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Competition processes are natural extensions of birth-death processes in higher dimen-
sions. At any time, for any type, a birth, a death or a mutation to another type can
occur. This work is concerned with the time S at which a particular type emerges in the
population through spontaneous birth or mutation. We give some bounds for the tail
of the distribution of S. Then using properties of quasi-stationary distributions, we give
conditions for the existence of an initial law under which S is exponentially distributed.
Finally, we provide some examples of applications to the emergence time of pathogen
mutants overcoming host resistance in a host-pathogen system.

Keywords: Competition processes; emergence time; exponential decay; quasi-stationary
distribution; host-pathogen system.
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1. Introduction

A competition process (X AP i € Ng}) is a continuous time homogeneous Markov
chain with state space Nd, for d > 1, whose transition matrix only allows jum
to certain nearest neighbors. Competition processes where introduced by Reuter
as the natural e)gtﬁﬁsions of birth and death processes and are often involved in

epidemic models Here, we use competition processes in order to study adaptive
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2 Romain Bourget, Loic Chaumont, Natalia Sapoukhina
population dynamics. Let us first give a proper definition.

We call {p;(i,j) : t > 0,4,7 € N&} the transition probability functions of the
Markov chain X = {(Xt(l), .. ,Xt(d)), t > 0}, and we denote by Q = {q(4,J) : ¢,5 €
N4} the associated Q-matrix, i.e. q(i,j) = pj(i,7). Let i = (i1,...,%q), then this
matrix is defined as follows:

q(i,7) = M (i), 3= (i1, ooy ik—1,06 + L, ikt1, ., ia)
=pr(i), j= (i1, oy ig—1,06 — 1,041, -, %d)
=(?), 7= (i1, lk—1,0k — 1,0ty -+ -5 81-1,0 + L0141, -+, 0d)
= mk(i), j= (’il,...,ik_l,ik F 1 iga1y ey ti—1,0 — 1,441, - -, 9d)
== qi,x), j=i
o

=0, for other j.

The value ¢(i, j) is the transition rate at which the process jumps from the state i
to the state j. For k,1 € {1,...,d}, A, ur and vy, are nonnegative functions. The
values A, (%) and py () represent the rates at which an individual of type k is born
or dies, respectively, when the population is of size i € Nd. The values ;; represent
the rates at which an individual of type k mutates into an individual of type [. We
assume that for all k& and I, pr(i) = vk (¢) = 0 if iy = 0. We emphasize that Q
is conservative, i.e. q(i,i) = — 3, q(4,]), for all i € N¢, so that the Q-matrix is
related to the transition functions through the backward and forward Kolmogorov
equations. We also make the classical regularity assumption under which the Q-
matrix determines the law of X, see for instance Ref. E So X stays in state ¢ for
an exponential time with parameter ) 4i q(i,x) and then jumps to state j with

probability (i, j) (2,4 a(i.2))

Adaptation to a new environment pass by the emergence of new mutants. For
example, we may imagine the following situations: a parasite infecting a resistant
or new host, a pathogen evading chemical treatment, a cancer cell escaping from
chemotherapy, etc. ﬁﬁh An interesting and important point is to estimate the law
of the time at which these new individuals emerge, for example to estimate the
durability or the success probability of a new treatment or a new resistance. Emer-
gence problem has already been considered in the setting of branching processes

@7 However, if branching procesges approaches
provide really suitable methods for the study of extinction issues,ﬁﬁ
problems seems to be more difficult to tackle under general progeny distributions.
On the other hand, Moran type models are efficient especially for the estimation of
emergence times, as the population size growths. Competition processes models are
generally well adapted to emergence problems provided birth, death and mutation
rates are properly adjusted as it is illustrated in Section @ In this paper, we are

and for multitype Moran models.Ev
emergence



On emergence times of competition processes 3

interested in the computation of the law of the first time S, when an individual of
type r = 1,...,d first emerges from the population (Fig. m), ie.

Sy =inf{t >0: X" =1}.

Let us also point out that in some cases, type r may become extinct after the time
S, so that this time may not correspond to the first time at which type r will settle
definitively in the population. In such situations, it is still possible to use the same
method to study the time inf{t > 0: Xt(T) = n}, where n is a level by which type r
is definitively settled, with an arbitrary large probability.
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Fig. 1. Emergence time of a three dimensional competition process. This sample path
shows the variations of the three populations over the time. Solid line, big dashed line and small
dashed line correspond to first, second and third type, respectively. Then S3 is the emergence time
of the third type.

This paper is organized as follows. In Section E, we first give an estimation of the
distribution function of the emergence time when the process starts from any initial
law supported by the set {i € N& : 4, = 0}. Then we show that when the initial law
is a quasi-stationary distribution, the emergence time is exponentially distributed
with a parameter which is made explicit in terms of the transition rates. In Section
, we discuss some conditions for the existence of quasi-stationary distributions. In
Section E, as an application of these results, we give a biological example of the

time for pathogen type overcome host resistance. Then Section is an
annex which is devoted to the proof of a technical lemma.
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2. Emergence of a particular type.

In this section, we consider a competition process (X AP i € Ng}) as it is defined
in the introduction. Although our model is based on competition processes, some
results of this section may be generalized to general continuous time Markov chains.
For the sake of simplicity, we suppose that the type whose emergence time is of
interest is d. So in the sequel, we denote Sy by S, i.e. with X = (X1 ... x(@)
we set

S =inf{t>0: XY =1}.

2.1. Some bounds for the tail distribution.

This subsection aims at describing the time S in terms of the characteristics of the
competition process X, in order to determine the exponential decay of its distribu-
tion function, under general conditions.

Definition 2.1. We set for all i € Ng,

d
n(i) = Aa(i) + Z%d(i)-
=1

The values 7(i) will be called the emergence rates (of type d). In particular,
when X is in a state ¢, an individual of type d will appear with probability

n(i) (2 a0, )

We define the restricted process X as the (d — 1)-dimensional competition pro-

cess with rates §(z,y) = q(2/,y"), if © # y, where z = (x1,...,24-1), ¥y =
(ylv"'vydfl) and 2’ = (1'1,...,1'51,1,9), y/ = (y1,.-.,yd71,0) and (i(SC,SC) =
— 2 yend-t sy A(x,y). We denote by {P, @z € N2~} the family of probability

distributions of the process X. Then we may check that (X, {I@’z ‘T € Ng_l}) is a

competition process on Ngfl whose Q-matrix is Q = {j(z,y) : z,y € Ngil}.

In all the remainder of this paper, we assume that the @-matrices () and Q
are regular, i.e. they determine the laws of X and X respectively, in a unique way.
We refer to Section 2 of Ref. ﬂ where some sufficient conditions for regularity of
@-matrices of competition processes are obtained. We begin this subsection with
the following lemma which presents a decomposition of the process X up to time

S.

Lemma 2.1. Let {e(z) : = € NI} be a family of random variables which is
independent of the process X. We suppose that each random variable £(x) is expo-
nentially distributed with parameter n(x’), where ' = (x1,...,24-1,0). Let (Tp)n>1
be the sequence of jump times of X, set Tp =0, define I, =T, —Tp,_1,n>1 and

S = Z(Tn +e(Xp,)) 1, | (2.1)

n=0
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where Q, = {e(Xg) > I,...,e(Xr, ) > Ln,e(X1,) < L1}, forn > 1 and

Qo = {e(Xo) < I}. Then for all x € NZ=t we have the identity in law

(XD, XYY 0w < 8), Py = [(Xu, u < 8),P,] .

Proof. This result is a direct consequence of the general structure of continuous
time Markov chains. Indeed, it suffices to observe that when the process X is in a
state i € N371 x {0}, the waiting time for type d to emerge is independent from
the past and exponentially distributed, with parameter n(i) = \.(7) + Eld:l Yir (7).
Hence it is clear that before time S, the process X behaves like a competition
process in Ngfl, i.e. X killed at a time S , whose decomposition is given by equation

E.1). O

As an application of this lemma, the following result provides exponential bounds
for the distribution function of the emergence time. From now on we set

E =N& ' x {0}.

Theorem 2.1. Define the rates oy = inf;eg (i) and a1 = sup;cn(i). Then the
tail distribution of the emergence time S satisfies the inequalities:

e Mt <Pt < 8) < et (2.2)

for allt > 0 and for alli € E. In particular, if there exists a > 0 such that n(i) = a,
for alli € E, then the emergence time S has an exponential law with parameter o
under P, for all initial distribution p with support in E.

Proof. It follows from Lemma that for all z € Ng_l and t > 0,

(t < S)

>
8

M

Z I@)z(t<Tn+5(XTn);Qn|XTO :.’Eo,...,XTn :ZCn)X

d—1
n 0107~-~7In6N0

I@)I(XTU = 20, - .- ,XTn = .’L'n) y (23)
where 9 = x. Then, from the Markov property and the assumption on the
random variables {¢(x) : # € N¢™'} in Lemma R.1, under P,, conditionally on
{X1, = ®0,..., X1, = xn}, the random variables I,...,Int1,e(20),...,e(xy) are

independent. So with I = (I1,...,l,4+1) and y = (Y1, .-, Yn+1), One has
I@Z(f < T, + E(XTn)) Qn | XTO =Z0,. .-, XTn, = ,CCn) (24)

= / N P, (I € dy)Py(e(x0) > y1,- - E(Tn1) > Yot — tn < £(Tn) < Ynt1),
Ry



6 Romain Bourget, Loic Chaumont, Natalia Sapoukhina

where ¢, = y1 +- - -+ yn. For all k > 0, set z}, = (z, 0). The integrand in the above
integral may be written as

Po(e(zo) > y1,e(®1) > Y2y ooy e(Tn1) > Yn,t —tn < (xn) < Yns1) (2.5

= e M@y =@y =@ 2)yn (@)= t)VOl _ pmn@)ynsn) 1, oy

where for n = 0, the term e@o)yi=n(@)y2——n(@,_1)¥n is ynderstood to be 1.
Hence by applying successively (2.5), (B-4) and (R.3), it follows

]P)(ac,O) (t < S)

— B, <Z e~ (X hi—=n(X], )T, [eme;){(thn)vm _ ew(X;)ml} 1 {KTM}> ,

n=0

where for each n, X!, = (X,,,0) and {X,, : n > 0} is a sequence of random variables
which has the same law as {Xn :> 0} under P, and which is independent of the
sequence {T;, : n > 0}. Let k be the (random) index such that T}, < ¢ < Tj1, then
we easily check that the term which is in the expectation of the right hand side of
the above equality is

Ze—n(Xé)h—w—n(X;fl)In [e—n(xé)[(t—Tn)VO] _ e—n(Xil)Inﬂ} Ter,
n=0

— o X) == n(X g ) [e—n(X;)(t—Tk) _ €—n<xa>1k+1}

+ Y e ) [1 _ €—n<x;>1n+1}
n=k+1
— e XD ==X ) T (X (E=Th) |

But from the assumption, we have n(X/) > «ap, a.s., for each n > 0, so that it fol-
lows e~ (X 1—=n(Xj_ )T g=n(X}) (t=Tk) < e=o(lit+I) g=ao(t=Tk) — em0t g5,

which gives the second inequality in (.9).

The other inequality is proved in the same way, by obtaining an upper bound
for P, (T, + e(X1,) < t,Q, | X1, = 21,..., X1, = x,). As above, this term can be
desintegrated as

Po(T, +e(Xp,) < t, Q0 | Xy, =21,..., Xp, = )

= / P(I € dy)P(e(zg) > y1,e(x1) > Y2, -, (Tn-1) > Yn,e(@n) < Ynt1 A (t —tn)),
R

and for the integrand, we have

P(e(xo) > y1,e(x1) > Y2, 8(@Xn—1) > Yn, e(@n) < Ynt1 A (t — tn))

e A Oy R A S lIY P
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so that

=k, <Z e—U(Xé)Il—W(X{)Iz—“‘—ﬂ(xilfl)fn(1 — e—W(X;,)UnH/\(t—Tn)])][{Tn<t}> .
n=0
If k is such that Ty <t < Tjk4+1, then

Z e~ N(X) L —n(X]) L= —n(X],_1)In (1-— e*U(XL)[InH/\(t*Tn)])
n=0
k—1
= Z e_n(X[l))Il_n(X{)IQ_‘“_n(X:‘lfl)In(1 _ e—W(X;,)InH) +
n=0
e*n(Xé)Il*W(X{)szmfn(xl/cfl)fk (1— e*n(Xllg)(t*Tk))

Tir, <ty

-1 en(X;c)t )

But since 7(X},) < aq, a.s., we have 1 — e"Xit <1 — e~ a5, which proves the
first inequality in (R.2). |

We emphasize that for Proposition to be relevant in the applications it is nec-
essary that ap > 0 and/or a1 < oo. In practice, the emergence rates are often
bounded away from 0 and co. At least, most of the time, it is reasonable to make
this assumption, see the application of Section E

2.2. Using quasi-stationary distributions

As already seen in the previous subsection, in order to study the emergence time .S,
it is necessary to have a good description of the whole process X up to this time.
To be more specific, we introduce the killed process at time S, as follows:

X, ift< S
S _ ts )
X _{A, ift > 8, (26)

where A is a cemetery point. Then X ¥ is a continuous time Markov chain which is
valued in U {A}, whose Q-matrix Q° = (¢°(i, j)) is given by
q(i,j), 4,j€E
¢7(i,5) = a(i, A) =n(i), i€E (2.7)
a(A,j)=0, jeEU{A}.
Again, we assume that the matrix Q9 is regular, so that there exists a unique

associated transition probability that we will denote by P°. We define the vector §
by 6(i) =0, if i € E and §(A) = 1.

Theorem 2.2. A probability distribution u on E satisfies
Pu(X, = i|8 > 1) = (i), (2.8)
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for allt >0 and i € E, if and only if it solves the equation

HQS = —ap+as, (2.9)
for some a € [0,00). Moreover under P, the time S is exponentially distributed
with parameter

a =3 n(i)ut). (2.10)

ieE

Proof. Let us first show that under condition (.§), the time S is exponentially
distributed. Let s,t > 0, then from the definition of S and the Markov property
applied at time s, we have

Pu(S > s+ ) = Pu(TgesyPy, (s < 5))
=P,(t<SP.(s < 5),

where the last equality follows from (@) This proves our assertion.

Then suppose that condition (@) holds and let a be the parameter of the law
of time S. Since n(i) < oo, for all i € E, we have P;(S = 0) =0, for all i € E, so
that P, (S = 0) = 0, therefore o < co. We extend the law p on E U A by setting
p(A) = 0. Then for all i € EU A, one has

P (X7 =i) =P, (X; =i,t < S)+ Li_aP,(t > S).
Since P, (Xt =i,t < S) = e p(i), the transition function P9(t) of X satisfies
pP3(t) = e %+ (1 — e )4, (2.11)

Differentiating with respect to t and applying Kolmogorov’s backward equation
gives
d S —at —at
MEP (t) = —ae™*u+ ae”*0

= uQ5P(t). (2.12)
Note that this differentiation is justified since each state in F is connected to a
finite number of neighbors through (P;) (and hence (P)), so that the term P (t)
is the sum of a finite number of functions. Then from (R.11]) and since §P%(t) = 4,
we see that a solution of equation ) is given by

PR = —ap+ad.

We finally deduce that pQ%(A) = 3, pua 1(0)g (6, A) = 3, c p w(i)n(i) = o

Conversely, let us assume that p is a distribution on F which satisfies equation
(R-9), for some value a € [0,00). Let us denote by P¥ its associated transition func-
tion. (Note that P is unique according to our assumption of regularity.) Then from
Kolmogorov’s backward equation and (E)7 the transition function pP® satisfies the
equation

%ups(t) =—apP(t)+ad.
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This equation admits P (t) = e~y + (1 — e~2*)§ as a unique solution. But the
later equality is equivalent to (@) O

A probability distribution yp which satisfies (E) is called a quasi-stationary distribu-
tion. We refer to Ref. E where some relations between quasi-stationary distributions
and the @Q-matrix are established for general continuous time Markov chains. In
population dynamics, these distributions are very much involved, and most of the
time they are used to study extinction of populations, see for instance Ref. E, E, E

and E

Remark 1. There are situations where the emergence time may not correspond
to first time at which the subpopulation of type d will fix in the population. More
specifically, this time may occur only when the subpopulation size reaches a certain
level. For example, in epidemiology, it is interesting to know the time at which
the pathogen population reaches a certain level (in order to start treatments for
instance). In this case one is rather interested in the waiting time S(:

S = inf{t >0: Xt(d) =n}.

Previous results may easily be adapted to S by considering:
E,=Ni"'x{0,1,...,n—1}.

Then we define the killed process X5 as in (B-§). The later is a E, U {A}-

valued continuous time Markov chain whose @Q-matrix Q° ™= (¢° ™ (i,7)) may be
expressed as in (R.7), with

n(i) = Aa(i) + 27:1 alt), if ig =n,
0, otherwise.

Then the same conclusion as in Theorem E holds, that is a probability distribution
w on E, satisfies

Pu(X: €] 8™ > t) = u(i),
for all t > 0 and ¢ € E,, if and only if it solves the equation
nQ® =—au+ad,

for some a > 0, and under P,, the time S (") is exponentially distributed with
parameter

o= nliuti).

i€E

3. On the existence of quasi-stationary distributions

In the following subsection, we provide some sufficient conditions for the existence
of quasi-stationary distributions. Then in the next subsection, we will apply these
results to a particular case of 2-dimensional competition process.
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3.1. General results

We keep the assumptions of Section E, that is (X, {P;:i€ Ng}) is a competition
process such that the conservative Q-matrices @ and Q° are regular. We denote by
= the weak convergence of probability measures.

Theorem 3.1. If there exist probability measures m and p on E, such that
P (X, €dz|S >1t)= pldx), ast— +oo,

then p satisfies condition (P.g).

Proof. From the hypothesis, for all bounded function f : N¢ — R,

Jlim P(F(X0) |5 > 1) = [ Fle)ntda).

Let u > 0 and A € Bg, then applying this identity to the function f(z) = P, (X, €
A, S > u) and the Markov property gives

[ @ntdn) = Jim B (Bx,(Xu € 4,5 > 0[5> 1)

t—o0

. 1
= tE}I&PW(Xt+u € A, S > t+u)m

Pr(S>t+u)
P.(S >t)

Let A be the full set in this identity (i.e. A = , where (Q, F,P) is the reference
probability space). We obtain that for each u > 0,

:tlim Pr(Xtyu € A|S > t+u) (3.1)

. Pr(S>t+u)
lim ——————=P .
N I

Since P, (S = 0) = 0, the above identity shows that S is exponentially distributed
under P,,, with parameter & = —logP, (S > 1) >0, i.e., for all u > 0, P,(S > u) =
e~ ", Plunging this equality into (B.1]), gives
eMPu(Xy €A u<S) = tlim Pr(Xiqu €A, S>t+u)
— 00
= u(A),

which is identity (R.§). m
Theorem @ provides a sufficient condition for the existence of a quasi-stationary

distribution. However, in practice, for this result to be exploitable, we need some
information on the law of X,, conditionally to {S > u}.

Now we focus on conditions regarding the @-matrix which are a bit more tech-
nical than Theorem P.1] but that can be verified provided this matrix is sufficiently
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explicit. An application will be given in subsection @ We first state a general
result on the existence of negative eigenvalues.

Proposition 3.1. Let M = (my;) be any matriz on E and denote by I the matriz
of the identity on E. If there exists a real ¢ € (0,00) such that,

(i) for alli,j € E and k € Ny,
ml(.f) < o0, (3.2)

(1i) the matriz (M + cI) is nonnegative and irreductible,
(79t) there exists i,j € E such that

n 1/n
0< lim (Z csmg;.%nk) <ec, (3.3)
k=0

n—-+o0o

then M admits a negative left eigenvalue with an associated positive eigenvector
(i.e. there are o > 0 and p such that 0 < u(i) < oo, for alli € E and pM = —ap).

Proof. This result is a consequence of Theorem 3.3 in Ref. . Let us first check
that M + cI satisfies the three conditions of this theorem. We denote by (ci;)i jer
the entries of this matrix. First we derive from (¢) that for all 4, j € F and n € Ny,

n

(n) _ koo (k) n—k

Cij = E Cpm;jc < 00,
k=0

so that condition i) of Theorem 3.3. in Ref. Elis satisfied. Then since from assumption

(1), the matrix M + I is irreducible, by definition for all ¢, j € E there exists n > 1

such that CE?) > 0, which is condition ii) of Theorem 3.3. in Ref. [|. From Theorem
n 1/n

A in Ref. [[7, the limits limn_>+oo(c(.;l))1/" = lim (kzo ijmz(-f)c”_k) exist and

P n—-+o0o —
do not depend on ¢, j € E. Let us denote by A\* their common value. From Theorem
A in Ref. [, \* is the maximum eigenvalue of M 4 cI. Moreover, from (iii) we have

0< A\ <e.

This implies, condition iii) of Theorem 3.3 in Ref. El We deduce from this theorem
that there exists a vector p such that for all 7, 0 < u(i) < +oo and

pw(M +cl) = pM 4+ cpl = uM + cpp = Np.
Since A\* < ¢, we have
pM = Xp—cp=—ap
with a = ¢ — A\* > 0. O
A Q-matrix @ on N¢ being given, we consider the matrix @ = (g;;) on E which is
defined by

qij = Qij y ’L,] S E . (34)
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Note that if Q° satisfies equation (@) for some nonnegative vector p (i.e. such
that p(i) > 0, for all i € E and ), u(i) > 0) and a € [0,00), then —a is a left
eigenvalue of @ and p is an associated eigenvector, i.e.

4 = —ap. (3.5)

Conversely, if p is a nonnegative vector such that 0 < >7. . pu(i) < oo, then

equation (B.J), for 1 and a € [0,00) implies equation (R.) and hence (R.10), for
1

(Yiepn(i)  pand a.

Therefore if the matrix @ satisfies the conditions of Proposition @ with an
eigenvector p such that 0 < )7, u(i) < oo, then we may conclude to the exis-
tence of a quasi-stationary distribution. Note that the condition ), u(i) < oo is
satisfied whenever the state space F is finite and that in this case, Proposition
amounts to Perron-Frobenius Theorem.

3.2. Application to a 2-dimensional competition process

In this subsection we apply Proposition @ and the consecutive discussion to the
particular case of a 2-dimensional competition process with constant birth and death
rates ¢ > 0 and bounded emergence rates, i.e. a1 = sup;cg 1; < 00. The state space
is then E = Ny x {0} which will be identified to the set of nonnegative integers, i.e.
E= No.

The matrix @ introduced in (B.4) which is associated to the Q-matrix of this
competition process is then given by

—29—m 2q 0 .
— q —2q — 2 q 0
Q= 0 q —2q—m3 q O

In the remainder of this subsection, we will check that the matrix Q satisfies condi-
tions (i), (ii) and (i44) of Proposition B.1]. First note that condition (i) is necessarily
satisfied since the matrix ) has a finite number of nonzero coefficients on each line
and column.

Then in order to show that conditions (i) and (iii) are satisfied, we state a
couple of preliminary results bearing on the matrix D = (d;;); jer with coefficients

Lol ifil=jori—1=},
7710, otherwise.

We first notice the following relations which follow directly from the definition of
D:foralli e Ny, 7>0andn > 1,

() _ n=1) | (n—1) () (ne)
di;” =d;; 7y T dig4) and digt =diy (3.6)
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where dz(-;) denote the coefficients of the matrix D". The proof of the following

lemma is postponed to the annex, in .

Lemma 3.1. The coefficients of the matriz D™ satisfy the following relations.
(¢1) Foralli,j € E andn >0,

Jj>24+1i+n,
d( —0 or i , d
i or i =j (mod 2), when n is odd, an
or i+ 1 =7 (mod2), when n is even,
dz(-?) > 0, otherwise. (3.7)

(i1) For all n > 0, d((f,? =1 and for all k > 0 and n > 2k, the coefficient
d(")

0(n—2k) MayY be expressed through the following sum:

n—2kn—2k+1—io n—2k+2—ig—i;

O(n 2K) ~ Z Z Z

10=0 11=0 19=0
n—k—2—ig—iy ——ip_g n—k—1—ig—i1——ix_o
> > 1.(3.8)
ig—2=0 ig—1=0

(t3¢) For all k >0 and n > 2k,

(n) _ (2n+4-2k)(n+1-2k)
dO(n 2k) — 2k(n + 3 — 2k) dO(n+2—2k) : (3.9)
Now let us define the matrix, B = (b;;)i jer, with coeflicients:
1, ifi+1=jori—1=j, and (¢,5) # (0,1),
0, otherwise.
Let ¢ be a real such that ¢ — 2¢ > a;, then we have the decomposition:
Ul 0 ...
B 0.
Q+cl=qB+| . . , (3.10)
LT uy

where u; = ¢c—2g—mn; > 0. From our assumption, it follows that u (eh inf;egu; >0
and from (B.1()), we derive that (Q + cI)l(.?) > (¢B + uI)l(.?) Z CrpFyn—k  for

nvij
all 4,7 and n. Note that the coefficients of the matrix B are very close to those of
D, indeed we have b;; = d;;, for all (i,7) # (0,1) and bp1 = 2dp1. Then we easily
see that the same method as in the proof of part 1. of Lemma @, can be applied
to B in order to show that for all i,j € E, there exists k such that bg—c) > (0. This
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property, together with the previous inequality proves that Q + cI is irreductible,
so that Q satisfies part (i7) of Proposition Ell

Now we shall focus on the particular value d( ") The following result presents
some interest in its own since it provides a new characterization of Catalan numbers.

Proposition 3.2. For all n € N, the first element of the matriz D*", (i.e. dé%"))
is equal to the nt" Catalan number,

Cp = n+102"' (3.11)

Proof. The proof bears on the characterization of the n*" Catalan number which
is given in Corollary 6.2.3 of Ref. @ This result asserts that C,, is the number of
monotonic paths along the edges of a grid with n x n square cells, which do not
pass above the diagonal.

Recall from @) that we have, for all n > 0,

1— 1[) 2— 7/0 11 77/—2—7:0—7:1—“‘_7:71,73 n_io_il_”'_in72
Sy oy 2 >, 1 B
Zo 0i1=0 1i2=0 in,72:O in—lZO
1— 10
Then there is Z 1 = C;1 = 1 way to perform the first step. There are Z 1=
i0=0 i0=011=0

Cs = 2 ways to perform the second step (hence there are 2 ways to perform the two
1—ig 2—ip—11

first steps). There are Z > > 1= C5 =5 ways to perform the three first
l() =01 1 =0 12 0
steps, and so on... Hence the representation () agrees with the characterization

which is given in Corollary 6.2.3 of Ref. [Lj and the result follows. |

From Proposition @ and (@), we may state, for all n > 0,

{0, if n odd,

(n)
d Cz, if n even.

00 = (3.13)

Lemma 3.2. The coefficients (b;;) satisfy the following properties:

(i) For alln >0 and for all k <mn/2,

n 2n + 2 — 2k n n —|— 2
bSr gy = i dyt) oy and by = dy) .
(#i). For allm >0, b(2n) <22,

Proof. Let us prove part (i) by induction. The relation is obviously true for n = 1.

Suppose that for all k < n/2, bo(i k) = %dé’& ok) and bég) = ";ngg). Then
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for all k < n/2,

(n+1) _ (0 (n)
bon+1—2) = bo(n—2k) T Oo(nta—2k)
=Ty N
n+1—2k 0n=2k) * p 139 0(nt+2-2k)
_ 2n+4 -2k (n) N 2k )
n+42—2k 0m=2k) " (n 41— 2k)(n+2—2k) 0(n=2k)
2n 44 =2k () 2n +4 — 2k (n)
R - d
n+2—2k 0nt2-2k) (4 9 2k)(n + 3 —2k) O(n+2-2k)
2n + 4 — 2/{3 (n) (n)
= m(dom—%) +dy(nya—or))
n 2k 2n+4—-2k)(n+1-— 2k)d(n)
(n+1-2k)(n+2-—2k) 2k(n + 3 — 2k) 0(n+2—2k)
- d f
(n+2—2k)(n+ 3 — 2k) 0(n+2-2k)" rom (B.9)
2n + 4 — 2]{5 (n—i—l)
- n+2—2k dO(n+172k) ’ from (@) :

If n is even, then k < (n+1)/2 < k <n/2 and if n is odd, then k < (n+1)/2 &
k < (n—1)/2. The case k < n/2 has already been considered above. So the only
remaining case is k = n/2, for which we can write

n+1 n n
byt = 2b) + by

2n4+2) ) N (n
SEEL VR
n+4, o n n (n n n+4 n
= PR g+ 5+ (5 )
n+4 nn+4) n n+4\
g (M) 1 )
n+4 (,
Moreover,
n+1 n
o = o)
n+3 (n
n+1+2 (n+1)
ErEC
So by induction, for all n and k < n/2, b}, = 2222k - and by =

nTHng)' This ends the proof of part (7).

Again, we prove part (i¢) by induction. We have b(()%) = 2 < 22. Suppose that
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b(()%("_l)) < 22(n=1 then, from Proposition B.3 and part 1. of Lemma .3,
b@") _ (n + 2) (271)!
(010N | |
2 nl(n+1)!
b(2(n_1)) n+2 (2n — 1)271
= Y90
n+1 n(n+ 1)
2(n— 1))n +(3/2) n?—n
n3+2n2+n
< 4% =2

b(

3

which ends the proof of part (ii). m|

Define the matrix
(¢ij)ijer = qB + (c —2q)1 .
On the one hand, from (), for all i,j € E, (Q + cl)i; < c;j, hence
S taet <)
k=0

Moreover, from () and Lemma @, bélé) < 2k for all k > 0, so that

n

C((Jg = Z qukboo (c—29)""
k=0

n
< Z CFgFok(c —2q)"F
k=0

=c".

On the other hand, from (B.10), for all i,j € E, (Q+ )Z.j > ¢b;; and

1
from Lemma @ and Proposition @a lim (b((fon))2 > 0, hence 0 <

n—-+oo

n—-+o0o

such that

1/n
lim <z (()Ig)c"k) . Therefore, we have proved that there exists ¢ > 0,

1/n
. k) n—
0< nglfoo <I;) Ck go)c k) <ec,

and we conclude that the matrix @ satisfies part (iii) of Proposition @ Then,

applying this result, we derive that there is & > 0 and a positive eigenvector u such
that

nQ = —
Finally, note that the coordinates of the eigenvector p are given explicitly in terms

of the coefficients of the matrix Q + c¢I, in the proof of Theorem 3.3 of Ref. .
However, this expression does not allow us to conclude that 3, . u(i) < oco.
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4. Breakdown of host resistance

Consider the emergence of pathogen mutants overcoming host resistance in a host-
pathogen system. We assume that there are two types of habitat for pathogen indi-
viduals: susceptible and resistant host subpopulations. Denote & as the proportion
of the resistant host subpopulation (so the proportion of susceptible host subpop-
ulation is 1 — ). We distinguish mutant and resident individuals in the pathogen
population. A resident individual can only live on the susceptible hosts while mu-
tants can live on both susceptible and resistant host subpopulations. We denote by
X @ the number of residents individuals on susceptible host, by X ) the number of
mutants on susceptible host and by X ) the number of mutants on resistant host.
Every pathogen individual can give birth to another individual of the same type
or die. Suppose that resident individuals can mutate (X — X(?)) and mutants
can migrate between the two habitats (X(? = X®)). So we have a three dimen-
sional competition process, X; = (Xt(l), Xt(Q), Xt(s)) with non linear transition rates
(based on Lotka-Volterra equations). When X reaches the state i = (i1,142,i3) € NJ,
transition rates are:

M) =r(1—v)i

A2 (i1, i2) = Bris + rvi;

)\3(23) = 67‘13

plin, iz) = (FEa (i1 — 1+ Biz) + ED)ia

pa(in,io) = (57 (iz — 1+ §i1))ia (4.1)
ps(is) = (56—;((1'3 —1))is

N

v32(i3) = (1-¢§)Dig

where r is a growth rate, v is a mutation rate, 8 is a mutation cost, K is the total
pathogen carrying capacity, D is a migration rate and v is a constant such that
~vK is the maximum size that we are sure io will not exceed (v > £). The rate
723 is assumed to be finite, since the size of a biological population is finite even if
the population is large. Moreover, since a mutation always occurs together with a
reproduction, the rate ;2 is 0 and has been identified to the spontaneous birth rate
of type 2. We are interested in the emergence of the third type — a virulent mutant
able to invade the resistant host subpopulation:

S=inf{t>0: X" =1}.

Let us assume that 7 is a probability distribution on N§ such that for all ¢ > 0 and
i€ N3 x {0},

]P)ﬂ'(Xt = (ilvi% 0) | S > t) = Tr(ilvi% 0) .
Then 7 solves the equation

Q% = —am +ad, (4.2)
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for some « > 0. Applying Theorem @, this shows that the time S is exponentially
distributed with parameter

a= Y nliiz,00m(in,iz,0) = Y (y23(ia) Y 7(i1,i2,0)). (4.3)
(41,i2,0) ig=1 i1=0

In order to solve the system (Q), we used numerical methods of the Gauss-Jordan
Elimination and Raphson-Newton, see Ref. . If a new resistant host is introduced
into the pathogen habitat and the initial pathogen population structure follows the
law 7 at this time, it will take, on average, a time of 1/« before the resistance will
be broken. The distribution of the emergence time can be estimated by simulations
of the competition process ([L.1]) using the Gillepsie algorithm (Fig. B).

1.2 . : . .
1.0 _
0.8 < y
06l 4
0.4} / 4

|

¥
%
|

T

P(S <x)
.

=
N
"y

1

0.0 T T T T
0 20 40 60 80 100

Fig. 2. Probability distribution function of the emergence time S. Dotted line represents
the distribution function of the exponential law with parameter o given in ). Crosses represent
the distribution function of S obtained by simulations of the competition process ). The values
of the parameters are K = 10,4 =0.05,»r =1,D=1,=1,£ = 0.5 and v = 30.

From (@) one can derive key-processes and parameter values prolonging the
durability of host resistance. The approach can be generalized to n types of resis-
tances. In this case, we may check that the number of different types of pathogen is
then N ‘=’ iy CL2™", which corresponds to the dimension of the competition
process. Indeed, there are C areas with 4 resistances in the environment, and there



On emergence times of competition processes 19

are 2" % types of mutant living on each of these areas. This N-dimensional com-
petition process can include recombinations between pathogen types and it can be
used to study the effects of the host population structure on the pathogen adaptive
dynamics.

Appendix A. Proof of lemma @

Let us prove part (7) by induction. For n = 1 the result is obviously true. Then let
us suppose that it is true for some n > 1.

e Foralli>0and 5 >0:

ifj>2+i+n+1,thenj—1>2+i+nandj+1>2+i+n,
ifi>24+j+n+1,theni>24+(j—1)+nandi>2+(G+1)+n,

if i = j (mod 2) and n+1 odd, then i+1 = (—1) (mod 2) = (j+1) (mod 2)
and n is even,

ifi+1 = j (mod 2) and n+1 even, then i = (j—1) (mod 2) = (j+1) (mod 2)
and n is odd.

: (n+1) _ 4(n) (n)  _
Therefore in all these cases, d;; = di(j—l) + di(j+1) =0.
e Foralli >0 and for j =0 : we have 0 < 24+i+mn+ 1, so the first condition

never holds. Therefore,

ifi>24+n+1,theni>2+1+n,
if i = 0 (mod 2) and n+ 1 is odd, then i +1 = (0 4+ 1) (mod 2) and n is

even,
if i+ 1 =0 (mod 2) and n + 1 is even, then i = (0 + 1) (mod 2) and n is
odd.

So in all these cases, d\n ") = d%)ﬂ) =0.

o If the triple (¢,j,n+ 1) is not in one of the previous cases, then neither are

the triples (i, j —1,n) and (i, j+1,n). Hence d\/ "V = dgg.{l) +d§.?j>+1) >0.

So we conclude that part (i) is true for all n > 0.

Now, we prove part (i) again by using mathematical induction. For n = 1, we have
déll) = 1. Suppose that, dg(:_l)l) =1, then déz) = dg(:_l)l) +dér(l;i)1) =14+0=1, from
part 1. We conclude that the first assertions of part (iz) are true

We can check equation @) for n = 2, by a simple calculation. Suppose that (@)
holds for all £ > 1 and 2k < n, then for 2k < n,

e if k > 1, then
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d("+1)
0(n+1—2k)
= d((;(l’r)z 2k) +dér(l7)z—2(k—1))
N2k n—2ktl—io  m—k—2—ig—i1—r—ip_5 n—k—1—ig—is——ip_s
=3 ¥y - 3 > 1
io=0  i1=0 ip_2—=0 ip_1—=0
n—2(k—1) n—2(k—1)41—ig  n—(k—1)—2—dp—i1——ip_agn—(k—1)—1—io—i1——in_3
+ 2 > > > 1
i0=0 i1=0 ir—3=0 ip—2=0
n+1—2k n+1—2k+1—iq n+l—k—2—ig—i1— - —ig—3 ntl—k—1—ig—i1——ig_2
i0=1 11=0 i—2=0 ip—1=0
n+1—2k+1 n+1-2k+2—iq n+l—k—2—ig—i1——ig_ga ntl—k—1—ig—i1— - —ix_3
D DEEED DR > > 1
i0=0 i1=0 ir—3=0 ir—2=0
n+1—2k n+1—2k+1—ig n+l—k—2—ig—i1——ip_g n+l—k—1—ig—iy— - —ip_o
i0=0 i1=0 ip—2=0 ip—1=0

e if k=1, then

n+1-—2
(n+1) (n) (n) _ _
Ao(n1-2) = do(n—2) T don Zl+1 Z 1.
10 =0 10 1

Let us extend this equality to the case where 2k < n + 1. If n is even, then 2k <
n+ 1< 2k <n.If nis odd, then for 2k =n + 1,

d(’(’:j)l oK) = d("+1) d(”)
1 2—ig 3—ig—iy n—(n—1)/2—2—ig—i1——i(n_1)/2—3 n—(n—1)/2—1—ig—i1——i(n_1)/2-2
=3 3 > 1
10=0i1=0 i2=0 i(n—1)/2-2=0 i(n—1)/2-1=0
0 1—ip2—ig—i1 n—(n—1)/2-2—ig—i1——i(n_1)/241—3 n—(n—1)/2—1—ig—i1——im_1)/2_241
= Z . Z Z 1
i0=0i1=0 i3=0 i(n—1)/2—241=0 itn—1)/2—141=0
0 —iy n+l—(n+1)/2—2—ip—i1——i(nt1)/2-3 ntl—(n+1)/2—1—io—i1— - —i(nt1)/2-2
= Z Z > > L.
i0=041=0 i=0 i(nt1)/2—2=0 i(nt1)/2-1=0

So by induction (B.§) is true for all k > 0 and 2k < n.

Again, we prove part (7i) using mathematical induction. For n = 2, we have d(()%) =

%d@ = d(% = 1. Suppose that for all £ > 0 and 2k < n,
o) (2n+4—2k)(n+1—2k) d(n)

0(n—2k) — 2k(n +3— Qk) 0(n+2—2k) *
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Then
(n+1) _(n) (n) _ (27’L +4 — 2/{3)(71 +1-—2k) (n)
dO(nJrlka) - dO(n72k) + dO(n+272k) - ( Qk(n 13— 2]6) + 1)d0(n+272k)

203 4 14n2 + 280 + 16 + 8k2 — 24k2 — 32kn — 8kn? + 8k2n ()
B 2%(n +3 — 2k)(n + 4 — 2k) 0(n-+2—2k)

and

(2046 — 2k)(n + 2 — 2k) (1)
2k(n+4 — 2k) 0(n+3—2k)
~ 2n 46 —2k(n+2—2k)
B 2k(n + 4 — 2k)
246 —2k)(n+2—2k) .
- 2k(n +)4( —2k) ! (Ayia—2-1) + oo 20517
(2n+6—2k)(n+2—2k)  (2k—2)(n+5—2k)
- i+ d—2k)  \@nt6-2k)n+3 28
203 4 14n2 4 28n + 16 + 8k2 — 24k — 32kn — 8kn? + 8k>n ()
N 2k(n + 3 — 2k)(n + 4 — 2k) O(n-+2-2k) °

(n) (n)
(do(ni2—ok) T dona—2k))

(n)
+ 1)d0(n—2(k—1))

Then we extend this equality to the case where 2k < n + 1. If n even, then 2k <
n+ 1< 2k < n. If n odd, then for 2k =n + 1,

(n+1) ) _ ) _ D m
dy(pir—oky = oo~ = do1 = mdos

and

2n+1)+4—-2k)(n+1+1—2k) 4+

2/€(7’L+1+3—2k) 0(n+1+42—-2k)
n+5 (n+1) n+5 ) )
3(n+1) 2 3(n+1)( o1+ dog’)
n+5 n+5 (n)
— 1)d
3(n+1)(2(n—1)+ o
_ n-+>5 (n)
C2n—1) B

Hence for all £ > 0 and 2k <n + 1,

d(nJrl) _ (2(77, + 1) +4— 2k)(n +1+1-— 2/{3) d(n+1)
0(n+1-2k) — 2k(n +143— Qk) 0(n+1+2—2k) *

By induction the relation is true for all n > 2.
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