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COMPLEXIFIABLE CHARACTERISTIC CLASSES

ALEXANDER D. RAHM

ABSTRACT. We examine the topological characteristic cohomology classes of
complexified vector bundles. In particular, all the classes coming from the real
vector bundles underlying the complexification are determined.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In the theory of characteristic classes [5], [4], it is well-known how the Chern
classes are mapped to even Stiefel-Whitney classes when converting complex vector
space bundles to real vector space bundles by forgetting the complex structure.

In the other direction, we have the fibre-wise complexification: Given a real
vector bundle F — B with fibre R", its complexification is the complex vector
bundle F€ := F @g C — B obtained by declaring complex multiplication on F & F
in each fibre R” @ R"™ by i(x,y) := (y,x) for the imaginary unit 7. The Pontrjagin
classes of a real vector bundle are (up to a sign) constructed as Chern classes of its
complexification. Conversely, which classes of a real vector bundle can be attributed
to its complexification? These are the complexifiable characteristic classes which we
determine in this article.

Consider a real vector bundle F' — B and a complex vector bundle £ — B over
the same base space B.

Definition 1. A real vector bundle F' is called a real generator bundle of E, if its
complezification FC is isomorphic to E. In the case that such a bundle F exists,
we call E real-generated.

Not every complex vector bundle is real-generated, as we shall see in remark 2. We
consider characteristic classes of vector bundles satisfying the axiom of naturality:
A class ¢ shall for any morphism of vector bundles ¢ : F' — G take as value ¢(¢*G)
on the pullback bundle, the image ¢*c¢(G) of the map induced on cohomology.
Especially, consider a characteristic class ¢ of real vector bundles with the following
property: For any real-generated bundle F/, and any two real generator bundles F,
G of E, the identity ¢(F) = ¢(G) holds. Then the values of the class ¢ depend only
on the complex bundle E, and it is well-defined to consider ¢ as a characteristic
class of real-generated complex vector bundles via its values on the real generator
bundles. In this case, we will say that the characteristic class ¢ is complexifiable.
More formally, we make the following definition.

Definition 2. A characteristic class ¢ of real vector bundles is complexifiable if for
all pairs (F, G) of real vector bundles with isomorphic complexification FC ~ g€,
the identity ¢(F') = ¢(G) holds.
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We will now give a complete classification of the complexifiable characteristic
classes. Denote by Zy := 7 /27 the group with two elements.

Theorem 1. Let ¢ be a polynomial in the Stiefel-Whitney classes w;. Then the
following two conditions are equivalent:

(i) The class ¢ is an element of the sub-ring ZZ[wg]ieNu{o} of the polynomials
in the Stiefel-Whitney classes.
(i1) The class c is complexifiable.

By their naturality, characteristic classes are uniquely determined by their value
on the universal bundle over the classifying space (BO for real vector bundles). As
the cohomology ring H*(BO, Z,) is generated by the values of the Stiefel-Whitney
classes, all modulo—2—classes are polynomials in the Stiefel-Whitney classes, and
theorem 1 reveals which of them are complexifiable.

We build on this result to investigate which integral cohomology classes are com-
plexifiable. To express our result, we use Feshbach’s description [3] of the coho-
mology ring of the classifying space BO with Z—coefficients. Consider the Steenrod
squaring operation S¢' and the mod-2-reduction homomorphism

p: H*(BO,Z) — H*(BO, Zy).

Feshbach uses as generators Pontrjagin classes and classes V; with index sets I that
are finite nonempty subsets of {%} UN, such that

p(Vr) = Sq* <U wm) ,
i1el
where w; is the i-th Stiefel Whitney class of the universal bundle over BO. We give
the details of Feshbach’s description in the appendix on page 12. We will write vy
for the characteristic class taking the value V; on the universal bundle over BO.
Our final result now takes the following shape.

Theorem 2. Let C be a polynomial in v%, with I arbitrary, v ) and the Pontrjagin
2
classes p;. Then C is complexifiable.

And conversely, we can say the following.

Theorem 3. Let C' be a complexifiable integral characteristic class. Then for any
real vector bundle £, C(&) is completely determined by some Chern classes ck(fc),
k e N.

2. CLASSES IN COHOMOLOGY WITH Z3—COEFFICIENTS

In this section, we shall prove theorem 1, after developing all the tools we need
to do so. The proof is cut into the two implication directions, and the implication
(ii)=-(i) is prepared with several intermediary steps leading to it. One ingredi-
ent, lemma 2, follows essentially from work of Cartan on Hopf fibrations. But it
only allows to show that complexifiable characteristic classes in cohomology with
Zo—coefficients are contained in the ideal generated by the squares of the Stiefel-
Whitney classes. To show that they constitute exactly the subring generated by the
squares of the Stiefel-Whitney classes, which is much smaller, we need the technical
decomposition of lemma 3 that we prove by induction.

For the whole of this section, we only consider classes in cohomology with Zo—
coefficients. Let F' — B be a real vector bundle.
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Definition 3. A characteristic class ¢ is transferred stable invariant if for any
real vector bundle F with trivial complexification (F€ = B x C"), the equation
co(F & G) = c(G) holds.

Lemma 1. Let ¢ = > Jw; be a polynomial in the Stiefel-Whitney classes, and
assume that ¢ is a complezifiable characteristic class. Then, the class c is transferred
stable invariant.

Proof. Let ¢ be a complexifiable characteristic class, and let F' be a real vector
bundle the complexification of which is trivial (F® = B x C"). Let G — B be a real
bundle. Then, ¢(F @ G) = ¢((B x R") ® G) because (B x R")¢ = B x C" = FC
and c is complexifiable.

Thus, ¢(F @ G) = > Jw;((B xR")® G) and due to the Whitney sum formula,
this term equals Y |Jw;(G), which we identify with ¢(G). O

Remark 1. Restricted to vector bundles with compact Hausdorff base space B, any
transferred stable invariant characteristic class ¢ is complezifiable.

Proof. Let F — B, G — B be real bundles with FC 2 GC. Forgetting the complex
structure, this is FF & F &2 G & G. As B is compact Hausdorff, there is an inverse
bundle F~! — B, such that F & F~! = B x R" for some dimension N.
Now,
GCGaF N =Gt FHW2FfeFr HY=wFaeF 1) =2BxCV
As c is transferred stable invariant, this implies
c(Ga (G F™Y) =¢q).

Weadd Flto FOF2G@® G toobtain ( FOEFOF ) =c(GoGa FY),
and apply the transferred stable invariance of ¢ also to the left hand side of this
equation to deduce c¢(F) = ¢(G). O

Proof of theorem 1, (i) = (ii). Let F' — B, G — B be real bundles with FC = GC.
Forgetting the complex structure, thisis FOF = GAG. A consequence of working
in Zo-coefficients is that all terms that appear twice in a sum vanish, just like

24

2 : a2
WEW2%4—f = W; -

k=1

Knowing these two facts, and the naturality of Stiefel-Whitney classes under bundle
isomorphisms, we apply the Whitney sum formula to check that wl-2 is complexifiable:

Zwk Jwai—k(F) = wai(F & F)

= wgl G D G Z wk w2z ) w?(G)

This equation being valid for all i € N U {0}, it only remains to check that polyno-
mials of the form >~ |Jw? are complexifiable. To do this, we note that the following
brackets commute, because 2 = 0 in Zo-coeflicients.

(S Us) 0) = S U i) = S U eH6) = (LUt @
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Now, we start preparing the proof of theorem 1, (ii)=-(i). Let ¢ be a complexifiable
polynomial in the Stiefel-Whitney classes w;. From lemma 1, we see that it is
transferred stable invariant.

Let O be the direct limit of the orthogonal groups, U the direct limit of the
unitary groups and EU the universal total space to the classifying space BU for
stable complex vector bundles. Let BO := EU/O, via the inclusion O C U induced
by the canonical inclusion R C C. Let v(R*°) be the universal bundle over BO, and
denote its Stiefel-Whitney classes by w; := w;(7(R*)).

Lemma 2. Let ¢ be a transferred stable invariant characteristic class in cohomology
with Zo—coefficients. Then c(y(R*®)) — c(g) is contained in the ideal (w?); ¢ N\{0}-

Proof. We use the Hopf spaces fibration of Cartan [2, p. 17-22],

vo—"' _po—* . By,

where the projection p is the rest class map to dividing the whole group U out of
EU; and f : U/O — BO embeds a fibre. The cohomology ring H*(BO, Zs) is the
polynomial algebra Zsa[wi,ws, ...] with generators the Stiefel-Whitney classes of the
universal bundle. Cartan [2, p. 17-22] has shown that f* maps these generators w;
to the generators v; := w;(f*y(R*>°)) of the exterior algebra

H*(U/O,Zy) = \(Zolr, v, ..]),

which is obtained by dividing the ideal (v2); ¢ N\{0} out of the polynomial algebra
Zs[vi, v, ...]. Hence, exactly the ideal (w?); ¢ N\{0} is mapped to zero. So to write

(wi)i e mfoy = ker f*.

Composing f with the projection p : BO — BU, we obtain a constant map (the
whole fibre is mapped to its basepoint) and therefore a trivial bundle
(po f)*~(C). This pullback of the complex universal bundle is the complexification

of f*y(R®):

(po f)*1(C®) = f*p*EU xy C* = f*EO xo C™ = f*(EO xo R®)"

= f*y(R®)C = (f*y(R>))C.

So, f*y(R*°) admits a trivial complexification, and all of the transferred stable
invariant classes ¢ must treat it like the trivial bundle e:
c(f*v(R*)) = ¢(e). A pullback of the trivial bundle is trivial too, so

0= c(f*(RY)) = ¢e(fe) = f(c(v(RY)) = c(e))

by naturality. Whence, ¢(7(R*>°)) — ¢(¢) is an element of the kernel of f*, which we
have identified with the ideal (w?); ¢ w\ {0}- O
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Lemma 3. Any complexifiable characteristic class ¢ admits a decomposition

c(7(R*)) = c(e)

m; M (jssdl—1)

m 1
_ 2 2 2 ) ) o]
- jlzz:l wih Y jgzz:l wi(hdﬁ) Y Z U jkzz:l wi(h 77777 Jk) Y T(jl""’jk) (7(R ))
U mo, LLCTRN TRy )
+ 2 Wi Urj(e) + ..+ X Wi u..u X Wi UGy, i) (€)
Jj1=1 Jj1i=1 Je—1=1 bkt

for some m,my,,...,mg, ) € NU{0}, some ij,....i¢,, . 5, € N\ {0},

some 7 y(V(R*)) € HY(BO, Zy),

j17"'7jk
and some coefficients 7, (€), ..., 7(j,,....jr_1) (€) € {0,1},

-,

such that for all j == (j1, ..., jr) and I(j) := Ligyy i
inequation holds:

j17,,,7jk)}, the following

2 Z p > degc.
p e 1)

Once this lemma is established, we use that the degree must be the same on
both sides of its equation, to deduce that the sum over all terms containing a factor

U wIQ) of too high degree (2 > p) must vanish.
)

p € I(j) peIQF

As the classes c(¢), 77(6) of the trivial bundle € are just coefficients in

HY(BO, Z3) = {0,1}, a polynomial c¢(y(R>)) in some squares w? , p € NU {0} will
remain: .
c(v(R*)) = c(e) + .lefh U7, (€) 4 oo+ ..
=

(5150 dp—2)

m
+ > wfjl ud..u > w? UT(y,de ) (€)-

=1 Jra=1 G155k —1)

As characteristic classes are determined by their value on the universal bundle,
this argument implies theorem 1, (ii)=(i).

Before giving the proof of the required lemma 3, we shall introduce two notations
just to make that proof more readable.

Definition 4. An index vector} appears in a given decomposition of
c(y(R*)) — c(e), if this decomposition admits a summand of the form

@)U

p € I(j)

and if <2 > p)ﬁdegc.

p € I(j)
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Note that the terms <r5(7(]R°°)) u U wﬁ) with (2 >, p>deg c) must
P € 1(j) P € 1(7)
vanish in any decomposition of ¢(v(R*)) — ¢(g). That is why we do not let them

contribute in the last definition.
Definition 5. Set [ := min max I(;) Consider an index vectorf appearing in
J appears

a given decomposition of c(y(R*>)) — ¢(e).
If max I(j) = I, then we call r]a(w(]Roo)) - 77.(6) a low situated rest term.

As seen so far, ¢(y(R*)) — c(e) lies in ker f* = (w?);em (0}, S0 there is a decom-
position

m
(R — () = 3w, Uryy (1(B™)),
J1=1
for some m € N U {0}, some i;, € N\ {0}, and some r; (v(R*)) € H*(BO, Z,).
We will show that there is a low situated rest term rj, (y(R*)) — 75, (¢) in this de-
composition that lies in ker f*. Then, that low situated rest term admits a decom-

position as a linear combination of squares w? with coefficients 7;, ;,)(v(R*))

Y(j1.92)
in H*(BO, Z3), leading to a new decomposition of ¢(y(R*)) — ¢(¢). So, inductively,
we will replace a low situated rest term in any given decomposition of ¢(y(R*))—c(e)
by a linear combination the coefficients of which are rest terms with longer index

vectors. That is why after a finite number of these steps, the index vectors j will

no more appear, because the sums <2 > p) will exceed the degree of c¢. This is

p € I(j)
the moment when all low situated rest terms are eliminated and the decomposition

described in lemma 3 is achieved.
To carry out this strategy, we first need to introduce the following truncation
procedure.

Truncated stable invariance. With lemma 4, we shall give a sense to “the trun-
cation of the equation ¢(F & G) = ¢(G) at the dimension [”. Define the bundles

F :=pri f*y(R*) — U/O x BO
and

G = priy(R*®) — U/O x BO,
where pr; shall be the projection on the i-th factor of the base space U/O x BO.
Let I € N. Consider the map

(id,emby) : (U/O x BO,;) — (U/O x BO)

where emb; : BO; — BQO shall be the natural embedding, recalling that BO is the
direct limit over all BO;, | € N. Then the bundle G; := (id, emb;)*G admits Stiefel-
Whitney classes that are in bijective correspondence with those of the [-dimensional
universal bundle v;(R*) — BO;.

To be precise, G; = prpo, i (R*°) and the situation is

Y (R>) G = preo,*n(R*) G = pr3y(R*) 7(R>)
BO, —% (710 x By ™™ (1110 % BOY s RO,
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Especially, w,(G)) vanishes for p > I.

Lemma 4. Under the above assumptions, the following equation holds:

max I(5) <1 max I(j) <1
Yo rmFed) | w@ay= D @) | w@.
j appears p € I(j) j appears p € 1(j)

We will call it the equation ¢(F @ G) = ¢(G) truncated at dimension .

Proof. The bundle F inherits from f*v(R>) the property to admit a trivial com-
plexification. Therefore, the transferred stable invariance of ¢ applies:

c(F & G) =c(G).
Applying the induced cohomology map (id,emb;)* to this equation, we obtain
c(id*F @ emb; G) = c(emb] Q)
and hence
o(F®G)=c(Gr).

By the universality of v(R>°), and the naturality of all characteristic classes with
respect to the classifying maps of G; and F' & Gy, any given decomposition

c(Y(R®)) —e(e) = Y r;(v®™) |J «p
J p € 1(j)
gives analogous decompositions

o(Gy) —cle) = ZT;-(Gl) U wp@)

s

pel(j)
and
(FeG)—ce) =) r(FaG) | w(Fea).
j p € 1(7)
Theorem 1, (i)=(ii) gives the transferred stable invariance of w2, making it invariant

under adding the bundle F', the complexification of which is trivial:
wi(F ® Gp) = wi(Gy).

Thus, the equation ¢(F @ G;) = ¢(G)) can be rewritten using that all summands
containing a factor wy,(G;) with p > [ vanish:

max I(j) <1 max I(j) <1
Yo mFea) |J wGn= Y @) | v
j p € I1(j) J p € 1(j)
For not to exceed the degree of ¢, also all terms with 2 >~ p > deg ¢ must vanish:
p € I(j)
max I(;) <l max I(;) <1
Yo onFeG) | wi@G)= Y. (@) | wiG.
7 appears pE I(;) 7 appears pE I(;)

So, this last equation is the equation ¢(F & G) = ¢(G) truncated at the dimension /.
U



8 ALEXANDER D. RAHM

Proof of lemma 3. We carry out the proof by induction over the index vector pointing
at a low situated rest term.

m
Base case. Lemma 2 implies ¢(y(R*>)) — c(e) = > w%_l Urj, (v(R*)),
1

with r;, some polynomial in the Stiefel-Whitney classes.
Rename i1, ..., 7, such that i1 < is < ... < ip,.
We truncate the equation ¢(F @ G) = ¢(G) at the dimension i;, and obtain

ijy <1 15, < i1
Yo rFeGy)uw (Gy)= > r1,(Gy)uw] (Gi).
J1 appears Jj1 appears

As iy <ig < ... <ip, this is just ri(F & Gy;) Uw? (Gi)) = r1(Gyy) Uw? (Gyy).

Injectivity of the multiplication map Uw? (G;,) in H*(U/O x BO;,,Z3) then holds
r1(F @ G;,) = r1(Gy,). Then we pull this back with

(id x const) : U/O — (U/O x BO;,),
(where the map const takes just one, arbitrary, value), to obtain

r(ffv(RY) @) =r1(e).
Due to Whitney sum formula, the Stiefel-Whitney classes in which r; is a polyno-
mial are stable under adding a trivial bundle, and the above left hand term equals
r1(f*y(R*)). Using naturality of characteristic classes with respect to pullbacks,
this shows that r1(y(R*°)) — r1(¢) lies in ker f*. So we can replace it with a linear
combination of quadratic terms, providing a new decomposition,

mi m
2 2 2 2
e EX))=e(e) =AU w2, Ur i (HRX) e Uri ()43 w?, Uy, ((R)),
J2=1 =2
Induction hypothesis. Consider a given decomposition
0 _ -, e’} 2
c(Y(R®)) —c(e) = Y r;(v®=) |J
J peIQ)
m m M1 sesdfg—2)
2 2 2
+ Z wih YT (6) Tt Z wijl Y Z U Z wi(h ~~~~~ Jk—1) Y T(jl""’jk_l)(e).
j1:1 _]1:1 jk_lil
Inductive claim. The decomposition of the induction hypothesis admits a low
situated rest term that lies in ker f*. We show this in the inductive step.

Inductive step. We truncate the equation ¢(F & G) = ¢(G) at the dimension
l:= min maxI(j).
7 appears
Then the remaining terms of ¢(G;) — c(¢) do all have the common factor w?(G;).
This is no zero divisor in H*(U/O x BQOy,7Z3) and further its multiplication map
Uw?(G)) is injective. Now, in ¢(F @ G) = ¢(G)), this injectivity implies

max I(;) <l max I(;) <l

o mFac) |J wAGy= Y mG) U w6

j appears p € IG\{1} j appears p € IG\{1}
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¢ If there is just one low situated rest term 77(y(R*)) — r5(¢), then we use the
injectivity of the multiplication map

U ( U wg(Gl)> on H*(U/O x BO,,Z3)
p e IG\L

to obtain r3(F" @ G;) = r3(G;). Then we pull this back with
(td x const) : U/O — (U/O x BOy)

to obtain r+(f*y(R>) ® ¢) = rz(¢). Using naturality, we see now that the low
situated rest term r3(v(R>)) — r5(¢) lies in ker f*.

& Else we truncate the remaining equation again at the dimension

, max]ﬁ;):l -
I':= _min max(I(j)\ {1}),

J appears
such as to obtain
max(I(7)\{1}) <V

S onrean U e

j appears p € TG\

max(I(j)\{1}) <V

= > G J o wpGr).

- -,

j appears p € I\

Now we proceed analogously with the choice marked with the “{” signs, and after
finitely many steps, find a low situated rest term in ker f*.
This low situated rest term can be replaced by a linear combination of squares,
holding a new decomposition of ¢(y(R*)) — c(e).

This completes the induction. ]

Proof of theorem 1, (ii)=(i). Let ¢ be a complexifiable characteristic class. By the
universality of v(R*°), the decomposition of lemma 3 yields the decomposition

m
c=cle)+ Z w?jl Urj(e) + ...+ ...
Jji=1

MGy, dp—2)

m
2 2
+ Z wijl U Z - U Z wi(jl ,,,,, 1) U r(jlv~~~7jk71)(€)'

j1=1 Jek—1=1

As c(e),7,(€), s T(jy ... jx_1) (€) are elements of {0,1 = wo = w§}, the class ¢ is in
the sub-ring Zg[wg]i e Nufo} of the polynomial ring of Stiefel-Whitney classes. [

This completes the proof of theorem 1.
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3. CLASSES IN COHOMOLOGY WITH INTEGRAL COEFFICIENTS

We will build on our results obtained for Zs-coefficients and use the mod-2—

reduction homomorphism

p U (=, Z) — H*(—, Zs)

to prove the theorems with Z—coefficients stated in the introduction. Define the
element V; € H*(BO,Z) as in appendix A, and let v be the characteristic class

with value V7 on the universal bundle.

Lemma 5. For any real bundle &, the mod-2-reduced class p(v3(€)) equals

Z w? U U wyj + Z (wait2 + w2 Uwy;) U U wy; | (&)

i€ In{i} J € I\{i} ie I\{} J € I\{i}

Proof. Apply the mod—2-reduction homomorphism:

p(v7(€)) = (p(vr(§))* = (Sql (U ww@)))

i€l
2
= Y. St wau(@)u |J w9
1€l j € I\{i}
2
= Z w%u U wa; + Z (w2i41 + w1 Uwa;) U U wa; | (&)
i€ In{3} J € N\{i} ie N1} j € N}

As 2 =0in H*(BO,Z,), the above expression equals

Z wi U U w; + Z (w3 q + wi Uwi) U U wy; | (€)-

i€ In{} j e I\{i} ie I\{3} j e I\{i}

Using the Whitney sum formula and the symmetry of the terms, we deduce

4i
wii(€ B &) =Y wp(§)wair(§) = wh;(£).
k=1

Hence, the above term equals

Z w? U U wyj + Z (wait2 + w2 Uwy;) U U wy; | (&)

i€ In{3} j € I\{i} i€ I\{} j € N\{i}

O
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Proof of theorem 2. For v (4 and the Pontrjagin classes p;, the result is obvious.
2

Now let F' — B, G — B be real bundles with FC = GC. Forgetting the complex
structure, this is F @ F = G @ GG. By naturality of the Stiefel-Whitney classes, the
polynomial

Z w% U U Wyj + Z (w4¢+2 + wo U w4l-) U U Wy;j
i€ In{3} J € I\{i} i€ I\{3} J € I\{i}

takes the same value on (F @ F) as on (G @ G), for any finite nonempty index set
I C ({3} UN\{0}). Applying lemma 5, this means p(v}(F)) = p(v}(G)).

As V2 is in the torsion of H*(BO,Z), restricted on which p is injective [3, p. 513],
this proves the theorem: v#(F) = v¥(G). O

Corollary from theorem 1. Let C be a complexifiable integral characteristic
class. Then p(C) is an element of the ring Zs[w?); ¢ NU{0}-

Proof. Let F — B, G — B be real bundles with F€ = G®. The mod-2-reduction
p(C) is also complexifiable:

p(C)(F) = p(C(F)) = p(C(G)) = p(C)(G).

Theorem 1 now gives the result. O
Proof of theorem 3. Feshbach [3, p. 513] shows that

H*(BO,Z) = Z[m;]; e n® {2-torsion},
where 7; is the value of the Pontrjagin class p; on the universal bundle.
Then C = ) Jp; + T with some 2-torsion class 7. (#)
So for every real bundle &,

p(€)(€) =3 (Upil©) + p(1)(©).
By definition of the Pontrjagin classes,

p(0)(&) = 3 Up (- 1ex€9)) + n(T)(©).

Using the well-known relation [4] between Chern classes and Stiefel-Whitney classes
P (czi(fc)) = wy; (£ DE), further the Whitney sum formula and the symmetry of the
summands, we deduce

p(C)(€) = Y| Jwdi(€) +p(T)(©).

Inserting the polynomial of the corollary from theorem 1, another polynomial in
squares is produced, and we obtain > |J w?(f) = p(T)(&).

As according to [3, p. 513], p is injective on the torsion elements, there is a lo-
cal inverse P|{2—torsion}71 lifting p(T") back to T'. So,

pl-tonsiony (U wd(©)) = T(©),
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With the Whitney sum formula and the symmetry of the summands, further the
well-known relation between Stiefel-Whitney classes and Chern classes

wy; (€ B &) = p (c24(€C)), this yields

p|{2—torsion}71 <Z U p(Cj (é—C))) = T(é)

By the decomposition f, we finally obtain

ZU CQZ §<C + p’{2 torsmn} (ZUP(%(&C))) .

0

Remark 2. No complex vector bundle with some nonzero and non-2-torsion odd
Chern class can admit a real gemerator bundle.

Proof. Consider a real vector bundle F' — B. By reflection on the real axes given by
F, FC is isomorphic to its complex conjugate bundle FC. So, any complex bundle
FE — B that admits F' as a real generator bundle must be isomorphic to its own
conjugate bundle:
ExFC=FCxF.
The odd Chern classes o171 have the property copi1(E) = —copr1(E) ([5, lemma
14.9]), so
Cons1(E) = —cop1(E) = —cn1(E) € H¥(B,7),

hence 2cox41(E) = 0. O

APPENDIX A. THE COHOMOLOGY RING OF B(O WITH Z—COEFFICIENTS

The cohomology ring of BO with Z—coefficients is known since Thomas [6], [7]
and with all relations between its generators since Brown [1] and Feshbach [3]. It
can be obtained as follows. Define the set of generators of H*(BO,,,Z) as in [3,
definition 1]:

It consists of the Pontrjagin classes p; of the universal bundle over BO,,, and classes
Vi with I ranging over all finite nonempty subsets of

(ofeenfocrerst)

with the proviso that I does not contain both % 5 and 3, for n > 1.

According to [3, theorem 2], H*(BO,,Z) is for all n § oo isomorphic to the poly-
nomial ring over Z generated by the above specified elements modulo the ideal
generated by the following six types of relations.

In all relations except the first, the cardinality of I is less than or equal to that of
J and greater than one. (Most of the restrictions on I and J are to avoid repeating
relations). By convention, p1 where it occurs means V{ 1y Also, if {%, %} c ITuJ,

then Vjy; shall mean V{ }VIUJ \{z
272
1) 2V =0.
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2) V}VJ“’ ‘/IUJV[[']J +‘/[\JVJ\[ H Pi = 0 (fOI' InJ ?é @, 1 ¢_ J)
i€ INJ

3) ViVa+ > ViaVinnugy I pi=0  (for I CJ).
i€l j € 1\{i}

4) ViVi+ > V{z}V(IUJ)\{z} =0 (forInJ= (); if I and J have the
el

same cardinality, then the smallest element of I is less than that of J).

5 2 VgV =0.
e 1

6) V{%}p% + Vé} =0, if n is even.

Then p(V7) = Sq'( U we;), with the Steenrod squaring operation Sq'.
rel
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