

The last term is Tp o which can be treated in a similar way. Write

Bitoal =B [ sup { (e = M) t0) = Vo010 )

< ) E [{(Xh,hk — M) (t0) = Vo(ha) /10}+] .

k.hi€Hn
Then the sequel is the same as for the proof of 7p; except that all A vanish because

1K Koo < | Eh oo [ 1

Gathering the bounds of the five terms gives the result of Theorem 2. [J

7.3. Proof of Theorem 3. Following the lines of the proof of Theorem 2, we have, for
all h € H,,

A = M2 < 3|16 — Xh,,;\l2 + 3||Xh,,; — Anll2 + 3 A — A2
< 3(A(h) + V(h)) + 3(A(h) + V(R)) + 3| An — A|I?
< 6A(h) + 6V (h) + 3| An — A%

Here again, V (h) and || A, — \||? (see Theorem 1, (i) have the adequate order and we only
need to study A(h) Recall that )‘h,h’ = Kh’ * )\h7 )\h(t) = E[)\h(t)], )‘h,h’(t) = E[Ah,h’ (t)]
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and write:
Ar) = sup {[1ow = Al = V() }
R EeHn +
<5 A — A ||> = V()10 5 Mow — A ||> = V(R /10
<5 sup {IAw =l = V()/10} +5 sup {|3nw =l = V)
h'eH h'eH +

+5 sup ||)\h/ — S\h/||2 +5 sup H)\h,h’ — )\h7h/||2
h'eHn

h'€Hn,
= 5(T1 + T +T3 + Ty +T5)

We start with T5:
1A = A 12 = 15w % (A = K )12 < B [[FIX = Ko+ A1,

+5 sup ||\ — Ap|?
W eHn

where we used the property (20) with ¢ = 2. This yields to
Ts < ||K|} meh®,

since ||[A — K}, x A|| corresponds to the bias term in Proposition 1.

Now, the same kind of arguments can be applied to Ty:
Ay — M = K % (A — M),
and so,
ET)] < |KIRE I3 — 3] < K] log(n)/n.
where the last inequality was obtained from Lemma 1.

The term 73 can be dealt with in the same way as Tp 3 in the proof of Theorem 2. First,
from Lemma 4,

E [ sup /(}h, — M) ()I() dt} > / [(An, = An, )2 (6)T(Q2)]dt
heHn J.hy €M
< D e KPR’ < des||K| Pt
j,hjeHn
and this term is of order 1/n as long as p > 10. Then, using similar inequalities as in (19)
yields

E [ sup / G xh,)2(t)1(ﬂp)dt]

h'€Hn Jh

8¢c2 log(n) e, A7) K| 16c3 log(n) T
<Spon) oy MDD SRk [Txwa,
G k,hEHn k G 0

and we conclude from Equation (8) that E[T3] < log®™!(n)/n.

We finish the proof with 77 and T5. As in Theorem 2, these two terms can be treated
using a concentration inequality. First, we need to express each of them as a centered
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empirical process. For T, write

E

{ sup 3 = w12 = vy 10} ]s > | {1~ - vim/0} |,
+

h'€Hn kyhy €Hn
and recall that

(22) Hj\hk - )‘hk ”2 = sup <5\hk - )‘hkv f>2
feLa([hr,7—hg]), |l fII=1

Now, we introduce the following centered empirical process:

Vi (F) = A=Ay ) = izn;/h_h </ Ky, (u (1 f]éi )_) - A(s)ds)) du.

As f — vpp, (f) is continuous, the supremum in (22) can be taken over a countable dense
subset of {f € Lo([1,7 —1]), || f|]| = 1}, which we denote by B-(1). Therefore,

ETn)< Y E {f:g}z)v hk(f)—V(hk)/lo}J

k.hp€Hn
and the expectation here can be bounded using the following concentration inequality.

Theorem 4. (Talagrand Inequality) Let &1, ...,&, be independent random values, and
let v e(f) = (1/n) Y i {f(&) — E[f(&)]}. Then, for a countable class of functions F
uniformly bounded and € > 0, we have

4 (W _g2nn? 98M?  _2de(9)e nn

E{ —2(1 22H2} < - 7—d67 e e M|
[ sup V() = 2L+ 2% i\n® " T

with (e) =V1+e2—-1,d=1/6 and

sup || flloc < M, E|sup (/)] < H, sup— )
JfeF JeF fer i

To apply this result, we first need to compute appropriate values of the bounds H, M,
W and the constant . Clearly,

<E [IAn, = M) = /h v A ()] dt = V()

S
feB-(1)

and thus we require H? = V/(hy)/k. Then we set €2 = 1/2 and x = 40 in order to have
2(1 + 2¢2)H? = V(hg)/10.
Now to find the bound M, use the Cauchy-Schwarz inequality and the fact that || f|| = 1

on B, (1) to write:
(7 o) 258

/ (W) [ K (0 s -

i f ([ o s>du>”21 ) SCTﬂfH o
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Lastly, we need to determine the adequate bound W. Introduce the notation K Iy, (s) =
Kp, (—s) and write:

< [(J " oo tis)]
o[ (/5o 2|
<o ([ e

Crl[Alloo,r

< Crl[Alloo.r I3
ca

- Crl[Alloo,
Ky, * fIIP < ==
cG

Ky TP = =W,

where we used Lemma 9 and the property (20) for ¢ = 2. Therefore, W is a constant and
we can now apply Talagrand Inequality:

E

{ sup  vp g, (f) = V(hk)/lo} ] < % <eXP(—192/hk) + :exp(—ﬁ:z\/ﬁ)) ;
+

feB-(1) nh

for some positive constants 91,72 and 3. Then, from conditions (8), (14) and the fact
that Card(H,) < n, we conclude:

Bl < 2 S (exn(-da/) + o exp(-0av)) $

1
nh n
k,hi€Hp

The proof for T5 follows the same line as for 7. First,
Bl < 30 | {Iun — Ml - Vw)/10} ]
Jr
k,hi€Hp

and the Talagrand inequality needs to be applied to the centered process <5\h,hk — Ahys £
where f € B;(1). Since App, = Kp * Ap, and A\pp, = Kp * Ay, the same bounds H, M
and W can be used, up to a constant. Indeed, using the inequalities

1K * Knglla < 1K (1| Kl2(he) ™% and || Kpx K, [l < || K7
it can be shown that Theorem 4 can be applied with

2
o VORI el ILIKT
k caVhi

Finally, we obtain again E[T5] < 1/n.

Crl[Alloo,r

d W= 1113

Gathering the bounds of the five terms gives the result of Theorem 3.
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8. TECHNICAL LEMMAS

In order to give a proof of Lemma 2, we first need to introduce the following result
which is a direct consequence of Theorem 1 in [4].
Lemma 8. For all k € N*, there exists a positive constant ci, depending on k such that
A 2k Ck
E[IG-cl%,| < 2.

Proof. We use a nonasymptotic exponential bound for the Kaplan-Meier estimator which
can be formulated as follows (see Bitouzé et al., [4]): there exists a positive constant 7
such that for any positive constant &,

(23) P VA1 = F) (G = O)lor > ¢| < 256770
and so
E[lIG -Gl

+oo -
< 2k/ wHF PG = Gl > u} du
0 L

+00 - .
<2k [P [ 0= F) (G = Gl > o] d

+o00 - R
< ok / B[ Val(1 = F) (G = G)llor > crviu] du
0 L

oo 2
< 5k:6"2/8/0 u? =L exp {—20%71 <u - 4\/%CF> } du

5en’/8f [t 2k—1
< ek%/ (z + 77) e dank .= cpn ",
26cit J_nyevs) 22

0

Proof of Lemma 2. Since P[Q°] < P[QF] + P[(Q)¢], we bound each term separately.
For any k > 0, we have

c A 4k A
PI0G) < P[IG ~ Gl > ca/2] < B [I6 - I ]
Thus, Lemma 8 implies that
(24) P[] < dpn™", where dj, > 0.

Next, we use (23) and write:
P16~ Glloc,r > cov/n Tlog(n)|
<P[l(1 = F)(y)C ~ Glloe.r > cocry/n T log(n)]

< 2.5 exp(—2ckc2log(n) 4+ nepcgy/log(n)) < 2.5 exp((—2cpco 4 1)cocr log(n)).
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Thus, for cg > (7 + /n? + 8k)(4cr) ™! we have

PQE] =P [HG — Gloor > cov/ntlog n] <2.5n7F,
This result and Equation (24) imply P[Q¢] < (dj, + 2.5)n~*. O
We conclude this section with a very useful inequality concerning integrals with respect
to the counting process V.
Lemma 9. (Cauchy-Schwarz) For every bounded function h on [0, 7], we have

N(r) /T " h2(s)dN(s) > < /T b h(s)dN(s))2 ,

1 1
where 0 < 7 < 19 < 7.

Proof. We have

o< [ - [

)
vt [ e -2 ([T ) (o) [N

Then, notice that f:f dN (s) < N(7) to obtain the desired result. O
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