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EXPONENTIALITY OF FIRST PASSAGE TIMES OF CONTINUOUS
TIME MARKOV CHAINS

ROMAIN BOURGET, LOIC CHAUMONT, AND NATALIA SAPOUKHINA

ABSTRACT. Let (X,P;) be a continuous time Markov chain with finite or countable state
space S and let T" be its first passage time in a subset D of S. It is well known that if x is
a quasi-stationary distribution relatively to 7', then this time is exponentially distributed
under P,. However, quasi-stationarity is not a necessary condition. In this paper, we
determine more general conditions on an initial distribution u for 7' to be exponentially
distributed under P,. We show in addition how quasi-stationary distributions can be
expressed in terms of any initial law which makes the distribution of 7" exponential. We
also study two examples in branching processes where exponentiality does imply quasi-
stationarity.

1. INTRODUCTION

Let us denote by P(t) = {p;;(t) : 4,5 € S}, t > 0 the transition probability of a continuous
time irreducible Markov chain X = {(X¢)i>0, (P;)ics}, with finite or countable state space
S and let Q = {qg;; : i,j € S} be the associated ¢-matrix, that is ¢;; = p;j(O). We assume
that @ is conservative, that is > jes @i =0, for all j € S, and that X is not explosive. The
transition probability (that will also be called the transition semigroup) of X satisfies the
backward Kolmogorov’s equation:

%sz(f) = qupr;(t).- (L.1)

keS
Let D C S be some domain and define the first passage time by X in D by,
T=inf{t >0: X; € D}. (1.2)

This work aims at characterizing probability measures o on £ = S\ D such that under P,
the time T is exponentially distributed, that is, there exists a > 0, such that:

P (T >t)=e . (1.3)
It is well known that when p is a quasi-stationary distribution with respect to 7', that is if
Pu(Xy=i|T >t)=p;, forallie Eandt>0, (1.4)

then (1.3), for some value o > 0, follows from a simple application of the Markov property,
see [15] or [6] for example. Quasi-stationarity of p holds if and only if y is a left eigenvector
of the g-matrix of the process X killed at time T, associated to the eigenvalue —c, see
[17]. However, quasi-stationarity is not necessary to obtain (1.3). Some examples of non
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quasi-stationary distribution g such that (1.3) holds are given later on in this paper.

Our work was first motivated by population dynamics, where it is often crucial to
determine the extinction time of a population or the emergence time of a new mutant,
see [2, 3, 11, 18] for example. In many situations, those times can be represented as first
passage times of Markov processes in some particular domain. Then it is often much
easier to find an initial distribution, under which this first passage time is exponentially
distributed than to compute its distribution under any initial conditions.

Let us be more specific about applications to emergence times in biology which is the
central preoccupation of the authors in [2]. Adaptation to a new environment passes by
the emergence of new mutants. In adaptation theory, emergence can be described by
the estimation of the fixation time of an allele in the population. We may also imagine
a parasite infecting a resistant or new host, a pathogen evading chemical treatment, a
cancer cell escaping from chemotherapy, etc. [10, 11, 13, 22|. An interesting and important
point is to estimate the law of the time at which these new mutant individuals emerge
in the population, for example to estimate the durability or the success probability of a
new treatment or a new resistance. Emergence problem has already been considered in
the setting of branching processes 21, 22|, for multitype Moran models in [7], and for
competition processes, in [2]. In order to explain the latter case in more details, let us
recall that a competition process is a continuous time Markov chain X = (X W X (d))
with state space S = N¢, for d > 2, whose transition probabilities only allow jumps to
certain nearest neighbors. Competition processes where introduced by Reuter [20] as the
natural extensions of birth and death processes and are often involved in epidemic models
[4, 10, 13]. In [2], the authors were interested in some estimation of the law of the first
passage time 7', when an individual of type r = 1,...,d first emerges from the population,
that is

T=inf{t >0: X" =1}.

Then varying the birth, mutation, migration and death rates, some simulations of the
law of the time T allow us to conclude that the consideration of interactions among two
stochastic evolutionary forces, mutation and migration, can expand our understanding
of the adaptation process at the population level. In particular, it shows under which
conditions on mutation and migration rates, pathogen can adapt swiftly to a given
multicomponent treatment.

This paper is organized as follows. In section 2, we establish a general criterion for a
measure  to satisfy (1.3) and we study the connections between such measures and quasi-
stationary or quasi-limiting distributions. Then, in the third section, we give some sufficient
conditions for (1.3) involving the special structure of the chain on a partition of the state
space E. In particular, Theorem 3 and its consequences allow us to provide some examples
where exponentiality may hold without quasi-stationarity. An example of application in
adaptation theory is provided in Subsection 3.2. The fourth section is devoted to the
presentation of some examples in the setting of branching processes where exponentiality
implies quasi-stationarity.
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2. FROM EXPONENTIALITY TO QUASI STATIONARITY

We first introduce the killed process at time 7', as follows:

X, ift<T
T tH 3
Xt_{ CidisT (2.1)

where A is a cemetery point. Then X7 is a continuous time Markov chain which is valued
in Ea := EU{A}. Moreover if we define the killing rate by

n= Y i (2.2)
JjeED
then the g-matrix QT = (qg) of X7 is given by
. Gij, jEE
G;j =14 qia=mni, 1€E (2.3)
qrnj =0, jE€EA.

From our assumptions, Q7 is obviously conservative and X7 is non explosive. In particular,
QT is the g-matrix of a unique transition probability that we will denote by PT(t) =
(piTj (t))ijera, t > 0, and which is expressed as

Pz(Xt =Jt< T), ifi,j ek,

py(t) =3 Pyt >T), ific Eandj=A, (2.4)
lj=a, ifi=Aand j € En.
Then this semigroup inherits the Kolmogorov backward equation from (1.1):
d
ol =3 ahaly). (25)
keFEA

Henceforth, all distributions v on Ea that will be considered will not charge the state A,
i.e. vao = 0. In this section, we shall often consider initial distributions p = (p;)icg, for
(X[, on Ea satisfying the following differentiability condition:

d d
pPT(t) is differentiable and EMPT(t) = ,uaPT(t), t>0. (2.6)
We extend the family of probability (P;);cp to i = A, in accordance with the definition of
(PT(t)) and for each ¢ > 0, we define the probability distribution yx(t) on Ex as follows:
pi(t) =P (X} =i|T >1), i€ Ea. (2.7)
We define the vector § by §; =0, if i € E and oA = 1.

Theorem 1. Let p be a distribution on EA.

(i) Assume that p satisfies condition (2.6), then there is a > 0 such that P,,(T > t) =
e~ for all t > 0 if and only if

pu(t) is differentiable and p/(t) = e (uQ™ + a(u — 0))PL(t), t > 0. (2.8)

(i4) Assume that there is o > 0 such that P, (T > t) = e~ , for allt > 0, then conditions
(2.6) and (2.8) are equivalent.
(tit) When (2.8) is satisfied, the rate o may be expressed as

o= Zmui. (2.9)

i€l
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Proof. Note that the condition P, (T > t) = e is equivalent to P, (X} = i,t < T) =

—at,, .

e u;(t). So since
P (X{ =i) =Pu(X} =it <T)+ L_aP,(t > T),
the transition function PT'(¢) of X7 satisfies
pPT(t) = et u(t) + (1 — e 5. (2.10)

Then from the differentiability condition (2.6), we see that u(t) is differentiable and from
the Kolmogorov backward equation (2.5), we obtain

d

,UEPT(t) = —ae Mu(t) Fe M (t) + ae” S

= puQTPT(1). (2.11)

Then from (2.10), we have e~ u(t) = uPT(t) — (1 — e~*)§ and since §PT(t) = 6, for all
t > 0, we see that equation (2.11) may be expressed as

W (1) = e (uQT + alu — §)PT(t), t>0.

Conversely, if condition (2.8) is satisfied, then from (2.6), we can write equation (2.11).
Integrating this expression, we get (2.10) which implies that P, (7 > t) = e, for all
t > 0. The first assertion of the theorem is proved.
Now if P,(T > t) = e, for all t > 0, then we have (2.10), so that if condition (2.6) is
satisfied, then p(t) is differentiable and
d
7 PT(t) = —ae ™ u(t) + e ' (t) + ae™ %6 . (2.12)
Moreover from the Kolmogorov backward equation and (2.12), we have puQTPT(t) =
—ae” " pu(t) +e M/ (t) + e 5, which is (2.8). The converse is easily derived from similar
arguments, so the second assertion is proved.
Then from equation (2.8), we obtain
lim (1) = (4Q” + a(yu — ) P7(0). (213)
On the other hand, note that pua(t) = 0, for all ¢ > 0, so that in particular yua = pua(0) =0
and limy_,q p/s (t) := p/s (0) = 0. Finally, taking equality (2.13) at A yields

pQh = D pigia = pimi = pa(0) — a(pa —6a) = @,
1€EBA 1€ER

which proves the third assertion of the theorem.
O

Remarks 1. It is important to note that a distribution p on Ex may satisfy P, (T > t) =
e~ t >0, whereas (2.6) does not hold. Examples can be constructed from Corollary 4 in
the next section.

2. When E is finite, condition (2.6) is clearly satisfied. In the infinite case, this condition
may appear theoretical to some extend and sometimes difficult to check when not much is
known on the transition probability. However it is possible to obtain quite simple conditions
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implying (2.6). For instance, observe that from (2.5), for all i,5 € Eax and t > 0,

d
S0 < X koo
keEFEA
< > ldhl
keFEA
— ot (2.14)

A sufficient condition for (2.6) to hold is then
> qip < 00, (2.15)
el

where q; = —qij;. The later condition is satisfied in particular when the q;’s are bounded.

Recall definition (1.4) of quasi-stationarity. In our setting, it is equivalent to the following
statement: a distribution g on Ea, is quasi-stationary if

wi = pi(t), forallt>0andié€ Ea. (2.16)

We will simply say that u is a quasi-stationary distribution. Then, let us state the following
classical result, already mentioned in the introduction.

Theorem 2 ([19]). A distribution p on En is quasi-stationary if and only if the equation
Q" = —ap +ad, (2.17)
holds for some a > 0. (Note that (2.17) is equivalent to pQl = —ayu;, for alli € E.)

In [19] it is proved that (2.17) is equivalent to the fact that PT satisfies the Kolmogorov
forward equation, which is the case under our assumptions, that is

d r T (T
Epij(t) = Zpik(t)ij' (2.18)
keE
Knowing condition (2.6), it is actually quite easy to prove Theorem 2. Note also that under
this assumption, Theorem 2 is a consequence of Theorem 1. As a consequence of both these
theorems we also obtain that (2.6) holds whenever p is quasi-stationary.

Corollary 1. If u is a quasi-stationary distribution then condition (2.6) holds.

Proof. 1f u is quasi-stationary, then it follows from (2.16) and the Markov property that
P, (T > t) = e, for some a > 0 (this fact is well known, see [6], for instance). Moreover
the function u(t) is differentiable and p/(t) = 0, for all ¢ > 0. On the other hand, from
Theorem 2, equation (2.17) holds. Therefore, condition (2.8) holds, so that (2.6) is satisfied
from part (ii) of Theorem 1. O

A distribution 7 on Fx is called the quasi-limiting distribution (or the Yaglom limit) of
a distribution g on Ea, if it satisfies

Jim P X] =i|T >t)=n(i), forall i€ Ea. (2.19)
—00

Then a well known result asserts that any quasi-limiting distribution is also a quasi-
stationary distribution, see for example [15, 6, 16]. Recall also that if 7 is the quasi-limiting
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distribution of some distribution pu, then the rate «v satisfying (1.3) is given by the expression
o
a:inf{aZO:/ e‘”tP,~(T>t)dt:oo}>O7 (2.20)
0

which does not depend on the state ¢ € E. As an application of Theorem 1 and the above
remarks, we show in the next corollary how to construct quasi-stationary distributions from
distributions satisfying (1.3).

Corollary 2. Let pu be a distribution on En such that P, (T > t) = e~ t > 0, for some
a > 0 and satisfying (2.6). If p admits a quasi-limiting distribution, 7, then the later is
given by:

m= it [ QT+ alu=5)e P .

where [ (uQT + o — 6))e** PT(t) dt should be understood as a possibly improper integral.
In particular, 7 is a quasi-stationary distribution on Ea.

Proof. Under these assumptions, it follows from Theorem 1 that for all ¢ > 0, p/(t) =
e (uQT + o — 6))PT(t). Moreover, since P,(T > 0) = 1, u(t) is continuous at 0 and
1(0) = p, so that

u(t) — o = /0 (4Q" + ali — 8))e™ P (u)du.

Since p(t) converges to a proper distribution u, as ¢ tends to oo, it follows that the improper
integral [;°(nQT +a(pu—0))e® PT (u)du = limy_, 40 fg(/‘QT +a(pu—26))e PT (u)du exists
and is finite. The fact that p is a quasi-stationary distribution follows from the results
which are recalled before the statement of the corollary. O

Corollary 2 may be interpreted as follows: if p is such that T is exponentially distributed
under P, and admits a Yaglom limit, then the correction term which allows us to obtain a
quasi-stationary distribution from g is [;°(uQ” + a(p — 8))e** PT(t) dt.

The next result shows that whenever there exists a non quasi-stationary distribution
which makes the time T exponentially distributed, then under some conditions, we may
construct a whole family of distributions having the same property.

Proposition 1. Let u be a distribution on Ea satisfying (2.6) and such that P,,(T > t) =
e t >0, for some a > 0. Forn > 1, let us denote by qinj’T the entries of (QT)" and let
(n)

us define the vector (p; ' )icEx, bY
_1)n ‘
ul = % Sowdi", jeB, ui) =o0. (2.21)
1EEA
If for all j € E,
0< (=) > gy <a™, (2.22)

SN
then (ugn))ieEA is a distribution on Ex which satisfies P,m) (T > t) = e~ for allt > 0.

Proof. The assumption P,,(T > t) = e~* is equivalent to

> wplat) =1—e°". (2.23)
1€l
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Using condition (2.6) and the Kolmogorov backward equation (2.5), we obtain by differen-
tiating the latter equality

2| 2 dpia®) |m = ace.

i€EE jEEA

Decomposing the left hand side and using (2.3) and (2.9), we obtain

S D dipia®) | = D da+D dipialt) |

i€E \JjEEA 1€ER JjeEE
= a+ § qz]p]A
LjeE
—at
= ae ',

which gives

> pialt) (%1 qug) =1—e . (2.24)

JjEE el
Then from condition (2.22), we may let ¢ tend to 0o in (2.24), in order to obtain by monotone

convergence that jeE M§1) =1, so that

ult) = ! — D migf, JEE, uy =0
i€l
is a distribution on Ea. Moreover (2.24) is equation (2.23) where we have replaced p by
pd) | so that p@) satisfies P,oy(T>1) = e,
The result is proved for n = 1. Then the proof is completed by iterating these arguments.
O

Let 4 be a distribution on Ea such that P,(T > t) = e~ ¢ > 0, for some a > 0. As we
have already observed, if sup,;cp ¢; < «, where ¢; := —qg;, then condition (2.6) is satisfied,
but moreover, it is easy to check that for all n > 1 and for all j € E,

T
" gt <a”, (2.25)

SN
which provides the second inequality in (2.21). An interesting problem is then to determine
simple Conditions insuring the first inequality in (2.21), that is nonnegativity of the term

D" > "

1EEA
Corollary 3. Let pu be a distribution on Ex satisfying (2.6) and such that P, (T > t) = e~ !,
t >0, for some a > 0. Define u'™ as in (2.21). Then,

1. if for some n > 1, u™ is a quasi-stationary distribution, then p®) = &+ for all
k>n.

2. If the sequence of distributions u™ converges, as n — oo, toward a proper distribu-
tion 1% then 1% is a quasi-stationary distribution.

Proof. The proof of the first part simply follows from the identity:

1
Iul(n+1) (n) Z . i€ E,
«
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and Theorem 2. The second assertion is a consequence of the same observation, which

leads, under the assumption to, ,u(OO)QZT = —augoo), 1 € E. Then we conclude by applying

Theorem 2. O

In particular if the state space Ea is finite and —Q7 is an honest matrix then from Perron-
Frobenius theorem, assertion 2. of Corollary 3 is satisfied for the maximal eigenvalue « of

3. SUFFICIENT CONDITIONS FOR EXPONENTIALITY.

3.1. General results. Let us keep the notation of the previous sections. The next the-
orem provides sufficient conditions for a distribution g to insure that T’ is exponentially
distributed under IP,,. This result together with its Corollary 4 allow us to construct exam-
ples for which such distributions exist.

Theorem 3. Let {F1, Es,...} be a finite or infinite partition of S containing at least two
elements and with By = D (in particular {Fs, Es, ...} is a partition of E). Assume that p
1s a distribution with support in E that satisfies the following condition:

(1) For allk > 2 andl > 1, with k # | and for all i € Ey, the quantity ZJGEl qij does
not depend on i. Fori € Ey, we set

Gkt = Z qij - (3.1)
JEE
Then the following two conditions are equivalent.

(it) For all k > 1, the quantity P,(X; € Ey | T > t) does not depend on t > 0. More
specifically, we have,

P (X; € By |T>t)=[g, t>0, (3.2)
where fip, = > .
i€ Ey
(13i) There exists o > 0, such that
[Q = —aji+ od,
where Q = (qu)ka>1, @k =0, for k> 1, Gur = = Y51 Gry for k> 1, i = (g)k>1
and d = (1,0,0,...).
Moreover, if conditions (i) and (it) (or equivalently conditions (i) and (iii)) are satisfied,
then T us exponentially distributed under P, with parameter o given by
o = Z Qi1 - (3.3)
k>1
Proof. Let (Y:)¢>0 be the continuous time process with values in {1,2,... } which is defined
by Y; =k, if X; € Ey, that is

K:Zkﬂ{xtEEk}7 tZO

k>1
Observe that T = inf{t : Y; = 1}. Then we will first show that under assumption (i), the
absorbed process
Yy, ift<T
T ts ’
Y _{1, if¢>T, (3-4)

is a continuous time Markov chain with ¢g-matrix Q = (qx;) ki>1, as defined in (ii7).
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Let us first assume that the number of sets in the partition (E}) is finite and is n > 2.
Recall from Section 2, the definition of {pz;(t) 14,7 € S} and {qg 21,7 € S}, the transition
probability and the g-matrix of the Markov chain X, killed at 7. For all ¢ > 0, define

Falt) = Pi(X; € Eiyt <T) =30 p;(t), ifi€Exand2<I<n,
BT P, ifi € En and [ = 1.

From the corollary, on page 132 in [5], the function t — k;(t) is differentiable and for
2 <1 <n,
d d
Ekil(t) = apg;
JEE

), t>0. (3.5)

Applying the Kolmogorov forward equation (2.18), we obtain, for 1 <1 < n,

%lm(t) = > D pin(t)gm;

jEE, meE

= > > P> am;

t=2meE, JEE,

= Z Z p?m(t)qwl

r=2 mEEz
n n
= Z kl{[’ (t)Qxl = Z kz:v (t)%cl .
r=2 r=1

Let i1 € B4, ..., i, € Ey. Then from the above equality, the function K'(t) = {k;;(t) : 1 <
J,1 < n} satisfies

%K(t) _K(1)Q, t>0, with K(0) = Id. (3.6)

Since n < oo, the solution of (3.6) is unique, this shows that for all [ > 1, the functions
t — ki (t) does not depend on i € Ej. Then we set
Pri(t) = ky(t), for1<k,l<nandié€ Ey,
and P(t) = {pp(t) : 1 < k,l <n}, t > 0. Form (3.6), we can write
d _ _ _
aP(t) =Pt)Q, t>0, with P(0)=1Id. (3.7)

Then let us check that YT is a Markov chain with transition semigroup P(t), t+ > 0 and
g-matrix Q. For all ky,... ky,knt1 > 2,0 <51 <859 <:-- < 8spy1 and for any measure v
on F,

Py(Y), =k |V =k, Y] = k)
= P,( X5,y € Epppys 81 <T| Xy, € Eyy,..., Xs, € g8, <T)
EV(H{XSIeEkl,...,XsneEkn,sn<T}PXsn (X3n+1_5n € Ek‘n+17 Spp1 — 80 < T))
P,(Xs, € Eiyy. .y Xs, € Eg 50 <T)

= ﬁknkn+1(5n+1 - Sn) .

The last identity follows from the fact that for any i € Ej, ,

kikn+1(sn+1 - sn) = Pi(Xsn+1—sn € Ekn+17 Sn+1 — Sn < T) = ﬁknkn_,_l(sn—l—l - Sn) ’
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which has been proved above. The case where ky, ..., k,, k,1+1 may possibly be equal to 1,
is proved similarly.

Then recall from (iii), the definition of the measure fi on {1,....n}: k= > icp i,
k> 2and i3 = 0. Let (pk)l@l be the family of probability laws associated to the Markov
process (Y;)i>o. For all k =2,...,n,

Pu(X; € Bt <T) = ZuiPi(Xt € B, t<T)
S

n
= Z Z wilPi (X € By, t <T)

1=2 i€E,

n
= > PV, =kt<T)
1=2
= Pu(Yi=k,t<T), (3.8)
where the third equality follows from the fact that P;(X; € Ey,t <T) = Py(Y; = k, t < T),
for all i € E;. Assume that condition (i) holds, then we derive from (3.2) and (3.8) that
forall k =2,...,n,

Pu(Yy =k|t <T)=ju,
which means that [ is a quasi stationary distribution with respect to the lifetime of the
Markov process Y7 In particular, thanks to Theorem 2, (i) and (4ii) are equivalent. More-
over, since (2.8) in Theorem 1 is satisfied, then from (4:7) in this theorem, T" is exponentially
distributed under P, with parameter o = > p—o Gk1fig. We conclude from equality (3.8)

which shows that P, (t <T) =Ps(t <T).
Now assume that the number of elements in the partition (Ej) is countable. For all

n > 1, define the set E%n) =F UE,1UE,;2U... and set T, = inf{t : X; € E&")} Let
us consider the process Y defined by

n
(m) _
Y _%mﬂ%+;%%mm%t20
=2

Then we have T,, = inf{¢ : Yt(n) = 1}, and the absorbed process

)
YT _ { Yo, it <, (3.9)

1, ift>1T,,

is a continuous time Markov chain. Indeed, the Markov chain X satisfies assumption (i7)

of the theorem with respect to the partition {EYL), Es,...,E,} of S. Therefore, from what
has been proved before, Y (™:In is a continuous time Markov chain. Moreover, we easily
check that Y("-Tn converges in law in the sense of finite dimensional distributions to Y7
and that the later has Q for g-matrix. Then the equivalence between (i7) and (iii) follows
in the same way as in the finite case. Moreover, when (i) and (ii) are satisfied then we
conclude that T' is exponentially distributed with parameter o = ", <, @x1/ix in the same
way as in the finite case. - O

In the particular case where the partition {Eg, F3, ...} of E is reduced to the singletons of
E, then condition (i7) is obviously satisfied and condition (i) simply means that pu is quasi-
stationary with respect to 71", hence the conclusion follows from Theorem 2. Conversely, by
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considering {E'} as a partition of E, we obtain the following consequence of Theorem 3.
Recall the definition of 7; in (2.2).

Corollary 4. If there exists o > 0 such that n; = «, for all i € E, then the first passage
time T' has an exponential distribution with parameter o under P, for all initial distribution
w with support in E.

Proof. We apply Theorem 3 with the finite partition {Ey, E2} of S, given by E; = D
and Ey = E. Then we see that part (i) of Theorem 3 is precisely the assumption of the
present corollary. Moreover, part (ii) simply follows from the form of the fact for all i € Es,
Pi(X: € Ea,t <T) =P;(t <T), in this particular case. Then we conclude from Theorem 3.

O

Remarks 1. From Corollary 4, it becomes clear that there exist many instances of con-
tinuous time Markov chains for which we can find initial distributions p such that T is
exponentially distributed under P, whereas (2.6) is not satisfied.

2. Under the assumption of this corollary, if moreover there is a Yaglom limit, u, as recalled
wn the previous section, then p s explicitly given by

p=1g 4 /0 (L@ + oLy — 8))e PT (1) dt

In particular, this expression does not depend on 1.

3. In the case where S is finite, it is stated in Proposition 2.1, (i) of [6] that if the sum of
the rows of the matriz (qi;)ijer are constant, then T' is exponentially distributed under P,
for all probability measure p. This result is a consequence of Corollary 4 since when the
sum of the rows of the matriz (g;j)i jee are constant, the rates n; are constant.

Actually it is always possible to compare the distribution of T" with the exponential law,
as Proposition 1 shows. Let us first define the continuous time Markov chain X by removing
D from the state space of X. More specifically, the state space of X is F and its g-matrix is
given by (i, j) = q(i, ), if i # j and 4, j € E and §(i,49) = — > ;cp 2, 4(4, §), for all i € E.
We denote by {I@’Z : i € E} the family of probability distributions associated to X. Then
we may check that {(X;)i>0, (Pi)icx} is a continuous time irreducible and non explosive
Markov chain on E. We first establish the following lemma which presents a decomposition
of the first passage time T

Lemma 1. Let {(i) : i € E} be a family of random variables which is independent of
the process {(X¢)i>0, (Pi)icr}. We suppose that each random variable (i) is exponentially

distributed with parameter n;. Let (T,,)n>1 be the sequence of jump times of X, set Tp =0,
define I, =T, —Tp_1, n > 1 and

T=> (T +e(Xr,) 1, , (3.10)
n=0
where Q, = {e(Xg) > In,...,e(Xr,_,) > In,e(X1,) < Inpa1}, forn > 1 and Qp =
{e(X0) < I}. Then for alli € E, we have the identity in law
(X u<T),Pi] = [(Xy, u<T),Py].

Proof. This result is a direct consequence of the general structure of continuous time Markov
chains. Indeed, it suffices to observe that when the process X is in a state ¢ € FE, the
waiting time for hitting D is independent from the past and exponentially distributed, with
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parameter 7;. Hence it is clear that before time T', the process X behaves like a process in
E,ie. X killed at a time 7', whose decomposition is given by equation (3.10). U

The following result provides exponential bounds for the distribution function of the first
passage time.

Proposition 2. Define the rates ag = inf;cpn; and oy = sup;cp ni, where n; is defined in
(2.2). Then the tail distribution of the first passage time T satisfies the inequalities:

e <Pt < T) < e, (3.11)
for allt >0 and for alli € E.

Proof. It follows from Lemma 1 that for all i € £ and ¢ > 0,

Pi(t < T) (3.12)
= Pit<T)
(o.0]
= Z Z Pi(t<Tn+€(XTn),Qn‘XTO:io,...,XTn :Zn) X
n=01g,...,in€E
Py( X1, =d0,..., X1, = in), (3.13)

where iy = . Then, from the Markov property and the assumption on the random variables
{e(i) : i € E} in Lemma 1, under P;, conditionally on {X7, = io,..., X7, = in}, the

random variables I,..., I,11,€(ip),...,&(i,) are independent. So with I = (I1,...,[,41)
and x = (z1,...,Tp+1), one has
Pi(t < T, +e(X1,), Q0 | X1y = i0, ..., X1, = i) (3.14)

= / » Pi(I € da)P;(e(io) > 21, ..., e(in_1) > Tn,t —tn < &(in) < Tni1)
)

where t, = x1 + - -+ + x,. The integrand in the above integral may be written as

Pi(e(io) > @1,e(i1) > @2, ... e(in_1) > Tn,t — tn < e(in) < Tpy1) (3.15)
— e Mio)zr—n(it)za——n(in-1)Tn (e*n(in)[(t*tn)vol _ e*n(in)rnﬂ)][{td Y

where for n = 0, the term e~7(0)z1=n(i1)z2==n(in-1)zn j5 ynderstood to be 1. Hence by
applying successively (3.15), (3.14) and (3.13), it follows

Pl’(t < T)

_ (Z SR Y R— [e—mxmtfn)vol - e*"<XW"“} ]I{t<Tn+1}> ,
n=0

where for each n, {X/ : n > 0} is a sequence of random variables which has the same law
as {X, :> 0} under P, and which is independent of the sequence {T,, : n > 0}. Let k be
the (random) index such that T} < t < Tjy1, then we easily check that the term which is
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in the expectation of the right hand side of the above equality is

Zefn(xg)hf---fn(x’,l)ln [efn(Xé)[(t*Tn)VO] — e*"(X;l)I"“} Typer, iy
n=0

— X I——n(X )i [e—n(X,;)(t—Tk) _ e—U(Xl/c)IkJrl}

o0
+ Z e~ X)) i——n(X],_)In [1 _ B*W(X;L)In-H}
n=k+1
— X = (X )k o —n(X) (E=T) |

But from the assumption, we have n(X),) > ap, a.s., for each n > 0, so that it follows
e MK ==X Ik g=n(XP)(=Tk) < gmao(lit+li) g=ao(t=Tk) — g=a0t 4. which gives the
second inequality in (3.11).

We obtain the first inequality in (3.11) by bounding from above the term P;(T" < t).
More precisely, we show that P;(T <t) =1 —P;(t < T) < e ! in the same way as we
obtained the other bound. O

Note that Corollary 4 may also be obtained as a direct consequence on Proposition 1. It
suffices to assume that ag = oy in this proposition.

3.2. Application to the emergence time of a mutant escaping treatment. Let us
consider the case of a pathogen population living on a host population. At each time ¢, the
whole host population is either treated or not. The mutation rate depends on the pathogen
population size. Since treatment reduces the pathogen population size, we assume that
the mutation rate takes two different values, according to the presence or absence of the
treatment. Then, the dynamics of the pathogen population size is described as a Markov
chain X whose state space .S is split up in three parts, that is S = E1 U Es U E3, with :

. Eq, the set of values of the pathogen population size when the population contains
at least one mutant,

. Fs, the set of values of the pathogen population size when the population contains
no mutants and its size is less than a given value K,

. FEs3, the set of values of the pathogen population size when the population contains
no mutants and its size is greater than K.

The set Ey corresponds to the presence of treatment and Ej3 corresponds to its absence.
Recall the notation of Theorem 3. The transition rates between Ey and E3 depend only
on the treatment strategy and are considered to be constant equal to goz and g3a. We
also note the two transition rates to E7, that is the mutations rates, by g1 and ¢3;. The
emergence time is then defined as T'=inf{t > 0: X; € E;}.

Let us consider a treatment strategy ensuring that the probability for the pathogen
population size to be less than K, before a mutation occurs, is p(F2) = fig. Similarly, the
probability for the size to be greater than K, before mutation, is u(E3) = i3 = 1—fi2. From
Theorem 3, T' is exponentially distributed with parameter o > 0, if & solves the equation :

Q" = —aji, (3.16)

QT _ <—€723 — {21 q23 >

q32 —q32 — Q31

with
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Set o = fi2q21 + j13G31 and
iy — 21 — @31 + q23 + Q32 — \/((721 — @31+ (o3 — 32)? + 423332
2(q21 — @31)
then we can check that @ = (fi2, i3) is a solution of (3.16), so that with this choice for «
and [i, the time T is exponentially distributed with parameter o > 0.

)

From a biological point of view, these results may be interpreted and used as follows.
The rate is represents the proportion of time during which the host population has been
treated after some time. From this proportion of time, we can determine the emergence
time of a mutant pathogen. Then a treatment strategy can be designed.

4. WHEN EXPONENTIALITY IMPLIES QUASI-STATIONARITY

In this section, we present two examples where exponentiality implies quasi-stationarity.
The first one concerns extinction times in branching processes and in the second one we set
out the case of the emergence time of a new type in a multitype branching process.

4.1. Extinction time in branching processes. Let (Z;, t > 0) be an irreducible critical
or subcritical continuous time branching process on the set S = {0,1,...} of nonnegative
integers, as it is defined in Chapter III of [1]. Set D = {0} and recall the definition of the
first passage time:
T:Hlf{tZt:O},

which is an absorbtion time in the present case. Then it is well known that under these
assumptions, Pi(T < oo) = 1, for all £ > 1 and from the branching property, we have for
all ke E={1,2,...} and all t > 0,

Pe(T <t) = Py(Z =0)
= [P1(Z =0)". (4.1)
Let us set ¢¢ = P1(Z; = 0), then from (4.1), for any probability measure p on E, the

quantity P,(Z; = 0) corresponds to the generating function G, of ;1 evaluated at the point
q+, that is

Pu(Ze=0) = > PulZi = (k)
k=0

o0

= > din(k)
k=0

= Gular)- (4.2)
Note that ¢; is a non decreasing function. Let ¢, ! be its right continuous inverse, i.e.

¢! = inf{s : ¢; > t}. Then from (4.1) and (4.2), for T to be exponentially distributed
under P, with parameter o > 0, we should have for all ¢ € [0,1):

Gut)=1—¢ou (4.3)

Equation (4.3) shows that for each « > 0, there is exactly one measure p = p,,, with support
on E such that T is exponentially distributed with parameter «, under P,. According
to Theorem 3.1 in [14], that is easily extended to discrete state space, continuous time
branching processes, if the Malthusian parameter p of (Z;, t > 0), i.e. Ei(Z;) = e Pt is
strictly positive, then for a < p, ue is a quasi-stationary distribution, whereas it is not in
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the case where oo > p. When p = 0 there is no quasi-stationary distribution associated to
T.

Observe that sometimes the generating function G,, may be derived explicitly. For
instance in [1], p.109, it is proved that if Z is a birth and death process with rates A\, = nA
and v, = nu, when the process is in state n, then

Ve(y—)\)t iy
U= o=t — )\

1

With qfl =In <V”(:‘§)> "~ we obtain,

v— A\t O\ 7
G, t)=1—(—— tel0,1),
/Joz() <V(1—t)> ’ [ ’ )
which allows us to recover the generating function of the unique quasi stationary distribution
associated to 7" and «. In the case of continuous state branching processes, a similar

expression for the Laplace transform of p, has been obtained in [14], see p. 438 therein.

4.2. Emergence time in multitype branching processes. Let Z = (Z(l), ey Z(d)) be
a d-type, irreducible, supercritical branching process, see Section V.7 in [1]. The state space
of Z is then S = {0,1,... }%. Let v = (v, ... (D) be the offspring distribution of Z. We
assume that for alli =1,...,d,
v90) =0,
so that, each individual has at least one child, with probability 1. In particular, the extinc-
tion time is almost surely infinite. Then we are concerned with the emergence time of the
subpopulation of type d, that is:

T =inf{t: 29 > 1}.

For k = (ki,...,kq) € S, let P be the probability under which Z starts from k, i.e.
Zy = k, Py-a.s. It is not difficult to check that under our assumptions, Py (7T < o0) = 1,
for all k € S\ {0}. In the present case, the domain in which 7" is the first passage time
is D=5\ ({0,1,...}97! x {0}), that is E = {0,1,...}%! x {0}. Let e; € S be defined
ase; = (1,0,...,0,...,0), e2 = (0,1,0...,0,...,0),... Then we derive from the branching
property of Z that for all k € FE,

d—1

Pu(T > t) = [ [ Pe, (T > )" (4.4)

i=1
(Recall that kg = 0, when k € E.) Let u be a distribution whose support is included in E.
Recall that the (multidimentional) generating function of yu is defined by

Gu(t) =D . thip(k), fort = (t1,....tg) € [0,1)%. (4.5)
kel

Let us set g+ = Pe,(T" > t) and for k € E, let q¢ = (q1 ¢, .. ,94,) and qk = q’flt X e X q{;‘ft =

q]flt X e X qsd‘l (recall that ¢4, = 1). Then we derive from (4.4) and (4.5) that

—1,t
PAT>0) = Yok, te D),
keFE

= GM(Qt) . (4'6)
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Let us assume that d = 2. Then in this case, the state space of the process Z killed at
time 7' can be identified to {0,1,...}, so we write Pg, k € {0,1,...} for the probability
distributions associated to the killed process. Similarly to the situation presented in 4.1,
for each o > 0, the distribution s, such that P, (T > t) = e~ is uniquely determined
by equation (4.6). Indeed, if qitl is the right continuous inverse of ¢ = Py (7" > t), then

G, (t)=e i, t>0.

An open question is then to determine whether if y,, is quasi-stationary or not. According
to Theorem 2, it amounts to check if ju,, satisfies the equation j1a QT = —auq +ad. Besides,
from Theorem 1.1 in [8] this can be determined at least for the rate o which is defined in
(2.20), that is

a:inf{aZO:/ eatPi(T>t)dt:oo}.
0

Then provided « is strictly positive and limg oo Px(T < t) = 0, for all ¢ > 0 (the
latter condition is clearly satisfied in our case) the distribution p, is a quasi-stationary
distribution associated to the rate a.

Remarks 1. In the case where S is a finite set, another example where exponentiality
implies quasi-stationarity is given in part (iii) of Proposition 2.1 of |6]. The Markov chain
that is considered in this work is a random walk in the finite set {0,1,..., N} killed at 0.
2. In the case of continuous state space Markov processes, other examples where exponen-
tiality implies quasi-stationarity have been emphasized in [9]. In this work it is proved that
if the absorbtion time of a positive selfsimilar Markov process is exponentially distributed
under some initial distribution, then the latter is necessarily quasi-stationary.
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