N
N

N

HAL

open science

Performance of mutual information inference methods

under unknown interference

Abla Kammoun, Romain Couillet, Jamal Najim, Merouane Debbah

» To cite this version:

Abla Kammoun, Romain Couillet, Jamal Najim, Merouane Debbah. Performance of mutual infor-
mation inference methods under unknown interference. IEEE Transactions on Information Theory,

2013, 59 (2), pp.1129-1148. 10.1109/TIT.2012.2219034 . hal-00596126v2

HAL Id: hal-00596126
https://hal.science/hal-00596126v2
Submitted on 9 Mar 2012

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00596126v2
https://hal.archives-ouvertes.fr

Performance of mutual information inference

methods under unknown interference

Abla Kammoun!, Romain Couillet?, Jamal Najim1 and Mérouane Debbah?

YTelecom ParisTech, 2Alcatel-Lucent Chair; Supélec.

Abstract

In this paper, the problem of fast point-to-point MIMO channel mutual information estimation is addressed, in
the situation where the receiver undergoes unknown colored interference, whereas the channel with the transmitter
is perfectly known. The considered scenario assumes that the estimation is based on a few channel use observations
during a short sensing period. Using large dimensional random matrix theory, an estimator referred to as G-estimator
is derived. This estimator is proved to be consistent as the number of antennas and observations grow large and its
asymptotic performance is analyzed. In particular, the G-estimator satisfies a central limit theorem with asymptotic
Gaussian fluctuations. Simulations are provided which strongly support the theoretical results, even for small system

dimensions.

I. INTRODUCTION

The use of multiple-input-multiple-output (MIMO) technologies has the potential to achieve high data rates,
since several independent channels between the transmitter and the receiver can be exploited. However, the proper
evaluation of the achievable rate in the MIMO setting is fundamentally contingent to the knowledge of the transmit-
receive channel as well as of the interference pattern. In recent communication schemes such as cognitive radios [1],
it is fundamental for a receiver to be able to infer these achievable rates in a short sensing period, hence extremely
fast. This article is dedicated to the study of novel algorithms that partially fulfill this task without resorting to the
(usually time consuming) evaluation of the covariance matrix of the interference.

Conventional methods for the estimation of the mutual information in single antenna systems rely on the use of
classical estimation techniques which assume a large number of observations. In general, consider # a parameter
we wish to estimate, and M the number of independent and identically distributed (i.i.d.) observation vectors
y1,--,ym € CV. Assume 6 is a function of the covariance matrix ¥ = E [y1y'!] of the received random
process, i.e. 8 = f(3X), for some function f. From the strong law of large numbers, a consistent estimate of
the covariance of the random process is simply given by the empirical covariance of Y = [y1, - ,ym], ie.
$L %YYH = ﬁ Zf\il y:y'. The one-step estimator 8 of 0 would then consist in using the empirical covariance
matrix 3 as a good approximation of 3, thus yielding = f (f)) [2]. Such methods provide good performance

as long as the number of observations M is very large compared to the vector size NV, a situation not always

encountered in wireless communications, especially in fast changing channel environments.
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To address the scenario where the number of observations M is of the same order as the dimension N of
each observation, new consistent estimation methods, sometimes called G-estimation methods (named after Girko’s
pioneering works [3], [4] on General Statistical Analysis) have been developed, mainly based on large dimensional
random matrix theory. In the context of wireless communications, works devoted to the estimation of eigenvalues and
eigenspace projections [5], [6] have given rise to improved subspace estimation techniques [7], [8]. Recently, the use
of these methods to better estimate system performance indexes in wireless communications has triggered the interest
of many researchers. In particular, the estimation of the mutual information of MIMO systems under imperfect
channel knowledge has been addressed in [9] and [10], where methods based respectively on free probability
theory and the Stieltjes transform were proposed.

In this article, we consider a different situation where the receiver perfectly knows the channel with the transmitter
but does not a priori know the experienced interference. Such a situation can be encountered in multi-cell scenarios,
where interference stemming from neighboring cell users changes fast, which is a natural assumption in packet switch
transmissions. Our target is to estimate the instantaneous or ergodic mutual information of the transmit-receive link,
which serves here as an approximation of the achievable communication rate provided that no improved precoding
is performed. An important usage of the mutual information estimation is found in the context of cognitive radios
where multiple frequency bands are sensed for future transmissions. In this setting, the proposed estimator provides
the expected rate performance (either instantaneous or ergodic) achievable in each frequency band, prior to actual
transmission. The transmit-receive pair may then elect the frequency sub-bands most suitable for communication.

The setting of the article assumes that the channel from the transmitter to the receiver is known by the receiver
(but not known by the transmitter), which is a realistic scenario provided that some channel state feedback is
delivered by the transmitter, and that the statistical inference on the mutual information is based on M successive
observations of channel uses, where M is not large compared to the number of receive antennas N, therefore
naturally calling for the G-estimation framework. The progression of this article will consist first in studying
the conventional one-step estimator, hereafter called the standard empirical (SE) estimator, which corresponds to
estimating the interference covariance matrix by the empirical covariance matrix and to replacing the estimate in
the mutual information formula. We then show that this approach, although consistent in the large M regime,
performs poorly in the regime where both M and N are of similar sizes. We then provide an alternative approach,
based on the G-estimation scheme, and produce a novel G-estimator of the mutual information which we first prove
consistent in the large M, N regime and for which we derive the asymptotic second order performance through a
central limit theorem.

The remainder of the article is structured as follows. In Section II, the system model is described and the
considered problem is mathematically formalized. In Section III, first order results for both the SE-estimator and
the G-estimator are provided. In Section IV, the fluctuations of the G-estimator are studied. We then provide in
Section V numerical simulations that support the accuracy of the derived results, before concluding the article in

Section VI. Mathematical details are provided in the appendices.
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Notations: In the following, boldface lower case symbols represent vectors, capital boldface characters denote
matrices (Iy is the size-N identity matrix). If A is a given matrix, A" stands for its transconjugate; if A is square,
tr(A), det(A) and ||A|| respectively stand for the trace, the determinant and the spectral norm of A. We say that
the variable X has a standard complex Gaussian distribution if X = U+iV (i = —1), where U, V are independent
real random variables with Gaussian distribution N(0, 1/2). The complex conjugate of a scalar z will be denoted
by z*. Almost sure convergence will be denoted by ==, and convergence in distribution by 2, Notation O will
refer to Landau’s notation: w,, = O(v,,) if there exists a bounded sequence K, such that u,, = K, v,. For a square

N x N Hermitian matrix A, we denote \;(A) < ... < Ay(A) the ordered eigenvalues of A.

II. SYSTEM MODEL AND PROBLEM SETTING
A. System model

Consider a wireless communication channel H; € CV*"0 between a transmitter equipped with ng antennas and
a receiver equipped with N antennas, the latter being exposed to interfering signals. The objective of the receiver
is to evaluate the mutual information of this link during a sensing period assuming H; known at all time. For this,
we assume a block-fading scenario and denote by 7" > 1 the number of channel coherence intervals (or time slots)
allocated for sensing. In other words, we suppose that, within each channel coherence interval t € {1,..., T}, H;
is deterministic and constant. We also denote by M the number of channel uses employed for sensing during each
time slot (M times the channel use duration is therefore less than the channel coherence time). The M concatenated

signal vectors received in slot ¢ are gathered in the matrix Y; € CV*M defined as
Y, = H; X0+ W,

where X; o € C™*M js the concatenated matrix of the transmitted signals and W; € CV*M represents the
concatenated interference vectors.

Since W is not necessarily a white noise matrix in the present scenario, we write W, = G;W, where G, €
CN*n s such that G;GH € CV*¥ is the deterministic matrix of the noise variance during slot ¢ while W; € C"*M
is a matrix filled with independent entries with zero mean and unit variance. That is, we assume that the interference
is stationary during the coherence time of H;, which is a reasonable assumption in practical scenarios, as commented
in Remark 1. The choice of using the additional system parameter n, not necessarily equal to N, is also motivated
by practical applications where the sources of interference may be of different dimensionality than the number of
receive antennas, as discussed in Remark 1 below. This will have no effect on the resulting mutual information
estimators.

We finally assume that perfect decoding of X o (possibly transmitted at low rate or not transmitted at all) is
achieved during the sensing period. If so, since H; is assumed perfectly known, the residual signal to which the
receiver has access is given by

Yt = ?t - HtXt,O = GtWt.
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Fig. 1. System model of Remark 1 with two interferers.

Remark 1: The usual white noise assumption naturally arises from the thermal noise created by the electronic
components at the receiver radio front end as well as from the large number of exogenous sources of interference
in the vicinity of the receiver. However, in cellular networks, and particularly so in cell edge conditions, the main
source of interference arises from coherent transmissions in adjacent cells. In this case, only a small number K of
signal sources interfere in a colored manner. Calling G, € CV*"* the channel from interferer k € {1,..., K},
equipped with nj antennas, to the receiver and X, j € C™* XM the concatenated transmit signals from interferer k,

the received signal Y, can be modeled as

K
Y =H X0+ Y GipXep + oW, (1
k=1

where oW/, € CN*M is the concatenated additional white Gaussian noise with variance o2 > 0. In this case, we

see that, denoting n =n; + ...+ nxg + N and
G, =[G1, -, Gk, 0lN]
T
W, = [X],,--- ,XIK,W;T}

we fall back on the above model. Figure 1 depicts this scenario in the case of K = 2 interfering users.

The statistical properties of the random variables X; o and W, are precisely described as follows.

Assumption Al: For a given ¢t where 1 < ¢ < T, the entries of the matrices X; o and W, are i.i.d. random
variables with standard complex Gaussian distribution.

The objective for the receiver is to evaluate the average (per-antenna) mutual information that can be achieved

during the T slots. In particular, for 7' = 1, the expression is that of the instantaneous mutual information which
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allows for an estimation of the rate performance of the current channel. If 7" is large instead, this provides an

approximation of the long-term ergodic mutual information. Under Assumption A1, the average mutual information

is given by
1 I
= %7 > [logdet (HH} + G,GY') — logdet (G:G}')] . )
t=1
The target of the article is to address the problem of estimating J based on 7" successive observations Y1,..., Y7
assuming perfect knowledge of Hy, - - - , Hy, but unknown Gy for all ¢.

B. The standard empirical estimator jSE

If the number M of available observations during the sensing period in each slot is very large compared to the
channel vector N, a natural estimator, hereafter referred to as the standard empirical (SE) estimator, consists in the

following one-step estimator

T T
. 1 1
Jep = T ;:1 log det (HtH';' + —YtYf'> - §: log det ( YtYH) . 3)

For future use, it is convenient to introduce the notation
1 « 1
q _ H H H
Jse(y) = T ;,1 log det (y HH,'+—=Y.Y, ) E log det ( Y.Y; ) . 4)

With this notation at hand, Jsg = jSE(l).
For N fixed, it is an immediate application of the law of large numbers and of the continuous mapping theorem
to observe that, as M — oo,

Jse — I 235 0. 5)

However, from the discussions above, the assumption M > N may not be tenable for practical settings where
sensing needs to be performed fast, particularly so under fast fading conditions. In this case, as will be shown
in Section III, the SE-estimator is asymptotically biased in the large M, N regime, hence not consistent, and (5)
will no longer hold true. This motivates the study of an alternative consistent estimator based on the G-estimation
framework. To this end, we first need to study in depth the statistical properties of the SE-estimator from which the
G-estimator will naturally arise. The statistical properties of the latter will similarly be obtained by first studying
the second order statistics of the SE-estimator (themselves being of limited practical interest). Before moving to

our main results, we first need some further technical hypotheses.

C. The asymptotic regime

In this section, we formalize the conditions under which the large M, N regime is considered. We will require

the following assumptions.
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Assumption A2: M, N,n,ng — +oo, and

N N
0 < Ilminf — < limsup — < +oo,

M,N—oco N M,N—oco T

1 < liminf — < limsup — < 4o0,
M,N—oo N M,N—oc0

n, n
0 < liminf -2 < limsup—0 < 400 .

Nino—o0 N,no—>00
Remark 2: The constraints over [N and n simply state that these quantities remain of the same order. The lower
bound for the ratio M /N accounts for the fact that that M is larger than N, although of the same order.
In the remainder of the article, we may refer to Assumption A2 as the convergence mode M, N,n — oc.
We also need the channel matrices to be bounded in spectral norm, as M, N,n — oo, as follows.
Assumption A3: Let N = N(n) a sequence of integers indexed by n. For each ¢t € {1,--- ,T'}, consider the

family of N x n matrices G;. Then,

o The spectral norms of G; are uniformly bounded in the sense that

sup sup||Gy| < oo .
1<t<T N,n

e Fort € {1,---,T}, the smallest eigenvalue of G;G! denoted by Ax(G;G!) is uniformily bounded away

from zero, i.e. there exists o2 > 0 such that

inf inf Ay (G;GH)>0%>0.
1<t<T N,n

Assumption A4: Let N = N(ng) a sequence of integers indexed by ng. For each t € {1,--- , T}, consider the

family of N x ng matrices H;. Then, The spectral norms of H; are uniformly bounded in the sense that

sup sup [|[Hy|| < oo .
1<t<T N,ng

Assumption AS5: The family of matrices (H;) satisfies additionally the following assumptions:
1) Denote by p; the rank of H;. Then
0 < liminf pe < limsup b < 1.
N,no—o0 N,ng—00
2) The smallest non-zero eigenvalue of H,H! is uniformly bounded away from zero, i.e. there exists £ > 0 such

that:

. . . H . H
1§1£1£T Al{nso {nEHY) | NHEH]) >0} > k> 0.

III. CONVERGENCE OF THE AVERAGE MUTUAL INFORMATION ESTIMATORS

In this section, we study the asymptotic behavior of the SE-estimator ng and prove that under the asymptotic
regime A2, this estimator is asymptotically biased. Relying on this first analysis, we then derive a consistent
estimator based on the random matrix inference techniques known as G-estimation.

These techniques can be classified in two categories. One is based on the link between the Stieltjes transform

(see Appendix A) and the Cauchy complex integral, recently exhibited by Mestre who developed a framework
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for the estimation of eigenvalues and eigenspace projections [5]. This approach is often well-adapted as long as
the estimation of parameters depending either on the eigenvalues or on the eigenvector projections of Y, Y! is
considered (see for instance Lemma 1) but may fail when the dependence is more involved. The second approach,
which we will adopt here, is based on the technique of deterministic equivalents developed in [11], [12]. It follows

from the initial work [10] of Vallet and Loubaton, and will be illustrated in Section III-B.

A. The standard empirical estimator jSE

We start by studying the second of the two terms in the difference (2) for which it is much easier to derive an
estimate.

Lemma 1: Let Assumptions A1-A4 hold. Then, we have the following convergence.

1 H 1 1 H N —-—M M—N a.s.
¥ log det(G;G}') — N log det (MYth ) TN log ( M ) -1 M,N,n—oo 0.
Proof: See Appendix A "

Remark 3: 1t should be noted that in the proof of lemma 1, the Gaussianity assumption of the entries is not
necessary and can be replaced by a finite moment condition.

Remark 4: Lemma 1 relies on the Stieltjes transform estimation technique from Mestre. The latter is used to
compute a consistent estimate of the quantity % Zthl log det(G;G!), which is seen here as a functional of
the (non-observable) eigenvalues of Gy G't". Following the work from Mestre [5], the idea is to link the Stieltjes
transform of GtG,f' to that of the (almost sure) limiting Stieltjes transform of the (observable) sample covariance
matrix 77 Y¢Y!. See [13] for a tutorial on these notions.

As a consequence of Lemma 1, we see that the + log det(4; Y, Y}') is a consistent estimate of + log det(G;G')
(recall that %EYtYP = G;G!) up to a bias term depending on the time and space dimensions only. This may
suggest that, up to the introduction of the term H,H! in the log determinants for estimating the first term in (2),
the SE-estimator is also a consistent estimator for J. This is however not true. To study the first term in (2), which
is not as immediate as the second term, we need some further work. We start with a first technical lemma which
follows instead from random matrix operations on deterministic equivalents. !

Lemma 2: Let Assumptions A1-A4 hold and let ¥y > 0. Then we have the following identities.
1) The fixed-point equation in y

1

G,GH
Fly) = 57 00 GtG';'< i’

—1
el el 2 H
1 + Klt(y) + yHth > (6)

admits a unique positive solution k;(y).

!By deterministic equivalents, we mean deterministic quantities which are asymptotically close to the quantity under investigation. The
advantage of considering such equivalents comes from the fact that this prevents from studying the true limit of the quantities under investigation

(which might not exist anyway). See [11] for more details.
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Denote by T;(y) and Q. (y) the following quantities:
G,GH
1+ ke (y)

2) Then, for any deterministic family (Sy) of N x N complex matrices with uniformly bounded spectral norm,

1
Ti(y) = <yHtH§' + > . Quly) = <yHtH§' + MYtY?) :

we have:

1 1 a.s.
i tr SnQe(y) — Wi trSn'T(y) m 0

3) Let
G,GH

Kt(y)
1+ ke (y)

Vi(y) = log det ( yH,H! .
t(y) ogdae (y {Ldt + 1+’it(y)

) + Mlog(1+ ke(y)) — M

Then, the following convergence holds

1
M
Proof: See Appendix B. [ ]

Vily) ————0.

1 H 1
N log det (yHth + N NN

YtYf'>

Clearly, when setting y = 1, this result provides a convergence result for the SE-estimator, as will be stated
in Theorem 1. Lemma 2 is however more generic in its replacing the term 1 in front of H;H! by an auxiliary
parameter y. As a matter of fact, the introduction of y is at the core of the novel estimator derived later. We can
indeed already anticipate the remainder of the derivations: if (1 + x:(y))~! can be made equal to y, then the first
term in the expression of V;(y) is proportional to the first term in (2) which we are interested in. Turning the
factor 1 into a generic variable y will therefore provide the flexibility missing to estimate (2) precisely in the large
M, N,n regime. Before getting into these considerations, let us start with the following result on the SE-estimator.

Theorem 1 (Asymptotic bias of the SE-estimator): Let Assumptions A1-A4 hold, and denote

T
— L H GtG? H
V(y) = NT 2= <log det (yHth + T re(y) log det(GG})
T
1 M M ri(y M—N M-N
+TZ(ﬁbg(l—’—m(y))_Nl—l—t/(itgy)) T 10g( i ) + 1. (N
t=1

where k(y) is the unique solution of (6). Then,

M,N ,n—o0
Proof: Gathering item 3) of Lemma 2 together with Lemma 1 yields the desired result. [ ]

This result suggests that the SE-estimator is not necessarily a consistent estimator of the mutual information, as
there is no reason for the bias term in (7) (for y = 1) to be identically null. However, based on the discussion prior
to Theorem 1, we are now in position to derive a novel consistent estimator. The following section is dedicated to

this task.
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B. A G-estimator of the average mutual information
The following result is our main contribution, which provides the novel consistent estimator for (2).
Theorem 2 (G-estimator for the average mutual information): Assume that A1-A4 hold and define the quantity
1 -1
<IN + ?JN,thH? (MYtY?> )

T
A 1
Jo = — E log det
@7 NT &%
T
1 (M —N) M M
= E 1 y 1| — =9
+Tt:1 N [Og(M_NyN7t>+ ] N
where ¢ is the unique real positive solution of
" -1
N . 1 M- N
e = Nt 4, HE (yN,thHL* + MYQ{?) + =7

jo -9 —"—0.

M,N,n—oco

Then

Proof: We hereafter provide an outline of the proof, which is developed in full detail in Appendix C. Denote

J; the average mutual information at time ¢ as
1 1
g 2 Zlogdet(G,GH + H,H) — ~ log det(G;GH) |

Je1 —Ti 0.

Recall that a consistent estimate jt,2 of J; 2 was provided in Lemma 1. It therefore remains to build a consistent

estimate for J; ;.
The proof is divided into four steps, as follows.
1) In the first step, we exploit the convergence of parametrized quantities of interest. Denote
() =  log det (%YtYr + yHtH;*>
and recall the definition of k;(y) as given in Lemma 2-1). By Lemma 2-3),
M ke(y) a.s 0.
N 1+ ke(y) M,Nn—oo

M
+ yHtH?) + N log(1 + s+(y))

G,GH

1
— + — logdet
o) + g Towder ({40
Clearly, for most values of y; the deterministic quantity to which f(y) converges differs from J; ;.
2) In the second step, we find a specific value of y to enforce the desired quantity J; ; to appear. One can readily
check that if yn; is the solution of the equation in y
1
- ®)
T R)
then we immediately obtain
1 1 M- N .
Ji1 — [N log det (MYtY? + yNythHtH) + 5 logyn) + 5 (1= ywa) m 0. 9

DRAFT
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From the definition of x:(y), we show that there exists a unique positive yn ¢ solution of (8), given by the
closed-form expression

1
ynp=1-q7tr (G:GH(HH]! + G,G)'] . (10)

However, the value of yn still depends upon the unknown matrix Gy to this point.
3) In the third step, we provide a consistent estimator §n ; of yn ;. Based on an analysis of x;(y), and on finding

a consistent estimate for this quantity, we show that there exists a unique positive solution gy ; to
-1

. 1 . R 1 M — N
yN,t = M tr yN,t HtH:;I (yN,t HtH:;l + MYtY?) + M . (11)
Moreover, §n,; satisfies
YN,t — YNt m 0.

4) Finally, it remains to check that we can replace yx : by yn in the convergence (9). This immediately yields
a consistent estimate jt.,l for J; 1. For the proof of the theorem to be complete, it remains to gather the

estimates of J; 1 and J; 2, which finally yields the announced result

T

jg = %Z (jt,l - jt,2) .

t=1

IV. FLUCTUATIONS OF THE G-ESTIMATOR

In this section, we establish a central limit theorem for the improved G-estimator J G, SO to evaluate the asymptotic
performance of our novel estimator. Due to the Gaussian assumption on W, we can use the powerful Gaussian
methods developed for the study of large random matrices by Pastur et al. [14], [12]. In order to derive the asymptotic
fluctuations of the G-estimator jc;, similar to the previous section, a first step consists in evaluating the fluctuations
of Jsp(y).

Theorem 3: Let Assumptions A1-AS hold and recall the definition (4) of IjSE(y) We then have the following

results.
1) The sequence of real numbers

721L(M)_LTO _ K 2_r17N H Hy—1 -
an(y) = 22 T2;1g[<M N)(M( )+ 17 = (GG ) )]

is well-defined and

0 < liminf ay(y) < limsup ay(y) < +oo.

M,N,n—oco M,N,n—o0

2) The following convergence holds

N (jSE(y) - V(y))

an(y)

D

N,M,n—co N(O,1)

where V(y) is defined in (7).
Proof: See Appendix D. [ ]
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With the above result at hand, we are now in position to derive the fluctuations of the G-estimator. As opposed
to §SE(y) though, the G-estimator has no closed-form expression, as the {x,;’s are solutions of implicit equations.
Establishing a CLT for Jo therefore requires to control both the fluctuations of the received matrix Y, and of the
quantity gy ¢. In the following lemma, we first prove that the fluctuations of §xn; — yn, are of order O(M *2),
a rate which will turn out to be sufficiently fast to discard the randomness stemming from ¢y, in the asymptotic
fluctuations of ﬁg.

Lemma 3: For t € {1,---, T}, the following estimates hold true, as M, N,n — oc:

1) var(gy.) = O(M~2),

2) Egne =yns+0O(M?) .

Proof: See Appendix E. [ ]

We are now in position to state the central limit theorem for j(}.

Theorem 4: Let Assumptions A1-AS hold true. Then,

%(ﬁg ~9) 25 N0.1)
where 6y given by
1 & L
Oy = 75 > 2log(Myx..) — log [(M — N) (M — tr (Ly + HH}(G,G) ™) )| (12)

t=1

which is a well-defined quantity which satisfies

0 < liminf Oy < limsup Oy < +oo.

M,N,n—oco M,N,n—00

Proof: Consider the function J;(y) defined for y > 0 as:

1 Y, YH M — N M M Y, YH
Ji(y) = Nlogdet (yHtH:;| + ;Wt ) + ¥ [1og <M _Ny) + 1} - NV log det (%)

Then jG = % Zthl J+(gn¢). Since all the random variables (J:(4n ), 1 <t < T) are independent, it is sufficient

to prove a CLT for J;(gn,), for a given t € {1,---,T}. In order to handle the randomness of §x ;, we shall

perform a Taylor expansion of J; around ¢y . Recall the following differentiation formula
d
7 logdet A(z) = tr A'(x) A~ ().
x

A direct application of this formula, together with the mere definition of gy ; yields

dde .
— =0.
dy (In.t)
Hence, the Taylor expansion writes:
. o 2 d23 ) 5 3 d33
N3i(yn.e) = N3u(Gn.e) + i — o) 7 (In.a) + N (s — D) G (13)
2 dy 6 dy
where &y, lies between yn ; and §x ;. The definition (11) of gy, yields
M —N <in. <14 M- N
M SYNE S
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In particular, §n ; uniformly belongs to a fixed compact interval, and so does yn ; for similar reasons. One can
easily prove that the second and third derivatives of J;(y) are uniformly bounded on the union of these intervals.
This result combined with the fact that NE(jn: — yn+)*> = O(M ') implies that the last two terms in the right
hand side (r.h.s.) of (13) converge to zero in probability. By Slutsky’s lemma [2], it suffices to establish the CLT
for NJ(yn ) instead of NJ(4n,.) = N Ejg. This is extremely helpful since unlike ¢, which is random, yn
is deterministic. The result is thus obtained by applying Theorem 3 and noticing that x(yn ) + 1 = ﬁ Note

that although being valid only for fixed y, Theorem 3 could be applied by considering the slightly different model
ﬁt = ,/yN_’th. [ ]

V. SIMULATIONS

In the simulations, we consider the case where a mobile terminal with N = 4 antennas receives during a sensing
period of T slots data stemming from an ny = 4 antenna secondary transmitter. We also set the number of symbols
for sensing per slot to M = 15. We assume that the communication link is degraded by both additive white
Gaussian noise with covariance 0?I and interference caused by K = 8 mono-antenna users. Hence, this scenario
follows the model described by (1), where for each ¢, the vectors G, k € {1,---,8} respectively represent
the channel from the interferers to the receiver, whereas H, represent the channel with the transmitter. Denote
by B, = [G¢1,- -+, Gyg]. In the simulations, H, and B, are randomly chosen as Gaussian matrices and remain
constant during the Monte Carlo averaging. To control the interference level, we scale the matrix B; for each ¢ so

that the signal-to-interference ratio SIR be given by

tr HtHH
SIR, £ ——L =
T wBBY
In a first experiment we set 7' = 10 and SNR = # = 10 dB and represent in Figure 2 the theoretical and empirical

normalized mean square errors for the G-estimator with respect to the SIR given respectively by:

0
MSEu, = 55 -
1 o= N2(Ji, — )
MSEgemp =5 ) — a5
i=1

where le is the G-estimator at the i-th Monte Carlo iteration and P = 10 000 is the total number of iterations. We
also display in the same graph the empirical normalized mean square error of the SE-estimator defined as
P A
1 L N2(Jyy — 972
MSEt7emp = F Z T
i=1
We observe that the G-estimator exhibits better performance for the whole SIR range. These results are somewhat
in contradiction with the intuition that a low level of interference tends to have a small impact on the accuracy of

the SE-estimator. The reason is that the mutual information depends rather on the inverse of the covariance of the

interference and noise signals BtB:;' + 0?1y, as

log det(H,H} + B,B + ¢?Iy) — logdet(B;B} + ¢°Iy) = log det(H,H} (BB} + ¢’Iy) " + In).
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We study in a second experiment the effect of 7" when the SNR and the SIR are set respectively to 10 dB and —10
dB. Figure 3 depicts the obtained results. We observe that, since the SE-estimator is asymptotically biased, its mean
square error does not significantly decrease with 7" and remains almost unchanged, whereas the G-estimator exhibits
a low variance which drops linearly with 7'. Finally, to assess the Gaussian behavior of the proposed estimator,
we represent in Figure 4 its corresponding histogram. We note a good fit between theoretical and empirical results

although the system dimensions are small.

T T T T T T T T T
—x— MSEyy,

4| —— MSEg,emp L]
—&— MSE¢, emp

Normalized mean square error [dB]
|
—
o
T
|

SIR in dB
Fig. 2. Empirical and theoretical variances with respect to the SIR.
0 T T T T
—x— MSE4y

5l —6— MSEg,emp | |

—=— MSEt,emp
= = H—a—8—8—5-5-4
—10 |- 4
—15 |- -

Normalized mean square error [dB]

101 101.2 101.4 101.6 101.8 102

Fig. 3. Empirical and theoretical variances with respect to 7.
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VI. CONCLUSION

In this paper, we have proposed a novel G-estimator for fast estimation of the MIMO mutual information in
the presence of unknown interference in the case where the number of available observations is of the same order
as the number of receive antennas. Based on large random matrix theory, we have proved that the G-estimator is
asymptotically unbiased and consistent, and have studied its fluctuations. Numerical simulations have been provided

and strongly support the accuracy of our results even for usual system dimensions.
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APPENDIX A

PROOF OF LEMMA 1

Recall that if P is a probability distribution on R, then the Stieltjes transform m(z) of P is defined as
P(dA
m(z)z/u, z€C\RT. (14)
R A—2z

For example, the Stieltjes transform m Ly, yH associated to the empirical distribution of the eigenvalues of the

Hermitian matrix %YtY? is simply the normalized trace of the associated resolvent:

1w 1 1 1 -
_ _ H
mLy,yi(z) = N igl N2 N tr < Y. Y, — ZIN> ,

where A1, ---, An denotes the eigenvalues of ﬁYtY,';'. Since their introduction by Marcenko and Pastur in their

seminal paper [15], Stieltjes transforms have proved to be a highly efficient tool to study the spectrum of large
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random matrices. From an estimation point of view, Stieltjes transform are, in the large dimension regime of interest,
consistent estimates of well-identified deterministic quantities. Therefore, the approach below consists in expressing
the parameters of interest as functions of the Stieltjes transform of the eigenvalue distribution of A—14YtY,'{'.

Using the same eigenvalue decomposition as in Appendix B, we can prove that Y; = UtDt%Wt where Wt is
an N x M standard Gaussian matrix, and where D; is a diagonal matrix with the same eigenvalues as G;GH.
In the sequel, if A is a p x p hermitian matrix, denote by F* the empirical distribution of its eigenvalues, i.e.
FA = 1—1) >r, 9. (A)> and by ma the associated Stieltjes transform.

Notice that due to Assumption A3, the following decomposition holds true:
Gth =0 IN + Ft,

where T'; is a positive semi-definite matrix (simply write G;G! = 021y + Uy(D; — o?Ix)UH).
Notice that mp, (2) = mr, (2 — 02). Using this fact, and the result in [16, Theorem 1.1], one can easily prove
that m1yhy, satisfies:

+ a.s.
V2€CA\RT . muvy,(2) —m(z) om0,

where m(z) is the unique Stieltjes transform of a probability distribution F, solution of the following functional

equation:

m(z)-( M/1+ ;J‘:; e )dFFt(A))_l . (15)

Moreover, m(z) is analytical on C* = {z € C,3(z) > 0} where J(z) stands for the imaginary part of z € C.

Using (15), one can prove that mr, (z) satisfies:

e, (— ! —02) —me) -2y - M (16)

m(z)
The link between the unobservable Stieltjes transform mp, and the deterministic equivalent m(z) being established,

it remains to express N ~!logdet(Iy + o~2I;) in terms of mr,, which follows easily by differentiation:

0 Ft 1 2 —1 1
9% 2Nlogdet (IN—F?) = Ntr(I‘t—i—o IN) — 3
Hence:
1 T 1 1
Nlogdet <IN+;> = /02 E—Ntr(I‘t—l-vIN) dv ,

1
22 1 1 1
/ — — —mr, <——> dv . (17
0o vV v v

We shall now perform a change of variables within the integral in order to substitute m for mr, with the help of
(16). Since the support of F is on [0, +o0], the Stieltjes transform m is continuous and increasing on |—oo, 0[.
It establishes then a bijection from |—o0,0[ to Jlim,_,_o m(x),lim,_,o m(x)[. Obviously, lim;_,_o m(z) = 0

whereas lim,_,q- m(x) = —oo since 0 is an eigenvalue of %YtY? with multiplicity at least equal to M — N.
We have thus,
-1
1 2
u — +o
m(u)
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establishes a bijection from R* to (0,1/0?). Considering the change of variable % = ﬁ + 02, (17) writes:
1 |
N log det (IN + ;)

- [ [ () e ()

-
_ /0  m( - <1 - %) m) %um’(u}] du

oo L m(uw)(1+ o2m(u)) m

0 [M m/(u) o2m/ (u) Mo
/ Nmw 1+omw W N (u)] du.

— 00

We shall now compute this integral, denoted by I in the sequel. Write I = limyz— oo I, Where

y—0
I, = / VM) o (u)
P IN m(u) 1+ a2m(u

] + %um’(u}] du .

Straightforward computations yield:

M

(m(y)~ |

1+ o?m(y)

(m(x) ¥

I, =1 ~E))Z
sY Og 1+0_2m(x)

M M Y M
Fom) — fpomle) = [ Fmide. a9
As our objective is to compute the limit of I, , as  — —oo and y — 0, we need to obtain equivalents for m at 0
and —oo. A direct application of the dominated convergence theorem yields:

1

m(z) o~ T

Recall that F is the probability distribution associated to m. Then, F({0}) = M ~!(M — N). Although this property
is not easy to write down properly, it is quite intuitive if one sees F' a.s. close to FYiY: (the empirical distribution
of the eigenvalues of YHY,) which clearly satisfies FY*¥t({0}) = M~'(M — N) by Assumption A2: This

assumption implies in fact that zero is an eigenvalue of Y'Y, of order M — N. Hence,

) M —N
m ~ o — .
m(y y30 My
Using these relations, we can derive equivalents for the first four terms in the right-hand side of (18). In particular,
we obtain:
(m(y)) ¥ M M- N 2 M
1 ~ ——1]1 — | -1 1—— |1 19
og 1+0.2m y) y—0 N 0og M Og(a )+ N Og|y| ) ( )
(m(x) ¥ M
log T+ o?m(@)| e N log |z| , (20)
M M
N ym(y) Do T <N - 1> ; (2D
M M
o) Ll F 22

Let us now handle the last term in (18). Clearly, we have:

(M - N)

i do(dz)

FaYiYe(dy) = %F%YWT +
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which implies that
M (M-—N)1
m1yny,(2) = N Y (2) + N

The above relations can be also transferred to the limit Stieltjes transforms m and m and their associated probability

distribution functions F' and F'. Actually, we have:

(M — N)

E(dz) = —;

do(dz) + %F(dw) :
and also:
m(z) = %m(z) + L&N) é .

Note in particular that my, v+ —m — 0, hence that F" is a deterministic approximation of F' wYeYe | the empirical

distribution of the eigenvalues of 4; Y, Y}. Now,

v [V [dF(t), M-N
/xﬁm(u)du = /x/t—udu_ Na du ,

= /(—1og|t—y| +logl|t — z|)d F(t) +

M- N

(log | —logy[) - (23)

Using the dominated convergence theorem, one can prove that the r.h.s. of (23) is equivalent to:

Y M M
/w Nm(u)du w_}}go — /1og(t)dF(t) t log |x| —
y

Plugging (19), (20), (21), (22) and (24) into (18) yields:
M —N M —N
lim I,, = log ( i ) —logo? + /1og(t)dF(t) +1.

T——00 N
y—0

log|y| . (24)

Since the spectrum of ﬁYtYf is almost surely eventually bounded away from zero and upper-bounded [17],

uniformly along N, we have:

N
1 a.s.

where (\;,1 <1i < N) are the eigenvalues of ﬁYtYf. A consistent estimator of % log det(G;GH) is thus given

by:

N M

M- N M- N 1 1
= N log (T) +14+ N log det <MYtY¥') ,

N
M-N M—-N 1
L = log (*) +1+ ¥ ;log()\i)

which concludes the proof.
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APPENDIX B

PROOF OF LEMMA 2

Define for p > 0:

1 —1
Qilp,y) = (PIN +yHthH + MYtY?) ,
1 1 "
gi(pyy) =  log det pIn + yHH] + YY)

1

Recall that Y; = G:W,. Denote by G; = U;D;? V't" the singular value decomposition of G, D; being the
diagonal matrix of eigenvalues of G;G!; in particular, D;’s entries are nonnegative and bounded away from zero.
Let Wt = V:{'Wt. Since the entries of W, are i.i.d. and Gaussian, Wt has the same entry distribution as Z;.

Hence g;(p,y) becomes:

1 1~ ~— 1
9:(p,y) = 1og det (pIN +yHH} + - UDFW,Wi'D? U?) :
= —1ogdet (pIN +yU'H,H'U, + MD WtWHD >

Obviously, we have —+- log det(Q:(y)) = g:(0,y) and & tr Q¢(y) = 47 tr Q¢(0, y). Deterministic equivalents for
g:(p,y) and Q:(p,y) have been derived in [11] and are recalled in the lemma below.
Lemma 4 (c¢f. [11]): Let p > 0.

1) Let y > 0. The following functional equation:

1 GG 7!
ke(p,y) = i tr (GtG? (pIN + yHH + m) )

admits a unique positive solution k(p, y).

2) Define .
G,GH \~

Ti(p,y) = ( pIn + HHH+7t) .

t(psy) (pzv v+ T

Then, for any sequence of deterministic matrices Sy € CV*¥ with uniformly bounded spectral norm:

1 1 a.s.
MtI‘SNQt(p y) — ﬁtrSNTt(p v) m 0.

In particular, setting Sy = GtG't", we get:

a.s.

1
— tr GG Qu(p, y) — kelp,y) 0.

M M,N,n—oc0
3) Let

G,GH
1+ ke(p,y)

Ht(pay)

Vip,y) = log det (pIN T+ yE Y Trmlod)

> + Mlog(1 + ki(p,y)) —
then

1 .
~Vilp,y) ———— 0.

g(p7 y) B N M,N,n—0c0
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The general idea of the proof of Lemma 2 is to transfer these deterministic equivalents to the case p “\, 0; we
will proceed by taking advantage from the fact that all the diagonal elements of D, are positive and uniformly
bounded away from zero.

We first prove the existence and uniqueness of «¢(y). Consider the function f defined on [0, co[ by:

1 D, \ !
f:xHx—HtrDt(yU':HtH':Ut—i—1+x) .

An easy computation yields the derivative of f with respect to x:

/ 1 H H Dt - Dt H H Dt -t
fl@) =1~ 17 twDy (YU HHU, + T3 (VOrHEU 4 =

which is obviously always positive. Function f is thus always increasing and thus establishes a bijection from
[0, 00[ to [f(0), +o0[. Since f(0) is negative, we conclude that f has a single zero. This proves the existence and
uniqueness of rk¢(y). It remains to extend the asymptotic convergence results to the case p = 0.

In the sequel, we only prove item 2) for Sy = G;G! as it captures the key arguments of the proof; the extension

to general sequences (Sy) will then be straightforward. Write 7 tr Gy GHQ,(y) — k¢ (y) as:
1 1 1
A GG Qu(y) — ruly) = " GG Qu(y) — 27 T G:G'Qi(e, y)
1
+ M tr GthHQt(Ev y) - K’t(ev y)

+ K/t(eay) - K/t(y) )

where € > 0. We now handle sequentially each of the differences of the r.h.s. of the previous decomposition. We
first prove that there exists a fixed constant K > 0 (which only depends on limsup NM ~!) such that for every
€ > 0, there exists N7 (which depends on the realization and hence is random) such that for every N > N;, we
have:

€

(25)

1 1
A G:G{'Q:(y) — " GthHQt(ﬁay)‘ S5
To prove this, we rely on the resolvent identity B~! — C~! = —B~! (B — C) C~! which holds for any square

invertible matrices B and C. Then, we have:

1 1 €
a7 G/GJ'Qu(y) — ¥ GtG?Qt(an)’ = ‘M tr GGy Qu(0, ) Qu(e, y)‘

2

IN

—1
€ 1 ol 1
MtrGtG';' (MD,?WWHDE)

Recall that W is an N x M matrix and that by Assumption A2, limsup,,; y NM ™! < 1. Therefore the spectrum
of W‘tﬁy is almost surely eventually bounded away from zero®. In particular, there exists a constant K such that

1~——~, 1\~
(#Di WW"D;} ) ‘

2
eventually, we have < K1, hence:

€

1 1
dNi, VN > Ny, ‘MtrGtG?Qt(y) - MththHQt(ﬁay)‘ < i

ZRecall that if lim NM~! = ¢ < 1, then the smallest eigenvalue )\min(WtW?) converges to (1 — \/5)2 > 0; it remains to argue on

subsequences to conclude in the case where limsupy, ny NM <.
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The second step consists in proving that for some constant K (depending on limsup N M 1) there exists No

(depending on the realization) such that for all N > N:
e, y) — ri(y)] < Ke . (26)
The proof of (28) relies on the following identity:
ke(y) — ki(€,y) = ean + B (ke(y) — ke(e, ) 27
where

1
ay = M tr GthHTt(E,y)Tt(y) ’

1 o (GtG?Tt(e, y)GtG?Tt(y)>
M (14 ke(y)) (1 + ke(e,y))

It is clear that Sy < liminf % Thus, by Assumption A2, Sy < 1. Also, one can prove that there exists K>0

Bn =

such that limsup ay < K.In fact, oy satisfies:
N H Hy — 12
ax < 37 [GGH] |GG 7| L+ mm) A+ milew) - 28)

One can prove that k:(y) and k. (e, y) are smaller than W In fact, k¢(y) can be written as:

Kt Kt t tH -
i = NOERw) Otn0) (yHthH (s GG )
_ N (4m), ' W, GG\
T Mo m) ma- )" (yHth (yHthJer(y)) ) ’
< N
S M-

Similar arguments hold for k¢ (e, y), thus proving that lim sup an < K. From (27), we conclude that there exists

N3 such that for all N > N3,
it (€,y) — re(y)] < Ke .

We are now in position to prove the almost sure convergence of % tr GG Q;(y) — ki(y). Consider the constants

K and K as defined previously and let € > 0. According to (25), there exists N such that:
1 1 €
VN > N, , ‘MtrGtG';Qt(y) — MtrGtG';Qt(e,y)’ <%
Using the almost sure convergence result of ﬁ tr G;GHQq(e,y) stated in Lemma 4, there exists Ny such that:
1
VYN > Ny | ‘M tr G,GHQ, (e, y) — /@t(e,y)‘ <e.
Finally from (26), there exists N3 such that for all N > Ns:

|Ht(€7y) - Ht(y)| < IN(E .

Combining all these results, we have, for N > Inax(Nl, NQ, Ng)l
el —+1+
K ’
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hence proving that:

1 a.s.
37 T GG Qi) = rely) =20

which is the desired result.

APPENDIX C

PROOF OF THEOREM 2

As previously mentionned, the proof of Theorem 2 relies on the existence of a consistent estimate for
1
Jip = o log det(G, G + H,HY) .
Denote by f(y) the parametrized quantity:
1 H H
fly) = N logdet(Y.Y,' +yHH,) .

Then by Lemma 2-3), we obtain:

_ % ’ft(y) a.s.
N1+ Iit(y) M,N,n—oc0

1 G,G" N M
- — logdet | —— H.H — log(1
) + gy owdet (o Y ) 4 Tou(1 + x4 (1)

Obviously, if y is replaced by yx ¢, a solution of:

0. (29)

1

_ 30
1+K,t(yN7t) I ( )

YNt

then the term C}; appears in (29). The existence and uniqueness of yy; immediately follows from the fact that
the function g defined as:

1
g:x— (1+ x)M tr(G,GH(HH! + G,GH !
is a contraction. Moreover, straightforward computations yield:
1 _
T G:GY(HH] + G,G}")™" . 31)

Unfortunately, yn; depends on the unobservable matrix G;. One needs therefore to provide a consistent estimate

9.t of yn¢. In order to proceed, we shall study the asymptotics of %(y). By Lemma 2-2), we have:

Y Yy a.s.
u HH'Q:(y) — U H,H{'T, (y) M N 0. (32)
On the other hand, we have:
-1
Y H 1 H H GG/
Z trH,H,'T = —tryHH H:H -
M r t t t(y) M ry t t (y tLie + 1 + Klt(y) )

N 1 GG\ !
SR — e W e LAl ) £ 1) & (L kil 2 ) :
M~ Ma(y) + 1) < f (y T T k)

ke (y)
L+ re(y)
1

14— 33
+1+Iit(y) G

N
M
N
M
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Substituting (33) into (32), we obtain:

0. (34)

1 N 1 a.s.
— tryHHIQu(y) — — +1 - ;
i ryHHQq(y) M + Ki(y) +1 M,Nn—oo

Intuitively, a consistent estimate gy of yn,; should satisfy gn¢ = Mgy tr H{HIQu(gn¢) — 47 + 1. This
intuition is confirmed by the following lemma:

Lemma 5: There exists a unique positive solution gy, to the equation:

gN,t H N N .
— trH:H ——+1- =0.
2 THHEEQe(Ine) — 7+ 1= I
Moreover, the following convergence holds true:
~ _ a.s. O
YNt — YN —>M,N,n~>oo )

where yn ¢+ is defined by (30) (see also (31)).

Proof: The existence of g, follows from the fact that: h : y — L trHH{Qu(y) — & +1 -y is a
continuous function on [0, +oc[, satisfying h(0) > 0 and lim, 4o h(y) = —oo. Assume that h admits more
than one zero. It is clear that the zeros of h are isolated. Since h(0) > 0, there exists then y; and yo such that
h(y1) = h(y2) = 0 and h(y) < O for every y € [y1, y2]. However, this could not happen since h is concave, and
as such h(2£42) > 1/2h(y;) + 1/2h(y2) = 0. Function h admits then a unique zero §jy..

Using (34), we get that:

N S,
%trHtH?Qt(yN’t)_M_'—l_yN,tmo '

Beware that in (34), the convergence holds true for a fixed y while yxn + depends upon N. A way to circumvent
this issue is to merge yn,; into H; and to consider the slightly different model based on ﬁt = JUN, H;.
Therefore, the mere definition of ¢y, and the previous convergence yield:

k(yn.e, Un,e) m’ 0,

where

k(yn,e, In,t) = % tr(HHP Qi (In0) — Ine + yne — % tr(FLHI Q1 (yn 1)

Expanding k(yn ¢, n.t), we get:

Blyn. i) = 250 r(HHQu(n ) — 52 (U Qu (o)) + 250 tr(HHQu(y ) + (uvs — )

_ % tr(HHY Qi (yn )

. . 1 . .
=yne(Ynt — yN,t)M tr(HLHY Qi (v, ) HHE Qi (yn 1)) + (Ynt — Int)
1

+ (N — yN,t)M tr(HH'Qu(yn 1))

. 1 y .
= (ynt — Unyt) (1 U tr HLHYQu (ynve) + % ‘DI"(HthHQt(yN,t)HtH?Qt(?/N,t)))
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To conclude that yn ; — yn : converges almost surely zero, one needs to estabslish that a deterministic asymptotic

approximate of

1 J N
(1 -t HH'Q:(yn,:) + % tr(HthHQt(yN,t)HtH?Qt(yN,t))>

could not be equal to zero. This is true, since from the definition of y ;, we can easily check that 1— % tr Hy HtHQt (ynt)

1N - tr HH} (HH + GtG';')_l, where we recall that yy ; writes

can be approximated asymptotically by 1 — Ty

as:

1 -1 N 1 -1
yng=1- MGtG,t' (HH + G,GY)  =1- ST tr HY (GG} + HH]') .

The deterministic equivalent of 1 — 4 tr H{H!'Q,(yn ;) is thus given by:
N
- %

1- N4+ LgHHY (GGH+HHY)

which is obviously uniformly lower-bounded by 1. [ ]

With the help of Lemma 5, the following convergence can be easily verified:

a.s.

M,N,n—o0

k(UN,t) — K(Ynt) 0.

Let h: y — —= logdet(Q:(y)), where #'(y) = + tr(H;HHQu(y)) < #ﬁﬂ“) As the minimum eigenvalue

of %(YtY?) is almost surely bounded away zero, function h is Lipschitz. Therefore, the following convergence

hold true:

1 1 . 5.

~ log det(Q¢(yn.t)) — N log det(Q¢(9n.t)) m* 0,
We then get:

~ M A a.s.
log(iva) = 5 (1= ) =20,

M,N,n—oco

X 1
—fne) + ~ log det(G,GH + HH'") —

which in turn implies that:

1 R — . M . 5.
Je1 — N logdet(yN_,thH:;' + YtY,';') - log(9n,t) — N(l —UN.t) m 0.

Using this estimate of J; ; together with the estimate of J; » as provided in Lemma 1 immediately yields a consistent

estimate for J;(0?) = J; 1 — J; 2, and the theorem is proved.

APPENDIX D

PROOF OF THEOREM 3

The proof of Theorem 3 relies on the tools used in [12], adapted for dealing with Gaussian random variables.

Recall that Jgg(y) is given by:

T

. 1 1 1

Ise(y) = NT § log det <yHtH'{' + MYthH) — log det (MYtY?> ,
t=1
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1~ —
where Y; = G;W,. Similarly, as in Appendix B and Appendix A, we can prove that Y, = U;D W, where W,
is a N x M standard Gaussian matrix, and Dy is the N x N diagonal matrix containing the eigenvalues of G;G!.

Then, Jsg(y) becomes:

T
A 1 1 1~ ~ 1 1 1~ ~ 1
Ise(y) = NT Zlog det(yHH + 77 U D? W, WHD2UH) — log det(MDf W, WHD?2),
t=1
T

1 — —
NT Zlogdet yD; *UMH,H'U,D; ? + WtWt) 1ogdet(MWtWt“),

-1
1 — —
NTZlogdet <yD PUMH,HYU,D; * (thw,'j) +IN>.

1~ ~ _1 _1
Denote by D, 2UHHtHHUtD = U;A;UY the eigenvalue decomposition of D, > UHH,H"U,;D, 2. Since p;
is the rank of Hth, matrix A; has exactly p; non zero entries which we denote by (\;+,1 < i < p;). We get

that ng can be written as:

T —1
. 1 1 ~— —
J =— logdet | yA, [ =W, WH Iy |.
se(y) NTtZ;Oge(y t<M t t) +N>
Let Ay, . = diag (A1, ..., Ap, t). Obviously, only the diagonal elements of A, ; contribute in the expression of

Jse(y). Then, using [18, Theorem 3.2.11], we can prove that Jsg(y) can be written as:

- 1 1 !
jSE(y) = W Zlog det <yAPt7t (wat tht t> + IPt) )
t=1

(M— N+Pt)A 1

where W, ; is a py x M — N + p; standard Gaussian matrix. Let M = Ay pots

we finally get:

T
) 1 1 L e 1 o~ o~
) = 7 310046 (7 M Won WM 1, ) ot D) ot (57— W W)
t=1

T
£ Z Ips.t(y)
t=1
Let s =M — N + p;. By Assumptions A2 and A5-1), we have:

.. S . S
0< liminf — < limsup — < 4oc.
M,N,no—00 Dt M,N,ng—oo Pt

Moreover, Assumption A4 and A5-2) implies that matrix M satisfies:
s7u;?n [IM]| < o0 and Niyrj\l/[fynétrM > 0.

We retrieve then the same model as in [12], with the slight difference that ﬁEs,t(y) has an extra random term
log det ( ththt t) As we will see next, this has no impact on the applicability of the method and one can
get the desired result by following the same lines of [12]. For ease of notation, we will drop next the subscripts p;
and ¢ from all matrices. In particular, we consider to prove a CLT for the functional log det(gM%WWHM% +I)—
log det(%M%WWHM%) where p > 0, W is an p; X s standard Gaussian matrix and M is an p; X p; deterministic
matrix.

The expression of the variance for this CLT will depend on some deterministic quantities which we recall hereafter.

March 9, 2012 DRAFT



25

A. Notations

Let Z = M2 W and define the resolvent matrix S(z) by:
S(z) = (EM%WWHM% + 1)71 - (zzz” + I)il,
Let also I5(z) be given by:
I,(2) = log det (EM%WWHM% + I) — _logdet S(2).
We introduce the following intermediate quantities:
B(z) = %trMS, alz) = %trMES, and E: B — a.

Matrix R(z) is an s x s diagonal matrix defined by:

R(z) = 71,
where 7 = m We also define R(z) the p; x p; diagonal matrix given by:
R(z) = (I+27M) " = diag(r;,1 <i < py),
where r; = ﬁ We also define §(z) as the unique positive solution of the following equation:

1 z -t

where the existence and uniqueness of 0(z) have already been proven in [12]. Let E and E be the p; x p; and
s x s diagonal matrices defined by:

—1
- z _ 1
== (H 1 —|—z5(z)M> and &= T e

Define also 7, 4(2) and 7 as v = 1 tr M2E2, §(z) =

[

—1+216(z) and 7 = 7(1“3;@))2'

B. Mathematical tools

We recall here the mathematical tools that will be used to establish theorem 3. All these results can be found in
[12].
1) Differentiation formulas:

0Sp.q z

0Z; ; T [ZHSL,q Sp.is
35_?;1 = -2[82],; Sia;
Vo = L2
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2) Integration by parts formula for Gaussian functionals: Denote by ® be a @' complex function polynomially
bounded with its derivatives, then

9P (Z)

where m; is the i-th diagonal element of M.

3) Poincaré-Nash inequality: The variance of ®(Z) can be upper-bounded as:

var(®(2)) <> miE ’ a;;(fj

i=1 j=1

2 2

99(Z)
07,

4) Deterministic approximations of some functionals:
Proposition 1: Let A and B be two sequences of respectively p; X p; and s X s diagonal deterministic matrices
with uniformly bounded spectral norm. Let Assumptions A1-A4 hold true. Then, the following holds true:

étrARz%trAE—i—O(s_z), F=0+0(s"?) and ]E%trAH:%trAE—FO(s‘?).

Proposition 2: Let A, B and C be three sequences of p, X p;, s X s and p; X p; diagonal deterministic

matrices whose spectral norm are uniformly bounded in p;. Consider the following:
1 ZBZM 1 ZBZ"M
®(Z) = —tr (AS ) , Y(Z)=—-tr (ASMS ) ,
S S S S

and assume that A1-A4 hold true. Then,

a) The following estimations hold true: var(®(Z)), var(¥(Z)), var(8) are O (s~2).

b) The following approximations hold true:

E[®(Z)] = 5l aME 40 (s7%), (35)
s
1 ~1 1 2 =2 ~ 1 1 — —2
E[¥(Z)] = ——— (- tr B- tr(AM?E?) — 29— tr B-tr AME | + 0 (s7%), (36)
1—22v% U s s s s
1
E|-trMSMS| = —"— +0(s7%). (37)
s 1—22v%

C. Central limit theorem

All the notations being defined, we are now in position to show the CLT. We recall that our objective is to
study the fluctuations of Jgp(y) = Zthl JEs.(y). Since (IAIES_,t(y),t =1, ,T) are independent, it suffices to
consider the CLT for Jgs ¢(y), for t € {1,---,T}. We consider thus the random quantity I(z) — log det (1ZZ").
Before getting into the proof details, we shall first recall the CLT of g(Z) = —log det(%ZZH) whose proof can be

found in [19]. Indeed, it is shown that:

S

March 9, 2012 DRAFT



27

where by = —py [ (1 - 2 ) log (1= 2) = 1. Like in [12], define W, (u, 2) = E [e21(1:(2) V() +a(2)=0)], where

Vs (2) is the deterministic equivalent defined by:

z ~
Vs(z) = slog (1 + 26(2)) + log det <I + WM) — 520(2)0(2),
and verifying:
1 a.s
; (IS(Z) - ‘/;(Z)) M,N,n—o0 0-

The principle of the proof is to establish a differential equation verified by W,(u,z). Writing the derivative of

W, (u, z) with respect to z, we get:

U, I _ _ dV
—862 =E []u—a 622)6“15(2)”“9@)] eIuVa(z)—gubs —]u—dz(z)\lfs(u,z).
Since —d‘géz) = 586 [12], we have:

oV,
0z

=E []u%961u15(2)+1u9(z)] e IuVs(2)—gubs _ ]uscSS\IJS(u, z).

On the other hand, we have:

H
E {3{;(2)63uu<z>+au9<Z>] _E {m« (SZZ ) ejufs(z)-i-Jug(Z)}
z S

1 Pt s ) o
s Z ZE [Zi,jSp,in)jeJ 1(z)+7 g(Z)] .

p,i=1j=1

Applying the integration by part formula, we get:

E (218,25, 1179)] = B SpiZ jeauf<z>+aua<Z>H

0
i |
—E [miSp,ﬂS(p _ i)ejul(z)ﬂug(z)]

V4 * _quls(2)+ug(Z
B EE [[SZ]M m;SiiZ, ;¢! (2)+gug( )}

Juz * uls(2)+gug(Z
+ TE [miSpﬁin)j [SZ]%J el (2)+gug( ):|

+ E Jum; Sp,i

Z;;Jag(z) e]uls(z)+jug(Z)] ]
07y

After summing over index ¢, we obtain:
* uls(2)+ug(Z)| _ wl.(2)+ug(Z
E [Sz]pu’ Z, i€’ (#)Fug( )} =E [mpSpypeJ (2)+gug( )}

z * uls(z ug(Z
-ZE [tr(MS) (8], 7, 1) +ou0(2)|

D,J

Jzu x oquls(2)+oug(2)
+ £UF [[SMSZ),,, Z; e 74

— JulE HSM (ZZH)_1 z} _Z;7j6<7UIs(Z)+Jug(Z):| '

p.J
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Recall the relation g = %tr MS and = 8 — a where o = %tr MES. Plugging the relation § = a+ [ into (40),

we get:
E [[Sz]p,j Z;)jeJuIs(Z)Jrju!](Z)} =E {mpsp)peJuIS(Z)Jrjug(Z)} —4E |:ﬁ [SZ]pJ‘ Z;JGJUIS(Z)JFJU‘(](Z)]

— 2aF {[SZ] Z;y _eJuIs(Z)-Hug(Z)] + ﬂE [[SMSZ] Z;jejuls(Z)JrJug(Z)}

P.J TP s P,J
— JuE HSM (zz") " 2] _Z;,jeﬂufs@ﬂ“g(z)} . 1)
pJ
Hence, solving this equation with respect to E [[SZ]W. Z;yjeJ“Is(z)ﬂ“g(Z)} and using the fact that 7 = H—ﬁ’ we
get:
E {[Sz]p,j Z;.’jejuls(Z)JrJug(Z)] —F [mpfgp)pejuls(Z)-Hug(z)} —4E [E 7 [Sz]p,j Z;_’jeauls(Z)ﬂug(Z)}
f ~ * wls(2)+ug(Z)
+ SE []ur [SMSZ], ; Z; ;e’ Jug
— JuE [F [sm (zz") " zLj Z;,jeﬂufs@)ﬂ“g@)] . (42)

Using the relation S, , =1— 2 [SZZHLD L, We get after summing with respect to j,

H H
E |:SZZ :| eJuIS(z)+jug(Z)] —FE [mpfejufs(z)+jug(z):| _ Zmpf [[SZZ :| e]uls(z)+jug(Z)‘|
§ p,p § p,p
Y H H
—E lﬁ 7 [SZZ } eduls (2)+yug(Z) + ]u_zE 7 {SMS 77 ] eJuIS(Z)+Jug(Z)‘|
S dpp § S lpp
— uE |7 {y] eauls(Z)ﬂug(Z)] .
S Jpp
Using the relation 7, = m, we have:
H o H
E [SZZ } eJuIs(Z)-Hug(Z)] = E [myn et Hms@) g [ﬁ r [SZZ } ejuzs(z>+gug<z>]
S dpp S dpp

H
+ 2R |77, {SMSE}
S S

egu13<z>+aug<Z>] CuE lm {ﬁ} eaufs<z>+gug<Z>] _
S

p,p b,p

Summing over p, we finally obtain:

H o H
E [tr (SZZ ) eguuzmug(zq = Fr(MR)E [0 +9(2)] _ 25 {5 tr <RS 2z ) ems(zmug(zq
S S

ZzZH
+ 2k [Ftr (RSMS ) eﬂuls(@ﬂug(Z)}
s s

— JuiE [tr (—RSM> et s<Z>+J“g<Z)]
S

=x1+x2+x3+ x4
It remains thus to deal with the terms (y;, 1 <4 < 4). Using proposition 1, we have:

Y1 = 7tr MRE [eguuzmug(zq — $53F {eJuIs(Z)-Hug(Z)} +0(s7Y). (43)
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To deal with x3, we apply the results of proposition 2-b, with A = R and B = I. In this case, x3 writes as :

X3 = zgufEW (Z)er!:(2)+1u9(Z) Using Cauchy-Schwartz inequality, we get:

£ (w(@)ert- 1@ _ port:(r @ E (w(z)| < | [E [

b

where 0 (Z) =V(Z) —E(¥(Z)). Therefore,
2Jud

W=y

~1 ~
[5— tr(v2Ed) — 20 ¢y ME2] E [eﬂufs(Z)ﬂ“g(Z)} +0(s). (44)
S S

The term 2 can be dealt with in the same way, thus proving:

x2 = —2E [5 eju[s(z)““g(z)} Ftr(ME%) 4+ 0 (s71). (45)

Since tr(ME?) is of order s, we shall expand E {[3 eﬂds(z)ﬂug(z)] to at least the order s~!, and thus 3 and
E [eﬂu[s(z)ﬂug(z)} cannot be separated in the same way as above.

Indeed, we shall first take the sum over j in (42), thus yielding:

E|[szz"],

) b

; eauuz)ﬂug(Z)} —E [Smpf Sp)pejufs(z)-wug(z)} _E {5 F[szz"] eJuIs(Z)-Hug(Z)]

+2E [gu [SMSZZH] | el (1 na(@)| _ |7 [SM],, el (9B
(46)

Using the fact that:

IR

[[szz“} eauuz)ﬂug(zq - K {ejufs(z)-wug(z)} _E [S,, peguzs<z>+gug<Z>} 7

p,p

Eq. (46) becomes:

o H
E eguls(z)-i-Jug(Z)} - E {Sp pejuls(z)-i-Jug(Z)} —F {mp,,;sp peguls(z)-i-]ug(z)} _ 2R lﬂ 7 |:SZZ ] e‘]uls(z)+]ug(z)‘|
p,p

S 9
2 H
+2R Jui | SMS 27 euls(2)tug(2) | _ JWER {7: [SM] eJ“Is(Z)JFJuQ(Z)} .
5 S Jpp s pp
(47)
Solving E [S), ,e7/+()+549(Z)] in (47) and using the relation r, = TTamo7 We obtain:

2 o
E {S eyufs(z)ﬂug(zq —E [T eJuIs(Z)-Hug(Z)} + 2R |Bryi [SZZM] () ta2)
p;p p s p

p,p

2

zZzZH
-IE ljum [SMS
S

S

] ol () +ug(2)
p,p

Juz T wls(2)+ug(Z)
+ & E[rrp [SM], ¢’ ug(Z)

(48)

Multiplying both sides in (48) by m,, and summing over p, we get:

o 2 o r
E [B eJ“W)*J“g(Z)} =K [1 tr(MR — MES)eJ“IS(Z)““g(Z)} +ZE [B . tr(MRszz”)eﬂ“fs@ﬂ“g(Z)}
S S S

2 1 Zz"
) []uf— tr(MRSMS—)eJ“IS(Z)”ug(z)} + £57E [ tr (MRMS) ¢/ 1+ () 17192 |
S S S S

March 9, 2012 DRAFT



30

Using the approximating expressions in proposition 2, we obtain:
o o 2~

E | erule@tius@) | — 205 | g eruls(2)+ug(@) | 2 ogu ;1 tr(M3E3) — 2427 | E [eJuIS(Z)-Hug(Z)

s(1—2299) \U s

S 101

Hence,
o 2
E |§ erudetmg(@) | — 2 sLaoveEs - 225 B [ejufs(z)-wug(z)}
s(1—2299)2 \U's
]uzg'y uls(z)+yug(Z) -2
LR [ @@ 4 . 49
s(1 = 2297%) ‘ ’ (S ) @
Plugging (49) into (45), the term Y2 can be written as:
23y 1 =
= 28T (32 t(MPE®) - 2975 ) r(ME?)E |1+ +700(2)| 50
o= el (5 6P - %8 v [ (50)
2y5% 1
- A tr (ME?) E [ (1) 4 (571). 51)
(1—2297) s

Finally, it remains to deal with x4. Using proposition 1, we get:

o= _% tr (MEQ) E [ejuls(Z)JrJug(Z)] +0 (571) . (52)

Summing (43), (44), (51) and (52), we obtain after some calculations:

Szz" < Sy 1 7 1
E |tr el ()tue@) | = g5 4 — 2Ny (MPED) tr (ME2) 4 — 2l tr(M2E?)
s s(1—2299)2 s 1— 2297 s
2,053 N
B qu~ 1 H(ME2) — Jud _ Lom=2l «k |:e]u13(z)+]ug(Z):| +0(s7Y).
(1—2%v9)%s 1— 22y s
(53)
Hence the differential of W, (u, z) with respect to z satisfies:
\I/s 22,352 1 1 2, x5 1
Os | w20 L) Lo (=) - 0L v
0z (1—2%29%)2s s (1—2299) s
u222753 1 w2 1
— = ——tr (MZE? —tr (MZ?) | U, O (s
(1—229%)2 s e )+1—22”Y:Ys r( ) (u,2) + 0 (s7)
Following the same lines as in [12], one can prove that:
1dlog (1 — 22~v7 1 22763 tr (M=E2 1 2332 Lt (MPE3) L tr (ME2
(ldlog(1-2yy) 1 (20w (ME) o1 ey 4 20 (MIE) S (M)
2 dz 1— 2z2y% 1—22v% S 1— z2y7
(54
Moreover, from the system of equations (51) in [12], one can find that:
ldlogy  01tr(ME2
_ Og’-)/ — S ( — )' (55)
2 dz 1—22v5
Using (54) and (55), we finally get:
ov, u? d dlog#

—— |- log(1 — 2*47) +

-1
o 5 - Uy(u,2)+0(s7h).

dz
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Let 07 = —log (1 — 2%v¥) +log 7 and K (u,z) = U,(u, z) exp (uzg%) Therefore, K (u, z) satisfies:

0K u?c
e —e(s,z)exp( 5 ),

where it can be proven that |e(s, z)| < £, for every s in [0, p]. On the other hand, we have:

Ky(u,0) =E [eju(flogdct(%ZZHfbs))} '

Hence,

P
Ko(u, p) = Ko(u,0) + / e.(u, 2)dz
0
u? log(1-L2t)

=e 2z —|—O(s*1).

The characteristic function W (u, p) can be thus approximated as:

2 2 21 1— B
U(u, p) = exp (—u;T +u Og(2 s)) +O(S_l). (56)
The characteristic function satisfies the same equation as in [12]. The single difference is that the variance oy +(y)
given by:
1
awi(y) = ~log ( {”) ~log(1 — =) (57)

has two additive terms accounting for the variance of g(Z) and the correlation between g(Z) and I,(z). The CLT
can be thus established by using the same arguments in [12], provided that we show that liminf anx +(y) > 0. For

that, we need only to prove that:

1 — 2247
liminf — =1 > 0.
ER o
Deriving 6 with respect to z, one can easily see that:
1 — 227 11
— =t (ME?)
Y =S
It has been shown in [12, eq.(67)] that —g—f satisfies:
db
0<—=-—< &)\max.ta
dz S ’
where Amax = max (A1z, -+ , Ap, +). This fact combined with lim inf £ tr (MZ?) > 0 implies that lim inf ay 4(y) >

0. It remains thus to express the variance oy . (y) using the original notations. One can easily show that:

1 (My -3 1 Iy NN (N—p)( 40
b=—tr (TDt ufr,a'UD, ? + m) - %
—1
1 w [ My n o G.GH (N —py)(1+0)
= S tr ((Gth) ( s Hth + 1+ 6 s

1

=7t ((GtG';) (yHtH'{' +

sGtGr)) ) (N1 +0) (58)

M+ s
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— 1 is solution in z of:

Then, from (58), we can prove that —M(‘?_l)

1 GG\ '
v =1otr <(Gth“) <yHtH';' + 15 x> : (59)
Since k¢ is the unique solution of (59), we have:
M +1
O+D 4.
S
or equivalently:
5o I M
146 s(ke 1)
Therefore:
M2
< 2
=02 = ) 60
’7 SQ(I{t + 1)2 ( )
In the same way, one can prove that y can be expressed in terms of the original notations as:
Iv \ 2 (ke +1)2(N —pp)
tr ( yH:H{ (G,G} — . 61
v = M2 r<y t ( t ) Kt+1> M2 (61)
Substituting (61) and (60) into (57), an +(y) becomes
_ I —2
an(y) = log M? —log <(M - N) (M(Fat +1)° —tr (yHthH (G,GH) ™ + i 1) )) .
Kt
APPENDIX E
PROOF OF THEOREM 3
1) Denote by R(y) and f(y) the functionals given by:
1 M- N
Fly) = 57 rHHIQu(y)) + —— —v
R(y) = —logdet(Qu(y)) + (M — N)log(y) — My.
where Q. (y) = (yHtH't'| + %YtYf)fl. According to Poincaré-Nash inequality, we have:
N M 29 9§ 2
Nt Nt
< g
o KZZ e +E’ T ©2)

We only deal with the first sum in the previous inequality; the second one can be handled similarly. By the implicit

function theorem, 1f ;é 0 then %@;,’}; writes:
af (4
agN,t BYi’,Fj (yN’t)
ay* o ~ (63)
i oy (One)
As will be shown later, to conclude that var(gy:) = O(M~2), we need to establish that ‘ (N, t)‘ is lower

bounded away from zero, which is a much stronger requirement than % # 0. This can be proved by noticing that
Yy

R _ MTf Hence

Jy
9*R M3 (@Gn.1)
— (n) = —2——. 64
ayQ (yN,t) yN_’t ( )
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F(ne)| = S

On the other hand, one can prove by straightforward calculations that ‘

(64), yields:

which, plugged into

yNt

) 65
’ - MyNt (6)

which is eventually uniformily lower bounded away from 0 due to Assumption A2 and to the fact that §y; < 1

by mere definition. Therefore,
2

99 K NM
Nt N
Z ZE v | S a2 2 | v QEETQ Y], 2
i=1 j=1 ] i=1 j=1
K
< ﬁ (QthH Qt QthH Qt) ;
K
=
To prove 2), we rely on the resolvent identity which states:
Qi(a) — Qb)) = (b—a)Qq (a)HtHlt-'Qt(b) . (66)
Using (66), we obtain:
N 1. . . 1 . R M—N
UNt = M(yN,t —Ejn,e) tr HLHPQ (v,0) + i tr E(gn ) HH Qu (9v,0) + T
1 R R 1 . . . .
= M(yN,t — Ejn) H;HI Q4 (Egn,¢) — i tr(gn .+ — Egn ) "HHE Qi (9 +) HH Qu(Egin 1)
1 . N 1 R N N N N M — N
+a7t E(jn.)HH] Qi (Ejn ) — 27 TE@N) G — E(jn ) HHPQ: (v ) HH QuE(dn,1)) + i
o) 1, . . 1 .. .
(G~ Efv.e) tr HHPT(E(,0)) + By HH TGy .)

M- N
M

where ¢ satisfies E(g) = O(M ~2). Note that equality (a) follows from the fact that

—E@ne) (N — Egn ) E [% tr L HY' Q, (9, ) HHY Qt(E(QN,t)):| + +e,

var(jn,:) = O <%) and var <% tr HthHQt(?]N,t)HtH?Qt(E(l}Nyt))) =0 (%) )

Both estimates can be established with the help of Poincaré-Nash inequality. Therefore:
M—N
M
tr((G+G})TH(E(9n1))) + O(M~?)

%E(QN,t) tr HyH T4 (E(gv,0)) +
1

M1+ K(E(GN,)

e(E(Gn ) -2

T T REG) +0(M™?)

1
e — M~?). 7
T+ &Gy oM ©7

Using the mere definition of yx; and (67), we obtain:

. 1 1 _
Bve) =98¢ = TemEnn) ~ T mtgmy O )
H(yN,t) - “(]E(yN,t))

T (T REGND)) A+ £yn.e)

E(gn,:) =

+0O(M™?)

+0O(M™?). (68)

March 9, 2012 DRAFT



34

Following the same lines as in Appendix B, we can prove that for every real postives y; and y2, we have:

Ke(y1) — ke(y2) = (Y2 — y1)an (v, y2) + (5e(y1) — ke(y2))Bu.e (Y1, y2)
where an 1 (y1,y2) and BMt(yl, y2) are given by:

- 1
ant(y1,y2) = i tr G, GHT (yo) HLHI T (y1),

i . G:GIT(y2)G,GHT(y1)
M (14 re(yn)) A+ ke (y2))

Moreover, we can easily notice that Sy ; < liminf % < 1. This allows us to express x:(y1) — kt(y2) as

Bn(y1,y2) =

an,e(y1,y2)(y2 — y1)
1 —Bne(y1,y2)

ke(y1) — ke(y2) =

Using this relation, we obtain from (68):

E(fne) — ynt = W e(Edne — yne) + O(M2)
where
an(yn,e Egne)
(1= Bne(un e, On ) (L + me(Egn ) ) (1 + K(yne))

To conclude, we shall establish that lim sup yn ¢ < 1. This is true, since using the relation yn; = (1 + /q(yN_’t))_l

YNt =

>

we prove after some calculations that:

_ CN,t
FYN.,t 1— dN7t7
where
CNt = tr(HHY + GG '"H,H'T(E(yy )G GH
M1+ F»(E(ym))
1
dyt= tr(HHY + GG 1'G.GHT(E(4n +)) G GH
Nt = A+ AEGN ) r(HH; tGY) T GGy T(E(9n 1)) G Gy
Since eyt + dn < M, and dy; < %
CN ¢ _engtdyg—1 < %_1
—r —1= 5 <0,
1—dn, 1—dng 1— 97

which implies that:
CN,t

lim sup < 1.
NM 1—dng
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