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A SUBSPACE ESTIMATOR FOR FIXED RANK
PERTURBATIONS OF LARGE RANDOM MATRICES

WALID HACHEM, PHILIPPE LOUBATON, XAVIER MESTRE,
JAMAL NAJIM AND PASCAL VALLET

ABSTRACT. This paper deals with the problem of parameter estimation based on
certain eigenspaces of the empirical covariance matrix of an observed multidimen-
sional time series, in the case where the time series dimension and the observation
window grow to infinity at the same pace. In the area of large random matrix
theory, recent contributions studied the behavior of the extreme eigenvalues of a
random matrix and their associated eigenspaces when this matrix is subject to a
fixed-rank perturbation. The present work is concerned with the situation where
the parameters to be estimated determine the eigenspace structure of a certain
fixed-rank perturbation of the empirical covariance matrix. An estimation algo-
rithm in the spirit of the well-known MUSIC algorithm for parameter estimation
is developed. It relies on an approach recently developed by Benaych-Georges and
Nadakuditi [8, 9], relating the eigenspaces of extreme eigenvalues of the empirical
covariance matrix with eigenspaces of the perturbation matrix. First and second
order analyses of the new algorithm are performed.

1. INTRODUCTION

Parameter estimation algorithms based on the estimation of an eigenspace of the
autocorrelation matrix of an observed multivariate time series are very popular in
the areas of statistics and signal processing. Applications of such algorithms in-
clude the estimation of the angles of arrival of plane waves impinging on an array
of antennas, the estimation of the frequencies of superimposed sine waves, or the
resolution of multiple paths of a radio signal. Denoting by N the signal dimension
(e.g., the number of antennas) and by n the length of the time observation window,
the observed time series is represented by a N x n random matrix ¥, = X,, + P,
where X, and P, are respectively the so-called noise and signal matrices. In many
applications, P, is represented as

Pn:B(Spl""QDT)S:L’ (1)
where (¢1,...,¢,) are the r < min(N,n) deterministic parameters to be estimated,
B is a N x r matrix of the form B(ep1,---¢,) = [b(¢1) -+ blgy)] where b(y) is

a known CN-valued function of ¢, and the S, is an unknown n X r matrix with
rank r representing the signals transmitted by the r emitting sources. As usual (and
unless stated otherwise), A* stands for the Hermitian adjoint of matrix A. It will
be assumed in this work that this matrix is deterministic. Often, the noise matrix is
such as /nX,, has independent CA(0, 1) elements where CN is the Gaussian complex
circular law. In this case, we shall say that \/nX,, is a standard Gaussian matrix.

Date: June 7, 2011.
Key words and phrases. Large Random Matrix Theory, MUSIC Algorithm, Extreme Eigenvalues,
Finite Rank Perturbations.



2 HACHEM ET.AL.

We shall consider here “direction of arrival” vector functions b(y) that are typically
met in the field of antenna processing. These functions write

_ N-1
b(p) = N2 [exp(—1Dlp)]
with domain ¢ € [0,7/D] where D is a positive real constant and 2> = —1. Assuming

that the angular parameters ¢y, are all different, the well-known MUSIC (MUltiple
Slgnal Classification, [23, 10]) algorithm for estimating these parameters from >,
relies on the following simple idea: Assume that /nX,, is standard Gaussian and let
IT be the orthogonal projection matrix on the eigenspace of EX, ¥} = BS S, B*+1n
associated with the r largest eigenvalues, where Iy is the N x N identity matrix.
Obviously, IT is the orthogonal projector on the column space of B(g1,...,¢,). Asa
consequence, the angles ¢y coincide with the zeros of the function b(p)*(I — II)b(p)
on [0,7/D]. Since ||b(p)|| = 1, they equivalently coincide with the maximum values
(at one) of the so-called localization function x(¢) = b(p)*IIb(y).

In practice, II is classically replaced with the orthogonal projection matrix Il on
the eigenspace associated with the r largest eigenvalues of 3,37 . Assuming N is fixed
and n — 0o, and assuming furthermore that S} S,, converges to some matrix O > 0 in
this asymptotic regime, the ©¥* 2% BOB* + Iy by the Law of Large Numbers (a.s.
stands for almost surely). Hence, the random variable Yelassical() = b(0)*1Ib(¢0)
a.s. converges to x(¢), and it is standard to estimate the arrival angles as local
maxima of Xclassical(%p)-

However, in many practical situations, the signal dimension N and the window
length n are of the same order of magnitude in which case the spectral norm of
II — I is not small, as we shall see below. In these situations, it is often more
relevant to assume that both IV and n converge to infinity at the same pace, while
the number of parameters r is kept fixed. The subject of this paper is to develop
a new estimator better suited to this asymptotic regime, and to study its first and
second order behavior with the help of large random matrix theory.

In large random matrix theory, much has been said about the spectral behavior
of X, X} in this asymptotic regime, for a wide range of statistical models for X, .
In particular, it is frequent that the spectral measure of this matrix converge to a
compactly supported limiting probability measure 7, and that the extreme eigen-
values of X, X" a.s. converge to the edges of this support. Considering that X, is
the sum of X,, and a fixed-rank perturbation, it is well-known that ¥, %7 also has
the limiting spectral measure 7 [2, Lemma 2.2]. However, the largest eigenvalues of
Yp2; have a special behavior: Under some conditions, these eigenvalues leave the
support of 7, and in this case, their related eigenspaces give valuable information on
the eigenspaces of P,,. This paper shows how the angles ¢ can be estimated from
these eigenspaces.

The problem of the behavior of the extreme eigenvalues of large random matrices
subjected to additive or multiplicative low rank perturbations (often called “spiked
models”) have received a great deal of interest in the recent years. In this regard,
the authors of [4, 5, 21] study the behavior of the extreme eigenvalues of a sample
covariance matrix when the population covariance matrix has all but finitely many
eigenvalues equal to one, a problem described in [18]. Reference [12] is devoted
to the extreme eigenvalues of a Wigner matrix that incurs a fixed-rank additive
perturbation. Fluctuations of these eigenvalues are studied in [4, 22, 21, 1, 12, 11, 6].
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Recently, Benaych-Georges and Nadakuditi proposed in [8, 9] a powerful tech-
nique for characterizing the behavior of extreme eigenvalues and their associated
eigenspaces for three generic spiked models: The models X,, + P, and (I,, + P,,) X,
when both X,, and P, are Hermitian and P, is low-rank, and the model that en-
compasses ours (X, + P, ) (X, + P,)* where X,, and P,, are rectangular. One feature
of this approach is that it uncovers simple relations between the extreme eigenval-
ues and their associated eigenspaces on the one hand, and certain quadratic forms
involving resolvents related with the non-perturbed matrix X,, on the other. This
makes the method particularly well-suited (but not limited to) the situation where
X, is unitarily or bi-unitarily invariant, a situation that we shall consider in this
paper. Indeed, in this situation, these quadratic forms exhibit a particularly simple
behavior in the considered large dimensional asymptotic regime.

In this paper, we make use of the approach of [8, 9] to develop a new subspace
estimator of the angles ¢, based on the eigenspaces of the isolated eigenvalues of
Yn2). We perform the first and second order analyses of this estimator that we
call the “Spike MUSIC” estimator. Our mathematical developments differ somehow
from those of [8, 9] and could have their own interest. They are based on two
simple ingredients: The first is an analogue of the Poincaré-Nash inequality for the
Haar distributed unitary matrices which has been recently discovered by Pastur
and Vasilchuk [20], and the second is a contour integration method by means of
which the first and second order analyses are done. The key step of the second
order analysis of our estimator lies in the establishment of a Central Limit Theorem
on the quadratic forms b(cpi)*ﬁib(goi) where the II; are the orthogonal projection
matrices on certain eigenspaces of X, X associated with the isolated eigenvalues.
The employed technique can easily be used to study the fluctuations of projections
of other types of vectors on these eigenspaces.

We now state our general assumptions and introduce some notations.
Assumptions and Notations. We now state the general assumptions of the paper.
Consider the sequence of N X n matrices ¥, = X,, + P, where:

Assumption Al. The dimensions N,n satisfy: N <mn, n — oo and
N
— —ce(0,1]
n

(notation for this asymptotic regime: n — 00).

The assumptions on X,, are the following;:

Assumption A2. Matrices X,, are random N X n bi-unitarily invariant matrices,
i.e., each X,, admits the singular value decomposition X,, = L,I', R} where L, the
N x N matriz T, and R,, are independent, Ly, is Haar distributed on the group U(N)
of unitary N x N matrices, and R,, is a n X N submatriz of a Haar distributed matriz

onU(n).

We recall that the Stieltjes transform of a probability measure 7w on the real line
is the complex function

m(z) :/t LI

-z
analytic on Cy = {z : §(z) > 0}.
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Assumption A3. Let Q,(z) = (X, X} — zIn)~! be the resolvent associated with
XX and let an,(2) = N71trQn(2). For every z € Co, a,(z) a.s. converges to a
deterministic function m(z) which is the Stieltjes transform of a probability measure
m supported by the compact interval [A_, A, ].

Assumption A4. The quantity || X, X}|| a.s. converges to Ay as n — oo, where || -||
denotes the spectral norm.

Let Qn(2) = (XX, — 2I,) " and Gy (2) = n~ L tr Qu(z). Equivalently to the con-
vergence assumed by Assumption A3, one may assume that &, (z) a.s. converges on
C to a deterministic function m(z) which is the Stieltjes transform of a probability
measure 7. In that case, m(z) = em(z) — (1 —¢)/z and © = er + (1 — ¢)do.

Remark 1. The standard matriz X,, satisfying Assumptions A2-A4 is such that
VnX,, is standard Gaussian - see for instance [19], [14].

We first make a general assumption on matrices P, ; it will be specified later, and
adapted to the context of the MUSIC algorithm:

Assumption A5. Matrices P, are deterministic with a fixed rank equal to r for all
n large enough. Denoting by P, = U,V a singular value decomposition of P,
the matriz of singular values Q, = diag(wi n, ..., wWry) With W1 p > wWap > -+ > Wry
converges to

0= , (2)

where w1 > -+ >ws >0 and j1 + -+ js =1.

Notations. As usual, if z € C, we shall denote by R(z) and J(z) its real and imag-

inary parts. We shall denote by —>» (resp. 3), 2)) the almost sure convergence
(resp. convergence in probability, in distribution). We denote by d; ; the Kronecker
delta (=1 if i = j and 0 otherwise).

The eigenvalues of ¥, %7 are 5\1,,1 > 5\27n > > A N Associated eigenvectors
will be denoted 1 ,,, U2, -+, Un. For k € {1,...,7}, we shall denote by i(k) the in-
dexi e {1,...,s}such that ji+---+j;—1 <k < ji+---+yj;. Fori=1,...,s, We shall
denote by ﬁi,n the orthogonal projection matrix on the eigenspace of ¥, X} associ-
ated with the eigenvalues j‘k,n such that i(k) = i, i.e., ﬁi,n = Zk:i(k):i U U, ,, When
this eigenspace is defined. Columns of U,, (see A5) will be denoted wuy p,- -, Upp.
Given 1, the orthogonal projection matrix on the eigenspace of P, P} associated with
the eigenvalues w,%’n such that i(k) = ¢ will be I, = 3 1 40=; Uk,nj, .- Indexes n
and N will often be dropped for readability.

Paper organization. The paper is organized as follows. Section 2 is devoted to
the mathematical preliminaries. The general approach is described in Section 3. The
Spike MUSIC algorithm is presented in Section 4 along with a first order study of
this algorithm. Fluctuations of the estimates of the ¢, are studied in Section 5 under
the form of a Central Limit Theorem.
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2. PRELIMINARY MATHEMATICAL RESULTS

We shall need the two following results. The first one is well-known [20]. The
second result, due to Pastur and Vasilchuk, is the unitary analogue of the well-known
Poincaré-Nash inequality.

Lemma 1. Let W = [w;;] be a random matriz Haar distributed on U(n). Then
E [wijwij] = ~6iud;50 .

Lemma 2 ([20]). Let ® : U(n) — C be a function that admits a C' continuation to
an open neighborhood of U(n) in the whole algebra of n x n complex matrices. Then

1 « 2
var (W,) = B[S(Wo)[* — [ER(W,)[* < — 3" @/ (W) - (ejef W)
Jk=1
where E is the expectation with respect to the Haar measure on U(n), where ® is the
differential of ® as a function on R2"2, and where e; is the jt canonical vector of

c".
Given a small 1 > 0, let O,, be the probability event
On ={[[Xn X5l < Ay +e1} . (3)
By Assumption A4, 1o, 2% 1 as n — oo.

Lemma 3. Let Assumption A2 holds true and let u,v be two unit norm deterministic
N x 1 vectors such that uw*v = 0. Then for any z with R(z) > Ay + &1,

Ky

< )
= NPRd(z,A; +e)P

Ky

< )
= NPRA(z,Ap +£1)P

where the constant K, only depends on p, and where d(z,z") is the Euclidean distance
between z and 2" in C.

E|lop, x u* (Q(2) — a(z)]) ulf

E|lo, x u*Q(z)v[’

Proof. Recall that X = LT R* by Assumption A2; let D = (I'> — 2I)~!; write:

2 oo [ (o5 e

v ws

Thanks to A2, wy; and wy are the first two columns of a N x N unitary Haar
distributed matrix W = [w;;] independent of D. Let M = 1o, x (D — N~'(tr D)I)
and ®;(W) = wiMuw; for i = 1,2. Then E®(IW) = E®o(W) = 0 by Lemma 1.
Applying Lemma 2 to ®; after noticing that ®4(W) - A = ef A*Mw; + w}M Ae; for
any N x N matrix A, we obtain:

N
1 *
E|®;|? = var(®;) < N Z E [wiy [MW]ji + [W* M)yjwpal*
Ji:k=1

2

< S (IMwil]* + [[Mun]?)
8

< .
B Nd(z,)\+ +61)2
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We now proceed by induction; assume that the result is true until p > 1. Applying

Lemma 2 to <I>§p+1)/2, we obtain:

pt1 2

1 1
V&I‘(@?) = Z E‘ZQ_<I>.2<I>;(W) - (ejer W)
jk=1

)

(p+1)° ~1
L (127 (1w + | Mwi )

2(p+1)?°K,1
~d(z, Ay +e)PHINGHD/2
Using again the induction hypothesis, we get:

<

2

p+1 p+1

| ;P! :var<<1>.2 ) + ‘E@Q

(2 (2

2 2
_ 2p+1)°Kp—1 + K(p+1)/2 _ Kpir
T od(z, Ay +e)PPIN@HD/2 T d(z Ay 4 e )PHINGD/2 7
which concludes the proof. [

Lemma 4. Let Assumption A2 hold true; let u,v be two unit norm deterministic
vectors with respective dimensions N x 1 and n x 1. Then for any z such as R(z) >
)\+ +é1,

p K,

E |1 *XQ < .
0, X W XQ(z)[ < nP/2d(z, Ay + )P

Proof. Let C = T'(I'2 — zI)~!. By Assumption A2, u*X@(z)v = w*Cw = ¢(w)
where w is a vector uniformly distributed on the unit sphere of CV, @ is a vector
uniformly distributed on the unit sphere of C™ and truncated to its first N elements,
and w, w and C' are independent. The lemma is proved as above by applying Lemma
2 to @ and by taking the expectation with respect to the law of w. O

Lemma 5. Let Assumptions A1-A4 hold true. Let C be a closed path of C such that
min,ee R(z) > Ay. Fiz the integer r < N and let U, and V,, be two deterministic
1sometry matrices with dimensions N X r and n X r respectively. Then

sup Uy (Qu(2) = m(2)In) Unll ——— 0,
zeC n—oo

sup [Vir (@n(2) = () 1) Vall =5 0,

zeC n—oo

sup |Un XnQn(2)Val —=2 0.

zeC n—oo
Proof. Recall the definition (3) of the set O,, and assume that &1 is chosen such that
min,ec R(z) > Ay +¢e1; let

hn(z) = 1o, X U, (Qn(2) — an(2)In) Uy .

For any ¢,s < r, [hy]ss is a holomorphic function on C — [0, Ay + £1]. Consider a
denumerable sequence of points (zx) in C — [0, A\ + &1] with an accumulation point
in that set. By Lemma 3 with p = 3, Markov inequality and Borel-Cantelli’s lemma,
there exists a probability one set on which [hy,(25)]¢,s — 0 for every k. Moreover, the
|[hn(21)]e,s| are uniformly bounded on any compact set of C — [0, A} + ¢1]. By the
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normal family theorem, every n-sequence of [hy,]ss contains a further subsequence
which converges uniformly on the compact set C C C — [0, Ay +&1] to a holomorphic
function that we denote h*. Since h*(zx) = 0 for all k, h*(z) = 0 on C, hence
[[hn(2)]e,s| converges uniformly to zero on C with probability one, and thanks to
Assumption A4, ||[U* (Q(z) — a(2)I) U|| — 0 uniformly on C with probability one.
The same argument, used in conjunction with Assumption A3, shows that with
probability one, a(z) — m(z) — 0 uniformly on C, and the first assertion is proven.
The second and third assertions are proven similarly, the third being obtained with
the help of Lemma 4. O

3. FIXED RANK PERTURBATIONS: FIRST ORDER BEHAVIOR

We first recall a result on matrix analysis that can be found in [17, Th. 7.3.7]:

Lemma 6. Given a N x n matriz A with N < n, let A be the matriz:

0 A
a=[2 4]
Then o1, -+ ,on are the singular values of A if and only if o1,-+- ,on,—01,-+ ,—ON

in addition to n — N zeros are the eigenvalues of A. Furthermore, a pair (u,v) of
unit norm vectors is a pair of (left,right) singular vectors of A associated with the
v

singular value o if and only if [ /\/5} is a unit norm eigenvector of A associated

with the eigenvalue o.

Along the ideas in [8, 9], we now characterize the behavior of the largest eigenvalues
of ¥¥*, and then focus on their eigenspaces.

Asymptotic behavior of the largest eigenvalues of YXYX*. We start with an
informal description of the approach. By Lemma 6, A is an eigenvalue of ¥X* if and

only if det(X — v/AI) = 0 where 3 = [X())* (X))} Writing:
0 x] [U o]0 L][ur 0 ]a .
EZ[X* 0}*[0 VQ] [Ir 0] [0 QV*]‘X+BJB ! )

and assuming that > 0 is not a singular value of X, we have:
det(X—z1) = det(X—zI+BJB*) = det(J) det(X—zI) det(J+B*(X—zI) ' B),

after noticing that J = J~!. Using the formula for the inversion of a partitioned
matrix (see [17])

[All Al?} - _ [ (A1 — A1pAzy Apy) ™ — Ay Aa(Agy — A’{zAﬁlAlz)l]
Aly Az —(Ags — Afp AT Arg) LA AT (Agy — Afp A7 Arg) ™! ’
we obtain:
1 ~
_ 1 . ¢ rQ(z%)  XQ(2?)
— (X —z) = | — | = . 5
aw = oc-an = [30 ] =[5 TS ?)

Therefore,

det(X — 1) = det(J) det(X — xI) det H(z) ,
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where
Fl(a) = [ 2U*Q(a*)U IT+U*)§QV(9C2)VQ}
" L+ QV*Q®) XU  2QV*Q(2?)VQ
whence for n large enough, the isolated eigenvalues of 33* above A, will coincide
with the zeros of det H (v/z) that lie above A;. Under Assumptions A1-A5, Lemma
5 shows that H () a.s. converges to

H(z) = [xm(f)l’” xm(ig) 02] .

Consider the equation
det H(v/r) = det (mm(:ﬂ)fh(ﬂ:)OQ ~1,)=0,

and notice that the function

(@) = am(@)m(@) = 2 (/ t ! xw(dt)) <c/ t ! () - ! . C) (6)

decreases from g(AT) = lim,y, g(z) to zero on (Ay,00). Let wf > -+ > w2 be

those among the diagonal elements of O? that satisfy w? > 1/ g()\i). Equation
g(2) = w;? will have a unique solution z = p; > Ay for any i = 1,--- , ¢, while it will
have no solution larger than Ay for ¢ > ¢. It is then expected that any eigenvalue
Ak of £,5% for which i(k) < ¢ (remember the definition of i(k) provided in the
paragraph “Assumptions and Notations” in Section 1), will converge to p;, while

Ajitetjetl,n — Ag almost surely.
These facts are formalized in the following theorem, shown in [7, 9]:

Theorem 1. Let Assumptions A1-A5 hold true; let q be the maximum index such
that wg > 1/g()¢). Let p; be the unique real number > Ay satisfying w?g(p;) = 1
fori=1,---,q. Then

j\. . _&5 .
J1te+ji—1+H4n o0 Pi

fori=1,---,qand=1,---,7; while

)\' . a.s. A
Jit+igt1ln n_mO) + -

In the case where /nX is a standard Gaussian matrix, 7 is the Marcenko-Pastur
distribution with support supp(mr) = [A_, A] = [(1 — /¢)?, (1 + /¢)?], and

m(x) L(1—c—:c+\/(1—0—3:)2—4056) (7)

- 2cx

for x € (A4, 00). After a few derivations, we obtain:

Corollary 1. Assume /nX is standard Gaussian. Let q be the maximum index
such that w2 > v/c. Then

(w? + 1) (w? +¢)

N a.s. .
)‘j1+---+ji—1+€7n oo o2 fori=1,...,q,
7

3 ) ) a.s. 2
and Ajiytjgrin —— (14+¢)*,

We now turn our attention to the eigenspaces of the isolated eigenvalues.
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Asymptotic behavior of certain bilinear forms. Recall the definition of s as
provided in Assumption A5. Given i < s, assume that w? > 1/g(A\]). Given two
N x1 deterministic sequences of vectors by, and b, with bounded norms, we shall
find here a simple asymptotic relation between b“{,nﬁ@nbg,n and b*{,nﬂimbg,n, that will
be at the basis of the Spike MUSIC algorithm. A close problem has been considered
in [9]. We consider here a different technique, based on a contour integration and on
the use of Lemmas 3 and 4. This method lends itself easily to the first and second
order analyses of the Spike MUSIC algorithm that we shall develop in the following
sections.

Writing b; = [%] with ¢ = 1,2, we have:
* 1T —1 * -1
bill;by = — bl (X —2I)" by dz,
v Ci n

where C; ,, is a positively oriented circle that encloses the only eigenvalues an of
Y¥* for which i(k) = i. Recalling (4) and using Woodbury’s identity ([17, §0.7.4])
together with the fact that J = J~!, we obtain:

~ -1

bTHZbQ = —f bTQ(Z)bQ dz
(s C;

1 —
+ L piQEB G QR BRI i

Using (5), we obtain after a straightforward calculation:

~ -1 1 . x ~ ETR
1nHinb2n = — 1nQn(2)bay dz + —j{ a3 ,,(2)Hn(2) tazn(2)dz  (8)
1T Ci,n 1T Ci,n
where!
X 2U5Qn(27)
aé,n(z) = [an*én(ZQ)X* /n s
0;0(2) = bin [2Qn(2)Un  XnQn(2*)Val] 9)

Intuitively, the first integral is zero for n large enough and the second is close to
1 _
T = o § @i (HE)  aan()dz
v Vi

where ~; is a small enough positively oriented circle which does not meet supp(r)
nor any of the /p; and such that only /p; € Int(;), the interior of the disk defined
by %, aj ,(2) = b}, [zm(2*)U,, 0], and

aon(z) = Fm(f)Uﬂ bon.

The approximation b’{ﬁibg ~ T; will be justified rigorously below. For the moment,
let us develop the expression of T;. Defining the r x r matrices:

INotice that a4y, (2) as defined is not the Hermitian adjoint of G¢ . (2). Despite this ambiguity,
we introduce this notation which remains natural and widespread in Signal Processing.
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where the integers j; are defined in Assumption A5, we have

1 [zm<z2)w2 -1

H(z)™! = Z 2m(22)m(22)w? — 1 " em(22) ®IZ (10)

s

which leads to

by making the change of variable w = z2. Observe that the path 7, now encloses

pi only. Recall that wm(w)m(w)w? — 1 = 0 if and only if w = p, for every ¢ such
that w? > 1/g(A1), and since g(w) = wm(w)m(w) is decreasing on (Ay,00), these
zeros are simple. As a result, the integrals above are equal to zero for ¢ # i, and the
integrand has a simple pole at w = p; for ¢ = i. By the Residue Theorem, we have:

o i af (2 N Lao(2)dy — plm(pl)Qm(pZ) *TT.
T § O e = my

We now make this argument more rigorous:

Theorem 2. Let Assumptions A1-A5 hold true. For a given i < s, assume that
w? > 1/g(A\L). Let (bi,) and (bay) be two sequences of deterministic vectors with
bounded norms. Then

— pim(pi)*m(pi) . as.
l,nH%nb?,n (pzm(Pi)m(Pi))/ l,nHZ,n627n m 0.
Proof. Write
1 .
p = —j{ ai(2)H(2)Lag(2) dz
i J,

Then, with probability one, b’{ﬁibg = TZ for n large enough. Indeed, on the set O,
(as defined in (3)), the singular values of ¥ greater than \/H + ¢1 coincide with the
poles of H (z) which are greater than \/H +¢£1 by the argument preceding Theorem
1. On this set, the first integral on the right hand side (r.h.s.) of (8) is zero, and
by Theorem 1, the second integral can be replaced with f%_ with probability one
for n large enough. By Lemma 5, the differences f[(z) — H(z), a1(z) — a1(z), and
az(z) — az(z) a.s. converge to zero, uniformly on 7;. Hence T, — T, 2> 0. O

4. THE SPIKE MUSIC ESTIMATION ALGORITHM

Algorithm description. We now consider the application context described in
the introduction, and assume that P, = By (¢1,...,¢r)S; where B, (¢1,...,0,) =
[ba(01) -+ bu(ipr)] s and by () = N~1/2 [exp(—szgp)]?:Ol with domain ¢ € [0,7/D].
When the ¢ are different, one can check that BB, — I, as n — oo. In most
practical cases of interest, S:S,, — O? where O is given by Equation (2). In these
conditions, due to BB, — I, the diagonal elements of O are the limits of the
singular values of P, and Assumption A5 holds true.
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In the area of signal processing, the positive real numbers w? are called the Signal

to Noise Ratios (SNR) associated with the r sources. In summary, Assumption A5
rewrites:

Assumption A6. Matrices P, of dimension N X n are deterministic and write:
Py = Bu(e1, - ¢r)S,,
where r is a fived integer, Bp(p1,-+-¢r) = [bn(p1) -+ bu(er)] is a N x r matriz,
bu(p) = N~1/2 [exp(—zDﬁgp)]évzgl on ¢ € [0,7/D], and the ¢ are all different.
Matriz Sy, of dimensions n X r satisfies:
S*S, — O?

as n — 0o, where O is defined in Assumption Ab.

The assumption that S*S converges to a diagonal matrix is made to simplify the
second order analysis and will be needed only there.

In order for the algorithm to be able to estimate the r angles, it is necessary that
the perturbation P gives rise to r isolated eigenvalues, a fact that is stated in the
following assumption:

Assumption A7. Recall the definition (6) of function g, let Ay as defined in A3
and let g(A\]) = limy| 5, g(z). Let the w;’s as defined in A5, then:

The Spike MUSIC algorithm goes like this. The localization function y(¢) defined
in the introduction is also written as x(p) = > b(p)*ILb(p). Given ¢, the results
of the previous section (Theorems 1 and 2 with b; = by = b(¢)) show us that:

(@) = 3 @) () (12)
k=1
where Q)R
C(\) = Xm0 (13)

is a consistent estimator of x,(¢) in the asymptotic regime described by Al. By
searching for the maxima of y(¢), we infer that we obtain consistent estimates of the
angles or arrival. Observe that this algorithm requires the knowledge of the Stieltjes
Transform of the limit spectral measure of X X*.

We now perform the first order analysis of this algorithm.

First order analysis of the Spike MUSIC algorithm. We now formalize the
argument of the previous paragraph and we push it further to show the consistency
“up to the order n” of the Spike MUSIC estimator. We shall need this speed to
perform the second order analysis (Lemma 9 below).

Theorem 3. Let Assumptions A1-A6 hold true. Then for all k = 1,--- ,r, there
exists a local mazimum @y, ,, of xn(p) such that
a.s.

n(Prn — pr) —— 0.
n—oo
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The proof of this theorem is performed in two steps. With an approach similar to
the one used in Section 3, we first prove that x () — x(¢) == 0, and the convergence
is uniform on ¢ € [0,7/D] (Proposition 1 below). Next, following the technique of
[15, 16], we prove that this uniform a.s. convergence leads to Theorem 3.

In the sequel, we write:
2U*Q (22
G x| p) and i) = |
i*(z,0) = V(p)2QEU XQ(Z*)VO,
a*(z,0) = ble)lzm(z)U 0] .

Beware that a* and a* are not the Hermitian adjoints of @ and a (see the footnote
associated to Eq. (9)).

2m(22)U*
0

(=) ] be) . (14)

Proposition 1. In the setting of Theorem 3,

. o " a.s. 0 )
Jomax (@) = xn(9)] T2

Proof. Write

T

) =x(9) = D (COR)~C i) Iblp) e +Z( @) Tib(p) — () Thb(p))

k=1

By Theorem 1 and the continuity of ¢ on (A}, +00), the first term at the r.h.s. goes
to zero a.s. and uniformly in . Consider the second term. Let v; be a small enough
positively oriented circle which does not meet supp(7) U {,/p1, - ,+/ps} and such

that only \/p; € Int(v;). Since e 225 Pi(k)s

max max ‘b((p)*ﬁib(ﬂp) — fz(‘P) =0
A

a.s. for n large enough, where

L) = o § @O HE) i) ds

v
Recalling Eq. (11), it will therefore be enough to prove that

7 a.s.
LR -

where

740 = 12 § (i) il 9) — ' ) HE) Mol ds

1
max | Z;(p)] < 2R/ max e(y/p; + Re*™ ) df
¥ 0 ¥
where R is the radius of ; and where
@ (2 ) (2) a2, 0) - a* (5, 0) H(2) alz9)]

A*}AI —H Ya

6(27(10) =
< |(&* —a*)H71d| + |aH7 a—a ‘ +
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Since ||[H ||, max, [ja|| and max, ||a|| are bounded on v;, e(z,¢) satisfies on this
path

e(20) < K (llalz9) = alz, @)l + 1 ()7 = H) 7)) -

By Lemma 5 and the fact that |H || is bounded on ~;, the term |[H~! — H!|| =
|H-Y(H — H)H™'| converges to zero uniformly on 7; with probability one. To

obtain the result, we prove that || — al| 223 0 and that this convergence is uniform
n (z,¢) € v; x [0,7/D)]. Let us focus on the first term zu}(Q(z%) — m(2?)I)b(¢) of
a — a, where we recall that u; is the first column of U. Since [|b(¢)| = ||u1] = 1,

2ui(Q(%) = m(z*)D)b(p)| < |2ui(Q(2%) — a(z*) D)b(p)] + [2(a(2?) — m(2?))] -
With probability one, the second term converges to zero on +;, and the convergence
is uniform (along the principle of the proof of Lemma 5). Since

supmax [n b ()| = sup max Hn‘lN—l/2 [¢D exp(_zwgo)]ﬁ;l“ <0,
" ¥z n ¥ =

the term
£(2,¢) = Lo, x zuj(Q(z%) — a(z*)1)b(p)
satisfies
[§(21, 1) — &(22, p2)| < K(nlp1 — @2| + |21 — 22|)
for every (z1,¢1), (22,¢2) in v; X [0,7/D]. Therefore, it will be enough to prove that
max  £(z,0) —2 0
(z,0)EARXBn n—00

where A,, contains n regularly spaced points in +; and B, contains n? regularly
spaced points in [0,7/D]. This can be obtained from Lemma 3 with p =9, Markov
inequality and Borel Cantelli’s lemma. The other terms of @ — a can be handled
similarly. O

We now prove Theorem 3 by following the ideas of [15, 16]. To that end, we need
the following lemma, proven in [13]:

Lemma 7. Let (cy) be a sequence of real numbers belonging to a compact of [—1/2,1/2]
and converging to c. Let

| Nl
= exp(—2urken) .
k=0
Then the following hold true:
gn(ey) —— 0 ifc#0,
N—o00
gyv(en) — 0 ife=0 and Nley —¢| = o0,
N—o00
gn(en) = exp(—wrd)sinc(d) ifc=0 and N|exy —c| — d
—00

where sinc stands as usual for sine cardinal.

Proof of Theorem 3. We start by observing that x(¢) = (cp)*( B*B )*ld(go) where
B is the matrix defined in A6 and where d(p) = [b(¢r)* b(go)} . By Lemma 7,
B*B — I, hence x(p) — ||d(¢)||*> = 0.

In the remainder of the proof, we shall stay in the probability one set where the
uniform convergence in the statement of Proposition 1 holds true. Taking £ = 1
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without loss of generality, we shall show that any sequence ¢y, for which x(1,)
attains its maximum in the closure of a small neighborhood of ¢ satisfies N (1, —
¢1) — 0. Given a sequence of such ¢ ,,, assume we can extract a subsequence @
such that N|¢; = —@1| — oco. In this case, Lemma 7 and the observations made above
on the structure of x(¢) show that x(1,+) — 0. Since max, [x(¢) — x(¢)] — 0,
X(@1nx) — 0. But x(¢1) = x(p1) = 1, which contradicts the fact that ¢y
maximizes x. Hence the sequence N (g1 ,+ — ¢1) belongs to a compact. Assume
N(P1n+ — 1) # 0. If we take a further subsequence of the latter that converges
to a constant d # 0, then by Lemma 7, ¥ converges to sinc(d)? < 1 along this
subsequence, which also raises a contradiction. This proves the theorem. ]

5. SECOND ORDER ANALYSIS OF THE SPIKE MUSIC ESTIMATOR

In order to perform the second order analysis, we also assume:

Assumption A8. Let A_, A\, a and m be as in A3. Then for any z € C—[A_, \;],
Vn(a(z) —m(z)) converges in probability to zero.

Remark 2. If \/nX is standard Gaussian and if c¢,, = N/n satisfies v/n(c, — c) —
0, then Assumption A8 is satisfied. Indeed, call my(z) the Stieltjes Transform of
the Maréenko-Pastur distribution, i.e., the analytic continuation of (7), when c is
replaced with c¢,, and let m, be the associated probability measure. For z € C —
A_,Ay], function f(z) = (z — 2)~! is analytic outside the support of m, for n
large, and [3, Th.1.1] can be applied to show that \/n(a,(z) — my(2)) 2,0, When
Vn(e, —¢) = 0, it is furthermore clear that /n(my(z) — m(z)) — 0.

The main result of this section is the following:

Theorem 4. Let Assumptions A1-A8 hold true. Then the estimates ¢y, satisfy

Prn = $1 021,
~ n—ro0 )
SDT,n - SDT‘ O.SIjS
where
6 m/ N — mi(p; 2 |
o2 < (pi) (pi) +Wi2 (m(pz) + pim/(pi))> 1<i<s.

' T a2 em(p;)?
When /nX is standard Gaussian, plugging the r.h.s. of (7) into this expression
leads after some derivations to:

Corollary 2. If \/nX is standard Gaussian and if \/n(c, —c) — 0, the convergence
(15) holds true with
o2 — 6 w?+ 1‘
oD wl—c

This corollary calls for some comments:

Remark 3 (Efficiency at high SNR). Recalling that w? > \/c is the condition for
the existence of a corresponding isolated eigenvalue (Corollary 1), we observe that
the estimator variance for gy, goes to infinity as the corresponding wg decreases to
V. At the other extreme, this variance behaves like 6¢2D™%w;? as w? — co. It is
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useful to notice that this asymptotic variance coincides with the Cramér-Rao bound
for estimating i [24]. In other words, the Spike MUSIC estimator is efficient at
high SNR when the noise matrixz is standard Gaussian.

Proof of Theorem 4. We start with some additional notations and definitions.
Matrix B = [b(¢1),...,b(¢,)] will be often written as B = [by,...,b,] or in block
form as B = [Bl,...,BS] where B; has j; columns. We shall also write B’ =
[V'(1),. .., (¢r)] and B” = [V (¢1),...,b"(¢r)] where V(o) and b”(p) are respec-
tively the first and second derivatives of b(¢). We shall also use the short hand
notations B’ = [b},...,b.] and B” = [b},...,b"]. Matrix B+ = [b{,...,b}] will be

defined by the equation
1 D D
-p=-"““py = Bl (16)
n 2 2v/3

Finally, if z,,y, are random sequences, we denote by x, =< v, the convergence

xn—yng().

We now state some preliminary results. The following proposition, whose proof is
postponed to Appendix A, is crucial:

Proposition 2. Let Assumptions A1-A4 hold true. Let t < N be a fized integer,
let W = [wl, e ,wt] and W = [u?l, e ,u?t] be deterministic isometry matrices with
dimensions N X t and n x t respectively. Let p be a real number such that p > Ay.
Then

& = v (W (QUp) = alp)In )W, W (Q(p) — &(p) I )W, W*XQ(p)W)
18 tight.

Assume t 1s even. Given real numbers py,. .., pyo all strictly greater than A, the
t x 1 random vector

T
n = [‘/N (WZQ(Pk)wt/erk)lgkgtm v (w’:XQ(pk)@k) 1<k<t/2}

converges in distribution towards CN (0, R) with

R diag (m/(pk) - m(ﬂk)Q)Z/jl 0
0 diag (m(px) + pkml(Pk))Z/i

Writing Q — mI = (Q — al) + (o — m)I, and similarly for Q. we obtain:
Corollary 3. Assume in addition that Assumption A8 is satisfied. Then
&0 = v (W (QUp) = mp)In )W, W*(Qp) = (o) )W, WXQ(p)W)
18 tight.
Intuitively, tightness of &, leads to the tightness of the \/ﬁ(j\km — Pi(ky). The

following proposition can be obtained from a simple extension to the case r > 1 of
the proof of [9, Th. 2.15]:

Proposition 3. Assume the setting of Theorem 4. Then the sequences \/ﬁ(j\kn —
Pi(k)) are tight for 1 <k <r.

The following lemma is proven in Appendix B.
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Lemma 8. Let Assumptions A5 and A6 hold true. Then the following convergences
hold true:

BB —— I,
n—oo

2D2
B AN —<C )Ir,

n2 n—00 3

(BHy'Bt —— I,
n—oo

(BYHYB —— 0,

n—oo

ITIL; —p,|| —— 0 forali=1,...,s

n—oo

where Ilp, is the orthogonal projection matrixz on the column space of B;.

We now enter the proof of Theorem 4.

Recall the definitions (12) and (13) of x and ¢. In most of the proof, we shall
focus on \/n($1,,—¢1). Recalling that '(¢1) = 0 and performing a Taylor-Lagrange
expansion of ¥’ around 1, we obtain

N N A N (61 — 301)2 ~(3) (=
0=X"(¢1) =X (1) + (&1 = 91X (1) + 57 (@1) ,
where ¢ is the third derivative of ¥ and where @; € [01 A @1, 01 V $1]. Hence

n~ 2% (¢1)

n3/2 ‘
(@ (o) +05n (51 — p)R® (71)

$1— 1) = T2

We start by characterizing the asymptotic behavior of the denominator of this
equation:

Lemma 9. Assume that the setting of Theorem 4 holds true. Then,

X//((Pl) ~ X(B)(Ql) a.s. 2 D?
n? + (@1 1) 2n2 nosoo 6
Proof. We have
X' (¢1) 2 ¢ 5 Ik )2 - Ty 1
= 2 COWI0h +ﬁk1%(<<xk> )
X" (1) T R -,
3 = ﬁ(bll) uu b’1+ﬁﬂi‘,(b1UU by) . (17)

Theorem 1 along with the continuity of ¢ on (A4, 00), and Theorem 2 show that

1A 1 -
X (1) = —5X"(1) 7= 0.

Writing

1 2 - .
=X (1) = —22 b+ R(OIILYY))
=1
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we have

1 wcD cD * wcD cD
— (b)) 1LY = (——b +—bl> 11; (——b +—bJ‘> ,
nQ( 1) 1 9 1 2\/5 1 2 1 2\/3 1

2D?
—
n—oo 4

9i0
by the first, fourth and fifth assertions of Lemma 8. By the same lemma,

1 5 1 2D?
U] — Sbb = 0 and —bib] - _E=

Hence n=2Y"(p1) — —c*D?/6.

Furthermore, it is easily seen that n~ X( )(p1) is bounded. Since n(@; —@1) =25 0

by Theorem 3, n=2(41 — ©1)X®(p1) 225 0, which establishes the result. O
We now turn to the numerator n= 2%/ (p1) = 2023, C(A)R (bfaxaihh),
and start with the following lemma:

Lemma 10. Assume that the setting of Theorem 4 holds true. Then

%x%m —am(e) B0

e= 3 S f (o)A ) o) HG) o)) o, (19

— my/n J.,
and where the deterministic circle v; encloses ,03/2 only and:

. da(z, p) 2U*Q(22)

/ _ ) _ ~ /

a(p(zv ()0) - ({9(,0 QV*Q(ZQ)X* b (()0) ’

da(z,p) em(22)U*
/ . Y\ /
atp(za SD) - 830 - 0 b (SD) :

Proof. Recall the definition of y as given in (12). A direct computation yields:

X(p) = 224% (p)aib ()

= 2% > )R (Bi(p)aripbi(e)) -
i=1 kei(k)=i
Recall that r and s are fixed and independent from n by A5. We start by showing

that
1

—=X'(¢1)
f

Since v/n(¢( M) — C( i(k))) is tight as a corrolary of Proposition 3, it will be enough
(

to prove that n 'R (bjda;b)) — 0 in probability for every k. By the definition (16)
of B+, we have

Zg pi) (b’{ﬁib’l) 0. (19)

1 * A Ak D *a Ak
- R (bjaragby) = 26—\/3 R <blukukbl > .
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By Cauchy-Schwarz inequality,

2 —~ ~
b’fﬁkﬁzbﬂ < b by (01) T b

By Theorem 2,
biTLiggb1 (1) Wbt — Clpigw) ™ billibr (0F) Timbi == 0,

and by Lemma 8, byII;;)b; (bll)*l_[i(,yg)blL — 0 (consider alternatively the cases
i(k) =1 and i(k) > 1) which proves (19).

Now, applying (8) and (14), and taking up an argument used in the proof of
Theorem 2, we have

S5 ) 250 (0 f s e 1] )

+2Z%<m 2§ (Z,sol)fl(Z)ld;(z,sm)dZ>

_QZ%<W\/_ : (z,gol)ﬁl(z)_ld:o(z,gpl)dz>

with probability one for n large. On the other hand, recalling (11), we have

0= XI(Qol) = 22% (CEZ_Z) f a*(zaﬁpl)H(z)ilaZp(za(Pl) d2’> ’
i=1 Vi

which proves the result. O

Write H(z) = H(z) + E(z) and a(z, ) = a(z,¢) + e(z,¢). To be more specific,

2U*(Q(22) — m(22)In)U U*XQ(z2)VQ
E(z) = ~ ~ o (20)
QV*Q(z9)X*U 2QVH(Q(27) — m(2°)1,)VQ
and ( ) , )
U (Q(2%) = m(2%)1
Write €,(z, ) = de(z,¢)/0p. For a given z € 7, H'=H'-H'EH '+
O(||E||?). This suggests the following development

= Z(W 20§ e ) e )

¢(pi)
imy/n ),

S
= Z(Xl,i + Xoi + X3 + @) -
—1

e*(z, wl)H(z)_lafp(z, 1) dz

0" (2 1) H(2) B () H () dl (2, 1) d +qz>

where the terms ¢; are “higher order terms” that appear when we expand the r.h.s.
of (18). We first handle the terms X, ;’s, then g;.
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The terms X ;. Writing U,, = [Ul,n e Usm] and V,, = [VLn e Vsn] where both
Ui and V; , have j; columns, and recalling (10), we have

zm(zt)w? -1

) — -1 2m(2? ® I,
X1 = <pi) j{ [zm(22)biU; 0] x [ sz(zz)fn(zzgw;} N

£ d
wiVFQ(22) XU, :

_p) N S mENIL Q) - m(AN b

~amy/n — )y 22m(z2)m(z?)w? — 1 ®

Zs:j{ Wgzm(zQ)b’{Uﬂ/[@(ZQ)X*b’
Vi

1
d
22m(22)m(z?)w? — 1 :

[zU; (Q(2%) — m(z*)I) b

¢(pi) : wwim(w)mm(w)biIl, (Q(w) — m(w)I) by

fi wm(w)m(w)w? — 1 dw

7{ wem(W)biUV Q)XY
v wm(w)m(w)w? —1

where 7/ encloses p; only. These integrals are zero for ¢ # i. For large n and with
probability one, none of the numerators has a pole within 7/, hence by the Residue
Theorem

. = UL (Q(p) —mlp) D) V) wibiUi Vi Q(pi) X0y
M Vnm(p;) NG

a.s. for n large enough.

Due to the bounded character of |[n =1V and to Corollary 3, X1 ; is tight for every
i. By Lemma 8,

X, =6 bi (QUp1) —m(p)D) b wibiUI Vi Qp1) XY
IO T Vam(on) Ve -
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The terms X5 ;. We have here

Xoi= = \FZ 7{ 2) = m(2)) Uy wibiXQ(22)V]
2 (2?)w? -1 '
[ -1 ‘ zm(ZQ)} L " [zm(zQ)Ug‘b’l] o
22m(z2)m(z?)w? — 1 0

_ S(p) iy{ wm(w)i(w)wibt (Qw) —m(w)I) by
.

wm(w)m(w)w? — 1

I} i
Clpi) & wgm(w)b*Xé(w)VgUé b}
jév’ wm(w)m(w)wi — 1 -
b (QUpi) — m(p) DL, wibi XQ(pi) iU} b}
vnm(p;) Vvn
s (BQ) —mp)D) Y wbiX Q) AU,
s Vim(p;) Vi

w.p. 1 for large n

by Corollary 3 and Lemma 8.

The terms X3,;. From (10) and (20), we have

1T/ T

([T ] om) 20 ([P ] o7)

X - X

X3, =— Clpi) j{ Z [zm(22)biU 0]

HIL(Q(2) — m(=) D)LY, Wb, X O (Vi3 b,
U VRO XY, iU,V (QU2) — n(22) Vil h,
(22m(22)m(2%)w2 — 1)(22m(22)m(2%)w} — 1)

e
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where

Gpo(w) = n~1/? (wﬁw%wzm(w)Qm(w)z biIL,(Q(w) — m(w) )T}
— prom(w)ii(w) BV, Qlw) XTI,
— wwpwm(w)in(w) KTLXQ)VU7Y,
+upwpwm(w)? BU, Vi (Q(w) — fn(w)I)VgUg‘b’l) .

For large n and with probability one, the G,¢(w) are holomorphic functions in a
domain enclosing 7/, and Gp¢(w) does not cancel any of the terms of the denominator.
The integrals of all terms in the sum such that p # ¢ and £ # ¢ are zero. Each of the
integrands of the terms p = 4, ¢ # i or p # i, ¢ = i has a pole with degree one, and the
corresponding integrals are of the form K;yGj¢(p;) or KpiGpi(p;) where the Ky and
K,; are real constants. By inspecting the expression of Gy and by using Corollary
3 and Lemma 8, it can be seen that these terms converge to zero in probability. It
remains to study the term p = ¢ = ¢, which has a degree 2 pole. Recalling that
the residue of a meromorphic function f(z) that has a pole with degree 2 at 2y is
lim;_,., d ((z — 20)%f(2)) /dz and letting g¢(z) = zm(z)m(z)wi — 1, the integral of
this term is

\ [ Giilpi)gi (pi) — Gii(pi)
C(p’)< gi(pi)? gé(pz)2>'

Thanks to Corollary 3 and Lemma 8, R(G;(p;)) %, 0. The same can be said about
G, (p;) after a simple modification of Proposition 2 and Corollary 3. In conclusion,

Vi=1,...,s, R(Xs;) D>0.

The terms ¢;. These are the higher order terms that appear when we expand the
right hand side of (18). We shall work here on one of these terms, namely

€= zgr(% g a*(z, 1) (ﬁ(z)—l _ H(Z)—l + H(z)_lE(Z)H(z)—1> afp(z,gol)dz

and show that ¢ —» 0. The other higher order terms can be handled similarly.
Writing z = /p; + Rexp(2:76) on the circle ;, we have

1 o~
< KV [ I - HE) T+ HE) B HE) 49

where K is a constant whose value can change from line to line, but which remains
independent from n. Let ¢ be a function from [0,1] to a normed vector space. If
¢ is twice differentiable on (0,1), then it is known that [|¢(1) — #(0) — ¢'(0)]] <

supye(o,1) 0-5(1¢" (£)]]-

Setting ¢(t) = (H + tE)~" and recalling that H = H + E, we have ¢(1) = H,
#(0) = H and ¢"(t) = (H +tE)"'E(H +tE)'E(H + tE)~!, hence

|H(z) " = H(z) '+ Hz) ' E()H(2) 7| < K| E(2))
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for z € v;. Write Q —mJI = (Q —al)+ (a« —m)I and Q —ml = (Q — al)+ (& —m)I,
and decompose E as defined in (20) as E = E; + E» where

Bz = [zU*(Q(zQ—a(z?)IN)U U XQ(z)VQ ]
ne QV*Q(22)X*U 2QVH(Q(22) — a(z2),)VQ]
2U*(a(2?) — m(22))Iy)U 0
() [ 0 @) - m(%))fnm}

. Consider any element of E, for instance zu}(Q(z?) — a(2%)I)u;. By Lemma 3,

1 1 .
Vi </o Lo, [uf(Q — a)ur]* d‘9> = \/5/0 Elo, [ui(Q — a)ui|*df < NG

n

which shows that /7 [} || E1]|2d6 Z> 0.

We now prove that /n fol | Ea|2df 2, 0. In the space of probability measures
on R endowed with the weak convergence metric, in order to prove that a sequence
converges weakly to p, it is enough to prove that from any sequence, we can extract a
subsequence along which the weak convergence to p holds true. We shall show along
this principle that \/ﬁfol | Eo[2d6 2, 0. Consider the term Vvn(a —m). Let (z) be
a denumerable sequence of points in C — [0, ;] with an accumulation point in that
set. By A8, from every sequence, there is subsequence n; such that \/ng(o,,(21) —
m(z1)) — 0 almost surely (recall that the convergence in probability implies the a.s.
convergence along a subsequence). By Cantor’s diagonal argument, we can extract
a subsequence (call it again ny) such that \/ng(ay,(2x) — m(zx)) — 0 almost surely
for every k. By the normal family theorem, there is a subsequence along which
the function \/n¢(a,, —m) — 0 uniformly on ~; a.s. Repeating the argument for

V/n(& — m), there is a subsequence ny along which /ng fol | E2|?d0 25 0, hence

weakly. Necessarily, |/my fol | E2]|?df converges weakly to zero. Now since the weak
convergence to a constant is equivalent to the convergence in Probability to the same
constant, we obtain the desired result. We have finally shown that:

Vi=1,...,8, ¢ 0.

Final derivations. Write x' = [)Z' (p1),---, X' (cpr)]. Generalizing the previous ar-
gument to all the ¢ and gathering the results, we obtain

b (Qpiry) — mlpigry)I) bl N b (Q(pigky) — m(pige))T) Wigryb),
Vm(pi)) Vm(pi))
wi(k)bZUi(k)Vifk)@(m(k))X*bﬁg - Wz‘(k)bzX@(pi(k))Vi(k)Ui*(k)b;g
vn Vn
0;.Q(Pick) )b
m(pi(k))

n~ Y2y < 2R [

T

T

D

V3 — Witk bi Ui(k)%?k)é(pi(k))X*b;J{]

k=1

(2

same lemma that B*B — I, (B+)*B+ — I, and (B+)*B — 0. Hence, Proposition

By Lemma 8, matrix A = [Vi(k)U-*(k)bk] ;71 satisfies A*A — I,. Recall from the
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2 can be applied to the r.h.s. of this expression, and n~Y/ 2X converges in law to

D? (1 (pigy) — mlpigy)? '
N <0, G dl&%( (c) 5 ®) + Wiy (mlpir)) + Picey™’ (Pici)))

m(ﬂz(k)) kel

It remains to recall Lemmas 9 and 10 to terminate the proof of Theorem 4.

APPENDIX A. PROOF OF PROPOSITION 2

The tightness of &, follows from Lemmas 3 and 4 with p = 2 and from the
application of Chebyshev’s inequality.
Let Z = [Zz‘,k]fy/;t:1 and Z = [5%19]?,};:1 be N x t and n x t standard Gaussian random
matrices chosen such that 7, Z and the N x N matrix I' of singular values of X
are independent. For k = 1,...,t/2, let D}, = diag(d; )Y, = (I'? — px)~! and
Cy = diag(c; x)Y, =T (T2 — pr)~L. Then

m 2 | VN ([(2*2)1/22* (Dk _b D’“) Z(Z*Z)I/Q} ) ,
N kk4t/2) k—1,..1/2

\/ﬁ<|:(Z*Z)1/2Z*Ck‘Z[1; N{(Z*Z)~ 1/2},%)

k=1,..t/2

where Z[l;N] is Z truncated to its first N rows. By the Law of Large Num-
bers, N"'Z*Z — I, and n~'Z*Z — I, almost surely. Hence, if we show that
the multidimensional random variables Ay, = N’l/QZ*(Dk — N~'trD},)Z and

By, = N-Y27*C, Z[1; N] are tight for k =1,...,t/2, and

) 1 [ . ( tr Dk) } )
h = = 2\ P = ? |
N < N kk+t/2) k1, /2

< kx| kk) “MW] )

converges in law towards CN (0, R), the second result of Proposition 2 is proven.
From A3 and A4,

! - ter 2 1 2 1 2 a.s. / 2
N;(di,k_ I > = Q)" — (NtrQ(pk)> — m/(px) —m(pr)?, and

N
Z — Ly Q(pk) + ?5 tr Q(px)’ —— m(px) + prn! (pr)

for all Kk = 1,...,t/2. Recalling that Z and Z are standard Gaussian, it results
that limsup,, E [||4x,|/* || T'»] and limsup,, E [||Bx,||* | T'n] are bounded w.p. 1 by a
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constant. Tightness of the Ay, and B, follows. Now we have

— 1 al -1 * * o T
= VN Z {((dlk — N Dk)zivkzivkﬂ/?)k:1,...,t/2 ’ (ciyk‘zi,kziv’f)k:1,...,t/z]
i=1

1 N
- D
N

Observe that covariance matrix of 7, conditional to I'), converges almost surely to
R. Moreover, thanks to A4, it is easy to see that the Lyapunov condition

1 = 2(1+ a.s.
WZIE[H%W VYT 0
1=

is satisfied for any a > 0, hence 7, £ CN (0, R) which completes the proof of
Proposition 2.

APPENDIX B. PROOF OF LEMMA .

Observing that

, —D N— —D?
b'(p) N [Lexp(—DEp)],_, VN
and using the fact that N~K+0) SN oK oxp4ab) — 840/ (K + 1) for a € [—7, 7],
we have B*B — I., n~'B*B’ — —(1cD/2)I., n=%(B)*B’" — (c?D?/3)I,, and
n2B*B" — —(c?D?/3)I,.
Writing B+ = 2v/3(neD)~'B’ 4 11/3B and replacing in the above convergences, the
stated properties of B' become straightforward.
We now show the last convergence. Assume without generality loss that i = 1
and recall that S*S — O2. Consider the isometry matrices W = B(B*B)~!/?
and Z = S(S*S)"Y2, and let A = (B*B)Y?(S*S)"/2, resulting in P = WAZ*.
Notice that the singular values of A coincide with those of P apart from the ze-
ros. Let 7y be the orthogonal projection matrix on the eigenspace of AA* asso-

1 N—-1

(=0 >

and b’(p) = [52 exp(—zD&p)]

ciated with the eigenvalues win, e ,w?hn. With these notations, II; = Wax W*
and Ilp, = Bl(BfBl)_le. We have A — O, hence w1 — [161 8] Since
B*B — I, for any vector x such that ||z|| = 1, we have z*Ilyjz — z*B;Bjz — 0,

and z*Ilp,x — 2*B1Bix — 0. Therefore, 2*(II; — IIp, )r — 0, which proves the last
result.
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