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Abstract

This paper presents our results for full 3-D simulations of very-high to ultra-high
energy electromagnetic cascades – and the associated coherent Cherenkov radiation
– as might be produced by high-energy neutrino interactions in dense media. Using
“thinning” techniques, we develop an algorithm based on the existing “ZHS” code,
and demonstrate that the new “ZHS-thinned” code can produce fast and accurate
results for showers up to 1020 eV. Using ZHS-thinned, we develop new parameter-
isations for the radiation from showers in ice, salt, and the lunar regolith, with a
separate treatment of the megaregolith (deep regolith). Our parameterisations in-
clude for the first time a method to simulate fluctuations in shower length induced
by the LPM effect. Our results, which avoid the pit-falls of scaling simulations from
lower energies, allow improved calculations of the detection probability for experi-
ments searching for high-energy neutrinos using the radio technique.

Key words: high energy cosmic rays and neutrinos, high energy showers,
Cherenkov radio emission
PACS: 95.85.Bh, 95.85.Ry, 29.40.-n,

1 Introduction

The search for neutrinos of EeV-scale energies is motivated by observations
of the highest-energy cosmic rays, with the expectation that the detection of
these neutrinos will help identify the sources of cosmic rays at these energies,
as well as providing insight into the highest-energy astro- and particle-physics
[1–3].

A very promising method to detect high-energy particle interactions in dense
media was first proposed by G. A. Askaryan in the 1960’s [4]. By remotely
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detecting the coherent Cherenkov (microwave-radio) radiation produced from
the excess of electrons in the cascade of particles resulting from a high-energy
particle interaction in a medium transparent to radio waves, the need to di-
rectly instrument large volumes to search for particles with extremely low
fluxes and/or interaction cross-sections is obviated. As the energy in the radi-
ation scales with the square of primary particle energy, this method naturally
lends itself to detecting the highest energy neutrinos and cosmic rays. Start-
ing from the first pioneering experiments using the radio technique (RICE
[5] and Parkes [6]), the number and range of experiments has grown steadily,
and now encompasses the Antarctic in-situ ice experiment RICE and balloon
experiment ANITA [7], and projects observing the Moon with ground-based
radio-telescopes such as GLUE [8], NuMoon [9] and LUNASKA [10].

In order to measure the properties of the primary particle, the observed spec-
trum of Cherenkov radiation must be related back to the properties of the
induced cascade. This in turn requires a detailed knowledge of the magnitude,
angular distribution and the frequency-dependence of the emitted Cherenkov
radiation. Originally calculated using Monte Carlo techniques, the radiated
spectrum from purely electromagnetic showers has been directly measured
at particle accelerators. Coherent Cherenkov radiation produced by a beam
of particles was first observed in tests performed at the Argonne Wakefield
Accelerator [11]. The experimental confirmation of the Askaryan effect came
later in a series of experiments at SLAC, first in silica sand [12,13] and then
in rock salt [14] and ice [15], with results in good agreement with the theoret-
ical calculations [16]. However, to achieve EeV-energy showers in a laboratory
requires bunches of a large number of relatively low energy particles, and the
resulting cascade of secondaries has neither the same spatial structure as a
shower arising from a single ultra-high energy (UHE) particle nor the same
expected spectrum and angular distribution of the emitted Cherenkov radia-
tion. Additionally, a wide range of materials have been proposed as suitable
dense media for the detection of the Askaryan effect, including ice, rock salt,
and the various layers of the lunar regolith, and in some cases (notably the
latter) direct measurement is not possible. This calls for accurate simulations
of the spectrum of coherent Cherenkov radiation from EeV showers over a
wide range of media.

Full calculations of coherent Cherenkov radiation from simulated electromag-
netic cascades are very computationally intensive. Particles have to be tracked
down to sub-MeV energies where the bulk of the radiation is known to be pro-
duced [17], so that even a 1 TeV shower comprises of the order of 106 particles
(in total) to be tracked. Tracking all 1012 particles expected in a single EeV
shower is infeasible with current technology. A parameterisation of the emit-
ted radiation in ice at EeV energies was performed in the past exploiting the
analogy with diffraction by a single slit by Fourier-transforming an approxi-
mate longitudinal and lateral profile of the shower [18–20]. Results for other
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media were obtained using simple scaling relationships, which at TeV energies
and for the regolith differ by ∼30% from the results obtained in full Monte
Carlo simulations [16].

There is a clear need to develop a fast code to fully simulate electromagnetic
showers in 3-D at EeV energies and above in an arbitrary dense medium.
Here, we investigate thinning techniques [21,22] as a method to reduce the
computer time, and apply them to the ZHS code [17]. This is a well-known
and well-tested code [23] originally developed for the simulation of electro-
magnetic showers in ice and the calculation of the associated Cherenkov emis-
sion at MHz-GHz frequencies. Thinning techniques involve following only a
small, representative fraction of the particles in a shower, and assigning to
each tracked particle a corresponding weight to compensate for the rejected
particles. In the first section of this paper, we develop a thinning algorithm ap-
propriate to the calculation of coherent Cherenkov radiation, and implement
it in the ZHS electromagnetic code to produce the “ZHS-thinned” code. The
behaviour of the new “ZHS-thinned” code is analysed using two independent
techniques, and we test its ability to reproduce key quantities over a broad
energy range such as excess tracklength, shower length along the shower axis,
and width in the direction perpendicular to the shower axis, as well as the fre-
quency spectrum and angular distribution of the coherent Cherenkov electric
field.

In the second section, we use the ZHS-thinned code to develop new parameter-
isations of coherent Cherenkov radiation from electromagnetic showers at and
above EeV energies for a wide range of media, which extends the work of [16]
to energies above those at which the Landau-Pomeranchuk-Migdal (LPM [24])
effect becomes important. This includes a first parameterisation for the deep
regolith (“megaregolith”) of the lunar highlands, which is relevant for lunar
observations utilising low frequencies which could probe the sub-regolith lay-
ers (see Ref. [25] and references contained therein). The scaling relationships
of the electric field with medium parameters obtained in previous works [16]
are tested by comparison of our results in the lunar regolith and megaregolith,
which have the same composition but different densities and refractive indices,
both of which change smoothly with depth. This is also the case for Antarctic
ice. In both of these media, where discrete parameterisations for fixed density
or refractive index are inappropriate, our testing of the scaling relationships
will be most relevant.

2 Thinning Electromagnetic Showers

Thinning methods have been applied successfully and extensively to high-
energy air-shower simulations [21,22,26]. Due to the different physical pro-
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cesses of interest in the radio-technique, we do not expect to be able to directly
implement results on thinning from air-shower applications. For instance, thin-
ning methods suitable for simulating air shower detection at ground level aim
at reducing the number of tracked particles near the core — usually not ob-
served in surface detectors — while maximising the tracking of particles that
hit the ground far from the core. For radio applications Cherenkov radiation
is produced by the charged particles at essentially all stages in the shower
development, close and far from shower axis. Despite this fact many of the
principles of thinning already developed for air shower physics are broadly
applicable, and thus we develop our methodology in a similar manner.

2.1 The ZHS code

The ZHS code [17] generates electromagnetic showers from a e± or γ primary
particle, follows secondary particles of sufficient energy to produce Cherenkov
radiation 1 , and passes the particle tracks generated to a routine to calculate
the spectrum radiated. Initially developed to work in ice, showers — and as-
sociated Cherenkov electric fields — can be simulated in different media using
the latest version of the code, simply by specifying the composition, density,
and refractive index for radio frequencies of the medium in consideration. The
necessary division of the (effectively continuous) particle paths into piecewise
linear tracks can be performed in various ways, with shorter divisions allowing
increasingly accurate parameterisations to higher frequencies at the expense
of computer time [23]. For our purposes it suffices to choose tracks between
significant discrete interactions, defined here as the bremsstrahlung emission
of a E & 100 keV photon and pair production, Moeller, Bhabha and Compton
scatterings. This method is accurate up to ∼10 GHz, above the frequency at
which the coherent behaviour of the emitted signal is expected to break down
in all of the media considered in this work [16]. Shorter tracks will lead to
a significant increase in computing time but at no improvement in accuracy.
Particles of energy below the Cherenkov threshold are discarded.

We adopt the same definition as in [17] of the Fourier transform of the electric
field from the time domain to the frequency ν = ω/2π domain:

~E(~x, ν) = 2

∞
∫

−∞

dt ei2πνt ~E(~x, t) (1)

1 Down to the Cherenkov threshold kinetic energy Ethresh of a few tens of keV to
100 keV, depending on the medium and particle in question.
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The inverse transformation is given by,

~E(~x, t) =
1

2

∞
∫

−∞

dν e−i2πνt ~E(~x, ν) (2)

2.2 Thinning algorithms of electromagnetic showers for radio applications

In a purely electromagnetic code such as ZHS, every interaction can be char-
acterised as A → B + C, with energies EA, EB, and EC . At the heart of a
thinning algorithm is a routine to choose which of the two secondary parti-
cles in an interaction to follow and which to discard, and what weights to
assign to those followed. Our thinning algorithm is implemented whenever a
significant interaction (as defined above) occurs, and in general will choose
to follow particles B and/or C with probabilities pB and pC . If the parent
particle A had weight WA, the subsequent weight of B – and similarly for C
– is WB = WA/pB = wB WA, where we define wB as the “weight increase”.

Coherent Cherenkov radiation results from an excess of electrons over positrons
in the shower. This excess comes primarily from low-energy electrons knocked
into the shower from the surrounding medium by shower photons, positrons
and electrons, with a dearth of positrons due to annihilation (also at low en-
ergies) providing a secondary mechanism. The lateral spread of the shower
is also governed chiefly by scattering of low-energy particles of tens of MeV.
Conversely, the longitudinal profile is mainly determined by high energy inter-
actions, and will exhibit elongation above the LPM energy of approximately
1 PeV, depending on the medium [27]. It is critical therefore that our thinning
algorithm reproduces as accurately as possible both the high- and low-energy
behaviour, since the lateral and longitudinal shower development determine
the spectrum and angular distribution of the emitted radiation. Therefore,
we follow the prescription of [22], and set both a maximum and minimum
thinning threshold, Emax and Emin. This method also limits the weight on any
individual particle, preventing undue variation; setting Emin = 0 replicates
single-threshold thinning, while an unthinned shower also has Emax = 0. We
define the thinning level as fL = Emax/Emin. We also define fn = n0/n as
the ratio of the number of tracks explicitly accounted for in a fully simulated
shower and in a thinned one. This is a platform-independent measure for the
reduction in computing time t, since the most computationally-intensive rou-
tine is the Cherenkov radiation calculation, which is performed once for each
particle track. Approximately fn ≃ ft = t0/t where t0 and t are respectively
the computing (CPU) time needed to simulate a full and a thinned shower. We
also expect the computing-time reduction factor ft ≃ fn to be proportional to
the thinning level fL.
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With these definitions and considerations, we can define the thinning algo-
rithm:

(1) If EA, EB and EC are all greater than Emax or all lower than Emin, then
particles B and C are always tracked (pB = pC = 1).

(2) If EA, EB and EC ∈ (Emin, Emax), then either B or C (but never both
of them) is accepted with probability pB = EB/EA (and pC = 1 − pB).

(3) Finally, in any other case (those interactions where at least one of the
thinning thresholds falls into the energy-range spanned by the interaction,
i.e. any (Emin/max) ∈ (EA, EB/C)), an independent test is performed
on each particle to determine which of the two are kept, so that in this
case both, only one, or none of the two secondaries will be rejected. The
probability pp of retaining each particle with energy Ep is given by:

pp =







































1 if Ep > Emax,

Ep

Emax
if EA > Emax > Ep > Emin,

Emin

EA
if Emax > EA > Emin > Ep,

Emin

Emax
if EA > Emax, Emin > Ep.

This thinning algorithm is essentially a logical extension to two thinning
thresholds of the well-known Hillas thinning algorithm [21] which uses only
one thinning threshold Eth. In fact by setting Emin = 0 and Emax = Eth one
recovers the original Hillas algorithm.

There are several advantages of this thinning algorithm that are worth com-
menting on. Firstly, the weights cannot exceed the thinning level fL, and the
number of low-energy particles is reduced also by a factor fL. This ensures
that no individual particle can have too great an influence over the shower
parameters. Another advantage is that while secondary particles B and C are
above Emax or below Emin no further thinning is performed, allowing a good
description of the high- and low-energy particles which are relevant for shower
development and charge excess generation respectively as discussed above. Fi-
nally, the time reduction should behave predictably, since the greatest number
of particles in the shower are generated at low energies, and the most demand-
ing routine in the ZHS code is the calculation of the Cherenkov radiation over
a grid of frequencies and observation angles. Thinning over a factor of fL in
energy should reduce the number of particles with energies below Emin by the
same factor. Thus we expect that total time taken to be fL times smaller than
that of an unthinned shower.

Note that in case (2) – when EA, EB and EC ∈ (Emin, Emax) – energy is
conserved explicitly, and obviously in case (1) also. In case (3) however neither
energy nor particle number will be conserved explicitly at each vertex, though
they will still be conserved statistically after averaging over many interactions.
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Quantity T 〈r〉 Mr z̄ 〈z〉 Mz

Def:
∑

i Ti
Ti

T

√

x2
i + y2

i
Ti

T (x2
i + y2

i )
Ti

T zi
Ti

T |zi − z̄| Ti

T (zi − z̄)2

Table 1
Definitions of variables used to assess the accuracy of our thinning routine. The
sums in the formulas run over all particles in the shower. Ti is the tracklength
of each particle (−ve for positrons, +ve for electrons, so the excess is a positive
quantity) located at mean position (xi, yi, zi), where x = y = 0 corresponds to a
particle traveling along the shower axis.

We used this procedure, dubbed the “standard thinning algorithm” because
of its well-defined thinning boundaries, as a standard yardstick. “Alternative
thinning algorithms” involve forcibly conserving energy and particle number
explicitly at every vertex. A possibility would be to thin when EA, EB and
EC ∈ (Emin, Emax) in the same way as in item (2) in the previous thinning
algorithm, and not to thin in any other case. In this case for a given fL,
the fraction of particles explicitly tracked will be larger than in the standard
thinning algorithm, since interactions spanning a thinning threshold will not
be thinned.

We have implemented the standard thinning algorithm (energy not conserved
explicitly) and the alternative thinning algorithm (energy forced to be con-
served) into the ZHS code. A comparison between their performance is pre-
sented in the next section.

3 Testing Thinning Methods

Our goal with the introduction of thinning in the simulations of Cherenkov
radio emission from high energy showers is to reproduce the spectrum and
angular distribution of Cherenkov radiation predicted in full simulations as
accurately as possible while at the same time minimising the computing time.
Since the spectrum of Cherenkov radiation is approximately the Fourier trans-
form of the distribution of excess negative charge [19,20], we assess the good-
ness of the thinning algorithms based on their ability to reproduce this dis-
tribution, reflected by the parameter set defined in Table 1. Of these, total
excess tracklength T is the most useful, since it has very low intrinsic vari-
ability, and scales with the primary particle energy. Also defined is the shower
“centre” at (x̄ = 0, ȳ = 0, z̄), and the means (linearly-weighted variation) and
“moments” (quadratically-weighted variation) of both shower length (〈z〉, Mz)
about the shower centre z̄, and shower width (〈r〉, Mr) about the shower axis
(x = 0, y = 0) in the direction perpendicular to the shower axis, all weighted
by excess tracklength.
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We measure the artificial variation in any given quantity introduced by the
thinning algorithm using two methods. One is to generate a large number of
thinned and unthinned showers, and compare the variation in (for example)
excess tracklength T within the thinned showers to that of unthinned showers.
Following [22], this allows the definition of the quality parameter QX for an
arbitrary quantity X and a particular thinning level as QX ∝ (t0.5 VX)−1,
where t is the CPU time taken, and VX is the relative variation (standard
deviation) in the quantity X. Both t, VX and hence QX depend on the thinning
level fL. Here, we use the number of particle tracks n as proxy for CPU time,
and normalise quality by that for an unthinned shower. Our definition then
becomes:

QX =
n0.5

0 V 0
X

n0.5 VX
(3)

where V 0
X stands for the intrinsic variability of the quantity X in the set

of unthinned showers. For a purely random quantity X, QX = 1, since the
variation VX will go as n−0.5 and t goes as n. If the chosen thinning parameters
are such that QX > 1 then X̄ (the mean value of X) is better estimated in a
given time from the thinned showers, and on the contrary QX < 1 means that
the fully simulated showers give the best estimation. The selection process
for a suitable thinning algorithm using this method involves choosing a set of
thinning parameters (thinning level fL and Emin) corresponding to computer-
time constraints, and selecting those which give the highest quality parameter
estimates for the set of relevant observables in Table 1.

The above method is relevant for estimating the mean properties of electro-
magnetic showers at a given energy. It cannot however determine the absolute
accuracy in estimating a quantity X for an individual shower. To do this we
have simultaneously run multiple copies of the same shower, each of them
with different thinning parameters (fL, Emin) and/or algorithms. In this way
we minimise the effect of the intrinsic shower fluctuations and we are confi-
dent that the differences in the values of the observables are solely due to the
different thinning levels. For this purpose the ZHS code was modified to allow
exactly the same shower tracks to be assigned different weights according to
different thinning parameters and/or algorithms. Observables such as those in
Table 1 estimated from the thinned showers can then be compared to their
“true” (i.e. fully simulated) values. Optimal thinning parameters and/or algo-
rithms can then be selected based on their attaining a desired level of accuracy
and maximising time reduction. Here, we require a minimum level of accuracy
of 10% between the thinned and the fully simulated showers, which is at the
level of agreement between different cascade simulations below PeV energies
[23].
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3.1 Quality of Thinning

We have calculated the quality factor corresponding to different combinations
of thinning parameters (fL, Emin) and to the observables in Table 1 for primary
shower energies of E0 = 1 TeV to E0 = 10 PeV, using one hundred showers
for each energy and thinning parameter set.

The quality of length-related parameters Q〈z〉, QMz
was found to be the highest

among the observables in Table 1 for all thinning parameters and algorithms,
since length is determined by the high-energy component which remains un-
affected by thinning. Conversely, the quality of total excess tracklength QT ,
and measures of width Q〈r〉 and QMr

, were found to be the lowest, since these
are governed by the low-energy (and thus most highly thinned) component
on the shower. Excepting a very few cases, we found QT < {Q〈r〉, QMr

}, and
therefore in this section we choose the worst possible case to select the optimal
thinning parameters and use QT exclusively, keeping in mind that the quality
factor of the other observables is almost always better.

In Fig. 1, we have plotted our results for QT against Emin for 10 TeV and
1 PeV showers in ice. Two regimes for Emin are clearly visible. QT decreases
as E−0.5

min for Emin & 500 MeV, and is stable with Emin for Emin . 500 MeV.
These two regimes are apparent in the whole energy range we have explored,
1 TeV < E0 < 10 PeV.

This behaviour arises because increasing Emin reduces the thinning level – and
hence the artificial variation due to thin sampling – proportionately, while
the artificial variation associated with not enforcing energy conservation is
essentially unaffected. Since increasing Emin also proportionately increases the
number of particles that are explicitly tracked (and hence the time taken), QT

stays stable if the dominant component of artificial variation is due to thin
sampling. However, for sufficiently large Emin, variability due to not enforcing
energy conservation will dominate 2 , so that QT will decreases as E−0.5

min . The
turnover energy between Emin = 500 MeV and Emin = 1 GeV observed in
Fig. 1 gives the point where the two components of artificial variation are
equal. Altering either E0 or Emax changes the contribution of both sources of
variability equally, so the critical energy at which they equate is independent
of both parameters.

Though we have a condition on Emin so that the “standard thinning algorithm”
produces maximum values of quality which are stable with Emin, the question
remains as to whether or not it is in fact a superior thinning algorithm. Since
the “alternative thinning algorithm” forces conservation of energy by not thin-

2 Energy is only conserved explicitely when EA, EB and EC ∈ (Emin, Emax)
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Fig. 1. Quality of total excess tracklength QT in (a) 10 TeV and (b) 1 PeV showers
for various fL as a function of Emin using the standard algorithm. The (dotted) trend
lines are found by fitting a constant k only to the range Emin ≤ 300 MeV data for
QT = k (horizontal dotted line), and Emin ≥ 3 GeV for QT = k E−0.5

min (sloped line)
— not all fitted points are shown for purposes of clarity. The QT = k E−0.5

min trend
is clearly present for Emin & 1 GeV.
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Fig. 2. Comparison of quality in total excess tracklength QT in 100 TeV showers
between the two thinning algorithms, for the full range of thinning parameters
(fL, Emin), plotted as a function of fn (see text). For each Emin, fL is increasing to
the right in factors of 10, beginning at fL = 10.

ning over the thresholds, the time reduction will clearly be less than in the
case of the standard thinning algorithm for a given set of thinning parameters.
From our simulations we found that the alternative thinning routine forcing
energy conservation explicitly takes between one and two orders of magnitude
longer than the standard routine.

Given the difference between fL and fn (the actual reduction in computing
time) for the two thinning algorithms, the quality QT of excess tracklength
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must be compared in the context of fn, since this is an actual measure of
the time saved. We therefore plot QT against fn in thinned 100 TeV showers
using both algorithms, shown in Fig. 2. For the same reduction in computing
time, the standard thinning algorithm provides a higher quality in T than the
alternative algorithm, provided the condition Emin . 500 MeV is met, and
even when Emin is slightly greater, e.g. 1 GeV. These results held throughout
the 1 TeV–10 PeV energy range studied. Therefore, we reject the alternative
thinning algorithm, and proceed to analyse the standard thinning algorithm
only for Emin . 1 GeV by simultaneously running the same shower with
different thinning parameters.

At this stage we briefly summarize our findings:

• When Emin < 1 GeV, the quality factor QT ∼ O(1) regardless of thinning
level fL.

• When Emin > 1 GeV for the standard algorithm, the quality factor QT < 1
and declines rapidly with increasing Emin.

• In the standard thinning algorithm (energy conserved statistically) the re-
duction in time is larger than in the alternative thinning algorithm (energy
conserved explicitly at every vertex) for any given E0, Emin, fL.

• For the same reduction in time, quality is better in the standard thinning
routine (provided Emin ≤ 1 GeV).

• The above conclusions hold for a wide energy range (1 TeV to 10 PeV) and
different media, and the behaviour of the standard thinning routine is stable
over this range.

3.2 Simultaneously running the same shower with different thinning param-

eters

We must now check to see that the structure of individual thinned showers
is acceptably close to that of unthinned showers. Using thinning parameters
Emin < 1 GeV and varying fL, we compare the calculated values of T , 〈r〉, Mr,
〈z〉, and Mz defined in Table 1, to those of identical fully simulated showers.
For the combinations of (fL, Emin) fulfilling the condition that all the above
parameters differ from those obtained in identical fully-simulated showers by
less than 10%, we choose those combinations producing the greatest reduction
in CPU time. Defining f0 = E0/Emax with E0 being the shower energy, we
have found that optimal values correspond to f0 ∈ (104, 105) with Emin < 1
GeV. These translate into optimal values of fL depending on primary energy
E0 given by:

fL = f−1
0

E0

Emin
; Emin < 1 GeV. (4)
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E0 [eV] fL Emin [MeV] t t0/t

1014 1 0 2 hr 2.6 min 1.0

10 10 43.7 min 2.8

10 100 20.3 min 6.1

100 10 10.7 min 11.5

100 100 2.7 min 44.7

1018 1 0 ∼ 2.33 yr † 1.0

105 10 4 h 33 min 4.48 103

105 100 41.8 min 2.93 104

106 10 31.9 min 3.84 104

106 100 4.7 min 2.59 105

Table 2
CPU time gains through thinning, as a function of primary energy E0 and thinning
parameters (fL, Emin). The run-time t — given in years (yr), days (d), hours (hr) or
minutes (min) — for both an unthinned (t = t0, fL = 1, Emin = 0) and for a thinned
shower were calculated on a Intel Q6600 Quad processor 2.4 GHz, with Cherenkov
radiation output on a moderately-sized grid of 15 angles by 30 frequencies. The
time reduction factor is given by t0/t.

† For the E0 = 1 EeV shower the total time
is estimated based on scaling CPU time linearly with primary energy E0.

For instance, taking Emin = 100 MeV, and E0 = 1 EeV = 1012 MeV, optimal
values of fL are in the range (105, 106). Typical computational times for a
range of showers using the optimal thinning parameters are shown in Table 2.
Large reductions in time can be achieved, of the order of 104−105 at E0 = 1018

eV. Characteristic accuracies of the parameters listed in Table 1 are given in
Table 3. In the energy range below ∼ 10 PeV – in which full simulations are
available – the accuracy of each parameter is computed by comparing thinned
and full simulations of the same shower and averaging over many different
showers. When full simulations are not feasible we check the stability of our
results by comparing various optimally thinned simulations (with different
thinning parameters) of the same shower between themselves.

In Fig. 3 we show the Cherenkov spectrum for 100 TeV showers simultaneously
simulated both fully and with optimal thinning levels following Eq. (4). Above
1 PeV the calculation of the frequency spectrum for even a single unthinned
shower is very time-consuming, so comparing thinned simulations to full ones
is impractical. However, a useful check on thinning at energies above 1 PeV
is to thin the same shower multiple times for different (Emin, fL), and check
for consistency and stability of the results when optimal thinning parameters
given by Eq. (4) are applied. An example is shown in Fig. 4 in which the
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fL Emin
∆T
T (%) ∆r

r (%) ∆Mr

Mr
(%) ∆z

z (%) ∆Mz

Mz
(%)

E0 = 1014 eV V̄ 0
X : intrinsic variation between fully simulated showers.

1 0 0.21 0.19 0.44 4.1 7.8

E0 = 1014 eV V̄X : variation of thinned from fully simulated showers.

10 10 0.19 0.7 1.5 0.15 0.3

10 100 0.5 1.0 3.4 0.25 0.5

100 10 0.7 2.2 7.8 0.5 0.95

100 100 1.9 3.3 10.5 0.9 1.7

E0 = 1018 eV V̄ ′
X : variation between thinned showers only.

105 10 0.23 0.65 2.4 0.16 0.3

105 100 0.55 0.95 3.3 0.28 0.55

106 10 0.65 2.2 7.5 0.5 0.9

106 100 1.55 2.9 9.5 0.65 1.4

Table 3
Variation in shower parameters (see Table 1) for sample optimal thinning param-
eters. V̄ 0

X is the variation in parameters between unthinned showers (the ‘intrinsic
variation’); V̄X the variation of the parameters from simultaneous thinnings of the
same shower about the unthinned (fully simulated) values (‘artificial variation’); V̄ ′

X

– used only at energies where full simulations become impossible – is the variation
between simultaneous thinnings of the same shower (i.e. it estimates the artificial
variation).

frequency spectrum at the Cherenkov angle for a 1 EeV shower was simulated
using different combinations of Emin and fL.

Figs. 3 and 4 provide a more detailed check of the validity of the optimal thin-
ning levels than the comparisons of the parameters listed in Table 1. Provided
optimal combinations of Emin and fL (as given above) are used, the frequency
spectra generated agree with that from fully simulated showers (Fig. 3) and
other optimally-thinned simulations (Fig. 4) to within ∼ 1% below the roll-off
in the frequency spectrum. At sufficiently high frequencies an accurate descrip-
tion of the electric field requires knowing the fine structure of the shower (even
at the individual particle level), and clearly the thinning algorithms explored
in this work are unable to account for it.

That our thinning algorithm behaves similarly over the energy range below 1
PeV in which full simulations are feasible, indicates that in fact Eq. (4) ob-
tained for energies below 1 PeV can be extrapolated up into the EeV energy
range. To further check this, we have also performed a hybrid simulation of
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Fig. 3. Frequency distributions of coherent Cherenkov radiation calculated for elec-
tron-induced showers in ice and salt at 100 TeV primary energy at the Cherenkov
angle (θc) and at 10◦ away from the Cherenkov angle. Solid line: full simulations;
dashed line: thinned simulation with optimal parameters fL = 10 and Emin = 100
MeV as given by Eq. (4).

the longitudinal profile of the number of electrons and positrons in the shower,
performed simultaneously with the thinned simulations in order to minimise
the effect of the intrinsic shower fluctuations. The hybrid simulation tracks
particles explicitly only if their energy is above an energy threshold, typically
below the ELPM scale of the medium. The longitudinal development of the
secondary showers induced by particles below ELPM is approximated using
a Greisen parameterisation [28]. In this way the number of particles at each
depth was calculated. In Fig. 5 we show the longitudinal development of a
E0 = 100 EeV shower simulated with an optimal combination of thinning
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Fig. 4. Top panel: Frequency distributions of coherent Cherenkov radiation calcu-
lated for electron-induced showers in ice at 1 EeV primary energy for observation
at the Cherenkov angle (θc), and 10◦ and 30◦ away from the Cherenkov angle for
optimal and non-optimal thinned levels according to Eq. (4). Solid line: optimal
thinning parameters (1) fL = 105 and Emin = 100 MeV; dashed line: optimal
thinning parameters (2) fL = 106 and Emin = 10 MeV; dotted line: non-optimal
thinning parameters fL = 108 and Emin = 10 MeV. Bottom panel: Relative dif-
ference in % between the electric field spectrum as obtained with the non-optimal
(dotted line) and the set (2) of optimal parameters (dashed line) with respect to
the electric field obtained with the set (1) of optimal parameters. For clarity only
the relative differences for observation at the Cherenkov angle are shown.

parameters along with the result of the hybrid simulation. The agreement be-
tween both simulations of the development is remarkable and in particular the
multi-peaked structure characteristic of showers in dense media with energies
well above the LPM scale [29] is extremely well reproduced. This gives us
confidence in the reliability of our thinned simulations.
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Fig. 5. Top panel: Distribution of the number of electrons and positrons along the
shower axis for an electron-induced shower in ice with energy 100 EeV, calculated
with a hybrid simulation (dashed line) and with a thinned simulation with optimal
parameters fL = 107 and Emin = 100 MeV. Bottom panel: Relative difference in %
between the hybrid and the thinned simulation as a function of depth calculated as
thinned minus hybrid and normalized to the hybrid result.

So far, we have analysed results for ice only. This was done because ice was
the first and historically the sole medium of experimental interest for radio-
detection experiments. To check that our results are applicable to other media,
we repeated the analysis above for salt (an example is shown in Fig. 3) and
the lunar regolith and megaregolith. In all cases our conclusions (see below)
were born out.

Summarising, we have found that the thinned showers generated by our thin-
ning algorithm with optimal combinations of parameters reproduce the Cherenkov
radiation spectrum from full simulations with an excellent degree of accuracy
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Fig. 6. The “box model” of shower development over the lifetime of the shower. A
shower has an effective length L and width R, giving characteristic time delays of
δtL and δtR. For δtL = 0, we obtain the condition L cos θ = L/n for the Cherenkov
angle θ = θC .

up to energies of ∼ 1 PeV. Above this energy full simulations become infea-
sible, but we have shown that the frequency spectra are internally consistent
to within a few percent for individual showers. Moreover, a totally indepen-
dent hybrid simulation gives results for the longitudinal development in very
good agreement with the optimally thinned simulations. The time-reduction
thinning allows at the highest energies is huge: whereas the radiated spectrum
from a 100 EeV shower would have taken a few years to calculate with the
standard ZHS routine, using our ZHS-thinned code we can now achieve accept-
able accuracy in less than an hour. This enables us to run numerous showers
of energies above 1 EeV, and we therefore develop parameterisations for the
Cherenkov radiation produced based on these thinned showers for practical
applications. This is the subject of the next section.

4 Model and Parameterisation for Coherent Cherenkov Radiation

from Electromagnetic Showers

The physical basis for our parameterisation of the radiated spectrum is the
“box model” of shower development (Fig. 6), which has been used to explain
the radiated spectrum from fully simulated showers at sub-LPM energies in a
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variety of media [16,17,20]. In this model, the distribution of particle tracks
making up the shower over its lifetime has a characteristic length L and width
R, from which the resultant time delays δtL and δtR from radiation emitted
over the length and breadth of the shower – with respect to a particle traveling
along the shower axis at the speed of light – can be calculated with simple
geometry (see Fig. 6) for any viewing angle. The condition δtL = 0 (no delays
associated with the longitudinal spread of the shower) defines the Cherenkov
angle θC , so that interference over the width of the shower only (lateral de-
coherence) determines the spectral shape when the shower is viewed near θC ,
while far from θC , interference over the shower length (longitudinal decoher-

ence) dominates [16]. The radiated spectrum ~E(ν) can then be described as a
fully coherent amplitude A — increasing linearly with frequency — multiplied
by lateral and longitudinal decoherence factors dR and dL, defined such that
dR,L ≤ 1 with dR,L → 1 as ν → 0. Also, dL ≡ 1 at the Cherenkov angle
θ = θC . In general, A, dL and dR will be dependent upon the shower energy
E0, frequency ν, and viewing angle θ with respect to the shower axis, leading
us to the following functional form:

r| ~E(E0, θ, ν)|= A(E0, θ, ν) × dL(E0, θ, ν) × dR(E0, θ, ν) (5)

where r is the (far-field) observation distance. In this paper, we always include
both decoherence terms, although only for a small range of angles will both
be relevant at the same time. We use the forms of Alvarez-Muñiz et al.[16]
— given in Eq. (6) — for the decoherence factors, which have been shown to
provide a good fit to the spectrum for showers with primary energies below
ELPM:

dR[L] =
1

1 + (ν/νR[L])ᾱ[β̄]
. (6)

Here, νR and νL are characteristic frequencies at which lateral and longitu-
dinal decoherence become important, while ᾱ and β̄ give the strength of the
decoherence. The frequencies νL and νR will be inversely proportional to the
time delays δtL and δtR, which are in turn functions of L and R. The ampli-
tude A of the fully coherent (low-frequency) component will be proportional
to the total excess tracklength T . The proportionalities of L, R, and T with
properties of the interaction medium are well-established theoretical results
[17,20,29,30]. We use the formalism of Alvarez-Muñiz et al. [16]:

νL(θ) ≈ c

L

1

|1 − n cos θ| =
ρ

k̄LX0

c

|1 − n cos θ| (7)

νR(θ = θC) ≈ c/n

R
=

ρ

k̄RRM

c√
n2 − 1

(8)
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A(E0, θ, ν) = k̄E ν T sin θ ≈ k̄E
E0

EC

X0

ρ
ν sin θ (9)

where the medium properties X0, n, ρ, RM and EC are respectively the ra-
diation length (g cm−2), refractive index, density (g cm−3), Moliere radius
(g cm−2), and critical energy (MeV). k̄L, k̄R, and k̄E are proportionality con-
stants. Throughout, we use the approximation νR(θ) = νR(θC), since lat-
eral decoherence is only important near the Cherenkov angle. Simulations by
Alvarez-Muñiz et al. [16] in ice, salt, and the regolith have shown that variation
in k̄L and k̄R between these media for showers at sub-LPM energies is of the
order of 10%, while for k̄E it is of order 30%. Also, and as we have previously
mentioned, L is dependent upon the shower energy E0, so that the “constant”
k̄L is in fact energy-dependent. For sufficiently low-energy showers, the depen-
dence of L on E0 is small, while at energies where LPM-elongation is significant
(typically for E0 & ELPM), L increases rapidly with E0 [27,29,31,32]. Thus we
expect k̄L to be fit well by the following relation:

k̄L =











k0 (E/E∗
LPM)γ0 E < E∗

LPM

k0 (E/E∗
LPM)γ1 E > E∗

LPM

(10)

where k0, γ0 and γ1 are constants, and E∗
LPM is an effective energy – typically

larger than ELPM itself – at which LPM-elongation of the shower longitudinal
profile begins to affect the emitted electric field. The quantities k̄E and k̄R

are energy-independent however, since both excess tracklength and shower
width are determined by low-energy interactions. Likewise, we expect ᾱ to
be constant, while in general β̄ may vary at high energies as the shape of
the shower changes. Note that while our toy model of shower development
describes the shower as a box, our parameterisation Eqs. (5), (6) do not assume
this shape, with the parameters ᾱ and β̄ related to the precise distribution of
tracklength within the box.

Our fitting procedure is thus as follows. For each shower, we fit Eqs. (5) and
(6) to the simulated spectrum at the Cherenkov angle for the parameters k̄E ,
νR, and ᾱ by setting dL = 1 (νL → ∞), and we then relate νR to k̄R via
Eq. (8). Given these constraints, we allow νL to vary, and then fit for νL

and β̄ at various angles away from the Cherenkov angle. Plotting the fitted
νL against θ gives k̄L according to Eq. (7). We repeat this many times at
each energy, and vary the energy in multiples of

√
10 over the energy range

1 TeV to 100 EeV. Above this energy, the cross-section for photo-nuclear
interactions becomes comparable to the pair-production and bremsstrahlung
cross-sections [33], which is not included in the (purely electromagnetic) ZHS
code. However, the energy range applicable to our calculations includes the full
range of predictions for a GZK-flux of UHE neutrinos [35], while the relevance
of UHE neutrino interactions above ∼ 100 EeV reduces as limits on models
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predicting a flux of UHE ν at energies above that from GZK interactions
become stronger [7,8].

We repeat the above procedure in ice, salt, and the lunar regolith and megare-
golith. The parameters for the first three are those of [16], while the megare-
golith is treated as per Ref. [25] as regolith with refractive index 2.68 and
density 3.0 g/cm3.

4.1 Results for different media

The fitted parameters k̄E, k̄R, ᾱ, β̄ for each medium are given in Table 4.
For k̄L, we find the form given in Eq. (10) to be suitable, and the parameters
defined therein are summarised in Table 5. We also find an upward trend in β̄
with energy for all media, consistent with the shower becoming more elongated
and less singly-peaked. Since the effect is small, due to the emission falling
rapidly for ν > νL, we do not include this trend in our parameterisation. While
all the fitted parameters vary on a shower-to-shower basis, variations tended to
be small, so that approximating kE ≈ k̄E, β ≈ β̄, etc. for individual showers is
appropriate. The exception is kL, where we find (not unexpectedly [29,31,32])
that variations from the mean fitted values k̄L are large, particularly at high
energies. These fluctuations will dominate the radiation pattern in the regime
where longitudinal decoherence dominates, which at the highest energies is
everywhere except within a small fraction of a degree from θC . We assume
that at a given energy kL is log-normally distributed about the mean k̄L as
given by Eq. (11), with an energy-dependent variance in log-space of σ2

kL
:

log10(kL)∼N
(

log10(k̄L), σ2
kL

)

. (11)

Fitting for σkL
in each medium, we find that above a characteristic energy Eσ,

the variation in shower length increases rapidly, while below Eσ the variation is
approximately constant and very low. This leads us to use a parameterisation
for σkL

— Eq. (12) — similar to Eq. (10) for kL itself:

σkL
=











σ0 + δ0 log10(E/Eσ) E < Eσ

σ0 + δ1 log10(E/Eσ) E > Eσ

(12)

with parameters σ0, Eσ, δ0, and δ1 again fitted separately to each medium,
with results given in Table 6. These parameters complete the parameter set
with which we characterise electromagnetic showers.
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Medium k̄E k̄R ᾱ β̄

Ice 4.65 10−16 1.54 1.37 2.74

Salt 3.12 10−16 1.39 1.32 2.70

Regolith 3.37 10−16 1.50 1.32 2.79

Megaregolith 3.46 10−16 1.47 1.32 2.68

Table 4
Fitted shower parameters, as defined by Eqs. (7)-(9). Units for k̄E are V/cm/MHz2.
k̄L (not shown in this table) was fitted to Eq. (10) with parameters given in Table 5.

Medium log10 k0 log10 (E∗
LPM/eV) γ0 γ1

Ice 1.52 16.61 5.59 10−2 0.39

Salt 1.71 16.44 8.21 10−2 0.44

Regolith 1.58 16.40 6.71 10−2 0.43

Megaregolith 1.57 16.38 6.39 10−2 0.46

Table 5
Parameters of the fit for k̄L, as defined by Eq. (10).

Medium σ0 log10 (Eσ/eV) δ0 δ1

Ice 3.39 10−2 14.99 ∼ 0 2.25 10−2

Salt 4.98 10−2 14.99 ∼ 0 2.40 10−2

Regolith 5.04 10−2 14.98 ∼ 0 2.44 10−2

Megaregolith 5.19 10−2 14.99 ∼ 0 2.50 10−2

Table 6
Parameters relating to σkL

(the variation of log10(kL) about log10(k̄L)) as defined
by Eq. (11) and Eq. (12).

4.2 Comparison with other calculations and Discussion

Comparisons of our parameter estimates with those from previous simulations
are only possible for ice over the entire energy-range, and for salt and the
regolith for E0 < 100 TeV. The parameter estimates obtained by Alvarez-
Muñiz et al. [16] for ice and the regolith at low energies agree with our results
to within ∼ 3% for k̄E , and within 10% for k̄R and ᾱ in all media. The larger
differences in the shape parameters are not unexpected, since these vary more
on a shower-to-shower basis, and the fitted values are partially subject to the
fitting procedure.
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Comparisons of k̄L and β̄ with the estimates in Ref. [16] must be viewed with
caution. Here these parameters have a slightly different meaning to those ob-
tained in [16], since we retain the transverse decoherence term dR from Eq. (5)
at all angles. A better comparison is to the one-dimensional results of Alvarez-
Muñiz et al. [29], who found a parameter set approximately corresponding to
{log10(E

∗
LPM), γ1, γ2} = {16.15, 0.03, 0.3}, whereas here we find (for our full

3-D simulation) the set {16.69, 0.04, 0.45}. The most important update to this
parameterisation is the steeper increase in shower length with energy, and
hence narrower emission at the highest energies.

In Fig. 7, we plot the radiated emission at various angles from a 100 EeV
shower in ice (Fig. 7(a)) and a 100 EeV shower in the megaregolith (Fig. 7
(b)), which is the least “ice-like” medium. For each shower, we show (i): the
spectra from a particular simulated shower as calculated by ZHS-thinned, ob-
tained using three simultaneous calculations with (Emin, fL) = (100 MeV, 107)
– we also plot (ii): the fitted spectrum for that particular shower using the
functional forms and fitting procedure described in this paper, (iii): the pa-
rameterisations presented here, using three values of kL (k̄L − σkl

, k̄L, and
k̄L + σkl

), and (iv): the parameterisation of Alvarez-Muñiz et al. in Ref. [19]
for ice and extrapolated from its known range of validity (100 TeV - 1 PeV
at most), used as published in ice in the top panel, and scaled as per James
et al. [25] for the megaregolith. Also shown (v) are the spectra calculated
by Fourier-transforming the distribution of excess tracklength from each of
the three simulated showers [19], normalising by our fitted constants k̄E , and
multiplying by the lateral decoherence factor dR.

The broad range of expected spectra given by the variation in kL is immedi-
ately apparent: whereas we have chosen a typical shower in the megaregolith,
the shower in ice is significantly shorter than average – more than 1 σ – as
evinced by the high turn-over frequencies. It is also clear that previous param-
eterisations which were not valid away from the Cherenkov angle for energies
above ELPM overestimate the width of the Cherenkov cone at the highest en-
ergies. This emphasises the need for direct simulations such as those presented
in this work. The overestimation is also greater in the megaregolith than in
ice. The effect on the sensitivity of neutrino-hunting experiments is not likely
to be large however, since the shorter hadronic (and subsequent electromag-
netic) cascades expected from neutral-current ν-interactions are more readily
detectable.

The similarity of our parameter estimates for the regolith and megaregolith
(identical chemical composition, different densities and refractive indices) re-
flects the suitability of the scaling inherit in the box-model of shower devel-
opment. The largest relative parameter difference between these media was
7%, and in particular, the estimated values for kE (which have shown the
greatest variation [16]) were within 3%. This compares to differences between
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Fig. 7. 100 EeV electron showers in ice (top panel), and the lunar megaregolith
(bottom). Shown are both direct calculations of the spectra and parameterisations
(see text for details).

salt-regolith parameter estimates (20%) and ice-anything (> 30%), indicat-
ing that the variation due to subtle compositional effects, rather than easily-
characterisable bulk properties. We therefore expect that the box-model can
be used with confidence to scale results for standard ice to variants thereon
found deeper in the Antarctic ice sheet, or equally from regolith/megaregolith
to intermediate/transitional layers.

5 Coherent Cherenkov Radiation from Hadronic Showers

The thinned-ZHS code developed in this work is currently unable to produce
simulations of hadronic showers. These are of utmost importance for neutrino
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detection since they are induced by all neutrino flavors in neutral current
(NC) interactions, as well as in the hadronic vertex of charged current (CC)
interactions of muon and tau neutrinos. Although on average only ∼ 20% of
the neutrino energy is carried by the hadronic shower at ultra-high energy,
hadronic showers are known to be less affected by the LPM effect [34] and
their Cherenkov emission does not suffer from the shrinking of the Cherenkov
cone which would otherwise reduce the solid angle for observation. On the
other hand mixed showers induced in CC electron neutrino interactions are
composed of a purely electromagnetic shower – produced by an energetic elec-
tron carrying on average ∼ 80% of the energy of the neutrino – and a hadronic
shower initiated by the debris of the interacting nucleon. The advantage for
neutrino detection of these types of interactions is that all the neutrino en-
ergy is channeled into the resulting shower, however the observation of the
electromagnetic shower is expected to be very difficult because the LPM ef-
fect shrinks the angular distribution of the electric field reducing dramatically
the available solid angle for detection. For these reasons experiments aiming
at detecting neutrinos using the radio technique gain most of their acceptance
from neutrino-induced hadronic showers [7,5,37].

As stated above, hadronic showers are less affected by the LPM effect, and
their efficiency of emission of coherent Cherenkov radiation at high energy has
been shown to be similar to that of electromagnetic showers [36]. Besides, at
high energy, a very large fraction of the energy of the hadronic showers goes
into its electromagnetic component [34]. For these reasons and although our
parameterizations are only strictly valid for purely electromagnetic showers,
those at energies below ELPM can also serve to model hadronic showers in an
approximate manner, after properly scaling the normalization of the electric
field in the fully coherent region with the energy of the induced shower. Despite
this fact, clearly accurate simulations of mixed and hadronic showers with
energies above ELPM in different dense media are needed. We are extending
our efforts to neutrino-induced showers and we are currently implementing
the algorithms for radio emission used in the ZHS code in external codes
that are able to simulate with great detail neutrino-induced showers in dense
media [38]. Results of this ongoing work will be presented elsewhere [39].
We note however that a significant part of a ’hadronic’ shower is actually
the electromagnetic component which in a dense medium develops at high
energies (mostly) from the decay of neutral pions. Therefore the thinning of
electromagnetic showers is a significant first step towards the calculation of
the emission from UHE hadronic showers.
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6 Conclusions

We have used thinning techniques to develop a robust version of the ZHS
code able to calculate the frequency spectrum of coherent Cherenkov radia-
tion from ultra-high energy (UHE) electromagnetic showers in an arbitrary
dense medium. Using this code, we have identified a range of thinning pa-
rameters able to produce accurate results with a large reduction in computing
time, and extended the energy range at which full calculations of the radiated
spectrum are possible from 100 TeV to 100 EeV. This has enabled us to anal-
yse the structure of highly-elongated LPM-affected showers in unprecedented
detail, and the parameterisations we have developed should prove a useful
and accurate tool in simulations of UHE neutrino detection using the radio
technique.

In particular, we have shown that the spectral fall-off due to longitudinal deco-
herence occurs at a lower frequency than scaling of results from lower energies
would imply, and for the first time give a method of including LPM-induced
fluctuations into the parameterisation by varying the length parameter kL.
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