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Centered and non-centered principal component
analysis in the frequency domain

A. Boudou?, E.N. Cabral®!, Y. Romain®

¢ Equipe de Stat. et Proba., Institut de Mathématiques UMRS5219
Université Paul Sabatier, 118 Route de Narbonne
F-31062 Toulouse Cedex 9, France

Abstract

Given a stationary multidimensional process and the process which is de-
duced after centering, we wish to study possible links between the principal
component analyses, in the frequency domain, of these two processes. It
is well-known that there is, a priori, no obvious relationship between the
centered and non-centered principal component analyses in the temporal do-
main. Furthermore, we also know that principal component analysis in the
frequency domain is reduced to principal component analysis of each spectral
component. In this paper, we show the remarkable result that the centered
and non-centered principal component analyses in the frequency domain are
equal except for a given frequency.

Key words: principal component analysis, stationary random function,

stationary process, frequency domain, temporal domain, random measure

1. Introduction

Principal Component Analysis (PCA) of order g, in the frequency domain,
of a p-dimensional stationary random function (¢ < p) can be seen as a search

for a g-dimensional stationary random function which best summarizes the
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p-dimensional function. This method, which combines harmonic analysis and
classical PCA, was introduced by Brillinger (1975, 2001) in a study of PCA
of a p-vector-valued stationary time series. Under absolute summability of
the autocovariance function, Brillinger obtained a g-vector-valued stationary
summary in the form of a moving average. Some applications of Brillinger’s
PCA method can be found in Shumway and Stoffer (2000), and Boudou and
Dauxois (1994) have extended the method to a random function defined on
a locally compact Abelian group by using spectral representation.

Nowadays, PCA in the frequency domain has found diverse important
applications. It has been widely adopted as the most promising face recogni-
tion algorithm in pattern detection and image processing (Feng et al., 2000;
Mitra et al., 2005; El-Bakry, 2007; Rama et al., 2008), signal processing (e.g.
Jung et al., 2000; Winter et al., 2006), biomedical research (Lagerlund et al.,
2004, 2005; Bernat et al., 2005), the multidimensional acoustic or electrical
data processing problem and other areas (see Brillinger, 1975, 2001).

In this paper, we study centered and non-centered PCA in the frequency
domain of a stationary random function (here we only use weak stationarity).
In the temporal domain, we know that, generally, there is no equivalence
between centered and non-centered PCA (as it is well-known that there is
no obvious relationship between the spectral analyses of a Gram matrix and
its associated covariance matrix). So, in many articles on the subject, the
data are assumed to be centered. In this paper, given a stationary random
function (Xgy) . and its centered version (ch)geG = (X, - FE(X,))
show that the PCA’s of (X,), ., and (X;)g

geG? we

o in the frequency domain can
be obtained, respectively, by the PCA of another centered random function
(X;)geG deduced from the decomposition of (Xj), .. and (X;)geG by a filter

of pass-band type.



In section 2, we introduce our notation and recall some mathematical tools
useful for solving our problem. In section 3, we give a brief survey of PCA in
the frequency domain. In section 4, we present the first main result of this

paper, rewriting the function (E(Xy)),. as (Ve 9)aE(Xo)) where G

geG (
is the dual space of G, (-, )5, denotes the duality bracket and vy is a charac-
ter). That result leads to some relationships between the associated spectral

tools of (X,) ., and (Xg)ge such as the spectral and random measures. In

¢
section b, we give the second main result : with (Yg’)ge . the g-dimensional

summary resulting from the PCA of (X)) we obtain the g-dimensional

geq’
summary (Yy), . of the PCA of the non-centered random function (X) .«
by the relation Y, = Y, + (vm, 9)acW (where W is a g-dimensional vector
which is given in Proposition 5.3). In an analogous way, we obtain the ¢-

dimensional summary (Y;)g€ o of the centered random function (X by

9 >g€G
the relation Y = Y, + (vm, 9)goWe (where W is also given in Proposition
5.3). This result legitimizes the aforementioned decomposition, and some

particular cases are presented in the last section.

2. Notations and preliminaries

In this section, we introduce the main mathematical tools used through-
out this paper. We emphasize the representation of a vector-valued stationary
continuous random function (CRF) as a stochastic integral (see Boudou and
Dauxois, 1994); tools mentioned here are developed further by Rosenberg
(1974), Boudou and Dauxois (1994) and Boudou and Romain (2002).

Let denote (2, A,IP) a probability space such that the complex Hilbert
space L2 = Lg,(Q, A,P) is separable. When X is an element of L2, the
mapping y € L2(P) — E(yX) € CP, denoted by X, is a Hilbert-Schmidt

operator, and its adjoint X* is the mapping u € CP — < u, X > € LE(P).



By G we denote a locally compact Abelian group whose dual G admits a
countable basis, and by B the Borel o-field of G.
A p-dimensional random measure (p-RM) Z is a vector measure defined

on B with values in L? such that Z(A) o Z/(\/B)* = 0 for each pair (A, B) of

disjoint elements of B.

Let oa(p,q) (resp. o2(p)) be the complex Hilbert space of all Hilbert-
Schmidt operators mapping C? into C¢ (resp. CP) with the inner product
defined by

<o >9 i (LK) trLo K*, (1)

and M the vector-valued measure in o9 (p) defined by Mz(A) = Z (A)OZ/(\/A)
for any A € B.

For any o-finite measure v defined on (@78) which dominates My, the
dMZ

Radon-Nikodym derivative of My with respect to v admits (e.g. Rosen-

berg, 1974, p.174) a measurable Schmidt decomposition:

a7 4 i ) & a;(.). @

More precisely, there exists two families of measurable applications, ( uj(fy))j
and (%‘(7))]-:1,” ,» defined on G with values in R+ and CP, respectively. Fur-
thermore, for each v of G, ;Z’ wi(y)a;(v)®a;(7y) is a Schmidt-decomposition
of 22 (~) which belongs to o2 (p).

By Liq(M z) we denote the space of functions whose values are operators
belonging to ga(p, ¢) (see Boudou and Dauxois, 1994, for more details). This
space can be regarded as a quotient space of a linear subspace of [o2(p, q)]é,
by a relation of equivalence defined from M. Each element ¢, i.e. a coset in

Lf,q(M 7), contains a B-measurable function which is also denoted by ¢. The

:17 P



space L2 (My) associated with the inner product

dM,
dv

<o Y> = /tr[w(A) o (——=(A) e ¥ (N)]dv(}) (3)

is a Hilbert space.

Let Hz(p, q) be the closure of span{K o Z(A); A € B, K € o5(p,q)}.
Since span{lsK;A € B, K € 05(p,q)} is dense in LZQ(MZ), the stochastic
integral with respect to Z is the unique isometry from L7 (Mz) onto Hz(p, q)
which associates K o Z(A) = [14KdZ with 1,K.

Given a p-RM Z defined on B, it can be shown (see Azencott and Dacunha-

Castelle, 1984; Boudou and Dauxois, 1994) that (X)) where

geG?
XgZ/(%g)@GI@dZ(v),

is a p-stationary CRF; that is, the mapping g € G — X, € LIQ, is continuous
and, for all (¢,¢') € G x G,

< Xg, Xg >=< Xy_g, Xo > .

Conversely, given a p-stationary CRF (X)) there exists a unique p-

geG?
RM Z, called the associated p-RM, such that X, = [ (-, 9)gelcrdZ for any

g in G.

If Z is the p-RM associated with the p-stationary CRF (X,) one has

ge@?

Hz(p,q) =35pan{K o Xg;9 € G, K € 03(p,q)}.

Two stationary CRF’s (Xg) . and (Y) respectively p and ¢ dimen-

geG?

sional, are said to be stationarily correlated if, for any (g,¢") € G x G, one

has
— — -

X,0Y, =X, y0Y,.



It can be shown (see Boudou and Dauxois, 1994) that this condition holds if

and only if the associated p-RM Zx and ¢-RM Zy, respectively, satisfy
Zx(A)o Zy(B) =0,

for all pairs (A, B) of disjoint elements of B. Then, we say that Zx and Zy

are stationarily correlated.

Let (Xg)geG be a p-stationary CRF, Z its associated p-RM. The image of
(Xg), e by any filter (whose transfer function is) ¢ belonging to L2, (My), is
the g-stationary CRF

¥)yec = ([ (19)aer0)d2()
geG
with associated ¢-RM Z, : A € B+ [1apdZ € LZ which is stationarily
correlated with Z.
If ¢ belongs to LZ(Mz,), then ¢ (-)p(-) belongs to L2, (Mz) and

[ vaz. = [ wiretraz

3. Principal Component Analysis

Given a p-stationary CRF (X)) we want to summarize it by a g-

geG?
stationary CRF (X;)geG (¢ < p), with associated ¢-RM Z’; which is sta-
tionarily correlated with <X9)g€G' The stationarity properties permit us to

affirm that any p-dimensional filter (Wy) ., of (X, ;)ge o is such that

HXg - WgHLg = ”XO - WOHL%

for all g in GG. So we will measure the quality of the ¢g-dimensional summary

(Xg) jeq Of (Xg)yeq by the quantity

wt{|Xo — [ @dZ] ;o€ L3, (Mz)).
L2

P

6



Of course, between all the possible summaries, we will choose the best one

from this point of view. So this leads to the following

Definition 3.1. The PCA of order q of the p-stationary CRF (X,) with

associated p-RM Z, is a g-stationary CRF (X})

geG’

e with associated q-RM
Z', stationarily correlated with (Xy),cq. and an element ¢ of L2 (M) such

that | Xo — [ @dZ'|| . is minimum.

If we see that Xg = f IcpdZ, we can remark that this analysis is equivalent
to the PCA of order ¢ of Z (see Boudou and Dauxois, 1989).

Let Z;j 1i(-)aj(-) ® a;(-) be a measurable Schmidt decomposition of M7,
the derivative of M, with respect to v, a o-finite measure which dominates
My, and let { f1,-- -, f,} be the canonical basis of C?. Following Boudou and

Dauxois (1994), we can give the

Proposition 3.1. A solution of the PCA of order q of the p-RM Z is given
by Z' = Z,, where a(-) = ;z’ a;j(-)® fj, o(-) = a*(-) = jj{ T ®aj(-).

4. Spectral tools associated to centered and non-centered station-

ary CRF

From now on, we consider a p-stationary CRF (X g)g c¢; defined in G' with
values on L2. In order to study the PCA’s of (X,) . and its centered version
geG
(X gc>ge o» We present in this section the relationships between their associated
p-RM, on one hand, and the derivatives of their respective spectral elements
on other hand.
We assume that [F(Xo) # Ocs, otherwise X, = X¢ for all g in G.

For this, let us consider at first the orthogonal projectors

D : x€IXP) — IgE(z) € L2(P) (4)

P, Xely— IgE(X) € L2, (5)

7



with D+ = I;2p)— D and P = I12 — P, and define (Xg)geG by (PpLXg)geG.
The following property is easily proved if we point out that P, (resp. PPL)

is such that ]5;)/( = X o D (resp. Igplj( = X o D4, for any X € L.

Lemma 4.1. If (Xg)gEG 1s a p-stationary CRF defined on G with values on
L2, then for all (9,9') € G x G

(1) Xgo Xy =XJo X[ ;

——% —~—%

(ii) Xg0 P,Xy = P,X,0P,Xy ;
(iii) X¢oPXy =0.
Let @ be a bounded endomorphism of Lg. Then the mapping
geG—Q(X,) e L’

is continuous and we can state the following

Proposition 4.1. The CRF (ch)geG is p-stationary if and only if (P, Xg) e
is a p-stationary CRF'. In this case, the pair ((X,) e (ch)geG) (resp.

((Xg)geG, (Png)gec); ((X“)geG, (Png)geG)) is stationarily correlated.

g

Now, for preserving the continuity and p-stationarity of the centered random

function (X7) we assume that (F,Xg) . is a p-stationary CRF. Note

geG’

that the case of strict stationary series verifies such assumption. One can

affirm the

Proposition 4.2. If (E(Xy)),cq s a p-stationary CRF with values in C?

then there exists a character v such that for any g in G,

E(Xy) = (ve: 9)gcE(Xo). (6)



Proof. Let us consider the mapping
t:ge G ||EX)| < E(X,),E(X,) > cC.

We verify that t(g)E(Xy) = [E(X,), for each element g of G, and then

lt(g)] = 1. Obviously ¢ is continuous and for each pair (g,g’) of elements

of G, we have t(g — ¢') = t(¢")t(g). So t(0) = 1 and t(g + ¢') = t(g)t(¢’).
So t € G and there exists an element vE of G such that, for all g in G,
E(Xy) = (e, 9)ae B (Xo)- O

Then, it is easy to verify the following

Corollary 4.1. The p-RM associated to the p-stationary CRF (P,X,)
Oy () 1oIE(Xy) and is denoted by Zps.

geG 5

By the one-to-one correspondence (e.g. Boudou and Dauxois, 1994) between
a p-stationary process and its p-RM, we propose now to find some relation-

X¢ and (P,X,)

ships between the associated p-RM’s of (X,) g, ( g>g€G

(TolE(Xg)) e
For all (K, g) of o2(p) x G, one has

geG =

P

P(KoXf)=KoXtoD=KoXtoD=KoPB,X¢t=0.

If we denote by Z. the p-RM associated to the p-stationary CRF (X{) _ .=

geG
(PX,) we know that Z.(A) € span{K o X;g € G, K € ay(p)} for all

geq’
A in B and so we can establish

Proposition 4.3. With the previous notation we have P, o Z. = 0.
And consequently

Proposition 4.4. For all pairs (A, B) of elements of B,



Proof. Indeed

So, it is easy to verify that
Proposition 4.5. One has

(i) The mapping Z : A € B Z(A) + Zp(A) € L is a p-RM.
And for all A in B, one has

(ii) 1z(A) = pz.(A) + pzg(A) = pz.(A) + 8,5 (A E(Xo) )"
(i) Mz(A) = Mz, (A) + Mz, (A) = Mz (A) + 6y, (A)E(Xo) @ E(Xo).

Since (-, ¢)ae belongs to L*(pz) = span{la; A € B}, it can be put in the

form (-, 9)ae = lim, -, @jnla,, in L?(uz) where Aj, € Band |J,| < +oc.

This equality is also true in L*(uz.) and L?(uz,) (because || - Hig(#z) =
| - H;(MC) +- HQLQ(MZE)), We can now write
(.7 g)@GI(Cp = h?Izn Z ajnIAjnI(CP (7)
jE€Jn

in L2 (Mg), L2 (Mg,) and L2 (Mz,). By integrating equality (7) with re-

spect to Z, Z. and Zp successively, we obtain

/ (9eclerdZ = 1m > ajnZ(Ajn)

j€Jn

Xy = lim ) ajuZe(A)
VISBE

PX, = hyzamzﬂ(&n).
j€Jn



So, since Z(A;,) = Z.(A;n) + Zi(A;,), we have
/ (~9aclerdZ = X5+ P,Xy = X,

and this leads to the following
Proposition 4.6. 7 is the p-RM associated to the p-stationary CRF (Xg)gEG'
From this point of view, one can easily establish the
Proposition 4.7. With the previous notations

(1) PyoZ = Z;

(ii) PpL ol =17

(iii) for all A in B, IE(Z(A)) = 0, (A)IE(Xo).

Now, let us show that the images of the centered and non-centered processes

by the pass-band filter T5_ {WE}LCP are equal. For all A in B, we have

Ziy 1A = Z(AN@G - {35))
= ZJ(AN(CG = {y}) + Zp(AN (G - {yx}))
= ZAN (G~ {v8}) = Zeay 10 (A):
So, we have

Proposition 4.8. ZI@,{WE}ICP = ZCIé—{wE}IC”'

The image of (X,) . by the filter I, JIc» and the image of (Xg) _. by

geG

Ig_ (pyler which belongs to sz(M z.), admit, respectively, Z1 and

~tvpyler

¢l , I as associated p-RM’s which are equal.
G—{vm}

If we denote

/(',g)agla{m}f@deZ/(wg)aGIa{w}f@dec

11



by X;, for all g in G, and taking into account that {@ —{ve},{vE}} con-

stitutes a partition of @, we can affirm that
Proposition 4.9. For all g in G,

(i) Xg=X;+ (e, 9)acZ({VE});

(ii) Xg =Xy + (e, 9)geZe({VE});
(iii) IE(X;) = 0.

The equality (i77) is due to the fact that X; € Hz (p) and P, 0 Z, = 0.

5. Comparison of the centered PCA and its non-centered version

According to section 3, let us recall that the PCA of a p-stationary CRF
with associated p-RM 3 consists on the diagonalization of the derivative of
M5 with respect to any o-finite measure v defined on B which dominates

Ms5. For this, we propose the following
Proposition 5.1. .
(i) 1z dominates My, ;

(i) If M. is the derivative of My, with respect to pyz, then the mapping M':

-~

7 € G M) + Ly (N [z ()] E(Xo) © B(Xo) € 02(p) (8)

15 the derivative of My with respect to jiz.

Proof. The relation (i) is true since piz = pz, + iz, and then pz, < pz.
Let M be the derivative of M, with respect to uz, it is easy to verify that
the mapping M’ is B-measurable and pz-integrable. Let A € B such that

12



e ¢ A, we have [T4(-)M'(-)duz(-) = Mz (A) = Mz(A). Let A € B such
that v € A, as A = (A—{ye})U{ye} and (A—{yr}) N{yr} = 0 we have

J1LOM Oz = [ L OM iz + [ 1M Odaat)
= Mz(A—{ve}) + Mz({7e})
—  My(A).

O

Now, suppose that ZJ " Xi()a(+) ® a;(-) is a measurable Schmidt decom-
position of M and 3 777 u;b; ® b; a Schmidt decomposition of M'(yp). If
we denote by oy = Tz 2 Aj 4+ Lpypypy and wy = I sa; + Ty p30;, for
any j € {1,---,p}, it is clear that Z Yaj(-)ui(-) ® u;(+) is a measurable
Schmidt decomposition of M.

Let o(-) = S7=%u;(1) @ f; and @.(-) = S7=%a,(-) ® f;. So a solution of

J j=1
the order ¢ PCA of (Xg) . (resp. (X{) eG) is the g-stationary CRF (Yy), 4
(resp. (ch)gec) defined by Y, = [ (-, 9)gopdZ (resp. Yy = [ 9)aapdZe)
and which associated ¢g-r.m. is Z, (resp. Z., ). The link between Z, and
Z,

cp. 18 given now.

Proposition 5.2. (Z,) = (Zew. )y

~ c ~
IG*{WE}ICQ G*{’YIE}ICq

Proof. When v € G — {7}, Iyey(y) = 0; then we have u;(y) = a;(vy) and

o(v) = ; 1a;(7) ® f; = ¢e(7). So, for all A € B we can write
(Z‘phé—{m}lﬁq(A) = /IAIG (vp }SOdZZ/IASOdZIé{wE}ICp
_ / LigpdZer, | 1o = / L ., 0dZ,
= /IAI@{WE}SOCCZZC = (choc)laf{m}lcq (A),
which completes the proof. [

13



Taking into account what preceeds, we can deduce that the g¢-stationary

CRF image of (Yy) .. by 15 (. ,]ce is equal to the image of (Y[ _. by

geG
I pylce (since they admit the same associated ¢-RM (Z%,)Ié =

I
—{vm} ¢
, : :
(ZWC)I&HE} ,)- If we denote by (Y;)geG this ¢-stationary CRF, the follow-
ing result stands

Ic

Proposition 5.3. For any g in G, one has
(i) Yo =Yg+ (v, 9)gecW, where W = o(ym) 0 Z({7});
(i) Y =Y, + (ve, 9)acWe, where We = ¢.(v) © Z.({7E});
(ii) E(Y,) = 0.
Proof. Let g in G, by using G = (@ —{ve}) U{yr} we have
Y, = /('?Q)GGIG—{W}(‘)I@MZ@ + / (‘aQ)GGI{WE}(‘)IquZw
= Y+ / (v 9 gLy (e (vm)dZ
= Yy + (ve 9aee(ve) ° Z({ve})
and
Yg = /('u‘])éGIé{yE}(')Iquchc + / (s Daa i (HMeadZey,

= Y+ / (Vi Dac ey (pe(vm)dZe
= Y+ (p 9)gave(vp) © Ze({}).
The proof of (ii7) is similar to the proof of (7i7) in Proposition 4.9. 0

Remark : For any g in G, since IE(Y,) = 0, it is easy to verify that
E(Y,) = (ve,9)acle(ve)E(Xo)] and (IQ]E(Yg))geG is a g-stationary CRF
with associated ¢-RM 9, (1) Ia(-)[¢(vm)E(Xo)]. And moreover,

Yy =Y7 + 10E(Y,) + (Ve: 9acle(ve) — ec(ve)] o Z({vE})-

In addition to Proposition 5.3 we can establish the following statement

14



Proposition 5.4. The CRF (Yg’)ge is the PCA of order q of (X}) A

G
Proof. By recalling that the associated p-RM of (X/) e 18 Zerg oyl the
derivative of Mzclg_{m}lcp with respect to pz is I5_ {m}( )M ().
Let X; =I5 o 1(")A;, for any j € {1,---,p}. Then Z; TN (Da;() @ aj(-)

is a measurable Schmidt decomposition of Ig_ . () Mc(-).

Let ¢/'(+) = ; 1a;(-)® f;. A solution of the PCA (of order ¢) of (X}) geg 18

given by [ (~9)ge?'(VdZery (110 = | (9aclord(Zeag 1)

Since <chéf{wE}I‘Cp)w/ - ZCI@ {v }“0/ - ZCI@%WE}% > <ZC%>I€;_{~,E}IC4 <be_
cause Ig_ }go’ 15 {WE}@C) we have
f (’g>éGg0 ( )dZCIG {’y } = f GGI(qu ZCWC>I§,{,YE}ICQ ey }/; |:|

In Proposition 5.3, the random vectors W and W, are obtained from the
PCA’s of order q of Z({~vE}) and Z.({vE}) respectively. More precisely, we

have

My(fyp)) = / Ty (VM (dpiz = / 1oy ()M ()i
= pz({ve})M (Vi)

—~—

and so, ;z’f pz({vE})pib; ® bj is the Schmidt decomposition of Z({yg}) o
Z(w)
Therefore, the PCA (of order ¢) of Z({vg}) is given by [Z;j b; ® fj] o
Z({ve})-
Since ¢(vE) = ; Tuj(ve) ® fj = Z;:{ b; ® fj, the PCA (of order ¢) of
Z({vm}) is p(vm) o Z({vm}) =
In an analogous way, we show that > =7 nz({ve})A\i(vm)a;(vm) @ a;(ve) is
the Schmidt decomposition of Zc({%E})OZc({%E})* and the PCA of Z.({vk})
is Y2071 a;(v) ® fi] 0 Zo({vm}) = (1) © Zo({ym}) = W,

So, Proposition 5.3 can be interpreted as follows: to obtain the PCA of
order q of (Xg),. (resp. (ch)geG), we must add to the PCA of (X;)

geG

15



the g-dimensional vector (Yi, 9)acW (resp. (Vm, 9)acWe) deduced from the
PCA of Z({ni}) (resp- Z({vi})).

6. Some particular cases

The p-stationary CRF (X g)g c¢; 1s areal random function if for each g € G,
one has Yg = X,. Equivalently, that is (e.g. Boudou and Dauxois, 1994),
the associated p-RM Z satisfies Z(—A) = Z(A), for each A € B. From this
point of view, if (X,) ., is a real CRF, it is clear that (Io[E(Xy)),. is a
real CRF and then, according to the Corollary 4.1 of Proposition 4.2, one

has
Oy (A I IE(Xo) = 61 (A) I E(Xo) = —7E =B (9)

When G = R, its dual G is identifiable to R, so v = 0 is the unique
solution of (9) and equality (6) is such that E(X,) = IE(X).
When G = Z, its dual Z is identifiable to IT = [—7, 7| which is a (locally

compact) Abelian group for

Mt +T

@:(Al,)\Q)GHXH"_))\1+)\2+27T[ o

] €1,

where [a] is the integer part of a. The equation (9) is equivalent to ©A = A
with A € IT, where ©X = —X — 27[=32], and admits two solutions {0, —7}.
So the random function (IE(X,)),;, defined by (6) is such that F(X,) =
e"IF(Xy), with € € {0;1}, for all n € Z.

When G = ZF, its dual ZF is identifiable to TT* by the homeomorphism

T:(\,-- ) €l — gtPatethe) o ﬁ,

with (Z(Ay, -+, Ak); (0, k) iy = €22 e The equation

YE = —7YE in ZF means that (A1, , ) = Z(6A,- -+ ,8X) and so, \;
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belongs to {0, —7} for j = 1,..., k. And moreover,

(,YEJ (nh' T 7nk))ﬁzk = (I()\lu J)\k); (nla' o 7nk))ﬁzk

Jj=k
ez)\lnlezx\gng o ezx\knk — | | ez)\jnj’
7=1

with \; € {0, =7} for j = 1,..., k. If \; = 0 then e = €0 =1 = (—1)9"7,
with e; = 0. If \; = —7 then e = e7™ = (=1)" = (—1)9", with

e; = 1. So, the equation (9) admits 2% solutions, that is,
i=k -
. J=k o
(IVEW (nh e ank))ﬁzk = H <_1)€J —— (_1)ZJ:1 I
j=1

and (IE( Xy, n4)) (ny ... ez defined by (6) is such that

(nl"‘

Sk e,
E<Xn1,~~-,nk) = (_1) J=1"J ]E<X07,,,70)

with g; € {0,1}, for all (ny,--- ,ny) € ZF.
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