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Low Field Regime for the Relativistic
Vlasov-Maxwell-Fokker-Planck System: the One
and One Halt Dimensional Case

Mihai Bostan * Thierry Goudon'

(28th July 2006)

Abstract

We study the asymptotic regime for the relativistic Vlasov-Maxwell-Fokker-
Planck system which corresponds to a mean free path small compared to the
Debye length, chosen as an observation length scale, combined to a large
thermal velocity assumption. We are led to a convection-diffusion equation,
where the convection velocity is obtained by solving a Poisson equation. The
analysis is performed in the one and one half dimensional case and the proof
combines dissipation mechanisms and finite speed of propagation properties.

Keywords: Vlasov-Maxwell-Fokker-Planck system, Asymptotic behavior, Diffu-
sion approximation.

AMS classification: 35Q99, 35B40.

1 Introduction

This paper is devoted to the asymptotic analysis of a system of PDEs describing the
evolution of charged particles. The unknown is the distribution function of particles,
which depends on time ¢, space x and momentum p. The particles are subject to
collisional mechanisms and to the action of electro-magnetic forces. The latter
are defined in a self-consistent way by the Maxwell equations. We are interested in
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hydrodynamic limits where the relaxation effects induced by the collisional processes
are strong enough and force the distribution function to tend towards an equilibrium
state. Hence, in such a regime the behavior of the particles can be described by
means of a finite set of macroscopic quantities, that is certain averages with respect
to p of the distribution function, see e.g. [23, 24, 37]. We distinguish two asymptotic
regimes:

- the high-field regime corresponds to a situation where the force field has the
same order as the collision term,

- the low-field regime corresponds to a situation where the convection and the

force field are also singular terms within the equations, but at lower order than the
leading contribution of the collisions.
Roughly speaking, the latter regime leads to convection-diffusion limit equations,
while the former yields a purely hyperbolic model. The question has been pointed
out by Poupaud [33], see also [16], motivated by the modeling of semi-conductors
devices; we also refer to the modeling discussions and numerical studies in [1].

In this paper, we assume that the evolution of the particles is governed by the
relativistic Vlasov-Maxwell-Fokker-Planck (VMFP) equations. We write the equa-
tions in dimensionless form, detailing in the Appendix the discussion on the scaling.
The system depends on three dimensionless parameters: § > 0,0 < < 1and e > 0
which is intended to tend to 0. For a momentum p € R?, we define the energy

E(p):%<\/l+%—l) (1)

and the velocity is given by

op) = V() = 2___ &)
\/1 LAl
52(1/0% —1)2

As a matter of fact, notice that the velocity remains dominated by

o)) < 2D )

We are concerned with the following equations

O+ 200 Vit + (FE 10+ o) A B 1)) O

6 . (4)
= gdlvp(vpfa +v(p)f9), (t,x,p) €]0, T[xR’ x R®,

€

OE° —cul,BS = — L+, £26%9,B° + curl, B = 0, (t,x) €]0, T[xR?, (5)
5
div,E° = p° — D, div,B® = 0, (t,x) €]0, T[xR3, (6)
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where p* = fR3 fedp and j° = fR3 v(p)fedp are the charge and current densities
associated to the distribution f¢, respectively while D > 0 and J € R3? are the
(given) charge and current densities of a background particle distribution of opposite
charge. Throughout the paper we suppose that the global neutrality condition

/ fe(t,x,p) dp de = D(t,x) dz, te0,T],e>0
rR3 JR3 R3

holds. We are interested in the asymptotic regime 0 < ¢ < 1, with 0 < § < 1 and
0 = O(1) kept fixed.

In plasma physics or semiconductors theory, one often uses a simplified model
where on the one hand relativistic corrections are neglected (which means replacing
v(p) by p), and on the other hand, the full set of Maxwell equations is replaced by
assuming that the force derives from a potential ®, which itself obeys the Poisson
equation with a right hand side depending on the density of particles. Namely, one
considers the Vlasov-Poisson-Fokker-Planck (VPFP) system

1 1 9 . £ €
o f* + P Vaf — gvchf -V ff = g_levp(vpf +pf), (7)

coupled to
—A, P =p"—D. (8)

The asymptotic behavior of the system (7), (8) when € goes to 0 has been studied in
[34], where mathematical difficulties depending on the space dimension are clearly
pointed out. It was shown that the limit (p, ®) := lim.\ o(p°, °) solves the following
drift-diffusion system

Op — %divw(vxp +pV,P) =0, —A,® = p(t,z) — D(t,x). 9)
The convergence statement is proven in full generality in dimension one, and two (we
refer to [26] for this case) but with restriction on initial data and on a small enough
time interval in higher dimension. We also mention the tricky analysis recently
performed in [29] for the Boltzmann-Poisson system in a bounded domain which
leads to quite general results. The high field regime relies on the analysis of the
behavior for ¢ — 0 of

1 0 : € €
O+ Vaf* = SV, 05V, f° = =divy (V,f* +pf), (10)

where now the non linear force term V,®° -V, f¢ is of the same order of magnitude
that the diffusion Fokker-Planck term. The high-field limit of the VPFP system has
been studied in [31], [25] and leads to

1
Op — gdiv$(pvx<1>) =0, —A,® = p(t,z) — D(t, z). (11)



This is a pure transport equation, where the velocity field depends on the density
p through the Poisson equation. We refer to [31] for comments on this problem
which shares some features with the pressureless gases model. Therefore, high field
combines with hydrodynamic limits and yields interesting phenomena. We also
mention in this direction the recent developments in [7] and [5]. Of course, another
natural question consists in investigating a vanishing viscosity limit of (9) so that we
recover (11); this has been analyzed in [30]. Clearly, in these asymptotic problems
the mathematical difficulty relies on the treatment of the non linear term V,®° f¢.
When analyzing the behavior for small ¢’s in (7) (or (10)) with (8) we appeal to the
very specific form of the coupling with the Poisson equation: it allows us to make
use of nice convolution formulae to write the force field by means of the density
(that also makes the role of the space dimension clear). Hence the motivation of the
questions we address is two-fold. First, on a modeling viewpoint, the coupling with
the Maxwell equations takes into account more details of the physics. Second, on a
mathematical viewpoint, we investigate how robust the derivation of low and high
field limits is or if it cucially depends on the original coupling. In [10], we deal with
the high field asymptotics for the (non relativistic) VMFP equations

Of +p- Vo[ + (éEe(t, ¥)+p AB(L, :1:)> V= édivp(pfe LV, (12)

OE° — curl,BF = J(t,x) — j°(t,x), €0;B° + cwrl,Ef = 0, (¢, 1) €]0, T[xR?, (13)
div,E® = p°(t,2) — D(t,x), div,B* =0,  (t,z) €]0, T[xR> (14)

It yields the following limit system

Oyp + div,(pE) = 0, (t,r) €]0, T[xR?,

div,E = p(t,z) — D(t,x), curl,E = 0, (t,x) €]0, T[xR?,

OE — curl,B = J(t,z) — p(t, 2)E(t, ), div,B =0, (t,x) €]0, T[xR>.

(15)

We analyze here the low field regime taking into account relativistic corrections.
Furthermore, we restrict ourselves to the one and one half dimensional framework
which means that f = f(ta x7p17p2)7 E = <E1<t7 $)7 E2(t7 l’), 0)7 B = (Ou 07 B(t’ .Z‘))
for any (¢, z,p1,p2) € [0, T] x R3. Precisely, we deal with the equations

uf o L0 f + (LB + )8 ) 0+ (15 - P 0
_ &%divp(vp o) f),  (tap) €0, T[xR x B2, (16)
O,E5 — _é )+ J(ta), () €0, T[xR, (17)
b5 +0,B° = —éjg(t,x), (t,x) €]0, T[xR, (18)
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£20%°0,B° + 0,E5 =0, (t,x) €0, T[xR, (19)
O BT = p(t,x) — D(t,x),  (t,2) € [0,T] xR, (20)

where D, J : [0,T] x R — R are given functions satisfying D > 0 and the continuity
equation
0D + 0, J =0, (t,x) €]0, T[xR. (21)

We prescribe initial conditions for the particle distribution and the electro-magnetic
field

£20,2,p) = f5(z,p), (z,p) €ER x R?, (22)
Ef(0,2) = E5(x), B*(0,z) = B;(z), r € R, (23)

satisfying
%E&l = /R2 fo(z,p) dp — D(0, z), x €R. (24)

After integration of (16) with respect to p € R? we deduce that the charge and the
current densities verify the continuity equation

1
O’ + 2047 =0, (t,2) €0, TIxR.

By using the continuity equations for positive/negative charges and by taking the
derivative of (17) with respect to  we deduce that (20) is a consequence of (21) and
(24). Notice that if initially the neutrality condition is satisfied i.e., fR fR2 f6 dpdx =
Jo D(0,z) dz, then we have [, [0, f(t, 2, p) dpdx = [, D(t,x) dx for any ¢ €]0,T7.
In what follows we consider only smooth solutions. Unfortunately, to our knowl-
edge, there are no mathematical results concerning the existence and uniqueness of
strong solution for the VMFP system. For the VPFP system the situation is better :
results concerning the existence of weak solutions can be found in [14], [36] while for
existence and uniqueness results of strong solution we refer to [11], [12], [18], [32].
The existence of classical solutions in the collisionless case has been investigated by
different approaches, see [22], [13], [27]. Recently global existence and uniqueness
results have been obtained for reduced model for laser-plasma interaction, cf. [15],
[9]. In this paper, we restrict our purpose to the asymptotic problem. As ¢ — 0,
we derive a limit system very similar to (9), which was obtained when analyzing
the VPFP system. Our proofs rely on compactness arguments. One of the crucial
point is to obtain L bounds for the electro-magnetic field, uniformly with respect
to the small parameter ¢ > 0. This is why we restrict our analysis to solutions
depending on one space variable only. Besides, the relativistic framework provides
better estimates, related to the bound (3) on the velocity.

The paper is organized as follows. In Section 2, we set up the working assump-
tions and state precisely our convergence result. In Section 3 we establish a priori
estimates, uniformly with respect to the small parameter € > 0. These bounds are
obtained by performing classical computations involving the energy and the entropy
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of the VMFP system and by using also the hyperbolic structure of the Maxwell
equations. We combine the dissipation properties induced by the collisional term —
in the spirit of [34] — to the specific use of the finite speed of propagation that is
reminiscent to [21]. In Section 4 we detail the passage to the limit, while Section 5 is
devoted to some comments and precisions. The dimensional analysis can be found
in the Appendix.

2 Assumptions and Main Result

Throughout the paper, we make use of the following hypotheses

H1) f5>0, D >0, / fo(z,p) dpd:)::/D(O,:p) dx, Ve >0 ;
RJR? R

H2) sup ( [ 1t el 4 lal + £S5 dp e

e>0
1
+§/ (|E8|2+5252|BS|2) dw) < 0 ;
R

H3) D, J are given integrable smooth functions satisfying
oD + 0,J =0, (t,x) €]0,T[xR ;

H4) J e L}(j0, T L*(R)) N L'(J0, T[; L*(R)) ;
H5) sup (1ES |2 Ry + €011 B5ll L= ry) < 400 ;
e>

HG6) There is r > 1 such that
Sup/ / (fe (@, p))" VD) dp da < 400,
RJR2

e>0
We introduce the notations

V5 = [ [ fien) dpde.
RJR2
1
Wi = [ [ Wi dodat; (B @ + 28185 da,
RJR? R

Hp = // I f5] f(2,p) dpda,
RJR2

Ly = // || f§ (2, p) dpdx,
R.J/R2

Ry = ||EGllz=®) + €0 B5ll =),
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which are thus uniformly bounded with respect to €. Our main result states as
follows.

Theorem 2.1 Let (f¢, E°, B®).~o be smooth solutions of (16) — (23). Assume that
H1-HG6 hold. Then, there exists a sequence (e)ken decreasing to 0 such that

PRt x) = / [ (t,z,p)dp — p >0 weakly in L*(]0, T[xR),
R2
(E*, B3k, 6epB*) — (FE1,0,0) weakly in L*(]0, T[xR)3
and weakly x in L>(]0, T[xR)3,
Ef* — Ey, strongly in L _([0,T] x R).

The limits p, By satisfy in the distribution sense

00, Fy + p(t,z)E(t,x) — 0*Ey = 0,D + 0J(t, ), (t,z) €0, T[XR,
0. E1 = p(t,x) — D(t, x), (t,x) € [0,T] x R,
Er(0,2) = limy— o E§, (), uniformly on compact sets of R.

The limit equation is nothing but the convection-diffusion model (9) obtained
when dealing with the low field regime of the VPFP system. Indeed, taking the
derivative with respect to x of the evolution equation for F; and using H3 yield

Let ® verify 0,9 = —F}; since 0,F, = p — D = —92®, we recover (9). This is
not so surprising since our scaling hypothesis assume that the speed of light is large
compared to the reference unit of velocity, see the Appendix; it is well known that in
such a regime relativistic Vlasov-Maxwell and Vlasov-Poisson systems are connected,
see [3, 19, 38|. Here we are coupling the classical limit to the hydrodynamic and low
field regime.

3 A Priori Estimates

In this section we establish a priori estimates for smooth solutions (f¢, £¢, B?) of the
relativistic VMFP system in one and one half dimension. We split the discussion into
three steps: first, we describe the usual energy and entropy dissipation estimates,
second, we obtain a refined dissipation property and finally we justify a uniform L*>°
estimate on the electro-magnetic field.



3.1 Moments and Entropy Dissipation

Our analysis is based on the moment equations associated to (16). Integrating (16))
with respect to p € R? yields the continuity equation

1
O fedp+ gﬁx vi(p)fedp=0. (25)
R2

R2

Multiplying now by p = (p1,p2) and integrating with respect to p € R? yield
8815/ pifdp+ Gx/ v1(p)pLfe dp — E5pf — £6°Bj5 = 0(0,F5 — J), (26)
R2 R2

sat/ pofS dp + ax/ v1(p)paf© dp — ESp° + 552Bajf = -0 ‘7;2 (27)
R2 R2

We aim at passing to the limit ¢ — 0 in these relations. In order to obtain useful
estimates, it is also convenient to multiply (16) by 1 +1In f¢ 4 |z| + E(p). We are led
to

Ouf (I 5+ ol + €GNy + L0, [n(p)n 1+ Jal + )
R2 R2
+ 9/ U(p)VfE+2VP fg
R2 9

_ 1/R2 E°-u(p)f* dp+§/ Zoi(p)f° dp. (28)

€ R2 |x|

2
dp

This is completed by looking at the evolution of the electro-magnetic energy
1 1
SO +%0°|B°) + 0, (E5 B7) = — Bt 2) - 554 @) + B (E 2) (¢, @) (29)

Proposition 3.1 Let (f¢, E°, B®) be a smooth solution of the problem (16) — (23).
Let us set

Bt z,p) = é@(p)\/Fvaﬁ),

1/6%2 -1
) = [ (g el €0) S Ca) dp
R2
1
5 (B 0) + 28 B (o))
e 1/52 -1 e 5 e 5
me(t,x) = vl(p)<T+lnf +yx\+5(p))f dp + e E5(t, 1) BE(1, 1),
R2
1
re(t,x) = _/ Zi(p) [ dp + E5(t,2)J(t,x)
¢ Jre |7]
= 1 | VP + Bt (0.2).
R2
Then, we have
1
8,568 + gawﬂ'a + 9/ |h€(t, :B,p)|2 dp = Ta(t7$)v (tv l‘) E]0>T[XR' (30)
R2



As a consequence of these local properties, we can justify uniform estimates on
the total energy and entropy. To this end, we make use of the following classical
claim.

Lemma 3.1 Assume that f = f(x,p) satisfies f > 0, (|z| + E(p) + |Inf|)f €
L' (R x R?), where E(p) is given by (1). Then for all k > 0 we have

fllnf| < fln f+2k(|z| +E(p)) f + % e 52l +E®)

and

// flIn f| dpdxg// flnfdpdx—i—Qk// (lz| + &E(p)) f dpdx + Ch,
RJR2 RJR2 RJR2
with Cy = (4/e) 5 Jqe e~ 2 (21HE®) dp .

Proof. Since f|In f| = fln f+2f(In f)_, it is sufficient to estimate f(In f)_. Take
k > 0 and remark that 2/e = supy_,.,{—/yIny}. For any (z,p) € R x R?, we have
fnf)_(z,p) = —fInf Lo peertoremny — FINf - Lirtalrewn<pary

2
< e s S (fa] 4+ E))S
e

Therefore, we get

/ F(n f). dpdxgk// (2] + E@)f dpdm+3// o SEEO) gy o
RJR?2 RJR?2 € JrRJR?

and the conclusion follows easily. O

Then, the starting point of our analysis relies on the following statement.

Proposition 3.2 Let (f¢, E¢, B) be a smooth solution of the problem (16) — (23).
Assume that the initial conditions satisfy H1, H2 and that H3, Hj} hold. Then we
have for any t € [0,T)]

i) / fe(t,z,p) dpdr = / fé(x,p) dpdr < +o0,
rJR?

RJR2
i) / / (1 7] + |2] + E()) f(t, 2, p) dpda
RJR2 1
1 /<|E€<t,x>|2+s252|BE<t,x>|2> dz
2 Jr

T € > € &€
<4 (—MO + Lo+ W5 + Hj + 01/4) + 2||‘]||%1(]0,T[;L2(R))’

20
i#4) e/OT/R [ W) dpdede < 4 <%M§ LW+ HE + 01/4)
. 20121 go.rp2(ry):
iv) jg < Mg HhEH%Q(]O,T[XRXRQ)'
L2(]0, 7L (R))




Proof. Integrating (16) with respect to (z,p) € R x R? yields the charge conserva-
tion

i/ fe(t,x,p) dpdx =0, t €]0, 77,
dt RJR2

which implies that

fe(t,z,p) dpdx = fo(z,p) dpdx = Mg,  t€][0,T].
RJR2

RJR2

Similarly by H3 one gets fR (t,x) dx = fR (0,2) dz. Integration with respect to
the space variable of the local property (30) leads to

2dt

—1—«9/ |h°|? clpd:z:—/JEa dr + — // —uv1(p)f(t, z,p) dpdx.
RJR?2 re ||

The last term in the right hand side can be rewritten as follows

1
- @) 0, ) dpdr < | V) i) dpds

(L) (e o)

< —]\/[s /]hE\dedx
R2

d 1d
a/R/Rz(lnfEHZEHS( N dpdr + =— (\Ea(t,x)lg+5262|B€(t,a:)|2) da

(31)

IN

Integrating (31) with respect to time and using Lemma 3.1 with & = 1/4 yield for
any t € [0,7]

//R (I 5] + 2] + E@) F(t 2. p) dpda + — /(|E5(t D)2 + 20| B (1, 2)?) da

+ 9// |he|? dp dw ds
R2

< / / (I fe + o] + E)) 5 dpde + > /<|E8|2 20\ B3P) da

5 | el st dpdat 5 / [ W dpaods

b M5+ Cunt [ 16l (32)
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which implies

L+ 5 el + €@ t.p) dp
1 € 2 22| pe 2 Q ! €12
+2/R(]E (t,x)|* 4+ €°0%|B*(t, x)| )d:c—tl—Q/o/R/RQVL |* dpdx ds (33)

T
< g M+ L5+ W5 + Hi + Cuya + /0 [ ()| z2) 1 E7(5) | r2(r) ds.

Hence ii)-iii) follow easily by using Bellman’s lemma. For proving iv), we write

T 5 t 2 T 2
/ J) dt = / (/ / V fe(t 2, p)he(t, @, p) dp‘ dx) dt,
0 ¢ llnw 0 R |JR2
and we apply the Cauchy-Schwartz inequality. ]

This statement shows that we can expect a relaxation effect since the estimate
on h® indicates that fe(t,z,p) =~ p(t, a:)e_;(p) where K = [o, e~€®) dp. For the time
being, let us focus on the discussion of further useful estimates. In particular, for
the macroscopic density we get

Corollary 3.1 Under the hypotheses of Proposition 3.2 we have for any t € [0, T
[ )| do < Corlt 4+ M5 + L + W + B + 1 gy

for some constant Cr depending on T but not on €.
The proof is an immediate consequence of the following standard result.

Lemma 3.2 Assume that f is a non negative function satisfying

L+ sl +lel + € fGap) dpdo < o

and denote by p(x) = [, f(z,p) dp, x € R. Then we have

Jimo@ o) de < [ [ (4l + fol + ) o) dpda+ > [ % da,

where K = fR2 e~ €0 dp.

Proof. Consider the convex function ¢ : [0,4+00[— R, ¢(s) = slns for s > 0,
e E®)
K

o [Low) < [ etatonar

11

©(0) = 0 and the measure dv = dp. By applying the Jensen inequality



with the function g(-) = K f(z,-)e‘") one gets
p(z)In pl) < / (K -+ In f(rp) + () () d.
As in the proof of Lemma 3.1 one has
p(x)|In p(x)| < p(x) Inp(x) + 2k|z|p(x) + = e 7,
and therefore, by taking & = 1/2 one deduces
Jr@mplde < [anple) + eple) do+ 3 [e da
< // (In K + |In f| + |z| + E@ ))fdpdx+4 / 5 d.

R

3.2 Further Dissipation Properties

Another way of estimating the solutions of the Fokker-Planck equation can be
obtained by adapting the strategy of Poupaud-Soler [34]: we multiply (16) by
H'(fef®), where H is a convex function.

Proposition 3.3 Assume that E°, B are bounded smooth functions and that f€ is
a smooth solution of (16), (22) with a non negative initial condition f§ satisfying

/ H(feefP)e W) dp dx < +oo0,
R2

for some convex non negative function H. Then we have for any t € [0, T

/ Hfs PHe=¢®) dpde + 282///@ D H"(feef PNV, f 4+ vfe|* dpda ds

< / H( ) dp da
R2

+ 2—9(HEiHm + (| B3|z + 260 BF| < )?

t
X /// (fe)Qeg(p)H”(f‘s(S)eg(p)) dpdxds.
0 JRJR2
Proof. We have

O H (ffef®)e €@ 1 %&EH( feef®)e=t) g, { (% + 5%236) ff} H'(fef®))

v o { (- b arew)
= SV, o(p) ) (f565), (34)

12



After integration with respect to (z,p) € R x R? we get
EE
/ H(feeflP ) dp dx — / ffH” (feef®) ( —+9 UQBE> (£ fe) dp dx
EE
_/ sz//(fse.S(p)) (_ (5 Bs) ( E(p) fs) dpd:c
RJR2 €

:_6% //ef(p)H//<fs€€(p))|vpf€ 4 vf5|2 dp dz. (35)
RJR2

We introduce the notation R°(t) = || E5(t)||z®) + | E5(t)|| L (r) + 20| B ()] o (r)
and

]' 1 5 £ €
Gl) = 5 [ [ OB ED)T S+ o) dp e

By the Cauchy-Schwartz inequality and by taking into account that |v(p)| < 1/ we
obtain

// aH// fa S(p {<E —|—52U Ba) ( fa) (E; 5 ’UlBs> ( fa)}dpd.il?
€(4\ e _E(p) 7 re E(p) € €

< RO [ [ OO+ o) dpds

1/2
< B0 W) [ [ o e ga) (30

RJR2
Combining (35), (36) yields
G G dpds 10 g(0) < B (i (0) (37
1/2
% (/ (fe)Qeé‘(p)H//(fseg(p)) dpdm)
RJR2

£ € 2
< GQH(t) + RE(t) / (fe)2€8(p)H”(ffeg(p)) dpdz.
2 20 Jr/re

Finally one gets for any ¢ € [0, 7]

6) t
/ H(f% £(p))p—E(p) dpdz + 2/ ¢ (s) d8</ 2H fee S(p)) E(p) dp dx
R
|th

// (f5(3))2eE@ H" (f5(5)efP) dp da: ds.
R2
1

Corollary 3.2 Assume that E°, B¢ are bounded smooth functions and that f€ is a
smooth solution of (16), (22) wzth a non negative initial condition f§ satisfying

/ (f5)e (r=DEW) dp do < +o0,
R2
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for some r > 1. Then for any t € [0,T] we have

/ fs 7’ (r-1)& dpdlE < €C (t)/ fa (r—1)& dpdiE
R2 R2

and

///R (F) 20D, 2 4 w(p) 2 dpdadt <

2 (T)

r(r—1)
/ f& 7" (r 1E(p) dpdl’
R2

where C¢(t) = ”(T 1)(||E | o go,71xR) + | E5 || oo o,7ixR) + 260 BE || oo jo,11xR) )%

Proof. By applying the previous proposition with the convex function H(s) = s"
s > 0 we obtain

9 t
L a0 apin + & [ as< [ [ (g5re o0 dps
+ 7"( ‘R HL°° // fa 7“ (r 1)E(p) dpdflj’dS
R2

We conclude by applying the Gronwall lemma. ]

Y

3.3 L™ Estimates on the Electro-Magnetic Field

We are looking now for L* bounds of the electro-magnetic field. We exploit the
hyperbolic structure of the Maxwell equations and the entropy dissipation of the
Fokker-Planck collision operator. We adapt the method used by Glassey-Schaeffer
[21], who obtained L* bounds of the electro-magnetic field for the collisionless re-
lativistic Vlasov-Maxwell system in one and one half dimension. Here, we wish to
justify the following statement.

Proposition 3.4 Let (f¢, E°, B) be a smooth solution of the problem (16) — (23)
and assume that H1-H6 hold. Then we have

| E5 [ = qo,rixr) < 1 EGallzee®) + M5 + || L1 go,rpzo0R))
and

max (|| 5| o qo,7xR), €0|| B¥|| Lo q0,71xR))

2 1/02—1 5T
< R: M¢
= B+ 1/62 — 1 (< S 29) +6C4

5
+5(W5 + Lg + Hg) + §HJ||2L1(]O,T[;L2(R))) :

14



Notice that the Maxwell equations (17), (18), (19) can be written in the following
diagonal form, for (¢, z) €]0, T[xR,

0.5 = 1T e,

1 5 (t
OE; + e0B°) + <0, (E; + =0B°) = 92(8’ ?)
15 15 1 3 g js(t7 x)
O1(E5 — e0B°) — 668 (B —e6B%) = —22 —
Therefore the electro-magnetic field is given by
t
Ei(t,z) = E5,(z) — U(t, 2) +/ J(s,x) ds, (t,x) € [0,T] x R, (38)
0
3 1 € 15 t 1 € € t
Ei(t,r) = §(Eo,2 +edBg) (v — 6_5) + §(E0,2 —e6Bg)(z + 8_5)
1 1
— §Vj(t,x) — §Vf(t, x), (t,z) € [0,T] x R, (39)
1> 1 € 15 t 1 € > t
e0Be(t,x) = §<E0,2 +edBg) (v — 5) - §(E02 e0 Bg) (w + 5_5)
1 1
SVilt,z) + SVE(Lz),  (tx) € [0,T] xR, (40)

2 2

where

(3} 1 ! -& g 1 t‘E t_S
Ut ) = 2 [ Gy ds, Vi) = 2 [ i a g ds

Finally, the question reduces to estimate in L* norm the functions U¢, V. This can
be done by using the local energy conservation and entropy dissipation, namely, we
go back to Proposition 3.1. The proof makes use of the following claims.

Lemma 3.3 Let u,z,w: [0,7] x R — R be smooth functions satisfying
1
Oru + g&pz =w(t,z), (t,z) €]0, T[xR. (41)

Then for any 6 > 0 and (t,z) € [0,T] x R we have

é/ot(éluq:z)( 5)d:t1/t(
) oydyi// wlog) dyds, D

15




and

I t—s IRV t—s
5/0(5 u—z)(s,x— - > ds + — /(5 u+z)< 5 ) ds

z+
—/ u(0,y) dy—l—

ed

Lemma 3.4 For any p € R?, the following inequality holds

(aM+E@;i)(%—wmm)_ﬂﬁgihmmy

These results allow us to prove the following statement which in turn, coming
back to (38), (39), (40) justifies Proposition 3.4.

V

Proposition 3.5 Let (f¢, E°, B) be a smooth solution of the problem (16) — (23),
assume that the initial conditions satisfy H1, H2 and that H3, Hj hold. Then we

have
ULl < Mg, (t,2) € [0,7] x R,

2 € 4 6_2 — 5T € € £ 5 2
VEIF+IVE] < 5 5 g ) Mo +HBOVE+ L5+ Hg)+ 517|312y +6Ca -

Proof Let us start by estimating V. Combining Proposition 3.1, and Lemma 3.3,
(43) we obtain

L

2 1)

T — —' + E&(p) —l—&) fe(s,z — t_—s,p) dp ds

1 c|2 2¢2|1 Re(2 e Re t—s
+26 (|E| +e°0%| B — 260 E5BT) (s, x 5 ) ds
152—1
/ (61 4+ ) (hlfE x—i——‘ / )fs(s x—i— ,p)dpds
R2 2 €0
E€2 22382 9 EEBE s
265 0(! |2 + 26| |+55 )(sx+—6)d5

/ |he(s,y,p)|?* dp dy ds

+0 / /
wtes 1/6% — 1 1
:/Q/@ﬁﬂww@+l7—ywmwj/ s+ 155 dy
xi% R? xieé
t t;ss
!
0 xft*—és

(AJ%vﬁ%&%mhﬂ&%mdP+Eﬂ&wJ@w0dy%
1/62 — 1

2

< M§+W§—I—L6—I—H‘5~I— M6 // /|h (s,y,p)|* dp dy ds
+£° ||L°°(]0,T 2@y gorprzwy- (44)
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Then, we can reproduce the tricks of Lemma 3.1 so that for any fixed (¢,z) €
[0,7] x R and s € [0, ] we get

Finfoas 5ol < (mred (i ) Fsot 5)
4

+ o~ s (P +EP) (45)

Reminding (3), we obtain the inequalities

// (6~ £ vi(p))|In f2|f< (s, xj: .~ ,p)dpds (46)
0 JR2

— M| =

// (67 £ v1(p))(In f2) f(s, :L’:l: ,p)dpds
R2

/ 6 = ))(|xi—|+5( ))fa(sxit y ® p)dpds+ Cap,

where the crucial fact consists in remarking that the last term can actually be
bounded uniformly with respect to €, > 0 since

/ / —(lz£ 55 [+€()) /8 dp ds < — // ~(y+E@)/E g dy = Cl/a-
" el R2 R2

Combining (44), (46) yields

t—s, & 0%-1 t—s
/O/RQW‘“ (1 s+ 5o = =24 S+ S ) Pl = ) dp ds

2
256/0 (1ESP + |5 — eB° ) (s,0 — — )d
+§/0/R (6~ +v1 Ilnf5|+1|f€+t_5$|+g+5_22—1>f8(8’$+t—58’p) dp ds
o <|E8|2+ 55 4+ 0B ) (s + ) ds
/ /_ R2|h6 s,y,p)* dp dy ds
< ME + W5 + Ly + Hi + 20 ”EEHLOO(OT[ :L2) §||J||%1(]O,T[;L2)
< (5 22_ ! + %) Mg + 5(L§ + W5 + Hg) +6C1 4 + 31171171 g0 rp22my = Co-

Since 0 < § < 11is kept fixed, notice that H1-H5 guarantees that C§j remains bounded
with respect to € > 0. We deduce that

ZQ—Z/O/RQQA + (—1)’“01(19))(5(29) N 5 1>f€(s,a: + (—1)kt—58,p) dp ds < C,
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and finally by Lemma 3.4 we get

MO~ L v+ v

BT _1//R2'”2' )t Pt ) dpds

<! //a <s<)+1/52 ) (s.m— =2 ) dp s
2 [ 6 umen + L ) dp s

§2Ce "

The estimate of U¢ follows by applying Lemma 3.3 to the continuity equation (25).
Indeed, by (42) we have for any (t, :L‘) 0, 7] xR

1 t
—/ P Fub)fi(s,r F ,p dp ds + - // v1(p)f<(s,x,p) dp ds
€ Jo Jre 5 R2
= i/ fo(y,p) dp dy,
x$;—5 R2

and thus we deduce that £U®(¢t,z) < M;. O
We can end the proof of Proposition 3.4. By (38) and Proposition 3.5 we get
1B oo, rixr) < 1Bl ooy + Mg + [Tl 1o, r:0 (R))-

Similarly, combining (39), (40), Proposition 3.5 implies

max (|| E5|| o qo,7xR), €0|| B¥|| Lo (0,7[xR))
2 [<1/(52 -1 5T
162 1 2 20

5
+5(Ws + L§ + Hg) + §||J||%1(]O,T[;L2(R))} :

<11 Ballzeiey + 201 Bgll ey + 25 ) Mi +6Cs

It remains to justify Lemma 3.3 and Lemma 3.4.

Proof of Lemma 3.3. For any (¢,z) € [0,7] x R consider the sets A% given by

t —
AS ={(s,y) €]0,T[xR : = — 8—58 <y <u},

t—s

A° ={(s,y) €]0,T[xR : z<y<z+ =5 }.

Integrating (41) with respect to (s,y) € A% yields
t

/:t <u<t_€5($_y)>y) —“(an)) dy + é/ (Z(s x) —z(s,x — 5 )) ds

e
// w(s,y) dy ds,

18



and therefore we obtain

Lo (o5 @t [etsmas = [0 oty

Similarly, integrating (41) over A° implies

1 t t—s 1 t IE-‘FE%
g/ (6 u+ 2) <3,x + - ) ds — g/ z(s,x)ds = / u(0,y) dy (48)
0 0 T

t o+l
+ / / w(s,y) dy ds.
0 Jx

The equality (43) follows by adding (47), (48). O

Proof of Lemma 3.4. For any p € R?, we set

o = (e0+ 15 (5 1w
2

/8 -1 | A 1], s =1
2 02(1/62—=1)2 ¢ 4 |p|?

52(1/52 — 1)

1/6* —1 4 |p|* 2
20 <\/1 TR 12 8102 1) W)

However, for any ¢ € R? (= 2p/(6(1/6% —1))), we have

T+ 1P — | = -2l el
VIt +lal — 1+l

1+

It follows that
1 |pa| 1 / |

Q) > =
(p) 2 5 1 o 5
TR/ 1)y

[v2(p)]-
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4 Asymptotic Analysis

We are now in position to perform the asymptotic analysis when ¢ goes to zero. The
uniform estimates obtained in the previous section allow us to extract converging
sequences as follows.

Proposition 4.1 Assume that HI-H5 hold. Suppose that for any € > 0 (f¢, £, B?)
is a smooth solution of (16) — (23). Then there is a sequence (e)gen decreasing to
zero such that the sequences

(fgaEgaBg)kEN = (f§k7E(§kang)k€N7 (fk7Ek7Bk)k€N = (f€k7EEk7B€k)k€N7

satisfy
f¥ —~ fo weakly in L'(R?), (49)

po = /RQ fo dp = po = /RQ fo dp weakly in L' (R), (50)
Eg,1 — Ey 1 uniformly on compact sets of R, (
E’(I)"”Q — Ego weakly in L*(R), (
¥ — f weakly in L*(]0, T[xR x R?), (53)
P = . ffdp—p:= /R2 f dp weakly in L*(J0, T[xR), (
EY — B strongly in L;, ([0, T]xR), weakly in L*(J0, T[xR), weakly % in L™, (55)
(EY exdB") — (0,0) weakly in L*(]0, T[xR)?, weakly * in L=°(]0, T[xR)?.  (56)

Proof. We split the proof into three steps.

Step 1. Proof of (49), (50), (53), (54). By Proposition 3.2 i) and ii) and hypotheses
H1-H5, we can apply the Dunford-Pettis theorem, see e. g. [20] (Th. 4.21.2, p. 274),
which justifies (49) and (53). Moreover the limit f is non negative and satisfies

sup /R/RQ(1+|x|+5(p))f(t,x,p) dp dr < +00.

0<t<T

Similarly by Corollary 3.1 we deduce

sup /(1 + |z| + |In p])p°(t, x) dx < 400,
e>0,€(0,7] JR

which implies (50), (54).

Step 2. Proof of (51) and (52). Since sup..q [ |1np§|p§(x) dz < +o0o we deduce

that for any n > 0 there is h = h(n) > 0 such that ffrh p5(y) dy < n for any € > 0
and x € R. Taking h small enough, since D(0,-) belongs to L'(R), we also have
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fmﬁh D(0,y) dy < n for any x € R. Therefore, by (24) we have for any € > 0 and
relR

z+h
Ealo )~ By @)l = | [ {oblw) ~ DO.0)} d| < 2n
and since (Eg ;). is bounded in L>*(R), by using the Arzela-Ascoli theorem we de-
duce (51). The convergence (52) is a direct consequence of H2. Moreover we check
easily that Ey1, Egs € L¥(R) and £ Eq; = py — D(0, ).

Step 3. Proof of (55) and (56). We claim that (E).sq is bounded in W2 ([0, T]xR).
Indeed, (E%).~o is bounded in L>(]0, T[xR) and thus in L{. ([0, T] x R). Moreover,
(0:E5)e50 = (p° — D)oo is bounded in L*(]0, T[xR) and (8,E%)-50 = (— 145 + J)>0
is bounded in L{ ([0,7] x R) by Proposition 3.2-iv). We deduce that (Ef).~q is
relatively compact in L _([0,T] x R).

Observe also that (Ef, F, ed B). is weakly relatively compact in (L*(]0, T[xR))?
and weakly * relatively compact in (L°°(]0,T[xR))3. Thus we obtain (55) and
(EX e, 6B*) — (Ey, B) weakly in L*(]0, T[xR)?, weakly x in L>(]0, T[xR)2. More-
over the limits E, Ey, B belong to L>°(]0, T[; L*(R)) and we have 0,F; = p — D.
Let us now prove that (Ey, B) = (0,0).

By (19) we have for any ¢ € C}(]0, T[xR)

T T
/ /Eg&tap dx dt’ = g2 / /Baaw dz dt‘
o JR 0o JR

T
< 55H55B£\|L°®(10,T[xR)//I@tgo\ dz dt.
0o JR

Since sup,~||ed B Lo (jo,r[xr) < +00 we obtain 9, F, = 0. Taking into account that
Ey € L>(]0,T[; L*(R)) we deduce that Ey = 0. Similarly for any ¢ € C!(]0, T[xR)

we have by (18)
T js
//(—ng—ESatgo) dxdt'
0 JR\E

T
//wBsﬁwcpdxdt’ = &l
0 R
T
&6 [ oles Bl / / Ol dedt ) .
L1(J0,T[xR) 0o JR

By using the uniform bounds in Proposition 3.2-iv) and Proposition 3.4, we obtain
0B = 0 and since we know that B € L>(]0,T[; L*(R)) we conclude that B = 0. —

Ja

IN

We focus our attention to the moment equations of (16); namely, let us go back
to (25), (26) and (27). As mentioned above, we guess from the entropy estimate

that f<(t, x,p) =~ p(t, :c)e_;(p)

where K = fR2 e~€®) dp. In this case we obtain

t,x _
/ v1(p)p1 [ dp =~ —'O(K ) / P10y (e 5@ dp = p(t, 2),
R2 R2
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and

t,x _
/ vi(p)pf* dp = __p(K ) / P20, (e @) dp = 0.
R2 RQ

Let us make this statement rigorous.

Proposition 4.2 Assume that H1-H6 hold. Suppose that (f¢, E¢, B®).~¢ are smooth
solutions of (16) — (23) and consider (ex)ren the sequence constructed in Proposition
4.1. Then we have

lim ey (@/ pif* dp, &s/ paf* dp) = (0,0),
k‘—>+00 R2 R2

lim <8z / vi(p)prf* dp, 0, / v (p)paf* dp) = (02, 0)
k—+o0 R2 R2

in D'([0,T] x R)?.

Proof. We shall use the estimates in Proposition 3.2, Corollary 3.2 and Corollary
3.4. Let o € C}([0,T] x R). For [ € {1,2} we have

T
<8t/plf’fdp,so>‘s||atso||msup<2sup / Iplf’“dpdx+/ / |p|f’“dpd:vdt>,
R2 keN \ tejo,1] JRJR2 0o JrRJR?

and therefore limy,_, | o €,0; fR2 puff dp=0in D'([0,T] x R). Next, observe that

T T
<6x/v1(p)plfkdp, ) = —5k/ // o pi/ f* BY dpdx dt —/ /3x9051lpk dzx dt,
R2 0 JRJR2 0o Jr

and we can conclude provided that for any R > 0 we have

T (R
sup/ / / lp|\/ f* |R¥| dp dx dt < +oo. (57)
0o J-rJr2

keN

sup
keN

By using the Cauchy-Schwartz inequality we deduce that

T R T R 1/2
// /!p\\/f’“ |h*| dp dx dt < </ / /\p[kadpdwdt)
0 —-R JR2 0 _RJR2
T rR 1/2
X <// \hky2dpd:cdt> :
0 —R JR2

and therefore we are done if we prove that supyey o7 ffR Jeo P25, 2, p) dp da <
+o00. The Holder inequality yields

R R 1/r
sup / pP*f5(t,z,p) dp < sup ( / / (fF(t))retr—DE@) dpda:)
—R JR2 _R JR2

keN,te€[0,T] keN,te[0,T)

R / 1/r
X (/ / Ip|*" e~€®) dp) < 400
_RJR2

where 7’ is the conjugate exponent of r, i.e., 1/r + 1/’ = 1. This ends the proof of
Proposition 4.2 ]
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Having identified the limit of higher moments involved in (26), (27), the difficulty
relies in the non linear terms.

Proposition 4.3 Assume that H1-H6 hold. Suppose that (f¢, E¢, B®).~¢ are smooth
solutions of (16) — (23) and consider (ex)ren the sequence constructed in Proposition
4.1. Then we have

m (Etp", E5p*) = (E1p,0) in D'([0,T] x R)?, (58)
Jim (ex02B*j% .0 B* %) = (0,0) in L' (]0, T[xR)?. (59)

Proof. We write Efp* = E¥(9,EY + D). Since (E)ren converges towards E;
weakly x in L>(]0, T[xR) we have for any ¢ € C}([0,T] x R)

lim /0 ' /R Bt 2)D(t, 2)o(t, ) da dt — /O ' /R Ey(t,2)D(t 2)o(t, 7) da dt.

k——4o00

It remains to analyze the term EF9, E¥
kg ok r k(2 1 2
(EYO.ET — E\0:En, )| = 58x|E1| @ dxdt — §<8w|E1| ;)

0o JR

17 e
- ‘_5/ /(Ef—El)Efﬁxw dmdt+§/ /El(El—Ef)amso dxdt‘
0 JR 0 JR

lellex sup 1B = qoricey 124 — Bull s

IN

and therefore limy,_. o, E¥p* = E1p in D'([0,T] x R) by using (55).

Consider now the term E5p*. Since (E%)pen is bounded in L*(]0, T[xR) and
(p*)ren is bounded in L>=(]0, T'[; LY(R)) it is sufficient to prove that E5p* = E%¥(0,EF+
D) — 0 in D'(J0, T[xR). Take ¢ € C}(]0,T[xR). As before we have

lim /0 ' /R EE(t 2)D(t ) (t, o) d dt = /0 ' /R By(t, 2)D(t, 2)(t,2) da d.

k—+o0

and for the term E50,EY we write

T
(ESO,EN, o) — //@ﬂmm—@@ﬂwmﬁ\
0 R
< Q'+ Qb (60)

where QF := ‘fOTfR EYEYO,p dx dt’ and Q% := )fOTfR O, EXEYp dx dt‘. Observe that

k
Q1 <

T
//ElEf(?zgo dmdt', (61)
0 JR

T
//E;“(Ef—El)&x@dxdt‘Jr
0 JR
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and therefore, by using the strong convergence of (Ef)gen in LL ([0, T] x R) and the

weak convergence of (E%)ren in L2(]0, T[xR) we deduce that limg ., Q% = 0. By
using (19), (17) we have

T
/ / exdBFO,EYp dxdt’
0 JR

T
< 5k5||51c53k||L°°(}07T[><R)||Ef||L°°G07T[><R)//|at(’0| dz dt
o Jr

T jk:
/ / ( — —1> @ dx dt‘ .
0 JR €k

Since (E¥)ren, (exd0BF)ren are bounded in L*(]0, T[xR), (Z—i)keN is bounded in
L*(J0, T[; L*(R)) and J belongs to L(]0, T[; L=(R)) we deduce that limy_, ., Qf =
0. Thus we proved that limy . . £y 9, E¥ = 0 in D'(J0,T[xR) and therefore
the second convergence in (58) holds. The convergence (59) follows easily since

(0 B*)gen is bounded in L*(J0, T[xR) and (£ )y is bounded in L2(]0,TT; L'(R)).

We have
Ll(]O,T[XR)> .

Remark 4.1 By easy density arguments we deduce that limy,_ o fOTfR ESpkp dx dt =
0 for any continuous bounded function ¢ € C°([0,T] x R) (use the uniform bounds
supgen | B[ oo qo,rxRry < +00 and supyen ieior) Jg (1+ [2])p"(t, 2) dz < +o00).

T
Q’; = gké//akéBkEfatwdxdt‘—i—ské
0o JR

+ e10||exd B¥|| L go.rixR)

.k/

Ex!

lex0 B 5" || L1 o,rixry < Ekéiuplil (Hgk/éBleLw(]O,T[xR)
gs

[

Remark 4.2 Notice that assuming H6 with v = 2 we have the uniform bound
sup6>0H§HLz(]07T[XR) < 400. Indeed, by Corollary 3.2 we know that

T LT
Sup/ //feef(li)|hs|2 dpdx dt = sup—z/ //eg(p)|vpf6+v(p)f€]2 dpde dt < oo,
e>0Jo JRJR2 >0 € o JrJr2

and thus we obtain for any (t,z) € [0,T] x R

2
/\/fahs(t,x,p) dp S/ feef@|ne? dp/ e ) dp,
R2 R2 R2

5ot x)|?

3

implying that

yE

€

sup
e>0

2 T
< (/ e dp> sup/ // feefP|hE|? dp da dt.
L2(]0,T[xR) R? e>0 Jo JRJR?
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The convergences of Propositions 4.2 and 4.3 are sufficient for passing to the
limit with respect to k in (26). We obtain the equations

00,F, + pE, — 0°Ey = 0,D + 6], (t,x) €]0, T[xR,

,E=p—D, (t,z)€[0,T] xR,
Ei(0,2) = Epq(x), z € R.

This finishes the proof of Theorem 2.1.
Let us only check that the initial data is preserved for the limit equation. We
rewrite (26) as follows

O, (QEf — 5/ piLfe dp) = ax/ pr(p) f© dp — Efp® — e6°B%j5 + 0.J.
R2 R?

For any ¢ € C°(R), by virtue of the estimates established above, the set

{/R <0ET(-,m) —6/RZp1f6(.,x,p) dp)go(x) de, > 0}

is relatively compact in C°([0,T]), as a consequence of the Arzela-Ascoli theo-
rem. Since [g, p1f€dp is bounded in L*(]0,T[; L'(R)), the conclusion applies to
{ R E5(t,x)¢(x)dx, e > 0} as well. Using an approximation argument we can
consider a trial function ¢ € L'(R). Finally, by separability, we use a diagonal
argument and we conclude that we can extract a subsequence (ej)gen decreasing to
0 such that for any ¢ € L'(R),

lim [ E*(t,x)p(z)dx = / Ei(t,x)¢(x)dx uniformly on [0, 7.

k—-+oco R R

5 Comments

5.1 Rate of Convergence for the Electro-Magnetic Field

Let us now show that the behavior of E§ and B* can be made precise with the
strengthened assumption

. Ef o €
H8) limg_, 400 SUP.~ f‘m|>R (‘OEJ + 5]Bo(x)|) dz = 0.

Proposition 5.1 If in addition to the hypotheses of Theorem 2.1, HS holds, then
we have

Ek
lim (=%,6B%) = (0,0), in D'(]0, T[xR)2.
k—+oco Ef
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Proof. For any ¢ € C(]0, T[xR) we have by (40)

1
§BFp drdt| < = / / 2 L 6BE) (@)p(t, x + L) da dt
2 R Ek-5
L (Fhz s
+ = // —By) )gp(tx——)dxdt
2 R k-5
1
+ 5 / /vk 4 d:vdt‘ vhZ dxdt’. (62)
Take R large enough such that [ . ( EO; + 6| BE(x)|) de < n for any k. Take
d > 0 large enough such that supp ¢ C [ T — 1] x [~d,d]. Then for any (t,z) €
[é,T] [—R, R] and k satisfying ¢ < 5d(R+d) we have |z + - 5| > de 5 — R > d saying
that
T (R
/ / (BE, + 0 BY) (x)p(t, a:j:—) dx dt =0,
o Jor £x0
and thus we have
22 4 5B (2)p(t, x + —) dedt| < ||z // o) dxdt
R Ek0 jo|>R

< el

Therefore the first and second term in the right hand side of (62) vanish as k — +o0.
For the last two terms observe that we have

//vi //32 ) de dt, (63)

where for any (¢,z) € [0,7] x R

S|

% I s—1 e
¢j:(t>x):; t p(s, v £ =5 ) ds = %6 o(t £epd(y —x),y) dy.

By using (27) we can write

T
—9//Vf¢dxdt — //gkat(/ pgfkdp>w:ktdxdt
R2
T // (/ P)paf* dp)widxdt
T
— / / EYpft da dt + / / ex02BE i dr dt
0 R 0 R

- T:]Ii,l + T:I;Q _I_ T:]E’g + Ti,ll' (64)
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We are done if we prove that limy ., Til =0,1€1{1,2,3,4}. Observe that

L=t

eRo
owtitr) =25 [ duplt £ edly — a).y) dy (65)
and
YL (t,x) = —eid / Ovp(t £erd(y —x),y) dy F op(t, )
= :ngaatzpi F dp(t, ). (66)

Notice that ¥%, 9,1%, 9,4% are uniformly bounded for k > 1

195 || Lo qo.rixR) < 5/ sup |¢(t, )| dz,
R te[0,T]

||at¢iHL°°(}O,T[><R) <6 sup |Opp(t, )| dx,
R te[0,T]

10205 | oo qorixry < O[] oo go.7ixR) + 5152/ sup |Opp(t, )| dx.
R t€[0,7

After integration by parts, by taking into account that ¢* (T, -) = 0 we find

|T:]|i,1| <

o[ [ el )t 0) dpda

T
- / / / po (2, . p)Ot dpdxdt‘
0 RJR2

T
< Cs (sup [ wist dparswp [ [ s dpd:cdt),
k' R./R2 k! 0 R.J/R2

implying that limy_ ;o T2 ; = 0. Similarly one gets by using (66)

+

T
TS| < / / / o1 (P)ps frexdOE dpdxdt‘
0 RJR2
T
- /// vl(p)pzf’“ésodpdxdt‘
0 RJR2
T T
< akuatwiluw/// iplf* dpdxdt+ak6/// oo/ TE e dp i i
0 JRJR2 o JrJR2

Notice that ¢ has compact support and then we deduce by (57) that limy,_ o T , =
0. The convergence limy_ 4o T j’;4 = 0 follows by (59). Let us concentrate our
attention on the convergence of (T7% )ren. Consider the functions

+oo
Vi(t, x) zid/ o(t,y) dy, (t,z) € [0,T] x R.
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Here ¢ € C}(]0, T[xR) with supp C |
By Remark 4.1 we know that

T
lim //Egp’wi dz dt = 0.
k—+o00 0o JR

Since (E3)ren is bounded in L>(]0, T[xR), supyen o7 Jo(1+12])p"(t, 2) dz < +oo
and supen|| ]| Lo qo,rixr) < o0 for any 1 > 0 there is R = R(n) large enough such
that

2, T — 3] x [=d,d] with d > 0 large enough.

Efpky dedt| <, k> 1.

ES okl dxdt' <,

|
Take k1(n) such that

z|>R |

z|>R

T
ESphis da dt‘ <n,  k=kin).
R

Therefore we can write for any k£ > k;(n)

T T
Bk da dt1 <+l [ Bt - by do dt\
R R

R
< 3n+ ESpF(h —)y) da dt‘

0
T-% (R _
/ / EYp"(h —py) da dt| .
0 —-R

Take now ks large enough such that #ké > R+ d for any k > ky. Observe that for
all (t,z) € (0,7 — 2] X [-R, R] and k > ky we have

T—t> 1 R>d, T—t< 1
. x —
514:5 _d€k5 5k6 - dsk5

saying that for any (¢,z) € [0,T — é] x [-R, R] and k > ko we have

= 3n+ (67)

x 4+

5 +o00 x:l:%
Ja(t,z) = £6 / olt,y) dy = £ / o(t,y) dy.

Thus for any (¢,z) € [0,7 — ] x [-R, R] and k > ky we have

J::i:zk_g
Wh(tz) —dult,z)] = 6 / {ot £ exd(y —x),y) —o(t,y)} dy

IN

ac:tT—fg
€k
J / 0ol €xd |y — 2| Liye—aay dy

2(10ip| Lo £x0%(d + R)d. (68)

IN
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Combining (67), (68) yields for any k& > max{k;(n), k2 }

T
/ / EYpR dx dt
0 JR

and we deduce that limg_, fOT fR E5 k¥ dx dt = 0. The above computations show
also that <E§>k€N converges to 0 in D’(]0, T[xR) (use (39)). O

€k

< 30+ 2(|0pp|| oerd®(d + R)d sup HEg/HLooTSL{P 108 || 1,

5.2 Convergence to the Equilibrium Function

It is possible to show that (f¥)ren converges towards p(t,z) e €@/ [, e7¢@Wdg
in some sense. We need to establish first that (p*)zen converges towards p in
([0, T]; w—L(R)).

Lemma 5.1 Assume that (p°)es0, (47)es0 satisfy p° > 0,

Opf +0,22 =0, in  D(0,T[xR),
g

sup /(1 + |z| + |In p])p°(t, x) dx < 400,
e>0,t€[0,7] JR

T . 2
sup/ (/M d:p) dt < 4o00.
e>0 Jo R €

Then (p°)=q is relatively compact in C°([0, T]; w—LY(R)).

and

Proof. Following the ideas in [25] we can extract a sequence (ej)gen decreasing
towards 0 such that for any ¢ € C°(R) N L>°(R) we have

klirJ]rn P (t, 2)p(z) do = /p(t, z)p(z) dr, uniformly in ¢ € [0,7]. (69)
—too JR R

Actually (69) holds for any ¢ € L*(R). Indeed, for any n > 0 take R > 0 large
enough such that

sup / Pt z) do <, sup / p(t,x) de < n. (70)
keN,te[0,T] J|z|>R tef0,7] J |z|>R

By the hypotheses we can find g = u(n) > 0 such that for any ¢ € [0,7] and
measurable set A satisfying meas(A) < p we have

sup / pe(t,z) de <, sup / p(t,x) de <n. (71)
A A

e>0,t€[0,7T] te[0,T7]
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By Lusin theorem (cf. [35], p. 52) there is a function ¢, € C2(R), |l¢yllze < [|@llL-
such that

meas ({z € [-R, R] : ¢,(z) # o(2)}) < p. (72)
Combining (70), (71), (72) yields

/<pk<t, r) - p(t,2))p(x) dz

R

IA

[t t.) = plt,2))ion ()

R

R
N / (0 (t, ) = p(t, 2))(p(x) — y(x)) da

R

T / (P (t,2) — p(t,2))(p(x) — y(x) da
|

z|>R

+ 8nll]| oo

< /<pk<t, ©) — p(t, 7))y ) da

R

Since we know that limy_ o [5 p*(t,2)p,(x) dz = [5 p(t,z)p,(x) dz uniformly
in t € [0,T] we conclude that limy_. o [5 p"(t,2)p(z) de = [; p(t,z)p(z) do
uniformly in ¢ € [0, T]. O

Corollary 5.1 Let us set M(p) = e @/ [, e=¢Wdq for any p € R%. Under the
assumptions of Theorem 2.1, (f*¥)ren converges towards p(t,x)M (p) in the following

sense
T
Jim / / 2 /Fgfm,x,m—p(tw)M(p))so(x) da| dp dt =0,

for any test function ¢ € L*(R).

Proof. We write £ — p(t,2)M(p) = f* — ph(t, 2) M(p) + ("(t, %) — p(t, 2)) M (p).
Consider now ¢ € L*(R). By Lemma 5.1 we have

klim (p"(t, ) — p(t, 2))p(z) dz =0, uniformly in ¢ € [0, 7.
——+00 R

By using the dominated convergence theorem we have

T
lim
k=too Jo  JRe

/ngm, ) — plt, 2))M(p)p(a) dz| dp dt = 0.
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It remains to discuss f* — p¥M. By logarithmic Sobolev inequality (see [4], [2]) we

obtain

= /R {p’“f{;(p) " (p"ff{;(p)) - pkl{;(p) ' 1} PM(p) dp
fore i)
YR

M(p)

e
- / WAt 2, p) dp,

for some A > 0. We conclude by using the Csiszar-Kullback-Pinsker inequality, see
[17], [28]

(// = M )|dpdx> <u//R2fkln( )) dpdz,

for some p > 0 which implies that

/OT/R it < el </0T</R Nianratl dpd:c) 2dt> "
< |lgllze/uT (// fkln( ) dpdmdt>l/2

1/2
£
S"90||L00\/)\MT§<// 2|hk|2dpda:dt> (73)
0 RJR

tends to 0 as &k — oo. ]

IN

Vp M (P) dp

/(fk — M) da

R

6 Appendix

We detail here the dimensional analysis of the equations and the physical meaning
of the different parameters. We introduce the following physical constants

- o the vacuum permittivity,

- ¢ the vacuum light speed,

- ¢ the charge of particles,

- m the mass of particles,

- 7 the relaxation time which characterizes the interactions of the particles with the
thermal bath,

- K the Boltzmann constant,

- Tin the temperature of the thermal bath.
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We will also need the total number of particles involved in the physical system under
consideration, denoted by N' . We define the thermal potential by

The thermal impulsion py, > 0 is given by the relation

T
mey | ()14 5 — 1| = KT,

2
mAcg

which leads to

P = \/ (K pT)? ) + 2K 5Ty,

Eventually, we denote by vy, > 0 the thermal velocity given by

1
DPth e |1

Uth = —p2 —K N\
/ th Blth
m 1 + mgcg (1 + mc(z) )

PihUsh KgpTy, + 2mc}
KgTy,  KpTi + mdck

Remark that

=9 €]1,2[.

We are interested in the evolution of the distribution function f(¢,x,p) of the
charged particles; it depends on time t > 0, space z € R? and impulsion p € R3.
Given a momentum p, the associated energy reads

E(p) = me3 (y/1+ pl2/ (m2c3) — 1)

and the velocity is given by

) =V,& = P .
W) = V) = AP

Then, the evolution of f obeys the Fokker-Planck equation

Ouf +v(p) - Vaf +q(E(t,x) +v(p) A B(t,2)) - Vo f = Lrp(f),

for (t,x,p) €]0, +00[xR3xR3, where the relativistic Fokker-Planck collision operator
reads

2

Len(f) = P2div, ( Ao gy w) = Py, (M(p)vp (%)) .
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Here M(p) = e~ ¢®)/(KsTin) ig the relativistic Maxwellian. The force acting on the
particles depends on the electro-magnetic field (E, B) the evolution of which is driven
by the Maxwell equations

j(t,x)

OFE — ¢ curl,B = —q———=, OyB + curl, B/ = 0, (t,7) €]0, +o0[xR3,
€0

t
div, E = qp(g’ z). div, B = 0, (t,2) €]0, +oo[xR?,
0

where p = [0 f dp, j = [os v(p)f dp are respectively the charge and current densi-
ties.

Let us write the equations in dimensionless form. To this end, we introduce a
length unit L, and a time unit 7. As impulsion unit we set P = pg,. We define
dimensionless variables and unknowns by the relations

= Ttla N Tr = Lxla P = pthp/7

t xz p Utn t t x
ta ) = 72 3 /<_J_J_>7 E t? = _E/(_7_)7 B t7 = _B/<_7_)'
fep) = e\ pop) PO0 =P 5 1) Blo) =287

We set

E(pwp') 12 v
SI/:—, V() = Vo E (p) = th .
W) = e ) = V&' W) = 7 -
1_'_ th |p/|2
m2cd
As a matter of fact, note that v(p) = %v’ (p/ptn). We also introduce the Debye
length

eoKpTinL?
)\D - 2—N
q

Then, the equation becomes (having dropped the primes)

KpTin T qUin T ( KpTin L )
o f + —ov(p)-V.f+ — | E(t,x) + — v(p) ANB(t,z) ) -V
S T (P e S g v 800))
= ?divp(fv(p) + Vypf)
coupled to
LN\N2KgTy, T TN\?
O FE — curl, B = —(—) Brth = j(t, z), 0B + (CO—> curl, £ =0,
I AD P L L
div, FE = (—) o(t, z), div, B = 0,
AD

with
) = [ St i) = [ ot dp
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We are concerned with the physical situation where

Ap = L,
KgTy T 1 T 0
1< sl 11 L_v
pw L € T g2

where 6 > 0 is a fixed dimensionless parameter. The first relation determines the
length unit L = ¢°N'/(e0KpTi). The second says that the time unit is large com-
pared to Lpy,/(KpTi) which is itself larger than the relaxation time. Accordingly,
it means that the thermal velocity vy, is large compared to the reference velocity
L/T (the ratio being of order O(1/¢)). Besides, the mean free path ¢ = vy,7 is small
compared to both the Debye length Ap and the length unit L (the ratio being of
order O(e)). Next, we check that

al' _ co vapm KpTuT 1

L KgT, L KT\ 2 €
Uth BLth  Pth \/1 _ (1 4 B 2th> £
mcg

We denote
C()T . 1

L de
where, by definition, the parameter 6§ = (1 + 2mc2/(KzTiw))~"/? belongs to (0,1).
As a matter of fact, we remark that the magnetic effects are always dominated
by the electric forces. Eventually, let us go back to the expression of the rescaled
velocity which involves the dimensionless quantities

2 2
Pin and Pin
mKgTiy, m2ch

It turns out that we can rewrite these quantities by means of the previously defined
coefficient and we get

( 2 p

vp) =T - =
¢ M e =P

E(p) = #(\/“th?ﬁ - 1>~

We recap the asymptotic problem as follows

\

.f + %v(p) Vof + GE@, z) +0%v(p) A B(t, x)) Vpf = gdivp(v@)f +Vif).

1

OE — curl, B = ——j(t, ), £26%0,B + curl, E = 0,
€

div, E = p(t, z), div,B = 0.
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