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ABSTRACT

Aims. We investigate the electromagnetic interaction of a relativistic stellar wind with a planet or a smaller body in orbit around the star. This
may be relevant to objects orbiting a pulsar, such as PSR B1257+12 and PSR B1620-26 that are expected to hold a planetary system, or to
pulsars with suspected asteroids or comets.

Methods. We extend the theory of Alfvén wings to relativistic winds.

Results. When the wind is relativistic albeit slower than the total Alfvén speed, a system of electric currents carried by a stationary
Alfvénic structure is driven by the planet or by its surroundings. For an Earth-like planet around a "standard" one second pulsar, the associated
current can reach the same magnitude as the Goldreich-Julian current that powers the pulsar’s magnetosphere.

Key words. pulsars – exoplanets– magnetospheres

1. Introduction

Precise pulsar timing measurents proved that the pulsars PSR
B1257+12 and PSR B1620-26, host planets, at distances of
order of an astronomical unit (Wolszczan & Frail (1992),
Thorsett et al. (1993)). Moreover, accretion discs are expected
to form at some phase of the evolution of neutron stars in a bi-
nary system, possibly giving birth to second generation planets.
Small bodies, such as planetoids, asteroids or comets may also
orbit pulsars and occasionally fall on them.

Circum-pulsar objects move in the centrifugally driven rel-
ativistic pulsar wind. The angular velocityΩ∗ of a rotating neu-
tron star typically is larger than 10 rad.s−1. The star behaves
like an antenna (Deutsch 1955) emitting by magnetic dipole
radiation a power which causes it to lose rotational energy at a
rate

Ėrot = −MIΩ∗Ω̇∗ = 4π2MI Ṗ/P3, (1)

whereMI ≈ (2/5)MR2 is the neutron star’s moment of inertia
(Lyne & Graham-Smith 1998). This power can be compared
to the orbital energy of a pulsar planet. Consider, for exam-
ple, the case of PSR B1257+12 and its planet "a". Using the
data in Tables 1 and 2, we can estimate the moment of iner-
tia to be MI = 1. × 1038 kg.m2, the star’s rotational energy
loss to beĖrot = −2. × 1027 W, and the planet’s orbital en-
ergy to beEG = GM∗MP/2a = 4. × 1032 J, wherea stands

for the planet’s semi-major axis . The planet and its environ-
ment intercept a fraction larger than or of order ofπR2

P/(4πa
2)

of this power. This captured power is used to heat the planet,
to generate the current system described below and to work
on the planet’s motion as described in the accompanying pa-
per (Mottez & Heyvaerts 2011), hereafter (MH2). The planet’s
radius can be infered from its mass by assuming a terrestrial
density (5000 kg m−3). The intercepted poweṙEcapt is :

Ėcapt = Ėrot

(RP

2a

)2

. (2)

For planet "a" of PSR B1257+12, we find,Ėcapt = 1.74 1018

Watts. If a substantial part of this power goes into performing
work on the planet’s motion, an orbital evolution time scaleof
about 8. 106 years may be expected. This is a short time scale
by astronomical standards. It scales with the massMP of the
planet asM1/3

P .
In this paper, we examine the interaction of these planets

with the magnetized wind of their pulsar and discuss in (MH2)
the effect of this interaction on the long term evolution of their
orbital elements.

The energy flux carried by the wind of an ordinary star,
such as the Sun, is small enough to have but negligible effect
on the orbits of its planets. Stellar winds usually are asymptot-
ically super-Alfvénic, by which we mean that they eventually
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become faster than the total Alfvén speed, associated with the
modulus of the magnetic field. As a result, the planets are pro-
tected from a direct contact with the wind by a bow shock.

Pulsar winds are much different. In a first approximation,
oblique rotator pulsars may be regarded as magnetic dipolesro-
tating at high angular velocity in vacuo, which causes a low fre-
quency and large amplitude electromagnetic wave to be emit-
ted, the wave character of which reveals itself in the wave
zone, beyond the light cylinder, of radiusr = c/Ω∗. In this
zone, magnetic field lines become spiral-shaped and the az-
imuthal component of the magnetic field decreases asBφ ∼ r−1

while its radial component decreases asBr ∼ r−2. The mag-
netic field becomes mostly azimuthal at large distances and
at the equatorial latitudes were the planets are expected tobe
found. Aligned rotators essentially are rotating unipolarinduc-
tors which generate, beyond the light cylinder, an highly rela-
tivistic MHD wind in which the magnetic field also becomes
predominantly azimuthal at large distances from the rotation
axis, the field componentsBφ andBr varying with distance es-
sentially as indicated above, at least near the equatorial plane
and when the flow is close to being radial. The power emit-
ted by such objects is also of order ofĖrot, given by Eq. (1),
because the Poynting flux emitted through the light cylinder
is comparable for wind or wave emission. We only consider
aligned rotators in this paper. Their analysis is simplifiedby the
fact that the magnetic field of the wind observed in the planet’s
frame is close to being time-independent. The origin, acceler-
ation and structure of pulsar winds are not fully understood. A
number of models have been proposed in the literature (Michel
1969; Henriksen & Rayburn 1971; Contopoulos et al. 1999;
Michel 2005; Bucciantini et al. 2006). In spite of their diver-
sity, they all converge on the fact that the wind is dominated
by the Poynting flux, although observations indicate that they
turn into matter-dominated high energy flows at large distances
(Kirk et al. 2009). At distances of order of an astronomical unit,
pulsar winds are expected to be still Poynting-flux-dominated.
This means that the electromagnetic energy density∼ B2

0/µ0,
µ0 being the magnetic permeability of vacuum, is much larger
than the plasma energy densityγ0ρ0c2, γ0 being its Lorentz
factor andρ0 the rest mass density of this supposedly cold
wind. These quantities refer to the observer’s frame. In such
circumstances, Alfvénic perturbations propagate at a phase ve-
locity close to the speed of light (equation (3)). Therefore, in
spite of being highly relativistic, the wind flow may neverthe-
less be sub-Alfvénic, in the sense defined above. A planet in
a Poynting-flux-dominated wind may remain unscreened from
the wind by a bow shock and thus enter in direct contact with
it.

The interaction of a planet with a sub-Alfvénic plasma flow
has been considered for moderately magnetized non-relativistic
flows in connection with the interaction of the satellite Io with
the plasma and magnetic field present in Jupiter’s magneto-
spheric environment. This interaction is driven by the induc-
tive electromotive field which results from the motion of the
satellite across Jupiter’s corotational magnetic field andplasma
flow. The satellite acts as a (uniformly moving) unipolar induc-
tor. Neubauer (1980) derived a nonlinear theory of this inter-
action. The Alfvén wing connecting Io and Jupiter is the only

explored case of such a structure in the universe up to now, and
it has been the object of recent studies concerning its overall
structure (Chust et al. 2005; Hess et al. 2010), the possibility of
particle acceleration (Hess et al. 2007b, 2009b) and its conse-
quences on the radio emissions (Queinnec & Zarka 1998; Hess
et al. 2007a, 2009a). In the present paper, we develop a the-
ory that generalizes some of Neubauer’s results to the case of
highly magnetized (B2

0 >> µ0ρ0γ0c2) and relativistic plasma
flows with Lorentz factorsγ0 >> 1, when a planet immersed
in the magnetized pulsar wind acts as a unipolar inductor and
generates two stationary Alfvénic structures that emerge from
the planet and extend far in the wind.

2. A unipolar inductor in the pulsar wind

Let us consider a planet orbiting a pulsar in the relativistic flow
of the emitted wind. Different reference frames can be involved
in the description of the fluid motion. The frame where the neu-
tron star is at rest is the observer’s frame. We denote it byRO.
The planet velocity being small compared to the wind veloc-
ity, we may consider the planet to be at rest with respect to
the neutron star, except when discussing the planet’s motion.
The reference frameRO can then also be regarded as being the
planet’s rest frame. Quantities observed in this frame are de-
noted by letters without any superscript, such asρ or v. The
unperturbed wind’s instantaneous rest frame in the vicinity of
the planet is the "wind’s frame"RW . Quantities observed in this
frame are denoted by letters with a prime superscript, such as
ρ′. An index 0 refers to quantities associated with the unper-
turbed wind. The unperturbed wind velocity inRO is v0, its
associated Lorentz factor isγ0, the unperturbed magnetic field
is B0 and the wind’s density isρ0. The wind plasma being sup-
posedly cold, this mass density reduces to the (apparent) rest
mass density of particles. In the wind frameRW , the unper-
turbed wind density is its proper rest mass densityρ′0 and its
magnetic field isB′0. They both differ fromρ0 andB0. In the
presence of a perturbation, the instantaneous rest frame ofthe
fluid is notRW but another rest frame,RF . Quantities observed
in this instantaneous rest frame are indicated by a subscript F.

The perturbation generated by the planet in this flow is
time-dependent in the wind’s frame. Since in the tenuous and
highly magnetized pulsar wind the formal Alfvén velocitycA

may exceed the speed of light, the derivation of the propaga-
tion velocity V ′A of Alfvénic perturbations must take into ac-
count the displacement current. In the wind’s rest frame :

V
′−2
A = c−2 + c

′−2
A = c−2 + µ0ρ

′
0/B

′
0
2
. (3)

If the flow is faster than the Alfvén velocityVA, the planet is
preceded by a shock wave that defines a confined area where
the flow is strongly modified. But if the flow is sub-Alfvénic,
the planet is directly in contact with the wind. In the instanta-
neous rest frame of the wind plasma we expect, following the
MHD approximation, the electric field to vanish. In the planet’s
rest frame an electromotive fieldE = −v×B is generated, where
B andv are the magnetic field and fluid velocity in the planet’s
frame.

Using a model pulsar wind, it is possible to make an es-
timate of the electric field. One of the simplest such models
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was developed by Michel (1969). It includes the magnetic field
and the star’s rotation, wind particles masses, but neglects the
dipole inclination and the gravitation and assumes the wind
flow to be radial. The unperturbed magnetic fieldB0 only has
a radial poloidal componentBr

0 and an azimuthal toroidal com-
ponentBφ0. The neglect of the latitudinal componentBθ0 = 0
is justified near the equatorial plane and far enough from the
inner magnetosphere (Contopoulos et al. 1999). For bodies or-
biting near this plane, as circumpulsar planets probably do,
this geometrical restriction is unimportant. Other modelsfor
steady state axisymmetric winds have been developed since
then (Beskin et al. 1998; Bucciantini et al. 2006). The station-
ary equations of an axisymmetric perfect MHD flow admit a
set of integrals of motion along stream lines, such as the mass
flux f and the magnetic fluxΨ, which, for cold radial flows and
radial poloïdal fields, are defined by:

f = γ0ρ
′
0vr

Or2, (4)

Ψ = r2Br
0, (5)

where all quantities refer to the unperturbed wind as seen inthe
observer’s frame. The MHD approximationE0 + v0 × B0 = 0
and the Faraday equation imply (Mestel 1961):

Bφ0 = Br
0

vφ0 −Ω∗r

vr
0

. (6)

In order to judge whether the planet is in superalfvénic motion
with respect to the wind, we should assess whether the mod-
ulus of its velocity in the wind’s frame, which equals that of
the wind in the observer’s frame,v0, is faster or not than the
propagation speed in the wind’s frame,V ′A, defined by Eq. (3).
The square of the ratio of these two velocities is given, for an
asymptotically radial wind, by :

M′A
2
=

(

vr
0

V ′A

)2

=

(

vr
0

c

)2 













1+
c2

c′A
2















. (7)

The wind being supposedly radial,vφ0 vanishes. This simplifies
equation (6) which also shows that at distances much larger
than the light cylinder radius, the radial component of the mag-
netic field can be neglected compared to the azimuthal one. The
Alfvén speedcA calculated in the observer’s frame is given, us-
ing equations (4) and (5) to expressBr

0 andρ0, by:

c2
A

c2
=
Ω2
∗Ψ

2

µ0 f c3

c
vr

0

. (8)

The square of the Alfvén speedc′A in the wind’s frame is a
factorγ0 smaller than the square of the Alfvén speedcA in the
observer’s frame becauseρ0 = γ0ρ

′
0 and Bφ0 = γ0B′

φ0. The
latter relation is a result of the vanishing of the electric field in
the wind’s frame and of the velocityv0 being perpendicular to
the azimuthal field. Then:

M′A
2
=

(

vr
0

c

)2 [

1+
γ0

σ0

(

vr
0

c

)]

, (9)

whereσ0 is the magnetization parameter:

σ0 =
Ω2
∗Ψ

2

µ0 f c3
. (10)

In highly relativistic Poynting-flux-dominated outflows, as is
expected for pulsar winds,σ0 ≫ 1. The models show that
asymptotically the Lorentz factorγ0 approachesσ1/3

0 and thus
(v0/c)2 approaches (1− σ−2/3

0 ). From equation (9), it is found
that, to lowest order in an expansion inσ−1

0 , the asymptotic
value of M′A is (1− 1/(2σ4/3

0 )). Therefore the pulsar wind re-
mains slower than the total Alfvén speed (3).

Since this result applies at distances much larger than the
light cylinder radius, it is essentially valid wherever planets
may be found orbiting. We therefore consider that the plan-
ets detected around pulsars orbit in a sub-Alfvénic relativistic
pulsar wind.

In the numerical computations, we are less subtle and state
that at the planetary distances,v0 ∼ c andVA ∼ c, every time it
makes sense. Then, in first approximation, the unipolar induc-
tor electric potential dropU (along theθ axis, i.e. perpendicular
to the orbital plane) is

U = 2RPE0 = 2RPEθ0 = 2RPvr
0Bφ0 =

2RPΩ∗Ψ

r
. (11)

The Fig. 1 provides a representation of the geometric configu-
ration of the unipolar inductor.

The rotation period of the pulsar PSR 1257+12 is P =
0, 006s, which corresponds toΩ∗ = 1010,397 rad.s−1 and its
surface magnetic field is estimated toB∗ ≃ 8.8× 108G (Taylor
et al. 2000). We assume a star radiusR∗ = 10 km and a mass
M∗ = 1.4M⊙ (see Table 1). Data concerning this planet can
be read in table 2. We assume an Earth-like density of 5000
kg.m−3. The fluxΨ = R2

∗B∗ = 8.8× 1012 Wb. The semi-major
axis, the planetary radiusRP = (3MP/4πρP)1/3 and an estimate
of U are given for each planet "a", "b", "c" orbiting this pul-
sar in Tables 2 and 3. It can be seen that the inductor electric
potential dropU (from pole to pole along the planet) is of the
order of 1012 V.

For the pulsar PSR 1620-26, the rotation period isP =
0, 011s,Ω∗ = 567 rad.s−1, the surface magnetic field is esti-
mated toB∗ = 3. × 109G (Taylor et al. 2000). Still assuming
that R∗ = 10 km, we find thatΨ = 3 × 1013 Wb. This pulsar
has a white dwarf companion star. The neutron star mass can
be estimated toM∗ = 1.35M⊙ (Thorsett & Arzoumanian 1999;
Sigurdsson et al. 2003). The planet is more distant from its star
than in the case of PSR 1257+12 but the planetary radius is
larger. The resulting potential dropU is still of the same order
of magnitude.

We show in sections 3–5 that a planet in the wind generates
two current systems that propagate far in space, forming a so-
called Alfvén wing.

3. Equations of special-relativistic ideal MHD

In this section, the equations up to Eq. (23) are general to spe-
cial relativity, and valid for quantities defined in any inertial
reference frame. We use notations without prime and subscript.
After Eq. (23), quantities without prime and subscript refer, as
in the previous sections, only to the observer’s frameRO de-
fined at the begining of section 2.

A condition for MHD to be valid is that the typical length
scaleL relevant to the flow be much larger than the particles
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Larmor radiiρL = γv⊥/ωc, wherev⊥ is the typical velocity
perpendicular to the magnetic field in the fluid’s frame,ωc the
gyrofrequency andγ the particle’s Lorentz factor in the same
frame. The energy of particles in a pulsar wind isa priori very
high since the wind’s bulk Lorentz factorγ0 may be as large
as 105 to 107. If however, in the wind’s frame, a significant
part of this energy resided in perpendicular motions, particles
would very quickly loose it by synchrotron radiation, even in a
moderate magnetic field. Therefore, we may consider the pul-
sar wind particles to have negligible Larmor radii in the rest
frame of the wind’s bulk flow, so that MHD is applicable on
almost any scale.

The fourth component of position in space time isx4 =

ct, t being the time measured in seconds in the given refer-
ence frame andc the speed of light. Greek indices label four-
dimensional coordinates and components and latin indices la-
bel Euclidean three-dimensional ones. The metric tensor of
Minkowskian space is diagonal, with componentsη44 = +1 and
η11 = η22 = η33 = −1.∇µ designates the partial derivative with
respect to the space-time coordinatexµ. The notation∇ desig-
nates the three-dimensional nabla operator. We use the dummy
index rule. Special-relativistic MHD equations associatefluid
equations with Maxwell’s equations, in which the displacement
current and Poisson’s equation should be retained. The fluid
equations consist of a conservation equation for particle num-
ber, valid in the absence of reactions among particle species,
and of the four components of the energy and momentum con-
servation equations The law of conservation of particle number
is written as:

∇µ(nF uµ) = 0 . (12)

The densitynF is the proper spatial number density of particles,
that is, their density measured in the instantaneous rest frame
of the fluid. The four componentsuµ are those of the dimen-
sionless four-velocity of the fluid in the considered rest frame:

uµ = (γ v/c , γ) . (13)

The Lorentz factorγ refers here to the bulk fluid motion. The
number density in the observer’s frame is the fourth component
of the density-flux four-vector,nFγ. The equations of conser-
vation of energy and momentum of matter are lumped in the
four-tensorial equation:

∇µT
µν
m = f νem . (14)

TheT µνm ’s are the components of the energy-momentum tensor
of matter and the componentsf νem are those of the electromag-
netic force density four-vector. By using Maxwell’s equations,
this four-vector can be written in conservative form and equa-
tion (14) can be given the form:

∇µ(T
µν
m + T µνem) = 0 . (15)

The T µνem’s are the components of the electromagnetic energy-
momentum tensor. They can be expressed in terms of the elec-
tromagnetic field strength tensorF or in terms of the electric
and magnetic fields observed in the chosen reference frame.
Its time-time component is the electromagnetic energy den-
sity, its space-time components are the three components ofthe

Poynting vector divided byc and its space-space components
form a second rank tensor of the three-dimensional Euclidean
space, the Maxwell stress tensor:

M =
(

εoE2

2
+

B2

2µ0

)

δ − εoEE −
BB
µ0
. (16)

The symbolδ represents the second rank unit tensor. The mat-
ter energy-momentum tensor of a cold pressureless fluid can be
written, in the absence of non-ideal effects such as viscosity, as:

T µνm = ρFc2uµuν . (17)

In the absence of internal heat, the number conservation equa-
tion (12) reduces to a conservation equation for proper mass,
since in this caseρF = m nF , m being the rest mass of par-
ticles. Equation (12) can then be written in three-dimensional
notations as:

∂ γρF

∂t
+ div (γρFv) = 0 . (18)

Here, we need not solve the energy conservation equation be-
cause the medium is regarded as cold. We only consider the
spatial components of the equivalent equations (14) or (15).
From equation (14) we get, denoting the charge and current
density byρe andj respectively:

∂

∂t

(

γ2ρF v
)

+ div
(

γ2ρF vv
)

= ρeE + j × B . (19)

From equation (15) we get the equivalent equation:

∂

∂t

(

γ2ρF v +
E × B
µ0c2

)

+ div
(

γ2ρF vv +M
)

= 0 . (20)

The components of the Maxwell stress tensorM may be trans-
formed to account for the perfect MHD relation

E + v × B = 0 . (21)

The components of the electric field and those of the Maxwell
stress tensor are easily calculated in a frame where thex-axis
is taken to be along the direction of the fluid velocityv. Some
algebra then yields the following expression, where the indices
t (transverse) andl (longitudinal) refer to a component of a
vector perpendicular or parallel to the velocityv of the fluid:

M =
B2

l

2µ0
δ +

1
γ2

B2
t

2µ0
δ −

BB
µ0
+

B2
t

µ0

vv
c2
+

v2

c2

BtBt

µ0
. (22)

The magnetic field evolution equation, deduced from Faraday’s
equation and the perfect MHD relation, writes:

∂B
∂t
= curl(v × B) . (23)

The non-relativistic theory of Neubauer (1980) considers only
the Alfvénic wake of the satellite. Indeed, fast MHD distur-
bances propagate isotropically in the low-βP limit and decrease
in amplitude with distance from the source (βP is the ratio of the
plasma pressure to the magnetic pressure). Such disturbances
do not create any concentrated current system. The slow mode



Mottez and Heyvaerts: Alfvén wings 5

propagates in a low-βP plasma much slower than Alfénic per-
turbations and the associated disturbances, though channelled
by the magnetic field, soon become spatially separated from the
Alfénic wake. Actually, slow mode perturbations barely prop-
agate at all in a cold pulsar wind and carry negligible current.
The effects of compressive perturbations in the non-relativistic
situation have been discussed by Wright & Schwartz (1990)
who have shown that compressive plasma wave modes, though
necessarily excited, contribute one order of magnitude less to
the current flow and to the energy budget than shear Alfvén per-
turbations do. We therefore follow Neubauer in concentrating
on purely Alfvénic motions. We assume that the fluid motions
triggered when the planet passes by are sub-relativistic inthe
rest frameRW of the unperturbed wind and that the changes of
the formal Alfvén velocity are similarly sub-relativistic. We do
not assume however that the formal Alfvén speed calculated
from the total field,B′/(µ0ρ

′)1/2, is less than the speed of light.
Our assumption of non-relativistic Alfvénic motions inRW im-
plies that divv′ = 0. It does not follow however that the same
relation also holds true in the observer’s frameRO because the
wind flow is relativistic in this frame. InRW , the electric terms
of the Maxwell stress tensor are by of orderv′2/c2 less than
the magnetic terms and can be neglected. Accounting for the
relation divv′ = 0, equation (23) can be written as:

dB′

dt′
−

(

B′ · ∇′
)

v′ = 0 . (24)

Considering Eqs. (21) and (22), the equation of motion (20)
becomes, inRW ,

d
dt′

(

ρ′v′ +
B′2v′

µoc2
−

(v′ · B′) B′

µoc2

)

−
(

B′ · ∇′
)

(

B′

µo
+

(v′ · B′) v′

µoc2

)

= 0. (25)

4. An Alfvénic first integral

The computation of the non relativistic Alfvén wing given by
Neubauer (1980) is based upon the fact that, in simple non-
linear Alfvénic wave motions, the velocityVs = v − s cA is
a first integral. In this relation,v is the fluid’s velocity,cA the
vectorial Alfvén velocity associated with the perturbed field,
and the signs = ±1 depends on the sense of propagation of the
perturbation. This relation can be transposed in a differential
form asdB = kdv, wherek = (µ0ρ)1/2. Moreover, the modulus
of the magnetic field is a time invariant and, because of the
uniform boundary conditionsB = B0, this modulus is constant
over the whole space.

As Neubauer, we look for a solution wheredB′ = kdv′ and
whereB′ is constant. Then, settingb′ = B′/B′ and

λ = (µ0ρ
′ + B′2/c2)1/2, (26)

we can write the Eqs. (24) and (25) in the form

λ2 dv′

dt′
− B′2(b′ · ∇′)b′−

B′2

c2













dv′
‖
b′

dt′
+(b′ · ∇′)(v′‖v

′)













= 0 (27)

db′

dt′
− (b′ · ∇′)v′ = 0, (28)

wherev′
‖
= v′ · b′. The two first terms of Eq. (27) are analo-

gous to those of classical MHD, whenVA << c. The two others
are specific to fast variations of the electric field, when thedis-
placement current is taken into account. We solve this system
in the following way: we first ignore the last two terms of Eq.
(27) and solve the resulting system (27)–(28), which can then
be written as:

λ2 dv′

dt′
− B′2(b′ · ∇′)b′ = 0, (29)

db′

dt′
− (b′ · ∇′)v′ = 0. (30)

We then check whether the last two terms in Eq. (27) vanish or
are negligible. These terms are:

B′2

c2













dv′
‖
b′

dt′
+ (b′ · ∇′)(v′‖v

′)













. (31)

Considering Eqs. (29) and (30), the proportionality ofdB′ and
dv′ is obtained fork = sλ, and these two equations become
equivalent to

B′db′ = sλdv′ (32)

sλ
db′

dt′
− B′(b′ · ∇′)b′ = 0. (33)

Eq. (32) has a first integralV′s,

V′s = v′ − s
B′

(µ0ρ′ + B′2/c2)1/2
. (34)

In the region not perturbed by the planet,v′ = 0, andB′ = B′0.
Therefore,

V′s = −s
B′0
λ
, (35)

v′ =
s
λ

(B′ − B′0), (36)

v′‖ =
s
λ

(B′ − b′ · B′0). (37)

In order of magnitude,λ ∼ B′/c, and the approximationv′ <<
c implies that‖B′ − B′0‖ << B′0. Therefore, this is equivalent
to an hypothesis of linear perturbation. This remark also holds
for the computations of Neubauer (1980). At this stage, it is
necessary to evaluate the terms in Eq. (31). Using the above
relations, these terms are

−s
B′2

c

(

db′

dt′
·

v′

c

)

b′0 , (38)

whereb′0 is the direction of the unperturbed magnetic field in
the wind’s frame of reference. The quantity in Eq. (38) does not
vanish but it is negligible, as long asv′ << c, in comparison to
the terms in Eq. (29), which are of the order of (B′2/c)db′/dt′.
Therefore, in the linear approximation, the solution givenby
Eqs. (32-37) is correct.

The first integral of Eq. (34) must now be computed in the
observer’s frame of referenceRO. It will be used in the next
section to derive the value of the electric current associated to
the Alfvén wings. Let us write the velocity and the magnetic
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field as the sum of a longitudinal component, parallel tov0, and
a transverse vector component.

Bl =
v0v0

v2
0

· B, (39)

Bt =















δ −
v0v0

v2
0















· B. (40)

The transforms of the velocity and of the magnetic field are

v′ =
vl − v0 + vt/γ0

1− v · v0/c2
, (41)

B′l = Bl, (42)

B′t = γ0

(

Bt

(

1−
v · v0

c2

)

+
B · v0

c2
vt

)

, (43)

whereγ0 is the Lorentz factor of the unperturbed wind. For the
transform of the magnetic field, Eq. (21) has been taken into
account. The Eq. (34) becomes

V′s =
vl − v0 + vt/γ0

1− v·v0

c2

−
s
λ

(

γ0

(

Bt

(

1−
v · v0

c2

)

+
B · v0

c2
vt

)

+ Bl

)

. (44)

For a first order development, we notev1 the velocity perturba-
tion andB1 the magnetic perturbation,

v = v0 + v1 B = B0 + B1. (45)

To the first order, Eq. (44) becomes

V′s = γ
2
0

(

v1l +
v1t

γ0

)

−
s
λ

(B0l + B1l)

−
sγ0

λ













1

γ2
0

(B0t + B1t) − B0t
v0 · v1

c2
+

B0 · v0

c2
v1t













. (46)

which can be rewritten

V′s
γ2

0

= v1l+

(

1−
s
λ

B · v0

c2

)

v1t

γ0
−

s

λγ2
0

Bl−
s
λγ0













1

γ2
0

−
v1 · v0

c2













Bt.

Considering the purely geometric relation

s
λ

B · v0

c2
v1l =

s
λ

v1 · v0

c2
Bl, (47)

we have

V′s
γ2

0

= +

(

1−
s
λ

B · v0

c2

)

v1l −
s
λ













1−
v2

0

c2
−

v0 · v1

c2













Bl

+

(

1−
s
λ

B · v0

c2

)

v1t

γ0
−

s
λ













1−
v2

0

c2
−

v0 · v1

c2













Bt

γ0
. (48)

As this vector is constant, its longitudinal and transverseparts
relatively to the constant vectorv0 are also two distinct con-
stant entities. We can recombine the longitudinal and transverse
components in the following way,

(

1−
s
λ

B · v0

c2

)

v1−
s
λ













1−
v2

0

c2
−

v0 · v1

c2













B =













V′s
γ2

0













l

+γ0













V′s
γ2

0













t

.

Then we can define a new first integral vector,

v −
s
α

B













1−
v2

0

c2
−

v0 · v1

c2













= v0 +
V′sl/γ

2
0 + V′st/γ0

1− s
λ

B0·v0

c2

, (49)

where the constant numberα is defined by

α = λ − s
B0 · v0

c2
. (50)

In spite of a greater complexity, this vector presents some anal-
ogy with the first integral found in the non relativistic caseby
Neubauer (written in the first lines of the present section).This
will be used in the next section to derive the current flowing
along the Alfvén wing, in a similar way to those developed in
Neubauer (1980). The parameterλ, given in Eq. (26), can be
expressed as a function of the unperturbed wind parameters,

λ =
[

µ0ρ
′
0 + c−2B2

l0 + c−2γ−2
0 B2

t0

]1/2
. (51)

Since∇ · v′ = 0, the densityρ′ is invariant along any line of
flow; that is why we have noted itρ′0 instead. We set

c2
A = B2

0/µ0ρ
′
0, (52)

c2
Al = B2

l0/µ0ρ
′
0, (53)

c2
At = B2

t0/µ0ρ
′
0. (54)

These are mixtures of the magnetic field in the frameRO of the
observer and of the density in the proper frameRW of the wind
in terms of which the factorλ can be written as:

λ =

√

µ0ρ
′
0













1+
c2

Alγ
2
0 + c2

At

γ2
0c2













1/2

. (55)

5. Current carried by an Alfvén wing

Neubauer (1980) has shown that the electric current density
carried by an Alfvén wing is related to the divergence of the
electric field through the relationµ0 j · Vs = Σdiv E where the
conductanceΣ = (µ0cA)−1(1+ M2

A − 2sMA sinθ)−1/2, cA being
the classical Alfvén velocity, andMA = v0/cA. In this section,
we derive an analogous relation for the relativistic plasmaflow,
keeping our previous assumptions. From the perfect MHD re-
lation (21) we calculate divE in the observer’s frameRO:

div E = v · curlB − B · curlv. (56)

To the first order,

div E = v0 · curlB1 − B0 · curlv1. (57)

From Eq. (49), the curl of the velocity is

curlv1 =
s

γ2
0α

curlB1 −
s
αc2

curl [B0(v0 · v1)] (58)

=
s

αγ2
0

curlB1 −
s
αc2

N × B0, (59)

where
N = (v0 · ∇)v1 + v0 × curlv1. (60)
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Including Eq. (58) in Eq. (57), we find

divE =













v0 −
s B0

γ2
0α













· curlB. (61)

For further convenience, we note

Us = v0 −
s B0

γ2
0α
. (62)

In RO, the Alfvén wave is stationary, therefore the partial time
derivatives are null, and Ampere’s equation is simply:

curlB = µ0j. (63)

Then, from Eq.(61),

divE = µ0 j · Us. (64)

Let Js be the projection of the current density along the direc-
tion of the constant vectorUs of equation (49). Equation (64)
can be written as:

divE = µ0 Js |Us|. (65)

Let θ = π/2 − (B0, v0) be the complement of the angle made
in RO by the ambient magnetic field and the flow velocity. The
modulus ofUs (equation (49)) is

U2
s = v2

0 −
2s

αγ2
0

v0B0 sinθ +
B2

0

α2γ4
0

, (66)

and then:

Js = ΣA div E, (67)

ΣA =

γ2
0

[

(

1+
c2

Alγ
2
0+c2

At

γ2
0c2

)1/2
− s v0cA

c2 sinθ

]

µ0cA

(

1+ X2
A − 2sXA sinθ

)1/2
, (68)

XA =
v0αγ

2
0

B0
=

v0

cA
γ2

0













1+
c2

Alγ
2
0 + c2

At

γ2
0c2













1/2

− s
v2

0γ
2
0

c2
sinθ. (69)

WhencA << c, we are in the conditions studied by Neubauer,
and we find the same result as in his paper (given in the begin-
ning of this section). In the caseγ0 >> 1 andcA >> c, that is
relevant for a pulsar’s wind,XA >> 1 and

ΣA ∼
1
µ0c
, (70)

a conductance which is associated with the impedance of vac-
uum, equal toR∞ ≡ µ0c = 377 Ohm. The two directions of
the currents flows correspond to the invariant vectorsU+ and
U−.The geometrical configuration of this solution is shown in
Fig. 2.

Now, we can adapt quite directly the conclusions of
Neubauer (1980) to the relativistic inductor. This author con-
siders a specific model of the wake-aligned currents in the
Alfvén wing, which he assumes to be flowing on the surface of
an infinite cylinder tangent to the planet’s surface, with its axis
parallel to Alfvénic characteristics. Equation (67) implies that
for such currents the divergence of the electric field vanishes
except on the cylinder’s surface. The electric potential can then
be found by solving Laplace’s equation, assuming the electric

field inside the cylinder to be constant, of intensityEi. This
simple assumption is motivated by the difficulty to solve for
the electromagnetic and flow structure in the immediate vicin-
ity of the solid body. The free parameterEi is the electric field
along the planet caused by its ionosphere or surface internal
resistance. At large distances from the wake, the electric field
converges to the convection fieldE0 given by the perfect MHD
relation (21) in the unperturbed wind. Once the electric poten-
tial is found, the magnetic field and current distribution inthe
wake can be deduced, using in particular equation (67).

Neubauer gives useful expressions for the total currentI
flowing along an Alfvén wing and for the Joule dissipation
power in the solid body,̇EJ. Writing RP for the planet’s radius,
he gets:

I = 4 (E0 − Ei) RP ΣA = 4

(

Ω∗Ψ

r
− Ei

)

RP ΣA, (71)

ĖJ = 4πR2
P Ei (E0 − Ei) ΣA. (72)

The Joule dissipation is maximum whenEi = E0/2. In our es-
timations, we shall use Neubauer’s values forI andĖJ. Up to
unimportant numerical factors, the results (71)–(72) are simply
obtained by considering the currentI to be driven in a resistive
load of resistanceΣ−1

A by a generator of electromotive force
U0 = 2E0RP applied on two opposite sides of a planet of in-
ternal resistanceRP. Neubauer’s parameterEi is related toRP

by:
Ei

E0
=

RP

Σ−1
A + RP

. (73)

It is very difficult to know what the value ofRP really is.
We therefore regard it, orEi, as unspecified parameters. The
planet’s electrical resistance depends on its constitution, on the
path of electric currents in it and on the existence or absence
of some form of ionosphere. The conductivity of terrestrialsil-
icate rock is of orderσrock = 10−3 Mho m−1 (Cook 1973). If
it is assumed that the wake current closes through a layer of
thicknessh at the surface of the planet, the electrical resistance
RP of the latter would be of orderσ−1

rock/h, which numerically
amounts toRP ∼ (hkm)−1. As soon ash would be larger than
a few meters, which for this low conductivity is reached in a
very short time,RP would be comparable to or less thanR∞,
eventhough the rock intrinsically is a poor conductor. A second
generation planet, which could be partly metallic, or a partly
molten body, could have lower resistances.

6. Discussion and conclusion

This work shows that a planet orbiting a pulsar develops a sys-
tem of Alfvén wings, caused by its interaction with the sub-
Alfvénic Poynting-flux-dominated pulsar wind. A system of
strong electric currents is set. Although this current cannot
reach the inner pulsar’s magnetosphere, it is neverthelessinter-
esting to compare it to the current at the origin of the pulsar’s
magnetospheric activity, the Goldreich-Julian currentJGJ . This
latter current results from the electromotive field generated by
the fast rotation of the highly magnetized neutron star and its
surrounding magnetosphere. For a dipole magnetic field, the
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Table 1. Input data about the pulsars. Rotation period and pulsation, surface magnetic field, mass (in solar masses), radius, andGoldreich-Julian
current. Source : (Taylor et al. 2000) catalog, in the SIMBADdatabase. For PSR 1257+12, the mass and the radius are infered from general
ideas about pulsars. For PSR 1620-26, the mass has been measured, because the pulsar is in a binary system (with a white dwarf companion).

Name P (s) Ω∗ (s−1) B∗ (Gauss) M∗ (M⊙) R∗ (km) IGJ (A)
PSR 1257+12 0.006 1010. 8.8× 108 1.4 10. 4.9×1012

PSR 1620-26 0.011 567 3. × 109 1.35 10. 5.4×1012

PSR 10 ms 0.010 628. 108 1.5 10. 2.2×1011

PSR 1 s 1. 6.283 1012 1.5 10. 2.2×1011

Table 2. Input data concerning the planets : mass, radius, orbital period, semi-major axis, excentricity. Source :M⊕, Porb, a, e from "The
Extrasolar Planets Encyclopaedia" (http://exoplanet.eu/index.php). The estimate ofRP is based on the hypothesis of an average mass density
ρP = 5000 kg.m−3.

Name MP (M⊕) RP (R⊕) Porb (day) a (AU) e
PSR 1257+12 a 0.02 0.28 25. 0.19 0
PSR 1257+12 b 4.3 1.68 66. 0.36 0.0186
PSR 1257+12 c 3.9 1.62 98. 0.46 0.0252
PSR 1620-26 a 794 9,5 36367. 23.
PSR 1s b 10,000km 3.5 1.57 30. 0.21 0.
PSR 10ms b 100 km 2. × 10−6 0.016 20. 0.16 0.3
PSR 10ms b 1 km 2. × 10−12 1.6× 10−4 20. 0.16 0.3
PSR 1 s b 100 km 2. × 10−6 0.016 20. 0.16 0.3
PSR 1 s b 1 km 2. × 10−12 1.6× 10−4 20. 0.16 0.3

Table 3. Electric potential drop, total electric current associated to the Alfvén wing. Electrical energẏEJmax dissipated in the Alfvén wing.

Name U (V) IAW (A) ĖJmax (W)
PSR 1257+12 a 1.1×1012 3.0×109 2.5×1021

PSR 1257+12 b 3,5×1012 9.4×109 2.5×1022

PSR 1257+12 c 2,6×1012 7.0×109 1.4×1022

PSR 1620-26 a 6,0×1011 1.5×109 7 ×1020

PSR 1s b 10,000 km 3.8×1013 1.0 1011 2.×1024

PSR 10ms b 100 km 2.4×109 6.×106 1.2×1016

PSR 10ms b 1 km 2.4×107 6.×104 1.2×1012

PSR 1 s b 100 km 2.4×1011 6×108 1.2×1020

PSR 1 s b 1 km 2.4×109 6.×106 1.2×1016

Goldreich-Julian current density is

JGJ = cǫ0Ω∗B∗, (74)

and the total current is of the order of

IGJ ∼ πR
2
PC JGJ , (75)

whereRPC ∼ R3/2
∗ (Ω∗/c)1/2 is the polar cap radius (Kirk et al.

2009). Various values of the Goldreich-Julian currentIGJ are
given in Table 1. A look at table 3 allows for comparisons
betweenIAW and IGJ . It can be seen that in the case of the
four known planets, the electric current in the Alfvén wings
is smaller than the Goldreich-Julian current by three orders of
magnitude. It is also much smaller in the case of small bodies.
But a planet orbiting a "standard" pulsar with a typical 1 sec-
ond period and 1012 G magnetic field would have an Alfvén
wing currentIAW of similar amplitude as the Goldreich-Julian
currentIGJ . This is not negligible, when we see thatIGJ is the
basic engine of the pulsar’s electrodynamics.

The practical consequences of such a current are expected
to be of two kinds : it is shown in a companion paper (Mottez

& Heyvaerts 2011) that it can exert an ortho-radial force upon
the planet that can, if the magnetic to mechanical energy cou-
pling is efficient enough, have an incidence on the orbit of small
circum-pulsar objects such as asteroids or comets. The second
incidence, more relevant to massive objects such as planets, is
a possibly associated electromagnetic signature, which might
be detectable.

Does the Alfvén wing dominates, in terms of energy, the di-
rect mechanical action exerted by the wind on the companion ?
To answer this question, we can compare the flux of magnetic
energy,FM with the flux of mechanical energy,FK , received the
companion by direct impingement. The ratio of the Poynting
flux to the mechanical energy flux is

FM

FK
=

c (B2
0φ/µ0)

c (γ0ρ0c2)
. (76)

Introducingσ0 andΨ with the Eqs. (5,6,10), andv0r ∼ c,

FM

FK
=
σ0

γ0
. (77)
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In the case discussed above whereγ0 ∼ σ
1/3
0 , andσ0 >> 1,

FM

FK
∼ σ

2/3
0 >> 1. (78)

Therefore, we expect that for a Poynting-flux-dominated wind,
most of the energy exchange with the pulsar’s companion
comes from the magnetic field. The Eq. (72) provides a more
precise insight of what is effectively involved into the wind-
companion interaction. ConsideringEi = E0 andE0 ∼ cBφ,

ĖJ

πR2
P

≈ E2
0 ΣA ≈

c2B2
φ

µ0c
= c

B2
φ

µ0
. (79)

This amounts to the totality of the Poynting flux interceptedby
the pulsar’s companion. It is therefore larger (by a factorσ2/3

0 )
than the mechanical energy captured by direct impigement.

This paper rests on the fact that the wind velocityv0 is
slower than the Alfvén wave velocityVA. Otherwise, there
would be no Alfvén wing. In the case of an ideal MHD ra-
dial wind, the Lorentz factor asymptotically approachesσ1/3

0
and Eq. (9) shows that the wind remains sub-Alfvénic at any
distance. If however it is formally considered that the asymp-
totic Lorentz factorγ0∞ scales asσa instead, with an exponent
a , 1/3, then ifa > 1/3, MA∞ = 1+σa−1−σ−2a ∼ 1+σa−1 > 1.
Therefore, in that case, a transition form a sub-Alfvénic toa
super-Alfvénic wind occurs at a finite distance. Observations
of the equatorial sectors of winds driving pulsar wind nebu-
lae show lower values of the asymptotic magnetization (Kennel
& Coroniti 1984a,b; Gaensler et al. 2002) and various authors
suggest that the asymptotic value of the Lorentz factor is rather
γ∞ ∼ σ0. Arons (2004) argues that dissipation must occur in
the asymptotic wind zone, in order to understand the observed
high Lorentz factors and the low magnetization. Begelman &
Li (1994) show that when the flux tubes diverge faster than ra-
dially, the fast magnetosonic point can occur closer to the light
cylinder, implying an even closer Alfvénic point. In such a cir-
cumstance, the existence of Alfvén wings would depend on the
distance from the star to the planet, combined with the effect of
a non-radial diverging wind flow, or dissipation.

Let us come back to the hypothesis of a planet in a sub-
Alfvénic wind. The present work provides only orders of mag-
nitude estimates for the emitted current. The behaviour of the
Alfvén wing at close vicinity of the planet would need a more
detailed study. We have considered here, as in many other pa-
pers concerning pulsars, the case of a neutron star magnetic
field that is aligned with the rotation axis. The study of oblique
rotators raises more complicated problems. The pulsar wind
may have different properties, and carry, even in the equatorial
plane, a non-zeroBθ component that oscillates at the pulsar ro-
tation rateΩ∗. An Alfvén wavelength (propagating at∼ c) with
P = 6 ms (case of PSR B1257+12) is of the order of 1800 km,
which is less than a typical planetary radius. This would putthe
assumption of stationarity into question, though less severely in
the case of a standard pulsar withP ∼ 1s, where the wavelength
(about 300 000 km) would be much larger than the planetary
radius.

In spite of the preliminary character of our model, our study
shows that the consideration of Alfvén wings associated to
planets orbiting pulsars deserve some attention.

The question of the radio emissions possibly associated to
the Alfvén wings will be addressed in a forthcoming paper.
Such emissions would provide astronomers with observational
data relevant to the wind/planet interaction.
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