N
N

N

HAL

open science

Self-stabilizing processes: uniqueness problem for
stationary measures and convergence rate in the

small-noise limit

Samuel Herrmann, Julian Tugaut

» To cite this version:

Samuel Herrmann, Julian Tugaut. Self-stabilizing processes: uniqueness problem for stationary mea-
sures and convergence rate in the small-noise limit. 2011. hal-00599139

HAL Id: hal-00599139
https://hal.science/hal-00599139

Preprint submitted on 8 Jun 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00599139
https://hal.archives-ouvertes.fr

Self-stabilizing processes: uniqueness problem
for stationary measures and convergence rate in
the small-noise limit

S. Herrmann and J. Tugaut
Institut of Mathématiques Elie Cartan - UMR 7502
Nancy-Université, CNRS, INRIA
B.P. 239, 54506 Vandoeuvre-lés-Nancy Cedex, France

June 8, 2011

Abstract

In the context of self-stabilizing processes, that is processes attracted
by their own law, living in a potential landscape, we investigate different
properties of the invariant measures. The interaction between the pro-
cess and its law leads to nonlinear stochastic differential equations. In
[7], the authors proved that, for linear interaction and under suitable con-
ditions, there exists a unique symmetric limit measure associated to the
set of invariant measures in the small-noise limit. The aim of this study
is essentially to point out that this statement leads to the existence, as
the noise intensity is small, of one unique symmetric invariant measure
for the self-stabilizing process. Informations about the asymmetric mea-
sures shall be presented too. The main key consists in estimating the
convergence rate for sequences of stationary measures using generalized
Laplace’s method approximations.

Key words and phrases: self-interacting diffusion; McKean-Vlasov equa-
tion, stationary measures; double-well potential; perturbed dynamical system;
Laplace’s method; fixed point theorem; uniqueness problem.
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Introduction

In the framework of nonlinear diffusions, self-stabilizing stochastic processes
play a particular rule. Introduced by McKean [8] these processes attracted by
their own law are solution of the so-called McKean-Viasov equation:

dX; =dW; + b[Xt, Ut] dt, Xo=zxz€R, (I)



where u; is the law of Xy, blx, u] := fR b(x,y)u(dy) for any probability measure
wand (Wi, t > 0) represents a one-dimensional Brownian motion. A solution of
(I) is in fact a couple (X, ut) such that, for any ¢ > 0, u; represents the distri-
bution of the variable X;. Such processes appear naturally in huge systems of
particles in interaction by the so-called propagation of chaos phenomenon, see
[11] for an introduction to this topic.

The common mathematical problems related to these self-stabilizing processes
concern the existence and uniqueness of solutions to (I) and ergodicity proper-
ties like the existence and uniqueness of stationary measures, the convergence
of the law of X; to the invariant law as time elapses. A relative numerous
literature, based on fixed point technics, free-energy methods or logarithmic
Sobolev inequalities, presents results concerning the existence and uniqueness
of invariant measures and ergodic behavior. Each study deals with a particular
family of interaction function b, let us present an incomplete selection of works:
[1, 2, 3, 4, 9, 12, 13, 14].In the situations described previously, the results are
quite similar than those developed in the classical diffusion context even if the
methods of proof are clearly different.

However the self-attraction structure of (I) can lead to surprising phenomena
like non-uniqueness of invariant measures. The aim of this paper is namely
to focus our attention to some of them. Let us introduce the process we are
interested in: the solution (X¢, ¢t > 0) of the following one-dimensional McKean-
Vlasov equation:

dX, = VedW, — V' (Xy)dt — / F'(X; — x)dul (z)dt (IT)
R

where uf(x) represents the distribution of X, and ¢ is a small positive pa-
rameter. In other words the function b introduced above satisfies b(z,y) =
—V'(xz) — F'(z —y): V is called the environment potential and F' represents the
interaction potential. The functions V and F are assumed to verify different
conditions developed at the end of the introduction and related to [1] and [2].
Let us just note two principal properties: F' is an even convex function with
F(0) = 0 and lim,_,o F'(x) = +00 and V is an even double-well potential whose
global minima are reached for x = —a and =z = a > 0.

In a preceding paper [6], the authors pointed out, under some suitable con-
ditions and for small-noise intensity ¢, that the nonlinearity of the dynamical
system permits the existence of at least three invariant measures, one symmetric
(due to the symmetry of F and V') and two so-called outlying measures which
are concentrated around —a or a, the bottoms of the double-well landscape V.
Moreover, in the particular case of convex functions V'’ and linear functions F”,
there exist exactly three invariant measures for e small enough. The aim of this
paper is to take the first steps in order to generalize this nice result to general
interaction functions F.

In other words, we shall present several statements which are close to the follow-
ing conjecture: under suitable conditions (convexity of F”' and V" for instance),
for any M > 0 large enough, there exists eg > 0 such that (I) admits exactly
three invariant measures whose first moments are bounded by M for all € < €.



The proofs of such local uniqueness results are based on the convergence rate
for sequences of invariant measures denoted by (u, ¢ > 0) and associated to a
limit measure ug. In fact, the convergence rate depends on the limit measure
ug considered and is estimated through Laplace’s method type approximations.
The paper shall begin with the detailed assumptions concerning the interaction
function F' and the environment function V of (II).

Main assumptions

We assume the following properties for the function V:

(V-1) Regularity: V € C*(R,R). C> denotes
the Banach space of infinitely bounded con-
tinuously differentiable function.

(V-2) Symmetry: V is an even function.

(V-3) V is a double-well potential. The equa-
tion V/(x) = 0 admits exactly three solu-
tions : a, —a and 0 with @ > 0; V"(a) > 0
and V”(0) < 0. The bottoms of wells are
reached for x = a and z = —a.

Figure 1: Potential V'

(V-4) There exist two constants Cy, Cy > 0 such
that Vo € R, V(z) > Cya* — Coa?.
(V-5) lim V" (x) = +oc0 and Vz > a, V" (z) > 0.

(V-6) Analyticity: There exists an analytic function V such that V(z) = V(x)
for all x € [—a;al.

(V-7) The growth of the potential V' is at most polynomial: there exist ¢ € N*
and Cy > 0 such that |[V'(z)| < C, (1 + 2%7).

(V-8) Initialization: V(0) = 0.

Typically, V is a double-well polynomial function. But our results can be applied
to more general functions: regular functions with polynomial growth as ||
becomes large. We introduce the parameter ¥ which plays an important role in
the following:
¥ :=sup —V"(z). (II1)
rER

Let us note that the simplest example (most famous in the literature) is V(z) =

% — é which bottoms are localized in —1 and 1 and with parameter 9 = 1.

Let us now present the assumptions concerning the attraction function F'.

(F-1) F is an even polynomial function of degree 2n with F'(0) = 0. Indeed we
consider a classical situation: the attraction between two points z and y
only depends on the distance F(z —y) = F(y — x).



(F-2) F is a convex function.

(F-3) F’ is a convex function on Ry therefore for any z > 0 and y > 0 such
that © > y we obtain F'(z) — F'(y) > F"(0)(x — y).

(F-4) The polynomial growth of the attraction function F' is related to the
growth condition (V-7): |F'(z) — F'(y)| < Cylz —y|(1+ |z[2472 + |y[?172).

Let us define the parameter o« > 0 which shall play an essential role in following;:

F'(z) = ax + Fj(z) with a:= F"(0) > 0. (IV)

1 Main results

First of all, we are interested in the asymptotic behavior of a sequence of in-
variant measures (u, € > 0) associated with the self-stabilizing process (II).
We shall assume that the sequence of the first 2n-th moments {2, (€), € > 0},
defined by

1k (€) ::/R|x|ku€(ac)dac

and 2n := deg(F), is bounded. Let us note that this condition is satisfied
for symmetric invariant measures, see Lemma 5.2 in [7]. In this context, the
authors proved the existence of a subsequence (u.,, k € N) converging towards
discrete measures (Theorem 3.6 in [7]), the set of limit measures being associated
with particular system of equations. In the following we consider an additional
condition:

Assumption 1.1. The functions F and V satisfy the assumption (UC) if V"
and F" are convez functions.

The assumption (UC) permits to describe precisely the set of limit measures
[7] (it shall be assumed in the whole paper). Indeed there exist a unique sym-
metric limit measure £ _,,+ 3 6., where 2 is the unique solution (see Theorem
5.4 in [7]) of the system

V(o) + 3 F'(20) = 0,
V" (x0) + 5 F(0) + 5 F"(220) > 0.

Let us just note that o = 0 when F”'(0) > —sup,cp V" () = —V"(0). In the
following, we shall also discuss about the existence of asymmetric limit measures.
The aim of this paper is to describe the convergence rate which depends on the
limit measure ug considered. Let us first consider the symmetric case which
can be divided into three different situations: either F”(0) + V" (0) > 0 or
F"(0) + V"”(0) = 0 then the unique symmetric limit measure is the trivial
measure ug = g (these two situations lead to two different convergence rates)
either F”(0) + V"(0) < 0 corresponding to the symmetric limit measure uy =



% O—gy + % 0z,, With zp > 0. In general the convergence is linear with respect to
€ when we consider the asymptotic behavior of the following expression:

(f,uey — (f,up) where (f, u) ::/Rf(x)u(d:c).

In fact some simple arguments permit to present the invariant measure in a
particular exponential form: this idea was previously presented in [6]. Indeed,
defining

We(z) =V (z) + F xuc(z) — F xuc(0), (1.1)

the following expression holds
_exp[-2W(2)]
Jrexp[—2W(y)ldy

Therefore the convergence of the invariant measure is related with the conver-
gence of the function W, towards the associated limit

(1.2)

ue(x

Wo =V + F xug— F *xup(0). (1.3)

Theorem 1.2. Case F”(0) + V”(0) > 0. Let (uc, € > 0) be a sequence
of symmetric invariant measures which converges towards the trivial measure
ug = 8. Then, for any function f € C* (R, R) with polynomial growth, we have:

' ) B fl/(o)
Jim, £ ) = (0 } = gy v

When the interaction term in the McKean-Vlasov equation (II) is weaker,
that is F”(0) + V”(0) < 0, the limit measure is different. Nevertheless the
convergence rate is also of order e.

Theorem 1.3. Case F"'(0) + V" (0) < 0. Let (ue, € > 0) be a sequence of
symmetric invariant measures which converges towards the unique symmetric
limit measure ug = %5,% + %5%, with xg > 0. Then, for any function f €
C* (R, R) with polynomial growth, the following convergence rate holds

(fiue) = (fyuo) _ f"(xo) + f"(=0) f'(z0) = f'(=0)

li =
Im c S TN T

V&) (20) + FO)(210)
VN (1‘0) =+ FN(2ZL'0)

where x(xg) := —

We can observe a singular phenomenon for the intermediate case F”(0) +
V”(0) = 0: the asymptotic behavior is completely different, we do not obtain
the classical order e. In this context, the limit measure is given by ug = o
and consequently the pseudo-potential just introduced in (1.3) equals Wy (z) =
V(z)+ F(z). The convergence rate is directly linked to the slope of the pseudo-
potential in a neighborhood of the origin. We define

ko := min {k: >2 | w0 > o} . (1.4)



We introduce two other parameters which play a fundamental role for the con-
vergence in the intermediate case: pg and myg, defined by

Po ‘= inf {I{? > 2 | F(Qk)(()) > 0} and mo = min {I{Jo,po} . (15)

Theorem 1.4. Case F"'(0) + V' (0) = 0. Let (e, k > 0) be a decreasing
sequence satisfying limg_ oo € = 0 and (ue,, k > 0) a sequence of symmetric
invariant measures converging towards ug = dg. Then there exists a subsequence
of (er) (we keep the same notation for simplicity) such that, for any 1 < j < ko,
the sequence

WED©) k> 1)
converges as k — oo. We denote by C; the associated limit. Moreover, for any

function f € C* (R, R) with polynomial growth, we have the following asymptotic
result:

£7(0) fRzQ exp|: 22] 1 (2]),56 }d:c

S o S e g

(1.6)

Let us just note that the coefficients C; appearing in (1.6) shall be specified
in Corollary 3.8.
We have just observed different rates of convergence for sequences of symmetric
invariant measures depending on the particular interaction and environment
functions F and V. We need now to present convergence rates associated to
non-symmetric stationary measures. For that purpose, we introduce the so-
called outlying invariant measures (see [6]), which are concentrated around 0.,
in the small € limit. Here a and —a represent the locations of the global minimum
of the environment potential V.
In order to study the convergence rate for asymmetric measures, we shall admit
the existence of these extremal outlying stationary measures for ¢ small enough.
In other words, we assume the existence of a sequence of stationary measures
(ui) kEN* which converges towards di,. We will drop the k for notational
simplicity. Let us just note that this main assumption is satisfied in many
situations.
Let 2n be the degree of F'. According to Theorem 4.6 in [6] and Proposition 4.1
in [7], we know that the following condition is sufficient in order to ensure this
existence:

2n—2
F(p+2) a
Ma” <a+V"(a). (1.7)
p=0 P
In other words, under the conditions (UC) and (1.7), the set of limit measures
contains at least three measures: one symmetric and two asymmetric. For these
asymmetric measures, we obtain the wished convergence rate e.



Theorem 1.5. Asymmetric case. Let (ue, € > 0) be a sequence of invariant
measures converging towards d,. Let f € C*(R,R) with polynomial growth.
Then

V" (a)f"(a) = V®(a)f'(a)
V" (a) (e +V"(a))

1im1{(f,u€)—<f,u0)}=

e—=0 €

(1.8)

Obviously the same convergence result holds for §_, by symmetry.
The study about the convergence rate permits to estimate the moments of the
associated stationary measures. This feature is crucial for the uniqueness prob-
lem. Indeed, since F' is a polynomial function of degree 2n, the first 2n — 1
moments of an invariant measure characterize completely this measure (see the
discussion introducing Section 4.3 in [6]). This essential property shall be used
to discuss the uniqueness problem: in fact, we know that, under simple con-
ditions, there exists several invariant measures for the self-stabilizing process
(see [6]). However we want to precise the statement in order to describe the
set of all invariant measures. This set was already explicitly presented in [6]
for particular situations, namely when V" is a convex function and F’ is linear.
Our aim is to extend this result to more general interaction functions.
We will now assume that the functions F' and V satisfy the condition (1.7).

Theorem 1.6. Local uniqueness.

1) Let (uc),~q and (ve).s two families of stationary measures converging to-
wards 6,. Then there exists g > 0 such that for all € < €g, Ue = V..

2) Let F"(0) # —V"(0). There exists a unique symmetric invariant measure
for € small enough.

Let us end the presentation of the main results by a remark. In all the
statements, we essentially assume that the condition (UC) is satisfied in order
to make the paper more accessible. In practice, weaker conditions are sufficient
and shall be presented in the proofs.

2 General asymptotic properties related to the
pseudo-potential W,

In the self-stabilization framework, the convergence rate of sequences of invariant
measures in the small-noise limit is directly related to the asymptotic behavior
of the pseudo-potential W,. Indeed as discussed in Section 1, stationary mea-
sures are in particular exponential forms (1.2). In order to introduce the proofs
corresponding to the theorems of Section 1, we present a general asymptotic
estimation which shall play an important role in the sequel.

As we have already seen, the sequence of invariant measures is assumed to sat-
isfy a weak condition on the moments, namely the family {uo,(€), € > 0} is
bounded. Such a condition implies (see Proposition 3.3 and Theorem 3.6 in
[7]) the existence of both a sequence (¢x)r>0 tending towards 0 and a regular
function Wy such that:



° Wg(,f ) converges uniformly on each compact subset of R to Wéj ), for any
JeN,

e the sequence (ue,)r>1 converges weakly towards a discrete probability
measure given by ug = Y.._;p; 64, with p; > 0 and A;,..., A, are
locations of the global minimum of W, defined by (1.3). Since F is an
even function, we have Wy(z) = V(z) + 377, pj(F(z — A;) — F(4;)).

Attention ! In the following we shall drop the index € just replaced by €
for notational simplicity but the reader has to keep in mind that both previous
properties (uniform convergence of the pseudo-potential and weak convergence
of the measures) are satisfied.

We define A := {4;; 1 <j <r} the support of the limit measure uy and B the
set of all locations for Wy’s global minimum which do not belong to A. We
introduce s := #B5.

Let us consider the set of intervals (I;)1<i<y4s which correspond to the Voronoi
cells centered in the elements of D := AU B. If Wj(D) > 0 for all D € D,
W reaches its global minimum at a unique location in I; denoted by DS (also
denoted by A€ or Bf), 1 <i <r+ s, which converges to D; € D (Lemma A.5).
In order to begin this asymptotic description, we need to estimate the behavior
of W,(A$) for any j as € — 0.

Proposition 2.1. We assume that W/(D) > 0 for oll D € D := AUB. If
Aj and Ay are two elements of A with the corresponding asymptotic weight:
uo(Aj) = pj and uo(Ay) = py, we denote by A5 and Aj, the corresponding arg
min defined just before. Then the following asymptotic development holds

L We(A)) WAy 1, (WA L (s
T e (gian) e () e

Moreover, for any B € B # () we denote B the corresponding arg min presented
previously and obtain

li WE(BC) - WG(AE)
1m

e—0 €

=400, foralll<j<r. (2.2)

Proof. By Theorem 3.6 in [7], the limit measure ug is a discrete measure con-
structed as follows ug = Z;Zl pjda, +> ;1 @16, where the weights are defined
by
A]‘ +0 B;+6
p; = lim uc(z)dx and ¢ = lim uc(x)de, 1<j<r 1<I1<s.
e—0 Ajf(; e—0 B -6

The only assumption on ¢ is that all the intervals [A.—¢, A.+¢] and [B.—¢, B.+0]
are disjoint. By definition of the set A, p; # 0 forall 1 < i < r. As an immediate
consequence, we obtain for 1 < j k <rand 1 <[ <s:

A8 —2W.(2) gy Bitd 2w (2) g,
pi .. Jaj—s aQ . Jp-s
== = lim p P and — = lim Py — .
Dk e—0 fA:ﬂS e~ e Wel(®) ]y Dy e—0 AL& e~ e We(®)
g J



By definition of the set B, the weights (¢;);>1 vanish. An adaptation of Lemma
A.3 to the constant function f =1 yields

— o 2UeiA€) pos o 2U€iBl€)
e P L VWIED
lim AT I and lim AT 0.
e—0 e _ 2kl Pk e—0 e _ 2Ty
WA ¢ wran ¢ c

Applying the function z — f% log x to the previous equalities permits to prove
the asymptotic estimates (2.1) and (2.2). O

Remark 2.2. Let us first note that the pseudo-potential W does not generally
reach its global minimum at each location A5 respectively By, defined in the
statement of Lemma A.5, even if each of these points converges to one location
of the global minimum of Wy. The equation (2.1) emphasizes that the speed of
convergence of W (A§) towards Wo(A;) is directly related to the weight p;. Even
if the elements of B do not have any impact on the limit measure ug, they can
influence the convergence’s speed of the sequence of invariant measures u. for
the self-stabilizing diffusion towards ug.

Let us introduce some assumptions in order to avoid the parasitism of B in the
computation of the rate of convergence of any subsequence of invariant measures
towards a limit measure ug. In the following, these conditions are assumed to
be satisfied.

Let us recall the definition of D: if wg := ;rel% Wo(z) then D = Wy ' ({wo}).

Assumption 2.1. For each D € D = AU B, WJ(D) > 0. Moreover, for

any element A5 associated with A; € A, 1 < j <, (see Lemma A.5 for the

definition of AS) and B associated with By, 1 <1 <'s, we set

We(B5) — W (AS
lim inf (Bi) ( J)

1. 2.
=0 —elog(e) ~ (23)

This condition is quite natural: it is related to the asymptotic estimate (A.2).
In that development appear either terms induced from elements of A either from
elements of B. The condition expressed in (2.3) is interpreted as follows: the
terms associated to B are negligible with respect to those of A of order €3/2. In
other words, we assume that, forany 1 < j <rand 1 <1 <s,

e _2We (B e _2We(A)
Vies ¢ 0 TVwag ¢ 0

which is equivalent to (2.3).
Example: Let us just introduce an example which satisfies Assumption 2.1.
This example was already pointed out in [7]. The context is as follows: the

environment function of the self-stabilizing process satisfies V(z) := ”CG—G — 321 —
é—;acQ while the interaction function equals F'(x) := ﬂ—4 + %2 Two essential results



were already proven (see [7]): first, any family of symmetric invariant measures
{ue, € > 0} satisfies the following weak convergence result:

. 26
lim u, = g := =00 + 5o (6 +0_us) - (2.4)

We deduce, by the way, the expression of the limit pseudo-potential

26 19
Wo(a) = V(@) + ZF(2)+ %{F(x — wo) + Fa + o) — 2F(m0)} ,
where zg = @
Secondly, due to some convexity property of WO(4), the global minimum of W
can only be reached at three locations, namely Ay = —xg, As = 0 and A3 = xy.

e Therefore B = () which implies that it suffices to obtain W{'(4;) > 0, for
1 < i < 3, in order to verify Assumption 2.1. After straightforward com-

putations, we effectively obtain: W/ (@) =W/ (f@) =4W['(0) =
5>0
- )

e In this example, Proposition 2.1 leads to some explicit computation of
the first order development of W,(A{) where (A{)c>o is a sequence of
local minimum locations for the potential W, which converges towards
Al = —xg = —@ (see Lemma A.5). Let us note that the pseudo-
potential W, associated to the symmetric invariant measure introduced in
(2.4) admits exactly three local minima as € is small. Indeed D admits
three elements, which implies that W, admits at least three local minima
in the small € limit as it was proven in Lemma A.5. Furthermore if W,
admits more than 4 local minima, then W/ vanishes at least seven times.
By Rolle’s theorem this implies that W€(4), which is a polynomial function
of order 2, admits 3 zeros: this is of course a nonsense. Finally we obtain
the existence of exactly three local minima of W.: Af < A5 < A§. The
symmetry of u® and consequently of W, permits to know that A = —A§
and A5 = 0. Finally Proposition 2.1 and W,(0) = 0 provide

7
WE(Ai)%glog <1+1—9> ase€— 0.

The next part of this paper concerns the proofs of the different convergence
rates of sequences of invariant measures for the self-stabilizing process.

3 Rate of convergence: the proofs

This section is devoted to the proofs of Theorem 1.2, 1.3, 1.4 and 1.5. We will
in fact provide more than the announced results in Section 1 by relaxing some
of the hypotheses, particularly Assumption (UC).

10



3.1 Proof of Theorem 1.2

By Lemma A.5, the hypotheses of Theorem 1.2 imply that 0 is the unique
location of the global minimum of W, and of W, which is given by Wy(z) =
V(z)+ F(x) according to (1.1). Instead of assuming that V" and F are convex,
we will suppose that Wy and V" are convex (which is immediate consequence
of the convexity of V" and F").

Let us recall that this situation (V”(0) + F”(0) > 0) corresponds to the lower-
bound W{(0) > 0. Since we assume that Wy is convex, B is empty and finally
Assumption 2.1 is satisfied. Applying a Laplace type asymptotic result, we ob-
tain easily the convergence rate of the sequence of symmetric invariant measures
{te, € > 0} towards the limit measure ug = oy as € — 0.

We recall that u, is characterized by the exponential structure (1.2). Moreover
due to the convexity of Wy, B = () and 0 is the unique location of the global
minimum of W,. Therefore, applying the third item of Lemma A.5 with A{ =0
and W.(A$) = 0, we have

[ f@e s = | [Zo {10 + a0+ ot}

where yo(f) is defined by (A.3). Since Wo(g) (0) = VB3 (0) = 0 and WY (0) =
a+V"(0) >0, v(f) converges towards

() £"(0)
v(f) = —Wﬂo) + W) (3.1)
Hence
[ fares [—%mm} to =\ [om {50 Do) 62

First we apply (3.2) to the constant function f =1 and obtain

/Rexp [-%WE(@} i = \/WIEO)@ £t} (3.3)

)
Here v(1) = —%. Let f € C*(R,R) with polynomial growth. We divide

(3.2) by (3.3), the following estimate yields

£(0) +7(f)e+o(e)
L+ 7y(1)e+o(e)

[ r@uais - = FO)+ (4(7) ~ FO1(1))e +ofe).
R

where (f) is defined by (3.1). Finally the following estimate holds:

Ut Z88U0) ) — 10)(1) +0(1) = Ajv% +o(1).

In order to complete the proof, it suffices to note that W' (0) = a + V" (0).

11



3.2 Proof of Theorem 1.3

Now, we focus our attention to the case: V" (0)+ F”'(0) < 0. In [7], the authors
describe, in the self-stabilization framework and under suitable conditions (the
convexity of both F”" and V"), the whole set of limit measures for sequences of
symmetric invariant measures. In the previous paragraph, we focus our atten-
tion to the convergence rate when ug = g and V" (0) 4+ F"(0) > 0. Here, we are
interested by other functions V' and F' which permit to deal with the following
discrete limit measure: ug = %6350 + %5_%.

According to Proposition 5.3 in [7], any limit measure associated to symmet-
ric invariant measures and which support is reduced to the set {—xo,zo} with
xg > 0, satisfies the following properties:

{ V(o) + $F'(230) = 0,

(3.4)
V(o) + & + 5F"(2x0) > 0.

Furthermore the support satisfies 29 < a, where a was introduced in (V-3).

The material is organized as previously: starting with the convergence of the

pseudo-potential W, defined by (1.1), towards Wy, given by

Wo(z) :==V(x) + %F(z —x9) + %F(z + x0) — F(x0),

we analyze the asymptotic behavior of the minimum locations and deduce the
expected rate.

Let us stress that in (3.4), nothing ensures that the inequality is strict. Nev-
ertheless, in the following, we need to assume W( (xo) > 0 that is to say
V" (xo) + $F"(0) + 3F"(2z9) > 0. Such hypothesis is less restrictive than
(UC). Let us prove this statement.

Lemma 3.1. Under (UC), the global minimum of Wy is reached exactly at two
points: xo and —xg. Besides, W[/ (xo) > 0.

Proof. Since V" and F” are convex functions, Theorem 5.4 of [7] ensures the

uniqueness of zp. If we assume that W{['(zg) = 0 then WO(B)(.To) =0, Wy
reaching a local minimum for = xy. However, the convexity property of W{/
implies that WO(?’) is non-decreasing. Since WO(?’) (0) = 0 due to the symmetry of
Wo, we deduce that WO(B)(.T) = 0, for all z € [0, z0]. Hence W['(0) = W{(z0)
which is of course a nonsense since W/ (z¢) = 0 and W[/ (0) = a—1 < 0. Indeed,
¥ :=sup,cp —V"(z) = —=V"(0) since V" is a convex function. O

As a consequence, we obtain that the set B defined in Section 2 is empty.
From now on, we shall just assume that W{/'(zo) > 0 and allow B not to be
empty. Lemma A.5 permits to obtain directly the following asymptotic behavior:
for e small enough, there exists a unique z{ in the neighborhood V of xy such
that W, defined by (1.1) reaches its global minimum on V for z = zf. Moreover

12



we have the following convergence: since W//(x¢) > 0, z§ converges towards

and
W (o)

W (o)

This convergence can even be more precise.

xTH=x0 —

+ o {W!(z0)} . (3.5)

Theorem 3.2. If W[/(zo) > 0, under the condition (2.3), we get

w6 — 20 _ W (o) (F"(210) — ) — PP (220) W ()
>0 € 8W{ (20)2 (V7 (0) + F"(220))

The proof of Theorem 3.2 is essentially based on two lemmas: Lemma 3.3
and Lemma 3.4. The first one deals with an integral estimate in the spirit
of (A.2) and permits to prove the second one which describes the asymptotic
behavior of the following expression W/(zo)/e. It suffices then to consider (3.5)
in order to finish the proof. The details are left to the reader.

Lemma 3.3. Let us assume (2.3). For any function f € C*(R,R) with poly-
nomial growth, the following estimate holds:

[ f@e @i =2, it HER ) (e o0} 60
where
(5w Wa Ws [ (o)
Y(f) = <48 We 16 WQQ) Ja(wo) — mﬂr(xo) +3 Wy

Here Wy, = Wo(k)(aco) and fi(x):= (f(x) + f(—x))/2.

Proof. We recall that Lemma A.5 provides directly the existence of £zf. More-
over (A.2) combined with Assumption 2.1 permits to obtain (see the comments
following Assumption 2.1):

—2We(t) TE _2We(=5) € '7+(f) +7—(f)
ST =2 s e {£+6h) + ST e+ 0(9))
5 W3 Wi EWse | f"(ET0)
ith = f(£ < — | = f(£ < d
with 71 (f) == f(F20) | 12 W2, 16 WE, F(#e0)7 W3, T Wae O
Wh,e 1= ) (z§). In order to prove (3.6), it suffices to note that zf converges

towards zo and that Wg(k) converges uniformly towards Wo(k) (see Section 2) as
e— 0. O

Lemma 3.4. Let W[/ (xo) > 0. Under the condition (2.3), we have:

1o W) _ PO 2a0) Wy (o) — Wy (o) (F"(20) — @)

R SWY (o) (V7 (z0) + F"(210))

(3.7)
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Proof. Since xy is the location of a local extremum for Wy, W/ (z¢) = 0. Hence,
defining £(z) := F'(xo — 2), we get

W(a0) = Wieo) = Witao) = [ €(eyuc(z)dz = 5 (66a0) + &(-a)

fR z)exp [—2W(2)] dz
Jpexp [~2W(2)] dz

By Lemma 3.3 the following estimates hold:

— &4 (o) -

[ @t = 2 s B e ) 41O+ o0} (38)

<)
/e‘%We(CD)dw = 2 ;TG —~ e e {1 + (1 )e—i—o(e)}. (3.9)
R €
Let us divide (3.8) by (3.9). Therefore

(
[ €@matorts = €w) + (+(6) = € a5)1(1) e + of0).
R

The definition of v leads to:

W 1
[ st = o) + (- o o+ Ee Yot Ga0)
Therefore, we have
. Wi(zo) E4 () — &4 (o) 2§ — o W3 Y (o)
limy € {17 z§ — T We’(xo)}i 4 W2 Eil@o) + AWy
By (3.5), we get
. Wi(zo) (o) W3 (o)
lig === {1+ WO”(,TO)} = g ST (8.11)

Since W3 = WOB)( 0) = VO (z0) + FO)(20)/2 and Wy = W' (z0) = V" (z0) +

g+ w, the announced limit (3.7) is proved. O

Finally we can obtain the desired result concerning the convergence rate that
is to say Theorem 1.3.

Proof. Since ug = %510 + %5,%, the difference (f,ue) — (f, uo) equals
[ #@uarts = foa0) where £10) = 5 (@) + f(-2).
R

Applying Lemma 3.3 to the functions f and 1, we obtain the estimate of the
ratio. Hence

[ r@ote = fotat) + (- P o)+ Y kot

14



Therefore, defining
{ (frue) = (fruo) — fe(@h) — fi (o) 25 — w0 Wé(xo)}

€ x§ — To Wi(xg) €

1 (o) Wi f (o) Jo(xg) — fe(xo)
77 - 2 6 = f+ (1'0);
AW (x0) 4 Ws x§ — To
(3.5) implies lim._o(x§ — x0)/W/(z0) = —1/W{ (x0) and lim._,o W/(zo)/€ is
determined by Lemma 3.4. Hence

lim <fa uﬁ) B <fa u0> _ fi(l'o)
€0 € AW (xo)

T = lim

e—0

we get T = . Obviously 113%)
€

+ fi(zo)A(zo) ,

with

_ W (o) (F"(230) — ) = FO (2w0)Wg/ (o) W
T S0 (V7 (xo) + F7(2x0)) 4W;

2w (@) + FO (210)
 8W (o) (V"(wo) + F"(220))

Axzo) :

The proof is achieved since W0(3) (z0) = V) (20) + SF®(220). O

3.3 Proof of Theorem 1.4

We come back to the case where the limit value is ug = dg. But, we assume
V”(0) + F”(0) = 0 instead of V”(0) + F”(0) > 0. Since Wy = V + F and
F" are convex, 0 is the unique location of the global minimum of W,. But,
in this situation, we have W/'(0) = 0. In other words, Assumption 2.1 is not
satisfied. The aim of this paragraph is to emphasize that the convergence rate
is not always equal to e. This rate was effectively presented in Paragraphs 3.1
and 3.2 and concerns most of the situations. The condition W¢/(0) = 0 changes
drastically the asymptotic behavior of the self-stabilizing invariant measure. The
asymptotic results shall be proved under weaker conditions than those presented
in Theorem 1.4. Indeed, instead of assuming (UC), we start with the convexity
of both functions Wy and F”. The computation of convergence rate will be
based on successive derivations of the pseudo-potential: We(Qk)(O). We therefore
recall and introduce:

ko o= min {k > 2 | W(0) > 0},

L
27

0
Q¢ := max {’WE(Qj)(O) 6_2%'} (3.12)
1<5<ko

and Mo, () 3:/

i " exp [%WE(:C):| dz . (3.13)

The expression €2, corresponds in fact to the suitable change of variable asso-
ciated with the computation of My, (€). This result is detailed in the following

15



proposition. Let us just note that Ms,(e) is well-defined. Indeed since u. is
a symmetric invariant measure, Lemma 4.2 in [6] implies the following lower

bound: "
| s uwy = o.
0

It suffices then to use (1.1) and the growth property of V' in order to prove the
boundedness of the integrals Mo, (¢), for € > 0 and r € N.

Proposition 3.5. If Wy and F" are convez, for all r € N, the following in-
equalities hold:

0 < liminf Q2" My, (e) < limsup Q¥ ! My,.(€) < +00. (3.14)

e—0 e—0
Proof. Step 1. Preliminaries. Since {u., € > 0} is a sequence of symmetric
invariant measures with uniformly bounded 2n-th moments, We(%) converges
uniformly on each compact set to WO(QT) (see the discussion before Lemma A.5
and the statement of Proposition 3.3 in [7]). The definition of ko implies there-
1 1

fore: |W€(2k0)(0)|m67m — 400 as € — 0. Consequently, Q. — +o0.

29)
Let Cj(e) :== WZQJ?(O). By construction, the families {C}(e)},., are bounded.

Let us select a decreasing subsequence (e ), oy converging towards 0 such that,
for any 1 < j < ko, we observe Cj(ex) — C; € R.

In order to simplify the notations, we drop the index.

We define

J::{j’1§j§kzo,0j7é0}:{j1,...,jl} (3.15)

Wlth1§]1 < Jo < o<1 < kg.
Let us now focus our attention to the computation of the integral term Moy, (¢)
which can be split into two principal terms as follows:

", R o aw
22(6) - IQT(€)+J2T(€) 5:/ $2T€7wad$+/ z*e” el )d:L', (316)
0 n(e)

n(e) shall be specified in the following.
Step 2. Asymptotic analysis of Iz,.(€). The mean value theorem applied
to the function W, on [0;n(e)] leads to:

ko (2k0 +2) (y )

Wf(x)_l 23 27 2ko+2
—__ZWW( )(0) 2% + TESIE g2ko+2

with y, € [0;n(¢)]. Using the definition and the convergence result related to
Cj(e), we get:

Jj=1

! (2k0+2)( )
Z Jk QQ_]k 275k + Yz $2k0+2
el j (2]60 + 2)
ko 1 1 27 2j 2j
*Z?_ (C5(0) = Cy) (ICi(0) €15 )" Q¥ a¥ . (3.7)
Jj=1
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We shall find a suitable sequence {n(e), e > 0} (subsequence since the index
was dropped), decreasing toward 0 and such that the first sum in the rhs of the
previous expression is the principal term, all the others being negligible. For ¢
small enough and for all € [0;7 (¢)], the second term is upper bounded by:

E ‘W€(2k0+2)(yz)‘ 2o t2 < sup Wﬁ(%““)(z)‘77(6)2]€°Jr2 et
€

Let us now introduce the parameter . which tends to 0 in the small € limit
and which is defined by:

_ 11 -1
Qe :=max ¢ sup |Cj(e) —Cj|% ; —; €FoCRot2) 5 |
1<j<ko Q.

Q. is a good candidate for the construction of n(e); we set

n(e) =" (%)

Some straightforward considerations permit to observe that:

(3.18)

e Firstly, 7 (e) tends to 0 as € becomes small.

e Secondly, there exists p(e) > 0, satisfying lim._, p(e) = 0, such that, for
all z € [0;n(e)],
k 1\2J
6(2 0+2)( 2) " ko (|Cj(€) _ C’j|2ﬂ)
e
€ (2o +2)! (2))!

j=1

Q2 2% < p(e). (3.19)

Due to the suitable choice of the parameter 7(e), see (3.18), the integral I, (e)
defined by (3.16) is equivalent to the simpler integral

/"7(6) ZC2T exp _9 i ig?jk .’L'ij dx
0 2@l ’
in the small € limit. The change of variable z := Q_ 'y provides

»(e€) C.
I, (€) = 922“1/ 2T exp | —2 L

=1

y¥r | dy, ase—0, (3.20)

_ 1
where ¢(€) :=n(e) Qe = (Qc) > — +o0 as € — 0. By definition Cj, # 0, see

(3.15). If Cj, > 0, then T, := [5, 2" exp [72 S, @J—lk)!C’jkajk} dr < oo and

therefore, in the small e limit, (3.20) leads to

Lop(€) =~ Q72771
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To conclude the asymptotic analysis of I, (e), it remains to prove that Cj, > 0.
We shall prove it by reductio ad absurdum. Let us then assume that C;, < 0

which implies limy_, 2221 % Yy = —o0o. Hence there exists yo > 0
; - we(Qo!
such that 22:1 %f)—, yé“‘ < —1. Due to the convergence of M towards

2221 (QCJ—J:), y** for any y € R, we deduce that W, (7 yo) < 0 for € small
enough. This contradicts the fact that 0 is the global minimum of W, in a
neighborhood of 0, for € small enough (see Lemma A.5).

Step 3. Asymptotic analysis of Ja.(€). It is now sufficient to prove
that Jo,(€) defined in (3.16) satisfies Jo,(€) = o(l2r(€)) = o {Q72 71}, We
split this integral into three different parts depending on the support: J3,(¢) for
the support [n(e), e[, JS,.(¢) for [e}, e #[ and finally J5(¢) for [e~#, +o00[ where
A, it > 0 shall be specified in the following.

3.1. Let us first estimate J£(¢). Due to the assumptions (F-2) and (V-4), we
get the lower bound W, (x) > Wy(z) > Cya* — Coz? > % for large x. The first
inequality in the previous formula is also related to the second item in the proof
of Lemma A.5. We apply the change of variable x := /ey, Lemma A.1 leads to:

o]

JQAT(E) < €r+§/ ) yQTefyZdy < 9el+(1-2r)p exp [7672;#1] ,
e hT2

for € small enough. It remains to prove that the rhs is negligible with respect

to Q7271 It suffices in fact to note that, by definition of Q, the following

convergence result holds: €2, — 0 as ¢ — 0. Consequently, since u > 0,

QETHeH(l_QT)“ exp [—6_2“_1] — 0.

3.2. Secondly we estimate J3,.(e). We obtain:

,,L
€ 2 2
Js.(€) = / 2" exp {—We(z)] de < e PP Hexp =2 inf  We(z)
X € € z€[eM;+o0]
We note that 0 is the unique location of the global minimum for the pseudo-
potential Wy which implies that infze[ex;Jroo[WE(z) = W, (6)‘) > Wy (ek), for

(2ko)
€ small enough. The mean value theorem provides W (e)‘) = M(JW)?O) e2koX,

Taking A\ = Wlﬂ and p > 0, J3 (¢) is exponentially small in e. By definition,
Ve=0{Q:'}. Hence J3,(e) is negligible.

3.3. We focus now our attention on the integral J3,.(e) related to the support
[n(€), e* [ where n(¢) defined by (3.18) tends to 0 as € becomes small. The change
of variable x := Q_ 1y yields

b(e)

* —2r— ' 2 —
JQT(G) = Qe ? 1/ y2 exp |:_ ;WE(QE ly) dya (321)

a(e)

where a(e) := n(e)Q. — 400 and b(e) := *Q.. Let us just prove that the
integral introduced in (3.21) is negligible, that is tends to 0 in the small € limit.
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An integration by parts permits to obtain:

Jh (02 = a(e)* exp [-2We(Q 'a(e)]  b(e)* exp [~2W(Q'b(e))]
S HWl(Qctale) - 25 2 W b(e) - 2

€

JRE A
Y 2
—1
(O (Enuesty) - )
Since F" is a convex function, we obtain

W)~ Wy (o) = |

Ry

2 _
exp {EVVG(Q6 1y)] dy .

(F”(:c b))+ F(z—z) - 2F”(z)) uc(2)dz > 0. (3.22)

The main assumption in this section is W{J'(0) = 0. Moreover, since 0 is the
unique global minimum location of the limit pseudo-potential Wy, there exists
a constant n > 0 such that W{/(x) > 0 on the interval | — n,n[ and so, due to
(3.22), W/(Q-1y) > 0 for y € [a(e), b(e)]. Hence

2 o -2 —1p(e
JZ (€)Q2r+1 < a(G)QTe_EWe(Qe a(e)) B b(e)*re 2W. (27 b(e)) | o)
T T @ W) — o @ )~ atg

Moreover since the application y — W/ (27 'y) is non decreasing on the interval
[a(€),b(e)], we get
2 2r 2 2r
w! (Q -—— > w! (ot - —. 3.24
€Qe 6( ¢ (6)) b(e) ~ €. 6( ¢ a(e)) a(e) (3:24)

Let us prove now that the r.h.s. is positive for € small enough. The mean value
theorem leads to a similar development as (3.17) namely

l 2ko+2
We/(z) _ Z ( Cjy Q=121 4 w —
696 2k =D 2ko +1)! Qe
k=1
ko |
! aAN2T o
+ 2 2j -1 sgn (Cj(e) — Cy) (|Cj(€) _ Cj|zj) 021 21

with y, € [0,z]. In particular, for x = Q- 'a(e) = 7., similar arguments as those
used in (3.19) permit the existence of a function p(e) > 0 satisfying lim._,o p(e) =
0, such that

(2ko+2) k ( oy 3 Y
€ Yz) o ([C(e) = 5| )
2ko+1 QQ]—l 2j—1
We deduce that Wé(ggi;a(ﬁ)) is close to P(e) :== Y2k, % a(e)¥ =1 for any
6 > 0 small enough, there exists ¢y > 0, such that
/ Qfl
‘wp(e) <6, Ve<e.
€
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Let us recall that a(e) — oo as € — 0. Furthermore, in Step 2 we have proved

that Cj, > 0. Therefore, as e — 0, P(¢) — oo and so do Wl(%l()) Finally
we deduce that the rhs of (3.24) is lower-bounded: for any & > 0 there exists €

such that 5 5 i
Q! _A sz <eo. 2
WO e - 52 g Ve<a (3.25)

By (3.25), (3.24) and (3.23), there exists ¢ > 0 such that the following upper
bound yields in the small € limit:

2r —%We(Qzla(e)) N B
a(e)"e - — < Sa(e)?rem W2 el (3.06)
W ale) — 25

T3 () <

Qe

Let us prove now that the previous upper-bound becomes small as ¢ — 0
which implies immediately the required asymptotic result: J3,(¢) = o(Q-21).
It suffices in fact to get an estimate of W.(Q-'a(e))/e. The procedure re-
quires the arguments just used for the asymptotic estimation of the expression
W!(Q 1 a(e))e Q- . Indeed for any § > 0 there exists ¢y > 0 such that

, €<eo, (3.27)

with Q(e) = 2221 %f‘)—!a(e)m. Since Cj, > 0, the following limit holds

. _ e} )
lime_,0 Q(€) = +00 and therefore (3.27) leads to 1W.(Q " a(e)) > sy ale)™

for € small enough. By (3.26), we finally get
Cjz
(24:)!

Since a(e) — oo as € — 0, the rhs in the preceding inequality tends to 0 and
J5,(6) = 0@ 1),

Step 4. Conclusion. In the first step, we have decomposed the moment
My, (€) (for a subsequence (ex), o) into two parts: I».(¢) studied in the second
step and Ja, (€) studied in the third step. We have proved that Ja, (€) is negligible
with respect to I».(¢). Hence the following asymptotic estimate holds

0 < I3 (02 < baf0) exp [~ I a(]

l

Mzr(e) = QE_QT_l/ " exp [ Z ik 2k | do + O{Q—QT 1} 3 28)
R

k:l

where the coefficients C'; depend on the sequence € = (ek)keN.

In order to achieve the proof, we analyze, not only for one subsequence, the fol-
lowing expressions: liminf._,o Q21 My, (¢) and limsup,_,, Q2" My, (¢) and
prove (3.14) by reductio ad absurdum. If we assume that the limsup is un-
bounded, then there exists a sequence (ex)r>0 which tends to 0 and such that

lim Q2+ Mo, (ep) = +o00.

k—o0
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Applying Step 1, we extract a subsequence (¢}, )r>0 such that C;(e},) — C; as

k — oo for all 1 < j < kg. For this subsequence we have already proved, see

(3.28), that Q% "' My, (¢),) is bounded. We obtain the announced contradiction
k

and therefore limsup,_,, Q2" Ma,.(¢) < co. The same argument is used to

obtain the lower-bound. O

According to Proposition 3.5, we observe that €. defined by (3.12) is essential
in the description of the asymptotic estimation of Ma,.(¢), defined by

Mo, (€) = /R 2% exp {%We(z)] dx.

In particular My(e), corresponding to the normalization term for the invariant
measure ., see (1.2), converges towards 0 with the rate Q1.

We recall the expression of the limit pseudo-potential introduced by (1.1):
Wo(z) = V(x) + F(z) and the related parameter

ko = min{k >2 | W (0) > o} :

The aim is now to prove that the convergence rate of sequences { Ma, (ex), k > 0}

(2r+1)/(2mo)

is related to ¢, . First of all, we present the following asymptotic result:

Proposition 3.6. If F” and Wy are both convex functions, the following in-

equalities yield:

0< hmme e < lim sup €2, €70 < +00. (3.29)

e—0

Proof. By definition of the parameter kg, we have

W2 (0) = / (FOP(@) ~ P2 (0)) ue(a)dr, 1<j<ko—1.
R
Since F' is a polynomial function of degree 2n,

n—j (2r+2j) (0) Mo, (e)

WO =2 5T M)

r=1

For any 1 < j < n — 1, we define s(j) := inf {r > 1 | F*+2(0) £0}. Ap-
plying Proposition 3.5 with 1 < r < ky — 1, there exists a decreasmg sequence

w2 (o
(€k>k20 such that Cj(€k> = C:in

as k — oo, for all 1 < j < ky. Moreover, by (3.28), we obtain

converges towards a limit denoted by Cj,

F2i+25(0) ()
(25(5))!
i exp[ 22p 1 (2] ),x p} dx

Jg+ exp [ QZP N 2]“’),30 Jp} dx

W (29 (0) =

€k

sy Q2D (1 +0(1) ask — oo (3.30)

with «, = (3.31)
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The set of indexes J = {ji, 1 <k <1} is defined by (3.15).

We distinguish two different cases:

First case: pg > ko. By definition of the coefficient C}(¢x) and using (3.30),
we obtain the following asymptotic result:

W(Qj) (0) F(25+2s(4)) (0) Qs(5) i+s(j
C. = % 59) ~10—2(+sG) )
i(e) x Q2 (25()! 2t + O(ek o )

Since j > 1 and s(j) > 1, we get j + s(j) > 2. Using the definition of s(j), we
obtain F(27+25())(0) # 0 which implies j +s(j) > po. Furthermore (3.12) yields

1

Qe > We(f ko)(()) ko e;m. Therefore the following lower-bound holds

s 2(j+s(j) 1-2o
ekQ§,§J+S(J)) > (WE(Sko)(O)ﬁ) J+s(i 611€ ko

The rhs of the preceding inequality becomes infinite as k — oco. This is due
to the definition of kg, see (1.4), and the inequality py > ko. Hence, for any
1 <j < ko — 1, the sequence C;(ex) tends to 0 as kK — oco. In other words the
set J is a singleton: J = {ko}. Finally for k large enough, we get

Qek = Wg(fko)(o)ﬁelzm _ Wg}?ko)(o)ﬁelzm .

Second case: po < ko. Forall j < kg — 1, (3.30) implies the following
asymptotic estimation:

1
55 1
% "2

Fi+25())(0) 2j _sG) _a sG) 1
K

i T3 0 27
asiy| Qe ' €T =K 7o

Q= [WE(0)

e
where K is a constant. Hence, for k large enough, Q. e.""*"” > K. In
particular, for j = pg — 1, we have

Q,, > Ce, ™™ . (3.32)

Hence there exists a constant C’ > 0 such that, for any 1 < j < ko — 1,

s _po—s(d)

1 1
;25 / 2jpo !~ 2pg
Q e < C¢, < (¢, .

€k

Therefore, for all 1 < j < kg — 1, there exists a constant C” > 0 such that

4 5 —L -5
‘We(fj)(o) 2 €, 7 <C"¢ ™, for k large enough.

In order to conclude it suffices to use the definition of €, , see (3.12). The term
L
of highest degree in the construction of €, is |W§,€2k°)(0)|ﬁek "0 which is of
1 1

order 6;% = O(e;m), since pg < kg. The others components satisfy

(e

3 —L L
j 2

€, p<Cle ™.

1<j<ko—1
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These upper-bounds combined with (3.32) permit to prove the boundedness of

the sequence {ng/ezp0 k>1}) = {Qek/em“ k>1}.

The result announced in (3.29) is a straightforward consequence of the conver-
gence rates proved on subsequences. Indeed it suffices to adopt similar argu-
ments as those developed in the proof of Proposition 3.5 (Step 4). O

Remark 3.7. In the proof of Proposition 3.5, the boundedness of the fam-
2j
ily (Cj(e) = W )(Q) € > 0) for all 1 < j < ko and the asymptotic result

E(Qe)Qj 5
liminf. 0 sup;<j<y, |Cj(€)] > 0 were the main starting arguments. Further-
more the inequalities presented in (3.29) imply that C’(e) := Wi (0)67’{7071

satisfies these properties too. Therefore, in the following, we shall consider
C'(€) and its possible limit C instead of Cj(e) and C;. In order to simplify the
notations, we shall continue to write Cj(e) and Cj.

Using the preceding results concerning the asymptotic behavior of the mo-
ments Mo, (¢) as € — 0, we shall now focus our attention to the convergence
rate of the expression (f, u.) towards (f, ug) for general functions f and we will
obtain Theorem 1.4.

Proof of Theorem 1.4.
Let us introduce the function fy(z):= 1 (f(z) + f(—x)). Therefore we obtain

(Frtten) — (f,0) = 2 fyo (f1(2) — f+(0)) tiy (z)diz. Applying the mean value
theorem to f,, there exists a function = — y, € [0, z], such that

1"(0) Ma(ex) €k
[ (@ = 10 ) e = HEEE s o [0 et ()

The integral term in the rhs can be upper-bounded by a finite combination of
A]ffT((e )), with r > 2, since y, € [0;2] and since fy is of polynomial
growth. Taking into account Remark 3.7, we adapt Proposmon 3.5 to our

(4)(

moments

particular situation. Therefore fR ye)rtue, (z)dr = o(ek ). Proposition
3.5 and especially the asymptotic equlvalence (3.29) yields (1.6). ]
Let us now precise the limit just pointed out. The following study consists in

describing the whole family of coefficients (C;, 1 < j < ko).

Corollary 3.8. We assume that both F" and Wy are convex functions. Let
f € C*(R,R) be a function with polynomial growth. Let us recall that kg, po
and mg are defined respectively by (1.4) and (1.5).

1. First case: ko < po. We have:

lim e (70 = (o)) = 5 (wv(off&)f(o)) : ;E’“g 71(0). (3:33)

We note that this convergence concerns the whole family {u., € > 0}.
2. Second case: py < ko. Let us consider a decreasing sequence (ek)k21 which
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tends to 0 and satisfies: Cj(ey) = Wg(fj)(())ei/mo_l converges to C; for all
1<j5<ky Then

e ;>0 for1 <j<po—1,
o (=0 forpo <j<ko—1,
2k
[ ) Cko = WO( 0)(0)1{p0:k0}'
Proof. Set s(j) = min{r>1 | FRit2r)(0) # 0} for all 1 < j < ko. Let us

consider a decreasing sequence (ex)r>1 such that Cj(ex) = We(fj)(O)ei/mrl
converges as k — oo. Using similar results as (3.30) and (3.31), we obtain
F2i+25()) (0) =)
W s(]) Gk 0 (1 —+ 0(1)) as k — oo (334)
Joa exp[ D DANSCIR }dm

Jor exp { QZJ ) (2;" 227 } dx

1. If kg < po then Cj(ex) — 0 as k — oo for all 1 < j < k. Indeed due to the
inequality j + s(j) > po > ko, (3.34) leads to the asymptotic estimate:

W (29 (0) =

€k

with «, :=

_ g F(2]+25(J))(0) its() 4
Ciler) = WED(0)eo =~ ' oy €, O

Hence C; =0 for 1 < j < kg. Moreover Cy, = We(,fko)(O). The rhs of (1.6) can
be easily computed using a change of variable. We obtain (3.33) and the limit
does not depend on the choice of the subsequence.

2. Let us consider now the case: pyg < ko. By similar arguments as above

we obtain that C; = 0 for po < j < ko and C; = Z2200 o > 0 for all

1 <j < po, since j + s(j) = po. O

—0, ask— 0.

Let us note that, in the case py < kg, the coefficients C; corresponding to
the limit values of special subsequences are linked together by the relation

F(2po) Sy 2P0 exp[ 25 Po T }dm
C: = (0) Jer = 1(2“‘ , for1<j<npg.

J —_ )
(2(po = 5))* S+ exp [_2 i (Sl) xﬂ} du

If we can prove that these relations admit a unique solution (C;, 1 < j < po)
then the result of Corollary 3.8 is sharpened. Indeed the limit value does not
depend on the choice of the subsequence. The prefactor in the convergence
estimate is then uniquely determined. This is for instance the case for py = 2
but, in general, this question is open. Let us finally observe that the rate of
convergence in the particular case pg = 2 is €'/? which is actually different
from the rate (namely €) described in Paragraphs 3.1 and 3.2. In other words
the comparison between the interaction function and the potential landscape
respectively represented by the growth coefficient o and —V”(0) is essential
for the study of the invariant measure convergence rate associated to the limit
measure ug = 0g.
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3.4 Proof of Theorem 1.5

We deal with the convergence rate associated of outlying stationary measures
for diffusion (II) associated with the limit measures d1,. Let us denote by
W the pseudo-potential associated with these outlying measures (see (1.1) for
the definition of the pseudo-potential). (W*)U) converges uniformly towards
(WE)@) as € — 0. The limit pseudo-potential is given by

Wi =V + F(. — (+a)) — F(a). (3.35)

Let us also assume (UC) that is to say the convexity of both functions V" and
F”. In particular, Condition (2.3) is satisfied since +a is the unique location
of the global minimum of Woi. In order to present the convergence rate of uX
towards uoi, we shall essentially apply the procedure presented in Paragraph
3.2. By symmetry, it suffices to study u}, so in the following we delete the
exponent symbol.

First of all, in order to apply Lemma A.5, we just observe that W//'(a) = a +
V"(a) > 0 and deduce the following result: for e small enough, W, reaches its
global minimum only at the point a. which satisfies moreover:

We(a)

ae = a —

This convergence can even be more precise.

Theorem 3.9. The distance between a and a. satisfies:

L Qc—a aV(3)(a)
lim = — 5 -
=0T V) (@t V7 (a)
The proof of this theorem is based on the decomposition: lim,_,q ‘fvf,z;) w

The limit value of the first ratio is determined by (3.36). It suffices to study the
second ratio.

Proposition 3.10. The following convergence result holds:

/ (3)
lim W/(a) aV ) (a)

=0 e 4V"(a)(a+V"(a))"

Proof. Since a is the location of a local minimum of V', W{j(a) = 0 and so
W (a) = W/(a) — Wi(a) = / F'la— 2)ud(2)d.
R

We define £(z) := F’'(a — z) and proceed similarly to the proof of Lemma 3.4.
Applying twice Lemma A.5 to the functions f(t) := &(t) and f(¢t) := 1 and
computing the ratio permits to obtain

/R E@ucw)dr = £ac) + (€ — Eadm (Le +o(e).
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where 7 is defined by (A.3) with A; = a. In other words,

[ ctaua)is = eGa)+ (€@ + 5k ) e ote).

Therefore, we have

§"(a)
AW,

lim
e—0 €

§'(a) +

Wie) g glod —Slw)ac—ay W
ac—a W!/(a)J 41/\72
It suffices in fact to replace in (3.10) &4 by &, x¢ by a and z§ by a°. The
asymptotic result (3.11) is then satisfied. In order to finish the proof, let us
note that Wy = W& (a) = VO (a), Wy = V" (a) + a = W//(a), ¢ (a) = —a and
& (a) =0. O

Finally we are able to establish the wished convergence rate of Theorem 1.5.

Proof. Let us recall that ug = d,. Hence (f,uc) — (f,uo) = [ f( x)dxr —
f(a). Obviously the proof is similar to the one of Theorem 1.3. It sufﬁces to
replace fy by f, zo by a and z{j by a.. So we obtain directly

ti +{ [ f@ulopde - f(@)} = g+ F@A@. @0
where
oV (a (g ®)(q
Mo V@ V0@ v

W) (a+V"@)? 4(a+V"@)? V") (a+V"(a)’
The combination of both the definition of A(a) and (3.37) leads to (1.8). O

Remark 3.11. Theorem 4.8 in [6] can be presented as a consequence of The-
orem 1.5 applied to the particular polynomial function f(x) := z¥. However
the statement of the theorem is much more accurate. Indeed, on one hand, the

authors proved in [6] that there exists an outlying stationary measure whose first

&)
k-th moments are closed to a* — ka*—1 “Z;V,(,‘zfl)&y)/( @) ¢ On the other hand,

we prove in Theorem 1.5 that any outlying statwnary measure around a has
such moments.

Remark 3.12. In this section we consider general invariant measures converg-
ing towards a discrete limit measure with trivial support d,. In fact in the proof
of Theorem 1.5 the value a does not play a crucial role: it suffices that it charac-
terizes the limit measure. We deduce therefore that Theorem 1.5 can be applied
to g, it suffices to replace a by 0 in the statement. In other words, Theorem
1.2 which concerns only symmetric invariant measures can be extended to the
whole set of invariant measures converging towards dg.
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4 Local uniqueness: the proofs

In this section, we prove Theorem 1.6. We split into three different cases (which
correspond to the three cases studied in Theorem 1.2, Theorem 1.3 and The-
orem 1.5). We assume from now on that the functions F' and V satisfy (1.7)
which ensures the existence of the so-called outlying stationary measures: in-
variant measures converging towards d+,. Moreover V" and F” shall be convex
functions.

Let u. be an invariant measure for the self-stabilizing process and pq(e),...,
tan—1(€) its first 2n — 1 moments. Let us assume that u. converges towards

ug € {(5a; O_a; %6350 + %5_%} where g is the non-negative solution of

2V (zo) + F'(220) =0 and 2V"(xq) + F"(2x0) + @ > 0.

In [7] we proved that the condition o > —V"(0) is equivalent to zo = 0 and
SO %(SZ0 + %5_% = Jg. We denote by W, the pseudo-potential associated with
u. and defined by (1.1), Wy the limit pseudo-potential associated with ug, and
my(0) the k-th moment of wug.

For any measure u whose first 2n moments are bounded (we denoted these
moments by (mp, 1 <p <2n — 1)), we have:

W (z) :==V(x) + F xu(z) — Fxu(0) = Wo(x) + Zn(x) — Z,(0),  (4.1)

with Z,,,(z) := 21271;1 (;1!)? (m, — my(0)) FP)(z). For all k > 1, we define the

application ¢j and the probability measure v, by

k 2
Jg @* exp [-2Wp,(2)] da
we(mlv"' y T2 *1) = -
F " Jpexp [-2W,(2)] da
Moreover, if the two measures v and ug are symmetric, then Z,, and conse-

quently W,, does not depend on the odd trivial moments. In this case, we
consider the function £ defined by

::/xkym(dz). (4.2)
i

&3 (ma, - ,map—2) = @5, (0,m2,0, -+, man_2,0).

Finally we introduce ®(¢) : R?"~1 — R2"~1 and @86) :R*~1 — R*! given by

) = (5, 05,05, )T and @ = (€5, €5 &5 0)T . (4.3)

Key property: The measure u. is invariant if and only if the following vector
(p1(€), pale), - -+, pran—1(€)) is a fixed point of ®(<). It is invariant and symmet-
ric if and only if poky1(€) = 0 for all 0 < k < n — 1 and if the even moments
compose a vector (ua(€), -, ttan—2(€)) which is a fixed point of @ge).

Procedure: In order to obtain local uniqueness for asymmetric stationary
measures, we shall use the uniform convergence on a compact set of ®(€) (and
its derivatives) towards an application ®© (and its derivatives). Secondly,
we shall prove that the differential of Id — ®(© is invertible on a small neigh-
borhood of the limit point (mq(0),- - ,m2,-1(0)) associated with ug. Finally
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we shall conclude by using the convergence rate which assures that the vector
(u1(€), -+, pan—1(€)) belongs to the observed compact set. We shall proceed in
a similar way for the uniqueness of symmetric stationary measures with <I>(()E).
We begin with a preliminary result:

Proposition 4.1. Let (p1,- -+ ,p2n—1) € R*"~ and (vo,- -+ ,v9,_2) € R?7L.
We set g := 1 =: 1y . For C > 0, we define two compact sets namely P, :=
Hii;l[ — Ce pp + Ce] and Q. = Hp 11[1/2p Ce; v + Cel.

1. If the function Uy(x) =V (x) + ZQn TP pip (FP)(z) — F®)(0)) reaches

its global minimum at a unique location ag wzth U{/ (ao) > 0 then for all m € Pe,
k>1 and p € [1;2n — 1], we have

Ok (1) = Fao" (17!
om,, "= Ul (ao)  p!

2. If the function Ty(z) := V(x) + Zp o (2p)|l/2p (FeP) (z) — FCP(0)) admits
two global minima +by with T} (bg) > 0 then for all m € Q., k > 1 and
p € [1;n — 1], we have:

FO(a0) + 0p,(1). (4.4)

0ok (- _ C2kbgEN 1
8m2p T”(bo) (2p)'

o () +00.(1). (4.5)

Proof. Step 1. %, is directly related to W,,. By (4.1) and since F is an even
polynomial function of degree 2n, we get

2n—1 n i
(1) (0)
Won(x) = Wy(x) + my — my(0 7P,
( ) 0( ) ot p| ( P p( )) .le (2.7 _p)'
JZT
Then, the derivative of (4.2) in the variable m,, satisfies
a(p n (2.7) . . .
T () = == Z (so2j+k_p<m> — @5y (m)gi(m)) . (4.6)
gt

The derivative of £, is computed in a similar way.
Step 2. Let m € P.. For all 1 < i < 2n — 1, there exists C; € [-C, C] such
that m; = p; + Cje. Then, for all [ > 1:

e(m) _ f]R ;L'l exp [7%U0($) — 2Rm(1'>] dx

4.7
7l Jpexp [~2Uo(z) — 2R (2)] da (4.7)
where R, (x) = Zinll ( pl,)p MF(p)( ) = Zig}l (_pl!)p (). Ac-

cording to Lemma A.5 in [6], we have the following asymptotic result which is
uniform with respect to m € P,:

f(m) =ab —1 ay aUéB)(aO)—(l—l)—i—éla Rl (ag) | e+ op,(€)
P = o 4W6’(a0) 0 U(/)I(aO) 04, (U0 P\E) -
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We obtain an equivalence of the following expression directly linked to the
derivative of i :

‘(m) o k(Qj *p) 2j+k—p—2

gp;j—‘,—k—p(m) - ng—p(m)wk - 2U6’(a0) Qg €+ oPp, (6) .

Therefore, (4.6) becomes

Opr 2(—)P & (23 {k/’(Qj — D) 2jtk-p—2 }
m) = - g a €e+op (€
8mp( ) e p ot (25 — 20§ (ap) 0 P.(€)
ka’gfl(_l)p 1 F(2J) 9j—p1
1
Uf (a0 Z 2 - 71 a0 or(l),

which provides (4.4) as announced.

Step 3. The proof of (4.5) is similar to the previous one. Let m € Q.. For
all 1 <4 < n — 1, there exists Cy; € [—C;C] such that mo; = vo; + Cye.
Then, for all [ > 1, £, satisfies the same expression that 5, in (4.7) with the
support of the integral reduced to Ry, Uy replaced by Ty and R, by R; =
> oo 11 (2p),02p (2P)(2). We can not apply directly Lemma A.5 in [6] since the
support is reduced to R* instead of R. However the result can be adapted when
by — the unique minimum of Ty on RT — is positive. Therefore

€ ~ € ~ 0\ € Qk(QJ 2]7) 2j+2k—2p—2
&5t 2k—2p(M) — €550, (M)E5;, (M) = — ==~ by IR 4 00, (e)
277 (bo)
Finally (4.5) is proved as follow:

n

85219 - 72 1 F(QJ)(O) 2]{:(2]721)) Dj2hap2
omay, ™) =< (o) jgﬂ @2 \ 2 (b) ct+oo.(e)

C2kp & FED0) 950y
T4 (bo) (2p)! (2 —2p—1)!"°

+o0g,.(1).
jzp+1

O

This preliminary result permits to estimate the differential and by the way
answer some questions concerning the uniqueness problem.

4.1 Local uniqueness for outlying measures

We recall that we assume that the condition (1.7) is satisfied. We are going to
prove that there exist exactly two extremal outlying measures for e sufficiently
small.

Proposition 4.2. Let I and V" be two convex functions. Let (uc) .., and
(Ve) s two families of stationary measures converging to 6. Then there exists
€0 > 0 such that for all € < €g, ue = ve.
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By symmetry, the same result of local uniqueness holds for §_,.

Proof. Step 1. For all 1 < k < 2n — 1, we apply Theorem 1.5 to the func-
tion f(z) := ¥ and so get the existence of a constant C' > 0 such that
(u1(€), -+, pan—1(e)) and (v1(€), - ,van—1(€)) belong to P, for e small enough.
Here py(€) (resp. wvi(e)) is the k-th moment of u. (resp. wv.) and P, :=
[ " — Ce;a? 4 Cél.

Step 2. Since u, and v, are invariant measures, each vector composed with the
first 2n — 1 moments is solution of the equation: p = ®¢(u) where @€ is defined
by (4.3). Therefore let us prove that this equation admits a unique solution
in P, it suffices to point out that Id — Jac ®¢ is invertible. Here Jac ®¢ repre-
sents the Jacobian matrix of the 2n — 1 dimensional function ®¢. According to
Proposition 4.1 applied to u, = a?, Uy = W0+ defined by (3.35) and satisfying
(WH)"(a) = V"(a) + F”(0) = V"(a) + o > 0 (see condition (V-3) and (IV)),
we get

dp') kab=1  (—1)p~!
= Wy o

Fp+1D) 1) .
o (a) +0r.(1)

The Jacobian matrix then takes a simple expression. Indeed it suffices to
prove that (W) (a)ld + Vi V4L is invertible, with Vi (i) := ia’~! and Va(j) :=
(%PjF(j“)(a), 1 < 4,57 < 2n — 1. The proof of Lemma 4.7 in [6] solves this
question: if (W) (a) + (Vi,V2) # 0 then the matrix considered is invertible.
Let us note that (V4, V) = S22 MF(”U(@) = —F"(0) = —«. Hence

i=1 il

(W) (a) + (Vi, Vo) = V"(a) > 0 because of the hypothesis (V-3). By these
arguments we have obtained that p = ®°(1) admits a unique solution in P..
In order to conclude it suffices to note that the first 2n — 1 moments charac-
terize the stationary measure: F' is a polynomial function of degree 2n and the

invariant measures are defined by (1.2). O

4.2 Local uniqueness for symmetric measures

We shall divide the study into two parts. The first one concerns the limit
measure ug = 0g and the second one concerns ug = %5_% + %6Z0.

Let us now consider the limit measure dy. This discrete measure is effectively a
limit measure when o > 9 (these parameters are defined by (IV) and (III)). In
this case, we get also the following property B = (0.

Proposition 4.3. Let V" and F" be two convex functions. Let a > . There
exists a unique symmetric invariant measure for € small enough.

Proof. Step 1. According to Theorem 4.5 of [6], we know that there exists at
least one symmetric invariant measure u.. We know by Theorem 5.4 in [7] that
any such symmetric stationary converges weakly to dy since a > 9.

Step 2. Let us consider now two symmetric invariant measures u. and v
converging towards dg.
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By Theorem 1.2, there exists C' > 0 such that the vectors (ua(€), - -, pan—2(€))
and (va(€), -+ ,van—2(€)) belong to Q. for ¢ small enough. Here pog(€) (resp.
vor(€)) is the 2k-th moment of u, (resp. v.) and Q. := [—Ce, Ce|" 1.

As in the preceding proof, it suffices to prove that Id—Jac @ is locally invertible,
where Jac @ denotes the Jacobian matrix. Applying Proposition 4.1 with vg, =
Oforalll < p<n-—1andsoTy =Wy which admits one unique global minimum
location: 0, we get for m € Q, gff:p (m) = 0g.(1). This implies directly that
Id — Jac @f is invertible. Moreover since F' is a polynomial function of degree
2n, these moments characterize the measure, see (1.1). O

Let us finally consider the case ug = %5,10 + %5%, xo > 0, associated
with the study developed in Paragraph 3.2. The discrete measure ug is a limit
measure for families of symmetric invariant measures provided that o < ¢ (these
parameters are defined by (IV) and (III)).

Proposition 4.4. Let F" and V" be two convex functions and o < ¢. For €
small enough, the self-stabilizing process (1) admits a unique symmetric invari-
ant measure.

Proof. We shall assume that deg(F) > 6. Indeed, we have already proved
(Theorem 3.2 in [6]) that, in the linear case (F” is linear), there exists a unique
symmetric invariant measure for (II). Moreover, Example 4.2 in [6] points out
that there exists a unique symmetric invariant measure for deg(F') = 4.

According to Theorem 5.4 of [7], since V" and F” are convex functions, each
sequence of symmetric stationary measures converges to the discrete measure
3020 + 50—a,- Let (uc).oq be such a sequence then it defines a fixed point of

the application @86) defined by (4.3). Moreover, by Theorem 1.3, we know that
there exists C' > 0 such that the first n — 1 even moments of u, represented
by (ma(€), - ,man—2(€)) belongs to the set Q. := Hz;ll (2P — Ce, P + Ce|.
In order to prove the statement of the theorem, it suffices to prove that the
equation pu = @86)(u) admits a unique symmetric solution in Q.. As explained
in the two preceding proofs, the work just consists in verifying that Id — Jac CIDEf)
is invertible where Jac @86) denotes the Jacobian matrix. Applying Proposition
4.1 with Vgp:.’llgp forall 1 <p <n-—1andsoTy=W, :V—i—%F(.—xo)—i—
1F(.+0) — F(z) which reaches its global minimum for two locations —zo and
xo (see (3.4)), we get for m € Q.

O -\ _ 2k ag" (2p+1)

oy m) = 2 Wi () F (x0) +0(1).
By similar arguments as those used in Proposition 4.3, we have just to verify
that W{(zo) + (V1,V2) # 0 where (Vi,V2) = 1 (F"(2z¢) — F"(0)). On one
hand, the definition of xg (3.4) leads to W{'(xz¢) > 0, on the other hand the
convexity of F” which is a polynomial function of degree larger than 6 permits
to obtain (V7, Va) > 0. O

Combining Proposition 4.2, Proposition 4.3 and Proposition 4.4 leads to the
statement of Theorem 1.5.
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Remark 4.5. 1) Using the convergence rate from ue towards ug, we prove that
there exists a unique symmetric invariant measure for the self-stabilizing process
(IT) under the convexity property of V' and F" and when o > 9 or o < ¢. The
case o = ¥ is more difficult since the convergence rate is not of order €. It needs
then some other kind of tools.

2) Let us note that the uniqueness of symmetric invariant measure was already
studied in [1] where the authors considered the constant potential case V() := 0.
They obtained uniqueness results for a large enough but € fixed which is to relate
to our situation where o > 9 but the noise intensity € should be small. Their
proof is essentially based on a contraction map which of course leads to local
uniqueness. Our study handles directly with local uniqueness.

A  Annex

Let us finally present some useful asymptotic results which are closed to the
classical Laplace’s method. Let us first recall a preliminary asymptotic result
(see [6]):

Lemma A.1. Let M > 0. Let us assume that U is C*([M, oo)-continuous,
U(x) # 0 and U"(x) > 0 for all x € [M,o0] and 1imm_mo% =0. If

U(z)

r—e” 1s integrable on R then:

400 er(z) T eU(I)
/ e~V gt ~ and / VOt ~ as T — 0.
= U’(ac) M U/('T)

Lemma A.2. Set e > 0. Let U and G two C*(R)-continuous functions. We
define U, := U + pG for p belonging to a compact interval I of R. Let us
introduce an interval [a,b] satisfying: U, (a) # 0, U, (b) # 0 and U,(x) reaches
its global minimum on the interval [a,b] in a unique point x, €la,b[ for all
w e L. We assume that there exists an exponent ko independent of p € I such

that 2ky = min, ey~ {U,(f)(:c#) # O}. Let f a C*(R)-continuous function. Then

letting the parameter € tend to 0, we get

b Up(t 2ko)! ﬁ 1 Up(zp
[ e a1 o (U((x))> F(ﬁ) e (Lt 0z (1)),

where T represents the Euler function and oz(1) converges towards 0 uniformly
with respect to € I.

Proof. The arguments are similar to those used in Lemma A.2 [6]. O

Lemma A.3. Let U. and U € C™ ([a;b],R) such that for all i € N, Ul
converges to U uniformly on [a;b] as € — 0. If the global minimum of U
is reached at a unique point xo on [a;b] with xo €]a; b[, then, for e small enough,
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1. U, has a unique global minimum location x. on [a;b] with x. €]a;b].
2. U"(x0) > 0 implies U (x.) > 0 and

Ullzo)
U”(SC())

+o{Ul(x0)} -

Te = T —

3. Furthermore, if U"(xo) > 0, by taking the limit € — 0, for all the function
fect([a;b;R), we get

b Ue (t 2Ue (e
/ (e gt Wj{i e () + e (e +ofe) )

a1 1= o)

with
5 U3 Uy Us n [ (o)

e s S 7/
A8 U3 161/{22) Feorme Y 1w

Here U, := Ue(k)(xe).

Proof. 1. We shall proceed using reductio ad absurdum. Let us assume that
there exists a sequence (€),~, such that U, admits two different locations for
the global minimum: acg) and x,(f) for all £ > 1. Due to the uniform conver-

gence of U, on [a;b], both x,(cl) and x,(f) tend to zp as k — oo. Hence, for any

6 > 0, there exists kg large enough, such that both x,(cl) and x,(f) belong to
Jxo — 0;20 + O] for k > ko. Moreover U”(xg) > 0 by assumption and U/ con-
verges uniformly on [a; b]; so there exist p > 0 and o > 0 such that U/ (x) > p
for all x € [xg — do; xo + 0] and for k large enough. Consequently, the equation
U'(x) = 0 does not admit several solutions on this interval. Taking § = do,
we obtain the uniqueness of the global minimum location for U, and e small
enough.

2. The uniform convergence and the assumption U”(zp) > 0 imply that
U!(ze) > 0 for e small enough. Moreover we get the following convergence
Ul(xg) — 0 as € — 0. Using the mean value theorem, we obtain as € — 0:

Ul(wo) = Ul(we) + Ul (xc) (w0 — ) (1 + 0(1))
= Ul(ze) + U"(x0) (x0 — ze) (1 +0(1))

Since U/(x.) = 0, we obtain

Ué(o)
U”(.To)

+o{Ul(z0)} -

Te = T —

3. It suffices to adapt the proof of Lemma A.3 in [6]. The arguments are namely
the same. O
We can extend the previous statement to integrals with unbounded supports.
Lemma A.4. Let U, and U € C*® (R,R) such that for all i € N, Ue(i) converges

uniformly on all compact subset. If U has r global minimum locations A1 <
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<+ < A, and if there exist R > 0 and €. such that U (z) > z? for all |z| > R
and € < €., then, for € small enough, we get:

1. Uc has ezactly one global minimum location A5 on each interval I;, where I;
represent the Voronoi cells corresponding to the central points A;, with 1 < i <.
2. U"(A;) > 0 implies U/ (AS) > 0 and
e _ 4 _ UlA)
Af = A; 07 (4))

+o{Ul(A)} .
3. Furthermore, if U"(A;) > 0 for all 1 < i < r, then for any function f €

C* (R,R) with polynomial growth, the following asymptotic development holds
as € — 0:

/Rf(t)e—z’[]ii(‘)dt _ Z %ﬁ . 2U€£Aj) {f(Aj) —+ ’}/j(f)€ + O(E)}
Jj=1 €V

with

5[,[??4 Uy ; Us ; 1" (A;)
. — (A g J AL J j
Vi (f) f( J) (48 ué),,j 16 u22,j f ( J)4 u22,j + Ny )

and Uy j == k) (A5).

Proof. For all 2 < j <1 — 1, we apply Lemma A.3 on the interval I; defined
in the statement. We also apply Lemma A.3 on [-R; R] N I} and [—R; R| N I,.
Hence the result is proved on the integral [—R; R]. To conclude it suffices to
note that the integral on [—R; R]¢ is negligible due to the polynomial growth of
f and the Gaussian behavior of exp [ 2Ue]. O

e
Finally we present some special Laplace method applied to the pseudo-
potential defined by (1.1).

Lemma A.5. Let (u€)€>0 a sequence of stationary measures which converges
weakly to ug. We assume moreover that {jo,(€), € > 0} is bounded with 2n =
deg(F). Let W and Wy defined by (1.1) resp. (1.3). We denote by Ay < --- <
A, (respectively By < --- < By if s > 0) the elements of A, the support of the
limit measure ug (resp. B the set of all locations for Wy'’s global minimum which
do not belong to A).
1. Let us consider the set of intervals (I;)1<i<r+s which correspond to the
Voronoi cells centered in the elements of D := AU B. If W[/ (D) > 0 for all
D € D, W, reaches its global minimum at a unique location in I; denoted by Dj
(also denoted by AS or Bf), 1 <1i <r+ s, which converges to D; € D. Then,
D§ satisfies the following asymptotic development:
!
Df — Dz o We(Di)

WON(DZ) JrO{We/(Di)}a 1<i<r+s. (Al)

2. If ue is symmetric, if ug = dg, and if both Wy and F" are convex functions,
then 0 is the unique location of the global minimum of W,. Furthermore, if F’
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is not a linear function, we get W (0) > 0.
3. If WJ/(D) > 0 for all D € D, then for any function f € C*(R,R) with
polynomaial growth, we have as € — 0:

2We (¢ " _2We49) .
/Rf(t)e*%dt = ; /%e E {f(Aj)+'yj(f)e+0(e)}(A.2)
+ ZF#BZ) e p (B + o)}
=1 €
with

5 W2, W, Wi, f"(4))
(F) = (A g J _ (A - RSy A3

Here Wy, ; = w (AS).

Proof. 1. (W¢)eso satisfies the assumptions of Lemma A.4. Indeed, Wg(j ) con-

verges uniformly towards WO(] ), for j € N, on all compact subsets of R, see
Proposition 3.3 in [7]. Besides, since F' is a even polynomial function of de-
gree 2n and since the moments are bounded, F' * uc(z) — F % u.(0) > P(x)
where P is a polynomial function independent of € whose principal term is pos-
itive. Therefore, using (V-4), we obtain the following lower bound: W,(z) >
Cya* — Cy2? 4+ P(z). The application of Lemma A.4 provides the existence of AS
and Bf. Let D be a location for the global minimum of Wy. If Wy/(D) > 0, the
uniform convergence of D¢ towards D and the convergence of W, towards W,
on each compact set, imply W/ (D€) > 0 for ¢ small enough. The asymptotic
development (A.1) comes directly from Lemma A.4.

2. If ug = dp then Theorem 3.6 in [7] implies that 0 is one global minimum of
Wpy and by the way Wy (z) > Wy(0) = 0 for all € R. Furthermore, since F” is
a convex function and u. is symmetric and absolutely continuous with respect
to the Lebesgue measure, see [6], we obtain the following lower bound

W/ (x) = W' (z) = /]R (F"(Jc —2)+F'(x+2)— 2F”(x))u€(z)dz >0.

Due to the convexity of Wy, we obtain the convexity of W.: W/ (x) > 0 for all
x € R. Let us note that W,(0) = 0 and W/(0) = W/}(0) = 0. We deduce that
We(z) > Wy(xz) >0 for all z € R.

Let us prove that the global minimum of W, is only reached at 0. If there exists
m > 0 such that W(m) = 0, then due to the convexity W(x) = Wy(z) = 0 for
any x € [0, m]. By definition, since ug = &g, we get Wy =V + F. By (V-6), we
know that V' is an “analytic function” on [—a, a] and F' is polynomial. Therefore
Wo(z) =V (x)+ F(zx) = 0and W} (z) = V"(z)+ F"(z) =0 for any = € [—a,al.
This contradicts the hypotheses (V-3) and (F-2) which imply that W (a) > 0.
Finally we conclude that 0 is the unique location of the global minimum of W.,.
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Besides, if F” is not a linear function then F”(z) > F”(0) for all z # 0. Con-
sequently, W/ (0) — W{'(0) = [ (F”(z) — F"(0)) ue(z)dz > 0 because F’ is odd
and convex on Ry. Therefore, W/(0) > W' (0) > 0 and so 0 is the unique
location of the global minimum.

3. As Bj tends to B;, we have f(By) = f(B;) + o(1) so that (A.2) is a direct

consequence of Lemma A .4. O
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