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INVERSE PROBLEM FOR THE HEAT EQUATION AND THE
SCHRODINGER EQUATION ON A TREE

LIVIU I. IGNAT, ADEMIR F. PAZOTO, AND LIONEL ROSIER

ABSTRACT. In this paper we establish global Carleman estimates for the heat and Schrodinger
equations on a network. The heat equation is considered on a general tree and the Schrodinger
equation on a star-shaped tree. The Carleman inequalities are used to prove the Lipschitz
stability for an inverse problem consisting in retrieving a stationary potential in the heat (resp.
Schrodinger) equation from boundary measurements.

1. INTRODUCTION

In this paper we consider two inverse problems on a network formed by the edges of a tree.
The problems we address here enter in the framework of quantum graphs. The name quantum
graph is used for a graph considered as a one-dimensional singular variety and equipped with
a differential operator. Those quantum graphs are metric spaces which can be written as the
union of finitely many intervals, which are compact or [0, c0) and any two of these intervals are
either disjoint or intersect only at one of their endpoints.

Quantum graphs arise as simplified models in mathematics, physics, chemistry, and engi-
neering (e.g., nanotechnology and microelectronics), when one considers propagation of waves
through a quasi-one-dimensional system that looks like a thin neighborhood of a graph. We can
mention in particular the quantum wires and thin waveguides. Differential operators on metric
graphs arise in a variety of applications, to quote a few: carbon nano-structures [28], photonic
crystals [16], high-temperature granular superconductors [1], quantum waveguides [12], free-
electron theory of conjugated molecules in chemistry, quantum chaos, etc. For more details we
refer the reader to the review papers [25], [27], [26], [15] and the references therein for more
informations on this topic.

To be more precise we consider the heat equation on a 1-D network I' given by the edges of
a general tree and the Schrédinger equation on a star-shaped tree.

The first system we consider is the following one

u, — Aru+pu=0, inI x(0,7),
u=h, on OI' x (0,7, (1.1)

u(-,0) = uy, inT,

where Ar is the Laplace operator on the network I'. The system is closed with the coupling
conditions at the internal nodes of the tree, namely the continuity and the Kirchhoff’s law on the

Key words and phrases. Carleman estimate; tree; network; heat equation; Schrédinger equation; inverse
problem.
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2 LIVIU I. IGNAT, ADEMIR F. PAZOTO, AND LIONEL ROSIER

flux at all internal vertices of I'. Here, u is a collection of functions u® each of them satisfying
a heat equation on some edge of the network.
Simultaneously with problem (1.1) we consider the following problem

iwg+ Aru+pu=0, inT x (0,7),
u=h, on o' x (0,7, (1.2)

u(-,0) = uy, inT,

under similar coupling conditions as in the previous model.

In both cases we are interested in determining the potential p, a collection of functions defined
on the edges of I', from boundary measurements. In the case of the first system, we are able
to prove that we can recover p using only N — 1 measurements, where N is the total number
of exterior nodes of the network I'. However, in the case of the second system, besides of the
fact that we need to deal with a star-shaped network, we only can recover the potential p from
measurements performed at all the exterior nodes of IT.

The use of Carleman estimates to achieve uniqueness and stability results in inverse problems
is well known. Some authors use local Carleman inequalities and deduce uniqueness and Holder
estimates. Others make use of global Carleman inequalities and deduce Lipschitz stability results
and hence uniqueness results. We shall follow that second approach.

Inverse problems with a finite number of measurements have been widely studied by Bukhgeim
and Klibanov (see [8], [21], and [22]) by means of Carleman estimates (see also the book [20] and
the references therein). For a wide class of partial differential equations, their method provides
the stability in the inverse problem, whenever a suitable Carleman estimate is available. Since
[8], there have been many works based upon their methodology.

The theory of global Carleman estimates for parabolic operator has been largely developed
since the work by Fursikov-Imanuvilov [17] and it has been applied to many situations (e.g.
to prove the controllability along the trajectories or the stability in inverse problems). Since a
complete list of references is too long we refer the reader to [34] for a quite complete review of
the state of art.

Concerning the Schrédinger equation we refer to [4, 6, 9, 10, 30] where Carleman estimates
are proved and used to establish the stability for some inverse problems (see also [19, 29] for
some other Carleman estimates for Schrodinger equation).

The same approach has given many results for the wave equation. Since a complete list
is too long we quote only some of them, related to the same inverse problem consisting in
retrieving a stationary potential in wave equation: [31] and [33] for Dirichlet boundary data and
a Neumann measurement and [18] for Neumann boundary data and a Dirichlet measurement.
These references are based on the use of local or global Carleman estimates. In the framework of
Carleman inequalities on networks we mention the recent paper [3] where the authors establish
a global Carleman estimate for the wave equation on a star-shaped tree and used it to derive the
Lipschitz stability in an inverse problem. The Carleman estimate in [3] involves some positive
definite matrix introduced in [7] to derive a Carleman estimate for the one-dimensional heat
equation with discontinuous coefficients.
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As far as we know, the determination of a time-independent potential for the heat or Schrodinger
equation in a network-like structure has not been addressed in the literature yet. This type of
problems has been studied for example for membranes or elastic strings (see for instance [2] and
the references therein).

Let us now state the main results of the paper. For a given initial data ug and a given
boundary data h, we denote by u(p) the solution of the above systems associated with the
potential p € L*°(I',R). We introduce the space

H>Y(T x (0,T)) := L*(0,T; H*(T")) N H'(0, T; L*(I)).
(See below Section 2 for the definition of H?(I').) We also introduce the ball B,,(0) := {q €
L>(T,R); [lgl|gee(ry < m}. Then the following stability results hold.

Theorem 1.1. Assume that p € L (T"), ug = up(x), h = h(x,t) and r > 0 are such that the
solution u(p) of (1.1) fulfills u(p) € H>Y(I' x (0,T)), dyu(p) € H>'(I' x (0,T)), and such that
for some to € (0,T) it holds

lu(p)(-,to)| > r a.e. onT.
Then, for any m > 0 there exists a constant C' = C(m, |[0pu(p)||ro(rx(0,1)),T) such that for any
q € B,,(0) satisfying
d:[u(p) —u(q)](v,.) € H'(0,T) for all exterior nodes v,

we have

IP—allr2(r)

< ¢ (n(p) ~ (@] t0) ey + 3 10(p) ~ (@] (0. o ).
veE

where € denotes the set of all the exterior vertices of I' except one.

For the second system, under the assumption that the network is a star-shaped tree, we can
prove a similar stability result.

Theorem 1.2. Assume that p € L*°(I';R), ug = ug(x), h = h(z,t) and r > 0 are such that the
solution of (1.2) satisfies

e uy(z) € R oriug(z) €eR a.e. inT,

o |up(z)| >r>0a.e inT, and

e Ju(p) € H*Y(T x (0,7)).
Then, for any m > 0, there exists a constant C = C(m, ||0u(p)||g21(rx(0,1)):7) > 0 such that
for any q € By, (0) satisfying

dru(q) € H*H(T' x (0,7)),

we have

Ip = allrery < C > l0:[u(p) — w(@)])(v, )l 0.1
vedl’
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The above theorems extend to networks classical results on inverse problems. To prove those
results, we need to establish (new) global Carleman estimates for the heat (resp. the Schréodinger)
equation on trees. Note that if we impose Kirchhoff-type conditions to the weight function at
the internal vertices, the Carleman estimate cannot be derived. In our Carleman estimates,
the weight function has to fulfill some nonlinear flux condition at each internal vertex. On the
other hand, for the Schrédinger equation posed on a star-shaped tree with N external vertices,
we consider a combination of N weight functions in order to cancel some “bad” terms at the
internal vertex involving time derivatives. That strategy was used in [5], with two different
weight functions, in order to improve the observation region for the wave equation.

The article is organized as follows. In Section 2 we introduce the notations and some classical
facts about the heat and Schrédinger equations on trees. Section 3 presents the analysis in the
case of the heat equation. The Schrodinger equation is considered in Section 4. Finally we
discuss some open problems in Section 5.

2. NOTATIONS AND PRELIMINARIES

Let I' = (V, E)) be a graph where V is the set of vertices and F the set of edges. The edges are
assumed to be of finite length and their ends are the vertices of V. For each v € V we denote
E, ={e € E: v € e}. The multiplicity of a vertex of I' is equal to the number of edges that
branch out from it. If the multiplicity is equal to one, the vertex is said to be exterior, otherwise
it is said to be interior. We assume that I' does not contain vertices with multiplicity two, since
they are irrelevant for our models.

From now on, we assume that I is a tree, that is, I' is a planar finite connected graph without
circuit (closed path). We fix an orientation of I' and for each oriented edge e, we denote by I(e)
its initial vertex and by T'(e) its terminal one.

We identify every edge e of I" with an interval I., where I, = [0,[.], l. being the length of e.
This identification introduces a coordinate z. along the edge e.

Let v be a vertex of V' and e be an edge in F,. We set

0 if v=1I(e),
{le if v="T(e).

We identify any function u on I' with a collection {u®}.cr of functions u® defined on the edges
e of I'. Fach u® can be considered as a function on the interval I.. In fact, we use the same
notation u® for both the function on the edge e and the function on the interval I, identified with
e. For a function u: I' — C, u = {u}ccg, we denote by f(u) : I' — C the family {f(u°)}ecE,
where f(u€):e— C.

A function u = {u}.cp is continuous if and only if u® is continuous on I, for every e € E,
and u is continuous at the vertices of I:

u(i(v,e)) = u (i(v,€)), Ve, €E,.

The space LP(I'), 1 < p < oo consists of all the functions u = {uc}ecp on I' that belong to
LP(1,) for each edge e € E. That space is endowed with the norm

HuHIzp(r) = Z HUQH’EP(LE) < o0.
eclE

i(v,e) =
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Similarly, the space L>°(I") consists of all the functions u = {u,}ccg that belong to L>(I,) for
each edge e € E. The corresponding norm is

Jul[goc(ry = SUP |ull oo (1,) < 0.

The Sobolev space H™(I"), with m € N*, consists of all the continuous functions on I' that
belong to H™(I.) for each e € E. It is endowed with the norm

[l Frm ey = D Nl Fm ey < oo
eck

The spaces L?(I') and H™(T') are Hilbert spaces when endowed with the inner products

(qu)L‘Z(F) = Z(U v° L2(Ie) = Z/

eckE eck
and i
du® dkve
D PR BUSC S ) oyl s
ccE e€E k=0

HE(T) denotes the set of functions in H!(T') that vanish at the exterior vertices. We now
introduce the Laplace operator Ar on the tree I'. Even if it is a standard procedure, we prefer
to recall it following [11], for the sake of completeness. Consider the sesquilinear continuous
form ¢ on HZ(T) defined by

gp(u,v) = (uxavm)LQ(I‘) = Z/] ui(m)v?(x)dm

We denote by D(Ar) the set of all the functions u € H}(I') such that the linear map v €
H}(T) — ¢u(v) := ¢(u, v) satisfies

lou(v)| < C||v||L2(F) for all v € H&(F).

For u € D(Ar), we can extend ¢y to a linear continuous mapping on L?(T"). There is a unique
element in L?(T"), denoted by Aru, such that
o(u,v) = —(Aru,v)rzry forallve HY(T).

We now define the normal exterior derivative of a function u = {u®}.cg at the endpoints of
the edges. For each e € F and v an endpoint of e we consider the normal derivative of the
restriction of u to the edge e of E, evaluated at i(v,e) to be defined by:

e —ul(0+) if i(v,e) =0,
O i, ) = |
e Cle—) if i(v,e) = L.
With this notation it is easy to characterize D(Ar) (see [11]):
. ou®
D(Ar) = {u = {u}eep € HX(T)NHL(D); Y o

ecE,

(i(v,e)) =0 for any interior vertex v}
e

and
(Aru)® = (u)ze forallee E, ue D(Ar).
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In other words D(Ar) is the space of all the continuous functions u = {u®}.cg on I, such that
for each edge e € F, u® € H%(I.), and which vanish at each exterior node and fulfill the following

Kirchhoff-type condition
S ule) - Y w(04) =0
e€E; T(e)=v e€E; I(e)=v

at each interior node v. It is easy to verify that (Ap, D(Ar)) is a linear, unbounded, self-adjoint,
dissipative operator on L*(T'), i.e. R(Aru,u)p2(ry <0 for all u € D(Ar).

3. THE HEAT EQUATION

3.1. Preliminaries and notations. In this section we introduce the notations for the elements
of the considered tree. We mainly follow the notations of [14].

We first describe the procedure to index the edges and vertices of the tree. We first choose an
exterior vertex, called the root of the tree and denoted by R. The remaining edges and vertices
will be denoted by ez and Og, respectively, where @ = (aq,...,a ) is a multi-index (taking
value in {1} UJy>y N¥). The multi-indices are defined by induction in the following way. For
the edge containing the root R we choose the index 1. That edge is denoted by e7 and its second
end is denoted by O7. Assume now that the interior vertex O, which is the end of the edge eg,
has multiplicity equal to mg+ 1. The mg edges, different from eg, that branch out from Og are
denoted by e 5 with 8 € {1,...,ma}. (See Figure 1.)

Let now J be the set of the interior vertices of I' and € be the set of the exterior vertices of
I', R being excepted. We denote by

Iy={a,05 €3}, Ic={a,05¢€}.

the sets of the indices for the interior and exterior vertices (except the root R). With these
notations I = Iy U I¢ is the set of the indices of all the vertices except the root XR.

The length of the edge ey will be denoted by lg. Each eg is parameterized by the interval
[0, 5], so that the end Og of ez corresponds to x = lz while the origin of ez corresponds to
z=0.

3.2. Carleman estimate for the heat equation. In this section we derive a Carlergan es-
timate for the heat equation on a tree. The following properties for a function u = {u®}zer :
I' = R will be relevant for our work.

(C1) Continuity condition at the internal vertices: u®(lz) = u®?(0) for all @ € Iy and 3 €
(1, ma]]. o
(C2) Flux condition at the internal vertices: u@(lz) = 3 u2%(0) for all @ € I7.
5=1
(C3) Vanishing condition at the root R and at the external vertices: u(v) = 0 for all v € {R}UE.
We introduce the set
2 ={u={u"Yaer : T x [0,T] = R; u® € C?([0,1g] x [0,T]), u(-,t) satisfies (C1)-(C3)}.

Note that u(-,t) € D(Ar) for u € Z and t € [0,7]. The aim of this section is to define a
continuous weight function ¥ = {¢*}z¢r : I' — (0,00) and a constant Cy, > 0 such that if we
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01212

@ Measurement

O No measurement

FIGURE 1. A tree with 10 edges.

set
(@) eACu _ AP(2)

0(z,t) = T p(x,t) = T —1)

,xel, te(0,T),

we have the following Carleman estimate.

Proposition 3.1. There exist a continuous function ¥ : ' — (0,400) and some positive con-
stants Ao, So, C' such that for all A > Ao, s > sg and q € Z, it holds

/ /( Y(lae* + |Aral®) + A2 (s8)|a.|* + \*(s0)?|af?) e **Pdzdt
/ (56) (lau Pe~259) (R, )t
C’ / /|(lt—|-Arq|2 QSsod:Udt—l—Z/ (50)(|ae>e™25%) (v, t)dt) (3.3)

veE
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In the above proposition we have used the following notations |q|?> = {|¢®|*}aecr, |a:|?> =

{laf*Yaer, law|” = {laZ*}aer, ete. and

udxr = /uadaz.

Remark 3.2. (1) The same inequality holds for the operator Oy — Ar instead of O + Ap
just by changing t into T —t.
(2) In the definition of Z, we can replace C*' by H*', as well.
(8) We note that the result is false with only N —2 measurements for a star-shaped tree with
N edges of length 1. Indeed, a non trivial solution of the heat equation that vanishes on
N — 2 edges, at the internal vertex and at all the external vertices does exist.

Proof. Let us consider the operator P = 0; + Ap. Set u = e %Pq and w = e %P P(e’fu).
Following [32] we obtain

w = Mu = u; + spyu+ (Apu + 2sp,u, + s(Arp)u + 52|<,0x|2u) = Mju + M>u,

where

Mju = Aru + spu + s2|¢.|*u (3.4)
and

Mou = uy + 2spzu, + s(Arp)u (3.5)
are the self-adjoint and skew-adjoint parts of M, respectively. Then

Iw|* = [[Mya+ Mau||* = |[Miu|? + || Mzu|? + 2(Miu, Mau),

where || - || and (-,-) denote the norm and the inner product of L(T' x (0,7)), respectively.

Step 1. Ezact computation of (Myu, Mau).
Recall that

T rls
(Myu, Mpu) = /0 /O (Myu)¥(Mou)®dxdt.

ael

We compute the integral term in the r.h.s. of the above identity only for one (arbitrary) edge
eg, that we denote by e for simplicity. We assume that e is parameterized by = € [0,1]. Also,

where there is no confusion, we use the symbols [[ and [ to denote fOT fé and fOT, respectively.
We write

T rl
/ / (Mlu)(Mgu) dedt =11+ I+ I3+ 14
0 0
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T l
I = / / Uy Ut,
0 0

T l
I, = / / Uz (280U + Sz,
0 0

T prl

I3 = (spru + s2g0§u)(ut + 28pzuy),
0 0
T l

I, = (spru + 32g0326u)(sg0mu).
o Jo

l l
I = —//uxuxt—k/uxut‘o :/uxut‘o.

We write the second term as Iy = I3 + I2 where

I} =2s // Uppprtly, and I3 = S// Upz Pralh-
1 2 2|/
12 = —S (Pxx‘ux| +s (Px‘um| ‘0

l

I2=—s // Ug (P30 + Prrtiy) + s/uxgomu .
s 9 u? |l 9
= 5 PlaU” — S (P?)x?’() — S prx’um‘ + s PrazUly

I3 is decomposed as I3 = I + I3 where

I = / / (siovu + 8 lpal )
. / / (sipet + 5 lo ) (2500)-

with

For I; we have that

Thus

and

l
o

Then
1 SN
I} =— (st + 25 sox%:t)77
If = // sea (501 + 8% |0x )0 ([ul?)
l
— g2 // (((Pm@t)r + S(@i)m) \u\z + /S(Pz(SSOt + 32‘9023‘2)"”‘2 o
Finally,

Iy = //(329015 + 33|‘Pm‘2)90xx|u’2'
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We conclude that for the edge e,

/ / MyuMyu drdt = —2s / / ralual? + / / ul? [ sz — o) = (a)e — 5 ullipal)e

l

+ / {uxut + $PppUly + slux| Y + |u\ ( — fgpgx + s2pppr + 5 ( )3)} ‘0. (3.6)
0

Summing now the above identity over all the edges {ez}zer we obtain the exact expression of
the scalar product (Mju, Mau):

i aw =25 [ [ @l + [ [ 12 (S0 - o) - 2ed) - Seuliel)]
_ _ _ _ _ _ Il

+y / uFuf + sl + s 208 + [ (= ¢ + 2Tl + (6D | T (3.7)

acl

Step 2. Terms in the inner product related to the internal nodes.
Let us pick an internal node Of. Using our previous notations, its parent edge is ez and its
children edges are denoted by e;z with 8 € [[1,mg]]. Let us denote by X® the sum of the
boundary terms involving this 1nternal node O in the right hand side of (3.7). Thus

T
X¢ :/ [u ut + Snguaug + 3|Ug!2<pg + |ua| ( 2@31 + 5290?90? +s (ng)?))} (l67 t)dt

/ Z uaﬁ +Sg0aﬂ af, aﬁ+8|uaﬁ|2 af
Be[[1,mz]]
+\u£| ( 2g0aﬁ+52 aﬁgoaﬁ+s( ) )](O t)dt.

Moreover, in (3.7) we also have contributions from the exterior nodes in € and from the root R.
These contributions are given by

Y:—s/ ul 20 Otdt+sz/ 207 (I, 1)t (3.9)
0

acle

Let us now define the weight function 1 = {¢)*}gcs on the tree as follows. The components
@ : [0,lz] — R are chosen in such a way that ¥® € C*°([0, lz]) and

(B1) |95 (x)]* + g, (2) > 0 on [0, 4],

(B2) ¥% > 0 on [0, l4],

(B3) %01/) > Y > %C¢ on [0, Iz}, for some positive constant Cy,
(B4) |[42,| < K¢% on [0, l5] for some positive constant K,

(B5) ¢%(lg) = v*3(0) for all @ € I, B € [[1,mg]],
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(B6) 12%(0) — (mg + 1)v%(lx) > 0 for all @ € Iy, B € [[1, mal],

B7) Y W0 -l () - (et el ()03~ 2 PO > 0forallae I
Be[[1,me]] Be[[1,me]]

Finding a set of functions as above is easy. We can even take 1® to be affine, ¥*(x) = agz+ba.
The coefficients ag and bg are positive numbers that satisfy

(P1) 2Cy > agly + ba > ba > 5Cy for all @ € I,
(P2) aglg + bg = by for all @ € Iy and § € [[1, ma]],
(P3) agz — (ma + 1)ag > 0 for all @ € Iy and 3 € [[1, mg]],

2
(P4) > (a@)?’ — (ag)® — (mg + Vaglaa — > agg| >0 forall @€ Iy.
Bel[t,mal] Belll,mz]]

Let us first deal with the conditions (P2)-(P4). We define the constants corresponding to the
edge e by a7 = 2 and by = 1. Assuming that we have already constructed agz and by for some
multi-index @, then b7 is given by (P2). Next, we have to find a5 large enough to satisfy (P3)-
(P4). Let us choose agp = ratw. Obviously, for large enough rz, depending on mg, conditions
(P3) and (P4) are satisfied. Finally, assume that all the coefficients agz and bg have been defined
to satisfy (P2)-(P4). Adding 2Cy, to all the b5, we see that (P1) is fulfilled for Cy, large enough,
while (P2)-(P4) still hold true.

Let us split X% into X® = X¥ + X& + X§ + X, where

— T_ff
N A L YR S R ()2

Be([L,mz]]
T -
X§ o= [ [eladm - > st 0,0 ar
o Bel[Lmal]
X§ o= [ [shdPenlimn - Y bl Pei0.0)]ae
0 Bel[Lmg]]
a T a 2 @\3
Xp o= [ WP 5o s+ D))
0
= > [P (= S+ sesPe + s (0s?)) | 0. f .
Be[[1,mza]]

We now estimate each term X%, ¢ = 1,...,4. Using the definition of the function u we have for
any index @ € I the following identities

80|

uf = e (—splq™ + qF),  uf = e (s " + qf).
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Let us set u(Og,t) = u¥(lg, t) = u®(0,t) and p(Og,t) = ¢ (Ig, t) = ©*5(0,t) for any @ € Iy
and (3 € [[1,mg]]. With these notations we have

XT = /OT (ugu?(za,t)— 3w, t))d

Bel[L,mz]]
T _
= / w (O, t)e—stﬂ(%,t)( _ 5905 Z SDocﬁ ocﬂ ) + qg(la) _ Z qgﬁ((]))dt
0 ﬂE[[l mal] Bel[Lmal]
T
= / ut(Og, t)@iw(oa’t)( — 5034 ( Z <Pa’8 aﬂ dt
0 ,Benl ma]]

T B _
_ / (O u(0m, ) (= sBlm) +5 S $27(0))dt
0 Be([Lmal]

T _ 2
S R EE - CU R SRE) )OI, (3.9)
° pellLmal]

Let us estimate X§'. Using property (B4) we infer that

_ A _ T2 -5 _
| P2l = HT )IA(%) V| < leal” + Klegl.

This gives that

X5] = \/ sehu e t) s Y PP (0,0)) ]
ﬂd[lma]]

SQT&2T2E 2| @ 1TEE2
< 5 | WP leel+ K) \%\(laat)dﬂrg ; oz [ug|“ (I, t)dt

Q, Q 1 Q,
+ Y / 21+ KR 0ty + /0 315”2 0, t)dt |

BE([1,mz]]

S — o -
o A N R (R S G P RY R P O
Be([l,ma]]

1 T all,, 0 67
w5 | P a3 eI Po.0]ar (3.10)

Bel[1,ma]]

To estimate the term fOT || |uZ|?(Iz, t)dt which occurs in (3.10) and in X§, we notice that

ug(la, t) - Z uaocTﬁ(Oa t) = e—sga(Oa,t) (_S) (@g(la, t) - Z (pgﬁ (O’ t))Q(Oaa t)7
ﬁe[[l,ma” Be[[lvma]]
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hence

— _ — 2
WS ) < ma+ D) Y e O,0F + 2u(0m DR |eSm ) - > @ 0,0]).
56[[177-”'5” 5€[[1:maﬂ
(3.11)
We infer that

T —_ —_
/ T2 (1, )t
0

T _ _ — 2
<o+ 1) [ a0l X WPO0P +2uOn a0~ Y e0.)])

ﬁe[[lvmﬁﬂ ﬁe[[l,ma]]
(3.12)
Combined to (3.10) and to the fact that 9027(0, t) <0 by (B2), this yields
X5+ X§
s (T 2 T? @ 2| @ aB B
== | [|u(Og1)] [(I’%’ + KPS| t) + Y ( Iw |+ K)?|3”(0, t)]
0 Be([1,ma]]
(s / O R UL
0 Be([1,ma]]
1 T B - Bl |2
(st e+ 1) [l Y WP0.0P + SO Pletim - Y P 0.0f).
0 Be([1,ma]] B[t ma]]
(3.13)
Using the definition of X® and estimates (3.9), (3.13) we obtain that
X > 77+ 78
where
& T a u Oa,t 2
Z7 = —/ (— 5ol t) + s Z Pat (0, t))’(Q)‘dt
0 Be[[1,ma]]
s 2 T? & 2| & B B
[ 0w 0 [T 4 KR+ Y e+ KR 0,
0 Be([1,m]]
3, 1o ’ 2| @ @ af 2
= (74 557)(ma + 1) ; (O, ) P[5 (s )| |95 (s ) = > 8 (O,t)‘ dt
56[[177“&]}

T
S o, o a
[ O ORI G + 26T + 2(62)7) | )

T I
- [ O 0 Y (= el + st 26 0.0
Bel[1,ma]]
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and
& 1 T A a8 1 L - B 2
Z5=(s=3) > | [ePlus?P0.0d~(s+)ma+1) [ [l et D | (0.0)72]ar
Bel[t,ma]] 7 ° 0 Bel[1,myg]]
We notice that |¢%]? > ¢(\)? while, with (B3),
02 + 10212 + 10%] + 1020 + 165,] < c(X0)3.

It follows that

T
28 = [ u(om P

0

<[ (0w~ X GO0 ~ (ma+ DIl 0|6l mt) Y eiP0.0))

Be[[1,mz]] Be[[1,mz]]

<[220 (~ WD)+ X WEO) ~ (e + D) [vS0) — Y wP0)])

ﬂe[[l,maﬂ ﬁe[[l,ma]]

+ 0(52)\393)}

and

T A ) —
5= [ Y P0.0P[26(4E70) - (ma+ D)) +O06) .
0
Belll,ma]]
Looking at the coefficient of s* in Z¥ and of s in Z& and using (B6), (B7), and (3.12), we
obtain that for s > sp and A > A\ (with sg, A\p large enough)

X* > Zv+Zz3

T T _
> c/ 53)\303|u((‘)a,t)\2dt+0/ s>\9(|uf(la,t)\2+ 3 |ugﬁ(o,t)\2)dt. (3.14)
0 0
Bel[Lmal)

In particular, X% > 0.

Step 3. Estimation of the integrals along the edges.
We need the following lemma.

Lemma 3.3. [32, Claim 1] There exist \y > X\o, s1 > so and A > 0 such that for all A > A,
s > s1, it holds

T T
S
/ / [ [ (ae — o) = (0P — % 0allpal?)e] dudt > Axs? / / | g [Pdudt.
0 T 0 T
(3.15)
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As the proof of [32, Claim 1] does not involve any integration by parts in x, it is still valid in
our context.

The following lemma is inspired by [32, Claim 2].

Lemma 3.4. There exist so > s1, Aa > A1, and a positive constant C' such that for all A > Ao
and s > S

T T
As / / (oal s ? + As~! / / e Apul?

<o(samas [ [ eaiue e [ 52 " uE1(0) + oFu 1)

/ D 10eDallu®1P(0) + (g Dal (1 )) (3.16)

ael

Proof. Let us pick any edge eg. To simplify the writing, we remove the index @ in our compu-
tations. Using the definition of Mju (see (3.4)) we have that

/ / (el fuzal? = 5= / / (e~ | Myt — sru — s @2ul?
0 0

T rl
<O [ [leal [0 + 2o Pud + st 42].
0 0

Using property (B3) we get that ;| < C|e,|>. Therefore, we have for some constant A > 0

T rl 2 T pl
M
3_1/ / |02 Huga|* < A (HluH + 53/ / |<pz]3u2> . (3.17)

The first term in the left hand side of (3.16) satisfies

)‘8/ |‘pa:‘|ux’2 = As (// ’(Px —Ugy U_/ ‘Soa: xuxu+/ |(Px|uux

| A

| /\

Mlu 2
2A<” H / "Pm|3 2)
As? ASs T ul?
o [[1ePu+ 5 [[obiaatul + 35 [ (1eatuns = a5 ) |
_ As? As
( Ut + 5 [[leaf?) + 25 [[1eaPlul + 5 [[ ol

Jul? T |u|?
w35 [ (leatiuel + 112Dl ) 0+ [ (llulua + oahol ) o

The claim follows by summing (3.17) and (3.18) over all the edges. O

_ S S T
= [[ 1o 1|um|2+//\soz|3|u|2+2//<\soz|>m|u2+As/0 (1eatuus = (aDa -

Jul?
2

),
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Step 4. Conclusion.
By (3.7), (3.15) and (B1), we get for A > 1

Iw|* = [[Myu + Mou|*
= [Myu|]? + [[Maul|* + 2(Myu, Mau)

= | Myl + Ml + 2 S0 X7+

aely

T T
S
2 [ [ onlul [ [P [Sten - e - e - Sen(enPe] )
0 r 0 r
> |[Myull? + | Mu)? + 2{ D X7+ Y

aely

T T
vos [ [0t et e A [ e}
0 r 0 r

T
> Ml 4 Mol 4 30 XT 4y 40 [ [ Pl (3.19)
aely 0 r

Multiplying (3.16) by A/2C and adding it to (3.19) we get

A AXs3 Als A
M. 2 M 2 1— = 2 3 u/ﬁ m2 u/) —lzﬁ 2
Pl + - 50+ 255 [[Pled + 52 el + 5% [[ 1o aru

- A
+Y XT+yY < ||w||2+§B, (3.20)

aely

B = Bi+ DB
T T T a T T T T o |2 = |2
- /\s/0 Z\wguau§“|(0)+|<P§fuau$|(la)+)\8/0 > 195D 1u®*(0) + (195 ]| [u®] (la))-

acl aecl

We now prove that for s large enough, the term B is small compared to » - I X%, so that
B can be absorbed by the left hand side of (3.20). Using (3.14) and the fact that u vanishes at
the vertices of € UR = JI'", we see that

T T
C _
3 2 _ 3 o 2 [e}
By < CA 3/0 > 0u(Og, t)*dt = CA 5/0 > Olu(Og,t)*dt < 5 > X (3.21)

acl acly acly
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Using again the fact that u vanishes at the vertices of OI', we obtain with (3.14) that

B<ors [ lon 0 (Stmnl - > Wi0.0)

OéEIj /BE[[l ma”

<0 [1 3 (VP11 O ) + RO DI (DR + Y W00 )

agly Be[[1,ma]]

< % > X~ (3.22)

Gathering together (3.20), (3.21) and (3.22), we obtain

A AN (T A)\s
el + i - 200+ 55 [ i+ 5 [[etuat oo [ [ i ~aru
$ o Jr
C\ 5 i :
+(1—;)ZX +Y < |w|?
acly

Writing explicitly the term Y and tacking into account the sign of the functions ¥& occurring
in Y, we get for s and A large enough

T T T
|Myu)? + [ Moul? + As® / / [, * + As / / pullusl? + s~ /0 /F ool Arul?

A3 x4 / A3t (R, )t < O ([w]? + /T S Al 1)) (3.28)

acly 0 acle

Finally, using the definition of M> we get

T T
w7 e wPede < ot [ [ o (1l + Rl Pl + Pl Pluf)

T
C [ [ Ml Aslyl el + Al e fp24)

IN

IN

From (3.23) and (3.24), we infer that for s > s3 and A > A3 (with s3, A3 large enough) we have
that

T T T
Ml [l 05" [ [ aPlea+as [ [ el 25 [ [leal ™ (Aru + o)

LY X / A0 g 2(R, 1)t < (|1w]* + / > AsHTuZ P, t)dt).

acly aelg

Replacing u by e *%q in the last inequality, we readily obtain (3.3). O
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3.3. Inverse problem. Before proving the stability result in Theorem 1.1 we need to analyze
the following system:

u®(z,t) = ul, (x,t) + b*(x)u®(z,t) + R*(x,t) f*(z), (x,t) € (0,lz) x (0,T), a €1,
u*(lz,t) = 0, te (0,7, ac lg,
ul(0,t) = 0, te (0,7),
u (I, t) = uP(0,t), te(0,T), a €Iy, B€[[l,mal]l,
ug (I, t) = B%lu%ﬁ(O, t), te(0,7T), aely,

| -

(3.25)
where b = {0*}zer € L=(T).

Proposition 3.5. Assume that u = {u®}g¢; is a solution of (3.25) which satisfies uy € H>'(I'x
(0,7)). If R = {R%(z,t)}aer 18 such that Ry € L=(T x (0,T)) and that

|R(z,t0)| >7r >0, forae z€l and somety € (0,T), (3.26)
then there exists a positive constant C = C(||Re||po(rx(0,1)), |/Pl|Loo(r): 7) such that

Ifllz2m) < C (Hu sto)ll m2(r +ZH3:ctu ”LQ(OT)) (3.27)

veEE
for any £ € L*(T).

Proof. We proceed as in [34]. Set z = dyu. Then z = {2%}5¢; satisfies

2&(z,t) = 28, (2, t) + 0% (2)2% (2, t) + RE(z,t) f(x), (z,t) € (0,l5) x (0,T), a €1,
2%(lg,t) = 0, te (0,T), a€lg,
210,t) =0, te (0,7),
(I, t) = 2°P(0, 1), te(0,T), aely fell,mall
2l 1) = z 70,0, e (0,7), Te Iy,
) B (3.28)
On the other hand,
R(z,t)f(z) = Opu(z,t) — (Aru)(x,t) — bu(x,t). (3.29)

Using a change of variables it is sufficient to prove (3.27) when to = T'/2.
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We now apply the Carleman estimate (3.3) with q = z = dyu (and some fixed A > 0)
T T
/ / [(50) " 0uul? + 5010, + (s0)% O] e + / (50)(|0srul2e252) (R, )dt
o Jr 0
T T
C(/ / |00 — Ardyul?e 5% + Z/ 50(|0zpul?e25%) (v, t)dt)
/ / (OR)E? + [Bruf?)e 25 + Z/ 0(Dyule ) v, 1) ).

veE

IN

\ /\

which gives, for s large enough,

T T
/ / (se)*l\attu12+se|axtu\2+(sa)3yatu\2]e*2w+ / (50)(|Dprul2e259) (R, 1)t
0 0

/ /| (B, R)f|%e —28‘P+Z/ 0(|0,rule ZS‘P)(v,t)dt).

Since limy_g e~ 25¢(@4) = 0 for z € I and |, (z,t)| < CO*(z,t) for all z € T and t > 0, we get

T/2
/’atu(x7€)’2e2890(9675)6[3;:/ aat(/mtu(x’t)Pe28<P(x,t)dx>dt
r 0 r

T/2
:/ /[28tu8ttu—286tcp|8tu|2]e_QS‘P(z’t)dxdt
0 r
T/2
S/ /(2|8tu]|8ttu]+05928tu|2)e2S‘p(x’t)dxdt
0 r
T/2
<C / / (520)_1|8ttu|2—|— (30)2|8tu|2)e_QS‘P(x’t)dxdt

< / /\ (OR)f|2e 2%Pdxdt 4+ Ce™ CSZ/ |0peu|?(v, t)dt. (3.30)

vel

Using (3.26), (3.29) and (3.30) we obtain that

/ |f(x)|2€—2sso($,T/2)d$ < C/ |R(x’T/Q)f(x)|2€—284p(x,T/2)dx
r r

T T T
< C/ Iatu(a:,—)|2+ [Aru(z, )7 + \u(x,f)p)e—%cp(rf/z)dgg

< / /| (OR)E[2e 2% ddt + Ce CSZ/ 10upu2(v, £)dt + C|u(-, )||H2

vel
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Since ;R € L>(T" x (0,T)), it holds

/ |f($)|2€—25<p(z,T/2)dx
r

< / /’f‘2 =250 dt + Ce™ C’SZ/ ‘aztu’ v, t)dt + Clju(, )HH2

veE

It follows from the definition of ¢ that

T
p(x, 5) < (z,t) forall (z,t) €' x (0,7,

so that

T

/ / If(z)|?e 25P@ D dpdt < T / £ (2)|?e25P®T/2) gy

0o Jr r

Therefore
T
1T / B(z) 262590/t < 0 / Bu 2 (0, )t + CluC, ) e -
veEE

The desired inequality follows for s large enough. O

We are now able to prove the stability result for system (1.1).
Proof of Theorem 1.1. Let us denote
w =u(p) — u(q).
It satisfies the following system

w; =Arw —qw +Rf inl x (0,7),
(x,t) =0, on JI' x (0,7,

where f = q — p, R = u(p). Note that R € C([0,7]); H'(I')) c C(T x [0,7T)), for u €
L%(0,T; H*(T')) and u; € L%(0,T; L?(T")). Using our hypothesis, we see that |R(-,to)| > 7 > 0
on I', hence we can apply Proposition 3.5 to obtain

P~ allzr) < C(I0a@) — u(@]C.t0) 2y + 3 10: o) — u(@](w. Vo).
vee

where C' = C((|0pu(p) || Lo (rx(0,7))> lall o (r)> 7). The proof is now completed. O

4. SCHRODINGER EQUATION ON A STAR-SHAPED TREE

In this section, we consider a network I" which is a star-shaped tree constituted by N edges
ej (with N > 3) connected at the internal node O. Here, the parameterization of the edge e; is
chosen so that the origin O of e; corresponds to x = 0, while the endpoint O; of e; corresponds
to x =1[j, for all j € [[1, N]].
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FIGURE 2. A star-shaped tree with 4 edges

We consider the following Cauchy problem

Wit + Yjae + pj(@)y; = fi(2,1), z € (0,4), je[[L,N]], t€(0,T),  (431)
yj(0,1) = u(0,1), te(0,7), j,l € [[1,N]], (4.32)
Z yj,x(ovt) =0, le (O’T)a (4.33)
1<j<N
y(l;,t) =0, j€[[1,N]], te(0,T), (4.34)
y(@,0) = yo(), zeTl, (4.35)

where p = {p;};=1,v € L>(I") is some given potential function. Our main aim is to prove the
stability for the inverse problem consisting in retrieving the potential p from the measurement
of y,(l;,t) for j € [[1,N]]. This is done thanks to some Carleman estimate in following the
classical Bukhgeim-Klibanov method.

The first step will be the proof of a Carleman inequality on I'. The key point is that choosing
only one weight function ¥ = {¢;};,—1 v : I' — R as in the case of the heat equation is not
convenient since we fail to control some boundary terms. Instead, we consider a family of
weights {¢* te=1,~ allowing us to get rid of some bad boundary terms.
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4.1. Carleman estimate. Assume given a family (¢§)1§j,k§ n of functions fulfilling the follow-

ing properties

¥¥ 1 10,1j] — R is of class C?, Vi, k € [[1, N]], (4.36)
YEL(0) = ¢32(0), Vi1, k1, g2, ko € [[1, N]], (4.37)

(@) (@) + @)"(@) >0,  Voelol], Vike[[L,N], (4.38)
(V) (x) #0, v € [0,1], Vi, k € [[1, N]], (4.39)
%zu§@y>§, v € [0,1;], Vi, k € [[1, N]], (4.40)

where C' > 0 is some positive constant. We also assume that the following flux conditions at

x = 0 are satisfied:

> @h0)y=0, kel N], (4.41)
1<j<N
ST @k (0)=0, VjelLN], (4.42)
1<k<N
SO =c1, Ve[, (4.43)
1<k<N
> @) =0Cy Ve [N, (4.44)
1<k<N
STl >0, Ve N], (4.45)
1<k<N

for some constants C; > 0 and Cy € R. Such a family of weights functions (¢f)1§j7k§ N exists.

It is sufficient to pick (affine) functions of the form ¢§3 (z) = a;?:r + 5C with C >> 1 and

N -1
k._

Let us introduce the families of weights

if =k,
if j # .

AVE (@)

t(T—t)’

AC _ M (2)
HTr—t)

k k
ej(xvt): (Pj(xvt):

and the class of functions
2 = {a = (g)j=1,x € C('x[0,T)); ¢ € C*'([0,1;]x[0,T]) Vj € [[1, N]}, and (4.32)—(4.34) hold}.

Proposition 4.1. Assume that the family of weights (wi) fulfills (4.36)-(4.45). Then there exist
some constants A\g > 1, sg > 1 and Cy > 0 such that for all X > Ao, all s > sg, and all q € Z, it
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holds

S [ [ 0 T (TS Pl
1<5,k<N

< Co (// |76 + dj,0 e 28“"ﬂdfbdt+/ st} (1) aj.0 (1) e 28%dt> (4.46)

1<j,k<N
where ¢ = v/—1 and M{“ and ]Tﬂ“ denote the operators
(MYQ); == [s(& + i o) = 2i5%10 o *)ay + 20505 1050 (4.47)
(MFq)j = [=s(fs + i) 00) + 205° (@5, 0 + 4ja — 20805 000 + G720 (4.48)

Proof. In what follows, the letter ¢ will denote a constant (independent of s, A, q, j, k) which
may vary from line to line. Let q € Z be given, and for j, k € [[1, N]], let

k _ —s<p'? . k _ —sgo’? spt k
uj =e igq;, wj=e "iL(e ]U)

where L denotes the operator
L =0, +i02.
Straightforward computations show that w* = M*u* with
k k. k k k ok | 0k ko, k E ook 21k |2,k
wj = (MP); = wjy + 5@y + iU + 2505150 + 595 0atly + 57 |050]7u5),
the operator M* acting simply on the components of u* along the different edges. Let M{“ and
MQk denote respectively the (formal) adjoint and skew-adjoint parts of the operator MF*. We
readily obtain that
(Mfuh); = i(2seh b+ sof L ub) + s ub (4.49)
k. k k -0k k k
(Myu"); = uj, +i(uj,, + 52’<Pj,x|2uj)- (4.50)
Letting (qu)j = e‘w?(Mfuk)j and (]Tlg‘/’q)] = 5 (M5uF);, we easily check that (4.47) and
(4.48) hold. On the other hand,
k k. k k. .k k. k k. .k k. k k. k
[w"|? = [[Mfu® + Myub||? = ||[M{u®|[? + ||Mzu®]|” + 2 Re (M{u®, Myu")

where (u,v) =3,y fOTféj uj(w, t)v;(x, t)dzdt and ||w||*> = (w, w). The proof of the Carle-
man estimate is inspired by those of [30, Proposition 2.1]. In the first step, we compute precisely
Re (M {“uk, Mé“uk) In the second step, we check that the boundary terms related to the internal
node O give positive contributions. The third step is completely similar to the second step in
the proof of [30, Proposition 2.1].

Step 1. Ezact computation of Re (Mfuk, Mfuk)
We intend to compute

Re (MFu”, Mbu e > / / (MPFuF); (MEWF) jdadt.

1<j<N
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Let us fix any pair (j,k) of indices in [[1, N]| and let us compute fOTfOlj (MFuR); (MEWF) jddt.
For the sake of s1mp1101ty, we shall drop the indices j and k during the computations, and we
shall write [[ u for fo fo (z,t)dzdt, and [ h for fo t)dt. Then

2Re / / (M), (MEaF), dedt = 2Re / / [i(250 s + SPpat) + spru[T — (Tz + 520 T)]
= L4+

where

I;, = 2Re // 1(28QpUy + Sz (U — i(Ugy + 52\@z|2ﬂ)),

I, = 2Re //SSOtU(Ut_iuLBI)?
Is = 2Re //swtu(—iSQISDleu)-

Obviously, I3 = 0. Let us begin with the computation of I;.

I, = 2Re //(23(,055% + 5ugtt) (Ugg + 5%|02|0)

+2Re // (280U + SPpu) U = Il + 1'12.

To calculate Ill, we need to evaluate the real part of the integral term J := f f Ugy Prlly. Inte-

grating by part yields
_//%((Pzzum +‘Pwuzz) +/pr

where [ stands for /;. On the other hand

l
=~ [[entual + [ orlusP|

2 2 2l 2l

9Re J = —2//<pmum| +//<pm!um\ _/<Pm|um’ ‘0+2/%\ux| (O
l
I

Therefore
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It follows that

io= enelosres [[ o 28 [[rbuars [[onleur)
= 4s ReJ —2s Re //(cpgxu + Qrglz Uy + 28 Re/cpmuux ; + 243 //(gox)?’ﬁg;\u]2
425 [ [ purlonPlup
= a5 [[ st [odusl 3o ([[euta? = [leastah -2 [[ orrtucl?)
+2s Re/gpmuux ZO — 6s° //(cpg;)2cpxac|u|2 + 253/(¢x)3|u|2’; + 9253 // <,0m|<,03:|2\“|2
— s [[ontunl s [[eull - 458 [[oPomtup

l
+ /[2sg0$]ux\2 + (—sp3z + 283(<pm)3)\u|2 + 2s5¢..Re (uvTx)]‘O

On the other hand,

112 = i//(2s<pxux + scpmu)ut—i//(ngoxux—F S$Qra W)Uy

= —i //(QS(pactux + ZS(Pacuxt + SPzatU + Sgpa:acut)ﬂ

+i // 25(pazur + @xuxt)u—i/%cpxuut‘; - z// S Ul
= — // (5Puat|ul? + 250psu T )—z/?sgpxuut’l
= //Scpzt Ul + U, T )_Z/SSOact‘U’ ) —218//90ztuxu—1/28<pzum‘
= // SQat(Ully — ugw) + z/[s<p$(uut — utu)]‘o.

It remains to estimate Is.

I = // s (utg + Tuy) + // soi(—iuligg + iTUgg) = 13 + I2.
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We find that
I = —//&Ptt’u\g,
) . . |
I5; = s //(tpxtu + prug )y — zs/cptuux .
I
—1s //(Sotxu"i_ Sotuim)uz +i$/§0tuuw 0
l
= 2Re //(is)goxtuux—i— 2 Re /(—is)cptuux o
Thus

L+ 1+ 13

= —4s // Qozx’ua:‘Z +3// 90496’”‘2 _453/ |90$‘2§0J:x|u|2
+1 // St (Uly — UuzW) — s// (ptt|u]2 + 2 Re //(is)cpmuuz

T / 2500 ta]? + (=590 + 265 (92)) [ul? + 25020 Re (uirs)
[
+ispg(uty — uir) + 2 Re {(fis)cptuuix}]‘

o

We conclude that (with the indices written again)

STOIWER = >[It vt

1<k<N 1<k<N

Trh o e Trh o
k
+ Z {—48/0/0 gojvmlujﬂ —4sIm/O/O O ot Ui U,

1<j,k<N

T
k k k k k
4 /0 /O E 250 g — o ) — 453050020k 1)
T

+ /0 25t b L2+ (—soby +263(oh )Pl P + 2508, Re (uf

. — !
+2s<p?7t Re (—zufu;@x) + zsgoécx(u;“u?t - u?tu;“)] ’0} :

)

(4.51)
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Step 2. Estimation of the boundary terms at the internal node O.
We estimate each term in

T T
> | so;ix<o>ru§,x<o>\2+2 / (s53(0) = 252}, (0) ") u(O)

Jk

S [ b 3 [ ;
+» (—2s) . 22(0) Re (u( uk (0)) + —25) 7+(0) Re (—iu(0)uf . (0))
< . @ 80

T
+ Z/o (—is)gpjx(())(u(O)ut(O) —w(0)u(0)) =: J1 + o+ J3 + Js + Js.

In the above equation and in the following ones, we write merely

u(0) :=uf(0,1), ¢(0) = ¢5(0,1), et
Using (4.42), (4.43), and (4.33) (for the ¢;’s) we see that

T
5= (290 / S 0k (01O (—sigk L g; + i) 2
i 70 K
3 r k 3 2 r k 2 0 2
= 25 [ SO0 =23 [ (5 000
+4s°Re Z/ ijx ) (0)¢;j,2(0)

Py E 0ra(0)L.
/0 §<¢J,m<o>>| (0)|

Therefore .
Bt da= Y [ (st = 456k 0O (452)
4.k
On the other hand, using (4.43), (4.44) and (4.33), we have that
T
Bio= =23 [ heal0) Re [a0)e sl (0)5,0) + 1, 0)
j.k

= 252Re/ (Z%m QOJ, )u( )’2

T 4(0)e—5(0) oA(0) o
saame [0 T ;(Zw}“)”(o)mz{( }“)’<0>12> 02(0)

k k

= 252R6/ (290]9317 90], )u( )’2 (453)



28 LIVIU I. IGNAT, ADEMIR F. PAZOTO, AND LIONEL ROSIER

Combining (4.52), (4.53) and (4.45), we obtain that for s > s; and A > Ay,

313 ’ e/\w?(o) ’ 2
J1+Jo+ J3 > es°A / _ u(0)|“. 4.54
>, (i) o (154)

Finally, we claim that Jy = J; = 0. Indeed, using (4.33), we obtain that

Jy = —2sIm (/OT got(O)u(O)%:szt)

T
= —2s Im/ sot(O)U(O)Z(—scpﬁx(O)ermk*MO)dt
0 T
0,

while J5 = 0 by (4.41). Thus we conclude that

T w0 \?
I+ Je+ s+ Jy+ J5 > cs3>\3/ ] lu(0)[% (4.55)
0
for s > s1, A > Aq.
Step 3. FEstimation of the integrals along the edges.

Direct estimations as in [30, Proposition 2.1] (without any integration by parts) yield that for
some constant A > 0

T lj T lj .
Z{(_4S)/ / @?,mc’u?,x‘z —4s Im / / (p?,xtu?u?,m
.k 0 0 0 0

Tl
n /0 /O b 2[5 40 — b ) — 455 (k) 2k 1)
A

o [T [Y ky/, k|2 s [T
ZAE )\s/ / ) ut |F+ As / / T
‘77k{ 0 0 t(T_t)‘( ]) Js ’ 0 0 ‘ Js

provided that s > s9, A > Ag. Combining (4.51), (4.55) and (4.56), we infer that

b k. ky (2 k. ky (2 2 b 6>\¢}“ kv k|2 3lek3k2
> [[(M7a"); 17 + [(M3a") ;7] + A%s — (7)) uj . |” + As (2
, o Jo 0oJo T —1) o Jo
gk

53 [T MO ’ P Trb e T k 2
FesPA / w(0))? p <c <// w +5/ C ()] k(1 dt). 4.57
A T |u(0)] %: . w| ; 05 ()] |ug 4 (15)] (4.57)

Replacing uf by ¢™% g; in (4.57) gives (4.46). 0

3|uk)?} (4.56)

Remark 4.2. Note that (4.46) is still valid if, in the definition of Z, one replaces
g; € C*1([0,1] x 0,T])  ¥j € [[L, N]]
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by
qc€ H>(T x (0,7)).
4.2. The boundary problem. We consider the following boundary initial-value problem
Z‘Ujﬂf + Uj za —l—pj(x)uj =0, x€ (O,Zj), j S [[1,]\7“, te (0,T),

u; (0,1) = w(0,0), jok € (LN, te (0,7),
e e wa(0,) = 0, te (0,7), (4.58)
uj(l; t) = hy(), j € [[L, N, t€(0,7),

u(z,0) = up(x), xel.

In what follows we fix the initial data ug and the boundary data h = {h;};—1 n, and we denote
by u(p) the solution of the system (4.58) associated with the potential p € L>°(T").
Theorem 4.3. Assume that p € L*°(I';R), ug € L*°(T") and r > 0 are such that

e up(z) € R oriug(xz) €R a.e. inT,

o |up(z)| >r>0a.e inl, and

e dyu(p) € H>Y(T x (0,7)).
Then, for any m > 0, there exists a constant C = C(m, ||0u(p)||g21(rx(0,7)):7) > 0 such that
for any q € B, (0) C L*™°(I';R) satisfying

onu(q) € H*HT x (0,7)),

we have that

lp—dall2ry <C Z 10z [u(p) —ala)]; (s, )01
1<j<N

Proof. Pick any p,q as in the statement of the theorem, and introduce the difference y :=
u(p) — u(q) of the corresponding solutions of (4.58). Then y fulfills the system

yj(ovt) = yl(ovt)a jak € [[17NH7 te (O,T),

Zl<j§N yj,x(ovt) =0, t € (0,7), (4.59)
yj“}? t) =0, VES [[17NH7 te (07T)7

y(z,0) =0, zeT,

with f; = ¢; — p; (real valued) and R; := (u(p));. To complete the proof of Theorem 4.3, we
need the following result.

Proposition 4.4. Suppose that R = {R;};—1 n satisfies

e R(z,0) € R oriR(z,0) € R a.e. inT,

e |[R(z,0)] >r>0ae inT,

e Rec HY(0,T;L>=(T)), and

e Oy € HXY(T x (0,7)).
Then for any m > 0 there exists a constant C' = C(m, [|Rq||r2(0.1;100(r)),7) such that for any
q € L®(T,R) with ||q|eo(ry < m and for all £ € L*(I',R), the solution y of (4.59) satisfies

£l L2y < C Z Y52 (Lis M E o,7) (4.60)
1<j<N
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Proof of Proposition 4.4. Let f € L?>(I';R) and R € H'(0,T; L>°(T)) be such that R(z,0) € R
a.e. in I', and let y be the solution of (4.59). We take the even-conjugate extensions of y and
R to the interval (=7,T7); i.e., we set y(z,t) = y(z,—t) for t € (=T,0) and similarly for R.
Since R(x,0) € R a.e. in I, we have that R € HY(~T,T; L=(I')), and y satisfies the system
(4.59) in I x (=T, T). In the case when R(z,0) € iR a.e. in I, the proof is still valid by taking
odd-conjugate extensions.

Let z(xz,t) = yi(x, —t). Then z satisfies the following system:

2.t +7:ZJ}J»‘J»‘ +in( )ZJ = ij( ) Jt(x t) T € (Ovlj)7 JE [[17N]]7 te (—T,T),

2;(0,t) = %/(0,1), Jke[1,N]], te(-T,7T),

S 1ejen 20(0,8) =0, te (-T,T), (4.61)
zj(lj,t) =0, jell,N]], te(-T,7),

z(2,0) = —if(z)R(z,0), zel,

We apply Proposition 4.1, but on the time interval (—7,T') instead of (0,7"). Therefore, here
we consider

A _ M (2)

0y 1) = T+OT -1

A (@)
— 5 Aen= W(z,t) € T x (—T,T).

(T +t)(T -
As in the proof of Proposition 4.1, we introduce w;? = e_‘w?zj, (M¥z); = es¢§(M§wk)j and

(Méc k)] = w +Z( W) e T 82]g0]w|2 ’?). Next, we set

Z / / e~ 2] Mk );Zjdxdt.

1<j,k<N

Then we have

J = Z// wh)jwhdzdt
_ 0 l; 0
- Z{// wggtw;vdxdtﬂ/ / (—|wh |2+82|cpf7$|2]wﬂ2)d:vdt+i/ wh, J] dt}.
ik —TJ0 -TJ0 =T

Note that, by (4.61) and (4.41),
D e (0)wh(0) = 3 (22(0) — s (0)2(0))e 2 (0) = 0.

J

Therefore
1 b 2 1 b sk (w0 2 2
- 22/ wh (2, 0)[2dadt = 22/ ¢ 2595 @0 1£(2) 2R (s, 0) 2.
ik 70 ik 70

Using the hypothesis on R(z,0), we infer that

Z [ et (1.62)
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0o :
</ / e~ 5% \zj\zd:cdt>
-1/0

On the other hand, we have that

0 l; ——
gl = A e amn, Paca)
I —-TJO

NG

1 s [0 b ek ko (2 2.8 7 et 2
< *Z A"%s72 e “i|(M5z);|*dxdt + N s2 e iz *dxdt
24 -1Jo -7J0
gk
2 -3 O Y sk Ty 2 s [0 Y ks —2seh ) 2
< e s—zz{/ / e=295 |(Mba), Pdudt + Ms / / (6532 | dmdt}, (4.63)
& W-ro ~1Jo

where we used the fact that
0F > T2
From (4.63), the Carleman estimate (4.46) (applied on the interval (=7, T") instead of (0,7)),
and the fact that ¥ (z,0) < ¥ (x,t) for all (z,t) € (0,1;) x (=T, T), that #5¢ 2%/ is bounded
from above in (0,1;) x (=T, T), that q € L°°(T), and that R; € L*(—T,T; L>°(T')), we infer that
for s and A large enough

T T
lJ| < cA"2578 Z {/ /] 6_28‘p§|th|2da:dt+)\s/ 9?6_25¢§]zj,x(lj,t)|2dt}
= U-ro -7
3 b sk (@.0) 12 1,1 g 2
< o 8_22/ 2050 £ 124y 4 A~ s—zz/ 122 (1, ) . (4.64)
gk 70 g T

It follows from (4.62), (4.64), and the fact that z(z,t) = —z(x, —t) for (z,t) € I' x (=T,0), that
for s and A large enough

l; 0
Z/OJ e 259 (@0 £ (1) 2y < cZ/ij,x(zj,t)th. (4.65)
Jk J

Then (4.60) follows from (4.65) since

6—2590?(30,0) > 6—2$T’2(e)‘c—1).

This completes the proof of Proposition 4.4 and of Theorem 4.3. O

5. OPEN PROBLEMS

We now mention a few open problems related to our work. One of them is whether it is
possible to reduce the number of measurements at the boundaries. It could be interesting to
combine the ideas of the paper with those appearing in [13], [14] where less measurements on
the boundary are needed but some rationality assumptions on the lengths of the edges have to
be made. For the Schrédinger equation, the question whether a Carleman estimate on a tree
with N exterior vertices can be written with only one weight function and N — 1 boundary
observations seems to be challenging.
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The extension of the present work to more general graphs with other kind of coupling is also
an open problem. We recall here the works of Kostrykin and Schrader [23, 24] where self-adjoint
Laplace operators with general coupling conditions are introduced.
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