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MONOCHROMATIC RECONSTRUCTION ALGORITHMS
FOR TWO-DIMENSIONAL MULTI-CHANNEL INVERSE
PROBLEMS

ROMAN G. NOVIKOV AND MATTEO SANTACESARIA

ABSTRACT. We consider two inverse problems for the multi-channel
two-dimensional Schrédinger equation at fixed positive energy, i.e. the
equation —Awy + V(x)y = Ev at fixed positive E, where V is a matrix-
valued potential. The first is the Gel’fand inverse problem on a bounded
domain D at fixed energy and the second is the inverse fixed-energy
scattering problem on the whole plane R%. We present in this paper two
algorithms which give efficient approximate solutions to these problems:
in particular, in both cases we show that the potential V is reconstructed
with Lipschitz stability by these algorithms up to O(E~~2/2) in the
uniform norm as £ — 400, under the assumptions that V is m-times

differentiable in L', for m > 3, and has sufficient boundary decay.

1. INTRODUCTION

We consider the equation
(1.1) — A+ V(z)y = Evp, z € R?, E >0,
where

(1.2) V is a sufficiently regular M, (C)-valued function on R?
with sufficient decay at infinity,

M, (C) is the set of the n x n complex matrices. This equation will also be

considered on a domain D, where
(1.3) D is an open bounded domain in R? with a C? boundary.

Equation (1.1) at fixed E' can be considered as rather general multi-
channel Schrodinger (resp. acoustic) equation on D at a fixed energy (resp.
frequency) related to E. It arises, in particular, as a 2D approximation to

the following 3D equation
(1.4) A +v(x, 2y =Ey, (x,2) € Q=D xL,

where L = [a,b], a,b € R, v is a sufficiently regular complex-valued function

on 2 and ¥|pxar, = 0 (for example): see [19, Sec. 2|. In this framework, the
1
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approximate 2D matrix-valued potential V is given by
(1.5) Vij(xz) = Xidij + / bi(2)v(z, 2)¢;(2)dz, x €D,
L

for 1 < i,j < n, where n € N, {¢,}jen is the orthonormal basis of L?(L)
given by the eigenfunctions of —% such that ¢;jlar, =0, —% = \j¢;, for
j€N,and d;; =1if i = j and 0 otherwise.

In addition, equation (1.1) can be seen as a particular case of the 2D

Schrédinger equation in an external Yang-Mills field.

For equation (1.1) on D we consider the Dirichlet-to-Neumann map ®(E)
such that

(16 B0 Wlon) = 5|

for all sufficiently regular solution v of (1.1) on D = D UJD, where v is the

outer normal of 9D. Here we assume also that
(1.7)  E is not a Dirichlet eigenvalue for the operator — A+ V in D.

This construction gives rise to the following inverse boundary value prob-

lem on D:
Problem 1. Given ®(E), find V on D.

On the other hand, for equation (1.1) on R? under assumptions (1.2),
we consider the scattering amplitude f defined as follows: we consider the
continuous solutions 1 (z, k) of (1.1), where k is a parameter, k € R? k% =
FE, such that

4 . z\ ekl
(1.8) YF(x, k) = e*T — in/2me t f (k, \k:]—) —_—
21/ /[Kl2]

1
—|—0<—>, as |z| — oo,
vaid

for some a priori unknown M, (C)-valued function f, where I is the identity
matrix. The function f on g = {(k,1) € R? x R? : k? = [?> = E} arising
in (1.8) is the scattering amplitude for the potential V' in the framework of
equation (1.1).

This construction gives rise to the following inverse scattering problem on
R2:

Problem 2. Given f on .#g, find V on R2.
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Problems 1 and 2 can be considered as multi-channel fixed-energy ana-
logues in dimension d = 2 of inverse problems formulated in [9] in dimension
d > 2. Note that Problems 1 and 2 are not overdetermined, in the sense
that we consider the reconstruction of a M, (C)-valued function V' of two
variables from M, (C)-valued inverse problem data dependent on two vari-
ables. In addition, the history of inverse problems for the two-dimensional
Schrodinger equation at fixed energy goes back to [6] (see also [14, 10| and
reference therein). Note also that Problem 1 can be considered as a model
problem for the monochromatic ocean tomography (e.g. see [1] for similar
problems arising in this tomography).

As regards efficient algorithms for solving Problems 1 and 2 for the scalar
case, i.e. for n = 1, see |13, 14, 15, 16|. In addition, as concerns numerical
implementations of these algorithms for Problem 2 for n = 1, see [3, 5], and
references therein.

Nevertheless, the fixed-energy global uniqueness for Problem 1 (and for
Problem 2 with compactly supported V') for n = 1 was completely proved
only recently in [4]. The reconstruction scheme of [4] is not optimal with
respect to its stability properties, and, therefore, is not efficient numerically
in comparison with the aforementioned 2D reconstructions of [13, 14, 15, 16],
but it is very efficient for proving some global mathematical results. In
particular: a related global logarithmic stability estimate for Problem 1 for
n = 1 was proved in [18]; global uniqueness and reconstruction results for
Problem 1 for n > 2 were obtained in [19]; a global logarithmic stability
estimate for Problem 1 for n > 2 was proved in [20]. In addition, Problem
2 with compactly supported V can be reduced, for n > 2, to Problem 1, as
in [13] for n = 1. This implies, at least, global uniqueness for Problem 2
(in the compactly supported case). On the other hand, the uniqueness for
Problem 2 fails already for scalar (n = 1) real-valued spherically-symmetric
potentials V of the Schwartz class on R? (see [11]).

The main purpose of the present work consists in generalizing the afore-
mentioned reconstruction approach of [15, 16] to the case of Problems 1 and
2 for n > 2. As well as for n = 1 this functional analytic approach gives
an efficient non-linear approximation V,p,r(z, E) to the unknown V(z) of
Problems 1 and 2. The reconstruction of Vo, (2, E) from ®(E) for Problem
1 and from f on .#g for Problem 2 is realized with some Lipschitz stability
and is based on solving linear integral equations; see Algorithms 1 and 2
of Section 3, Theorems 6.1, 6.2 and Remarks 6.4, 6.5 of Section 6. Among
these linear integral equations, the most important ones arise from a non-
local Riemann-Hilbert problem. Another important part of these equations
is used for transforming ®(FE) for Problem 1 and f on .#g for Problem 2
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into M, (C)-valued Faddeev function analogues hy on .#p, involved in the
formulation of the above-mentioned Riemann-Hilbert problem. In addition,

Vappr (- E) = V|| = e(E)

rapidly decays as E — +o00, where || - || denotes an appropriate norm. In
particular, e(E) = O(E~°) as E — +oo if || - || is specified as || - || oo (p) and
V € C*®(R?%, M, (C)), suppV C D, for Problem 1 and if || - || is specified as
| | o g2y and V' € S(R?, M,,(C)), for Problem 2, where S denotes the Sch-
wartz class. In addition, no reconstruction algorithms for Problems 1 and 2
— comparable, with respect to their stability, with Algorithms 1 and 2 and
with an approximation error decaying more rapidly than O(E_%) as £ — oo
— are available in the preceding literature, even for V € C*°(R2, M, (C)),
suppV C D C R? when n > 2 (in general).

Finally, in spite of the fact that some excellent properties of Algorithms
1 and 2 are proved assuming that V is sufficiently smooth and that E is
sufficiently great in comparison with (some norm of) V, we expect that
these algorithms will work rather well even for V' with discontinuities and
for the case when E is not very big in comparison with V. This expectation
is based on numerical results for Algorithm 2 for the case n = 1; see [5] and
references therein. Numerical implementations of Algorithm 1 for n > 1 and

Algorithm 2 for n > 2 are in preparation.

Acknowledgements. We thank V. A. Burov, O. D. Rumyantseva,
S. N. Sergeev for very useful discussions.

2. FADDEEV FUNCTIONS

In this section we recall some preliminary definitions.

Under assumptions (1.2), we consider the Faddeev functions G(z,k) =
R gz, k), (x, k), h(k,1) and related function R(x,y, k) (see [7, 8, 13, 17]
for n =1):

1\?2 eisT
en ek =-(5) [ aTaet
22 e =M [ Gl = n RV @Ry,

23) (kD) = (%)2 /R IV (@), k),

24 Rawk) = Gle—pb)+ | Gla—&BVORE v ke
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where z = (z1,22),y = (y1,92) € R, k = (k1,k2) € CP\R?, 1 = (I3, 12) € C?,
Imk = Iml # 0 and [ is the identity matrix. We recall that

(2.5) (A +k*G(x, k) = 6(x),

for z € R?, k € C?\ R?, where 6 is the Dirac delta. In addition: formula

(2.2) at fixed k is considered as an equation for
(2.6) U(x, k) = e p(x, k),

where 1 is sought in L>(R?, M,,(C)); formula (2.4) at fixed k and y is con-
sidered as an equation for

(2.7) R(z,y,k) = ¥ (2, y, k),

where r is sought in L2 (R?, M,,(C)), with the property that |r(z,y, k)| — 0

as || — oo. As a corollary of (2.1), (2.2) and (2.5), 1 satisfies (1.1) for
E =k?> =k} + k3 and

(2.8) (A+ k> —V(z)R(z,y, k) =5z —y),

for z,y,€ R2, k € C\ R2 In addition, h in (2.3) is a generalised scattering
amplitude in the complex domain for the potential V.
For v € St = {y € R?: |y| = 1}, we consider

(2.9) Gy (x, k) = G(x,k +1i0y),

(2.10) Ry (z,y,k) = R(z,y, k + i07),

(2.11) o (2, k) = e*p (2, k), pry(x, k) = p(z, k +i07),
(2.12) hy(k,1) = h(k +i0v,1 +i0y),

where z,y € R?, k € R?, | € R2.
In addition, the functions

(2.13) G* (2, k) = Guyppy (e, k) = =7 Hy ([ Ik,
(2.14) R (x,y,k) = Ry (2, 9, k)

(215)  Otk) = ut@k), k) = (s k),
(2.16) [k, 1) =y ey (K1),

for =, y,k,1 € R?, |k| = ||, are functions from the classical scattering theory;
in particular, f is the scattering amplitude of (1.8) and H& is the Hankel
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function of the first type. We also define

(2.17) ha(k,1) = h g (k,D),
(2'18) M:I:(x7k) = :U'ifgl(ka)? 1/&(957/?) - ¢i;;l(907k),
(2.19) Ri(z,y, k) = Rifﬁ (x,y,k),

where k,l,z,y € R2, |k| = |l|, ki = |k|"*(—ko, k1) for k = (k1,ks). Note
that py # u™, ¢y # ¢+ and Ry # RT in general. We shall consider, in
particular, the following restriction of the function h:

(2.20) b(k) = h(k,—k), forkeC? k*=F>0.

We now introduce the notations

z=x1 + 129, Z =11 — T2,
e Z=i(m-in) mo3letias):

0z 2 \0x O0x9 0z 2 \90x O0x9

A= EV2(ky +iky), N = E7V2(1y 4 ily),

where x = (z1,22) € R?, k = (ky, ko), l = (I1,l) € C2, k> =12 = FE € R,.

In the new notations

) .
(2.22a) k= SEO4NTY), k= %EW()\_l —\),
(2.22D) I = %EW(X T, = %E1/2()\’_1 -\,
(2.22¢) exp(ikz) = exp[%Elp(AZ +A712)],

where A\, € C\ {0}, z € C and the Schrodinger equation (1.1) takes the
form

82
020z
In addition, the functions f from (1.8) and (2.16), h+ from (2.17), u*, ™

from (2.15), pu, 14 from (2.18), ¢ from (2.2), p from (2.6) and b from (2.20)
take the form

(2.23) —4 Y+ V(z)y = E, z e C.

f:f(Aa)‘,aE)’ h:l::h:t()")‘/aE)’
(2.24) pt=pt(2,\E), YT =97 (2, N B),
pt = pe(2, A, E), Yy =1x(z,\ E),

where A, N €T, 2 € C, E € Ry,

(2.25) p=p(z,\ E), Y =19(z,\ E), b=b(\ E),
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where A€ C\T, z € C,F € R,. Here

(2.26) T={¢: ¢CeC,¢|=1}.

Under assumption (1.2), for F sufficiently large the function p(z, A, E) has
the following properties (see [15, 16] for n = 1 and Section 4 for n > 2):

(2.27) p(z,\, E) is continuous in A € C\ T}
(2.28) p(z,\(1F0),E) = ps(z,\E) for A € T
(229) //J:I:(Z, A, E) = lU’Jr(Z, A, E)

+ 7TZ/ 1UJ+(Z, AH,E)XJr <:l:Z <V - 7)) h:l:(Aa)‘”aZaE)|d>‘N|a
T

for A € T', where

(2.30) X+(s) =0for s <0, x4(s)=1fors>0,

(2.31) he(M N, 2, E) =exp [—%El/z ()\Z + ; - Nz - %)] he(A\ N, E);
0 1

(2.32) ﬁ,u(z,)\,E) =pu z,—i,E r(A z, E),

for A € C\ T, where
(2.33)

r(\ 2z, E) = exp [—%Elﬂ <)\2 + § + Az + %)} %sign()\j\ —1Db(\, E),

where b is defined by means of (2.20) and (2.22a);

(2.34) w(z, \,E) =1+ w +o <;> , A — 00,
(2.35) Vi(z) = 21’E1/2%,u_1(z,E).

The following formula is valid (see [16] for n = 1 and Section 4 for n > 2):

o (1 1
(2.36) V(z):mEl/?& ;/,u(z,—E,E)T(C,z,E)dReCdImC
D_
1 .
tom | u(z,C,E)MdC),
T

for z € C, E sufficiently large and D_ = {¢ : ¢ € C,|¢| > 1}.
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3. RECONSTRUCTION ALGORITHMS

We present here Algorithms 1 and 2, which yield approximate but suffi-
ciently stable solutions to Problems 1 and 2, respectively. These algorithms
have a final common part: the reconstruction of the approximate potential
Vappr starting from hg of (2.17). Thus, for the sake of clarity, we first give
the different initial parts of the algorithms—that is, the reconstruction of h4
starting from ®(F) for Algorithm 1 and from f for Algorithm 2—and then
the final common part.

Note that in both algorithms we consider in particular the functions
i, he,po of (2.17), (2.18) and pt of (2.15). In addition, in Algorithm
1, in the definitions of these functions we assume that V =0 on R?\ D.

Algorithm 1 (®(E) — hy). Given ®(E), for E sufficiently large, we
first reconstruct ¥+ (x, k)|sp, k € R? k? = E, with the help of the following

Fredholm linear integral equation (see [13] for n = 1 and Section 4 for n > 2):

(3.1) Yx(z,k)|op = =T +/8 Ax(z,y, k)s(y, k)dy, keR? k*=E,
D

where
(32) Ai(ﬁﬂ, Y, k) = oD Gi(CE - 5’ k) ((I) - q)(]) (5? Y, E)df, T,y € aDa
(3.3)  Gi(w, k) =G (x,k) — %/ ekl (+0k)do,

Sl

I is the identity matrix, (® — ®¢)(z, y, E) is the Schwartz kernel of the oper-
ator ®(E) — ®o(F), Po(F) is the Dirichlet-to-Neumann operator associated
to the zero potential in D at fixed energy E, Gt (z,k) is defined in (2.13),
k1 = (—ka, k1) for k = (k1,k2), dy, d¢ denote the standard Euclidean mea-
sure on the boundary 9D and df denotes the standard Euclidean measure
on St.

Then, in order to obtain h4, it is sufficient to use the following formula
(see [13] for n =1 and Section 4 for n > 2):
(3.4)

ha(k,l) = #/@ /BD e (D — D) (x, y, E)Vs(y, k)dydz, (k1) € M.

Algorithm 2 (f — hy). Starting from f on .# (for E sufficiently large),

one directly recovers hy solving the following integral equation (see [14, 16]
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for n = 1 and Section 4 for n > 2):

(3.5)

)\ )\//
hi(\ N, E) — m/f(X’,X,E)X+ (ii (V - 7)) he (M N, E)|dN|
T

= f(\L XL E), M) eT xT.

Algorithms 1 and 2 (hy — Vgppr). We begin with the construction of
A", an approximation to put of (2.15); this is done by solving the following
integral equation arising from the non-local Riemann-Hilbert problem (2.27)-
(2.34) for p in the approximation that b = 0 at fixed E (see [16] for n = 1
and Section 4 for n > 2):

(3.6) at(z,\E) +/ (2, N, EYBOA N, 2, E)dN| =1, A€ T, z€C,
T

where F is sufficiently large and

(3.7)
B0X=B) =3 [ et Be (5 (5-7) ) =iy

1 , [ C N d¢
—§/Th+(C,>\,Z,E)X+ (2 (y—z>>7<_)\(1+0),

where x4, hy are defined in (2.30), (2.31). Then one can obtain an approx-

imation fi— to u_ via (2.29), used as follows:

(3.8) fi_(z,\E) =" (z,\,E)

) R ) b )\//
+ WZAM+(27A,/7E)X+ <_Z <V - 7)) h—()‘7 )‘llazaE)’d)‘/,‘7

for A € T, z € C. Finally, the approximate potential Vpp,(-, E) can be
obtained using the following formula (see [15, 16] for n = 1 and Section 4
for n > 2):

(3.9) Vappr (2, E) :21E1/23( ! / ﬂ_<z,<,E>z‘<rd<\>-
T

9z \ 2mi
The approximate potential V,p,, depends in a non-linear way on ®(E)
in Algorithm 1 and on f on .#g in Algorithm 2, in spite of the fact that

both algorithms are based on solving linear integral equation. In the linear

approximation near zero potential, the following formulas hold:

(3.10)

1
hy(k,l) ~

(27)?

/ / TR (& — Do) (x,y, B)dwdy, (k1) € Mg,
oD JoD



10 ROMAN G. NOVIKOV AND MATTEO SANTACESARIA
for linearised Algorithm 1;

(3.11) he(MN E) =~ f(\ N E), NN eT,
for linearised Algorithm 2;

1
(3.12) Vippr (2, E) = = EY/? / w(z,\, B)iA|dA],
T

™

where z € D for linearised Algorithm 1 and z € C for linearised Algorithm
2, and
(313)  w(zAE) = 83 <7Ti/TeXp [—%EW <>\2 + % — Nz - %)}

z

x sign | —i AN he(\, N, E)|dN |
S1g ? V \ N A )
forzeC,\eT, E>0.

3.1. Algorithm 1 with a non-zero background potential A. Consider
a potential V' defined as in (1.5), where the diagonal matrix A, defined as
A;j = Aidy;, is supposed to be a known background potential. In this case
Algorithm 1 admits the following effectivizations.

Let Vi = A on D, Vj; = 0 on R?\ D. The following parts A and B
provide two different approaches to the reconstruction of ¢4 (z,k)|gp from
®(E) and of hy(k,1) from ¢4 (z, k)|gp; the reconstruction of Vo, from hy
is given after in steps C and D.

A. ®(E) — hy. Starting from ®(E), for E sufficiently large, we first
reconstruct ¥4 (x,k)|sp,k € R% k? = E, with the help of the following

Fredholm linear integral equation (see Section 4):

(3.14) (Id + (Id — AL) 104 )0+ (@, k)|op = YL (@, k)|op,
where
(3.15) Aiu(x) = Ai(x,y, k)u(y)dy, x € 0D,
oD
(316) Ai(l’,y,k) = oD Gi(l’-&,k) (@1 _(bO) (§7y7E)d§7 xayeaDa
0D x0D

Yl (x,k)|op = (Id — AL) 71 (e** 1) are the functions ¢x(x, k)|gp for V = 1,
(®1 — ®p)(x,y, F) is the Schwartz kernel of the operator ®;(E) — ®o(E),
(®1—P)(z,y, F) is the Schwartz kernel of the operator ®;(F)—®(E), ®o(E)
is the Dirichlet-to-Neumann operator associated to the zero potential in D

at fixed energy E, ®1(F) is the Dirichlet-to-Neumann operator associated
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to the potential V} in D at fixed energy E and u is a M, (C)-valued test
function on 9D.

In order to obtain hy we use the following formula (see Section 4):
(3.18)
1 A
helh ) =W kD) + oy [ (@ = @), B (9. Wy
(2m)? Jop Jop

—1 —ilx
+ (27‘1’)2 /8D /8De (‘1)1 - q)o)(x,y,E)(S?[)i(y, k?)dyd:l?,

for (k,1) € Mg, where h'(k,1) is defined as in (2.3), (2.17) with V = V7,
Sthy (2, k) = o (2, k) — L (2, k) and L (2, k) is defined as 14 (2, k) in (2.2),
(2.11), (2.18) with V = V.

B. ®(F) — hy. Asabove, starting from ®(E), for E sufficiently large, we
first reconstruct v+ (x, k)|sp, k € R?, k? = E, with the help of the following
Fredholm linear integral equation (see [17] for n = 1 and Section 4 for n > 2):

(3.19) Vi, B)lop = vh(@Klop + | As(ey,k)vs(y,k)dy,
D
for k € R?, k? = E, where

(320)  Ai(z,y.k) = o RY(z,&,k) (2 — 1) (&,y,E)d¢, =,y € 0D,

YL, RL are defined as 14, Ry of (2.2), (2.4), (2.10), (2.11), (2.18), (2.19)
with V. = Vi, (® — ®9)(z,y, E) is the Schwartz kernel of the operator
®(E) — @1(E), ®1(E) is the Dirichlet-to-Neumann operator associated to
the potential V; in D at fixed energy FE.

In order to obtain h4 we use the following formula (see [17]| for n = 1 and
Section 4 for n > 2):
(3.21)

1
el ) =B (kD s [ (@ 00) 0. B . Ry,
(2m)? Jop Jop
for (k,1) € Mg, where hl(k,1) is defined as in (2.3), (2.17) with V = V7,

1/113F (x,k,1) is defined as the solution of the following linear integral equation
(see [17] for n =1 and Section 4 for n > 2)

622 whekD) =T+ [ Gl = Vi) Pk Dy

where z, k,l € R?, k* = 1% > 0 and G is defined in (3.3).

C. hy — fit. We construct an approximation gt to u* of (2.15) via

the following integral equation which generalises (3.6) (see Section 4):

(3.23) (Id+ (Id+BY 6B)it (2, \,E) = ub (2, \,E), M€T, z€C,



12 ROMAN G. NOVIKOV AND MATTEO SANTACESARIA

for F sufficiently large, where

(3.24) Blu(\) = / u(NYBY O\, N, 2, E)|dN ],
T

(3.25) 0Bu(\) = / u(N)[ B\, XN, 2z, E) — BY(\, X, 2, E)]|dN|,
T

for A € T, z € C, BY(\, N, 2, E) is defined as B(\, X, 2, E) in (3.7) with
hy = hL, pb7T is defined as pt in (2.6), (2.15) with V = V; and u is a
M,,(C)-valued test function on 7.

D. it — Vgppr. The final part of the algorithm is the same as for
Algorithm 1 with zero background potential. We construct an approximation
fi— to pu— using formula (3.8) and then the approximate potential Vo, (2, E)
via formula (3.9).

In the linear approximation near the potential V7, the following formulas
hold:

(3.26a)
ho (k, z) ~ bl (k1)

)2 /81) /81) e*z’lm(‘ﬁ — &) (z, vy, E)Q/)ﬂlE (y, k)dydz

e (D1 — ®g)(z,y, B)(Id — AL) ' 6AL YL (y, k)dy dz,

oD
(3. 26b
hi(kJ) ~ h:l:(kal)

1 ) X
+ ‘(271_)2 /6D . ¢1(9U7 —k,—0)(® — @1)(x7y7E)1/}i(y7 k)dydz,

for (k,1) € Mg,
(3.27) (2N E) = pt T (2,0 E) — (1d+ BY) T'But ™ (2, A, B),
forAeT, zeC,

(3.28)
fi(2,\E) = pl — (1d+ B")"'6Bp"* (2, )\, E)

. ap. A
bri [ W ( <r _ 7)) (h- — RN, 2, B) X',
(3.29)

Vappr (2, E) = Vi — Em/g ((Id + B '6Bu" " (2, A, E)) iA|dA|

)\ )\I/
1/2 1+ " N
e b e (55 -5))
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x (h — REYO N 2, E) | [dN"[i|d),
for z € D and F sufficiently large.

4. DERIVATION OF SOME FORMULAS AND EQUATIONS OF
SECTION 2 AND 3 FOR THE MATRIX CASE

The following formula and equations will be useful:

(4.1) by (@, k) = P (z, k)
+ 2mi . Y, 0)6(1% — k) x4 (1= k)y)hy (K, 1)L,

(4.2) hy (k1) = f(k,1)

+2mi | f(m, DS(m® = k2)x+ ((m = k)y)hy (k, m)dm,

for v € S, x,k,1 € R?, k? = E € R, sufficiently large,

(43 gk =—2r [ G ute ko OH(, -3 + 20
() Gelp =2 [ GHO+ €D+ R -8(E + 2K

for j = 1,2, k € C*>\ R?, k2 = E € R, sufficiently large, =, p € R?, where
H(k,p) = h(k,k — p), 0 is the Dirac delta and the other functions were
already defined in Section 2. Formula (4.1) and equations (4.2)-(4.4) are
proved in [8, 2, 12| for the scalar case: the proof can be straightforwardly
generalized to the matrix case, where one only has to pay attention to the
order of factors (which is indeed different from the formulation given in the

quoted papers, but coherent with similar results obtained in [21]).

Now formula (2.29) follows directly from (4.1), (2.6), (2.31) using notations
(2.21); equation (2.32) follows from (4.3) taking into account (2.20), (2.33)
and notations (2.21). In addition, equation (3.5) is a direct consequence of
(4.2) (with v = £k ) using notations (2.21).

Formula (2.36) follows from (2.35), (2.34), (2.32), (2.28), (2.27) (these can
be proved exactly as in the scalar case) and the Cauchy—Pompeiu formula

RS (C) ¢ 1 au(g)dReCdImC7 AED,

C)\WD@C C—A

for any sufficiently regular M, (C)-valued u in D, where 9D is sufficiently

(4.5) u(A) =

regular. In addition, formula (3.9) is just formula (2.36) without the first

term in the sum.
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Equation (3.6) is an approximation of the following (exact) equation for

ut

(4.6)  ut(z,\E) +/ pt(z, N, EYBO\ XN, 2, B)|dN| =T+ (2, \, E),
T

for A\ e T, z € C, where

1 1 dRe( dIm(
(4.7) o(z,\,E) = 7T/(Cu<z, C,E) r(¢, 2z, E) s
The derivation of (4.6) can be found in [16] for the scalar case and its gener-
alisation to the matrix case is straightforward (paying attention to the order
of factors).

Formula (3.3) is a result of [8], while formulas (3.1), (3.2), (3.4) are results
of [13] for the scalar case and can be proved for the matrix case following
the scheme of [19], where similar formulas appear.

Formulas (3.14) and (3.18) follows from (3.1) and (3.4).

Formulas (3.19)-(3.22) are results of [17] for the scalar case and can di-
rectly extended to the matrix case following the scheme of [19] because, in
particular, the general matrix version of Alessandrini’s identity in [19] works
for our diagonal background potential A.

Finally, equation (3.23) follows from (4.6).

5. FUNCTION SPACES AND SOME ESTIMATES

We introduce some function spaces, which will be useful to prove the

high-energy convergence of our algorithms. For m € N, ¢ > 0 we consider
W™L(R2, M,(C)) = {u: 0*u € L}(R?, M,(C)) for |k| < m},
W HR?, M, (C)) = {u : »°0%u € L'(R? M, (C)) for |k| < m},

GEu)(z) = (1+ |22 u(z), ke (NU0)?,  |k| =k + ko,

1 2 8
OF = ook aj:aTj;

for a €]0,1], s € R we consider

CQ’S(R27M7L(C)) ={u : [Julla,s < o0},

where
lulla,s = [I2¢°ulla
lwla=  sup <|w<p>| PR “’“’”) ,
pEER?, [¢]<1 I35
Geu)(p) = (14 [p2)2up),  |ulp)| = max |u;(p)l;

1<i,j<n
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in addition we consider H,, s(R?, M,,(C)), defined as the closure of C§°(R?, M, (C))

(the space of infinitely smooth functions with compact support) in || - ||a.s-
Let

(5.1) Vip) = ! / PV (x)dx p € R?
' (27)? Jpa ’ '

If a matrix-valued potential V satisfies

(5.2) V € W™ (R? M, (C)) for some £ > 0, m € N,
then
(5.3) V€ Has(R? M,(C)), a€l0,1], secRy,

where v = min(1,¢), s = m. Let

(5.4) Y(r)=(1—-7r)"r.

We have the following results:

Proposition 5.1. Let the condition (5.3) be valid. Then

(5:52)  |f(k, 1) = Vb =] < B0)V a1+ [k =157/,
(5:5b)  |Hy (k) = V)] < S0V as(1+05)72,
forr=1k|"%ci1(a, s, 0, n)||‘/}||a,s <1, kl,peR? ye S k2 >1,
(5.50) [H(k,p) = V()| < SOV las (1 + 272,

forr = \Rek\*"cl(a,s,a,n)Hf/Ha,s <1, keC*\R?, peR?, R k%> 1.

In particular

(5.6a)  |f(s Dl S2AV]as(L+ k=152 k1eR,

(5.6b)  |Hy(k,p)| < 2| Vlas(1+0°) " kpeR’,  yesh
(5.6c)  |H(k,p)| <2/|V]as1+p)"%  keC>\R?)  peR?
for k? > E1 = max(1, (2¢1(a, s,a,n)HT/}Ha,s)z/"), where H.(k,l) =
hy(k,k—=1),0<a<1,s>0,0<oc<min(l,s).

Lemma 5.2. Under condition (5.3), we have the following estimates:
(5.7a)

(e k) — 1] + \

Opy (2, k) N Opy (z, k)
83:1 8$2

' < ‘kliocz(aa s,0, n)H‘/}”a,&
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for x = (z1,22) € R?, k € R2, y € 1,
(5.7b)

e ) = 11+

Oz, k) ‘ n 'W(ﬂca k)

0y 0o ' < [Rek| ™ cx(s 5,0, ")”VHa,s,

for v = (x1,12) € R%, k € C?\ R? k% > El(a,s,a,n,H?Ha,s), where
0<a<l,s>1,0<o0<min(l,s—1).

Proposition 5.1 and Lemma 5.2 for the scalar case (n = 1) were given in

[16] and their generalisation to the matrix case (n > 2) is straightforward.

6. LIPSCHITZ STABILITY AND RAPID CONVERGENCE OF
ALGORITHMS 1 AND 2 FOR F — 400

We present here main rigorous results concerning stability and convergence
of our algorithms in the case of zero background potential for simplicity. In
addition, we expect that, for potentials of the form (1.5), Algorithm 1 with
non-zero background potential A (see subsection 3.1) will work even better

than its version with zero background potential.

Theorem 6.1 (Stability and convergence of Algorithm 1). Let V€ W™(R?, M, (C)),
m > 3, suppV C D and let ®(FE) be the Dirichlet-to-Neumann operator of

(1.6) at fized energy E, where E > Es(a, s,0,n, ||‘/}||a7s), 0<a<l, s=m,

0 < o <1 and E is not a Dirichlet eigenvalue of —A 4+ V and —A in D.

Then V' is reconstructed from ®(E) with Lipschitz stability via Algorithm 1

up to O(E~m=2/2) in the uniform norm as E — +oo0.

Theorem 6.2 (Stability and convergence of Algorithm 2). Let V' satisfy
(5.2), form > 3, and let f be the scattering amplitude of (1.8) at fized energy
E > Es(a,s,0,n, \|T7||a7s), where = min(1,¢), s =m and0 < o < 1. Then
V' is reconstructed from f on Mg with Lipschitz stability via Algorithms 2
up to O(E~m=2/2) in the uniform norm as E — +oo.

The constant Fo of Theorems 6.1 and 6.2 is precisely stated in Remark
6.3. The Lipschitz stability of Theorems 6.1 and 6.2 is specified in the proofs
of these theorems and is summarized in Remarks 6.4 and 6.5. The error term
O(E~(m=2)/2) of Theorems 6.1 and 6.2 is made explicit in formula (6.9).

Similarly with the presentation of Algorithms 1 and 2 in section 3, we

separate the proofs of Theorems 6.1 and 6.2 in several steps.

Proof of Theorem 6.1 (P(E) — hy ). We have that equation (3.1) is a Fred-
holm linear integral equation of second kind for v+ |sp € L?(0D), which is
uniquely solvable with precise data ® — @ (the proof of the latter fact is the

same as in the scalar case; see [13|). Therefore the reconstruction of 14 via
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(3.1) is Lipschitz stable, with respect to small errors in ® — ®q (in the L?
norm of the Schwartz kernel),

As a corollary, the reconstruction of hy in L?(.#g) from ®(E) — ®g(E)
via equation (3.1) and formula (3.4) is also Lipschitz stable. O

Proof of Theorem 6.2 (f — hy ). Estimates (5.6) and notations (2.21) give

(6.1a) FOCN,E)| < 2|V las(I+EX=XN2)"2, AN eT,
(6.1b) [ fllL2(rxr) < csn|Vla,s B4,
for E > Fj, a = min(l,e), s = m. Now, under the assumptions of

Theorem 6.2, integral equation (3.5) is uniquely solvable for hy (A, -, F) €
L*(T) for A € T, E > E; (this is a consequence of the unique solvability
of integral equation (2.2) for E > Ej). In addition, by estimate (6.1b),
for £ > max(El,(wc?,nHT?Ha,s)‘l), equation (3.5) is uniquely solvable for
he(A\, -, E) € L3(T), A\ € T, and for hy(-,-,E) € L?(T x T) by the method
of successive approximations. This implies the Lipschitz stability of the re-
construction of he on T'x T from f on T x T, with respect to small errors
in the L? norm. O

Proof of Theorems 6.1 and 6.2 (h+ — Voppr ). The proof follows as in the
scalar case (that was treated in [16]), except for the order of the terms in

formulas and integral equations.

Estimates (5.6), formula (2.16) and notations (2.21) give

(6.2a) ha O, N, E)| <2V las(1+EX=X))"%2 AN eT,
(6.2b) sl 2wy < csn|Vila,s B2,

for E > Ey, s =m and
(6.3) 0< <1 for Theorem 6.1 and o = min(1,¢) for Theorem 6.2.

We define the integral operator B(z, F) as
(6.4) (B(z, E)u)()) = / w(N)BOL N, 2, B)[dN],
T

for A € T, where B(\, N, 2, F) is defined in (3.7) and u is a test matrix

function. The following decomposition holds

(6'5) B(Z’E) :CJrQ*(Z’E) _C*QJr(Z’E)a
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where

60 (Co =5 [ il
)\/

01 Qe =7i [ uOix. (iz ( - ;)) ha(\ X, 2, BN,

z2€C, N€T, xyt,hy are defined in (2.30) and (2.31) and u is a test matrix
function. Thanks to (6.2), (6.5) and properties of the Cauchy projectors Cy
(see [16] for more details), B(z, E) satisfies the estimates

(6.82) IB(z, B)ullr20r) < ean||V [lasBE ™|l 2 (),
|5

(6.8b) e

B(z, E)u < en|V[las B4l 2 ().

L2(T)

for € C, E> E1, s=m, « as in (6.3).

Now by estimate (6.8a), for £ > max(Ey, (C4n\|17||a7s)4), integral equation
(3.6) is uniquely solvable for ji*(z,-, E) € L*(T), at fixed 2 € C, by the
method of successive approximations. This implies the Lipschitz stability of
the reconstruction of it (z,-,F) on T, at fixed 2 € C, from hy on T x T

with respect to small errors in the L? norm. O

Proof of Theorems 6.1 and 6.2 (Vgppr —> V). Our high-energy convergence
estimate is as follows:

(6.9) IV (2) = Vippr (2, B)| < e5n|V]|a s E~¢2/2,

where z € C, E > Eg(a,s,a,n,H?Ha,s), aasin (6.3),s=m,0< 0o <1
(see |16] for complete details). This estimate follows from (2.29), (2.36),
(3.6)—(3.9), (6.2b) and the following estimates (whose proofs for n = 1 can
be found in [16]):

(6.10)
1 o~
20820 ([ e By Eyareg i )| < conl P 722

(6.11) Hu E)—ﬁ+<z,-,E>uLz(T7Mn(@)s@nuﬁuast—s/Q,
~+ R

(6.12) H RN < crnl|Plas B2,
9z L2(T,M,.(C))

for z€ C, s=m >3, E > Es(a,s,0,n, HY7|]as), a as in (6.3). O
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Remark 6.3. The constant Fy of Theorems 6.1 and 6.2 can be fixed as
some constant such that £ > FE5 implies that

E2B, WeADI<2  |suean) <1
y4
1Bz B) < & BB <1
Z BNy = 5 92 | ey T 2

for z € C, A € C, where p and B are estimated in (5.7) and (6.8).

Now, let ®yo(x,y, E), z,y € 0D, denote the Schwartz kernel of the op-
erator ®(E) — ®o(E) considered as precise data for Problem 1. Let @1,
denote @y, with some small errors (for the case of Problem 1) and f’ denote
f with some small errors (for the case of Problem 2). Let V,,,
reconstructed from @, via Algorithm 1 (for Problem 1) and from f’ via
Algorithm 2 (for Problem 2).

The Lipschitz stability of Theorems 6.1 and 6.2 is summarized in the

denote Viyppr

following remarks:

Remark 6.4. Let the assumptions of Theorem 6.1 hold and let
(6.13) 0 =[Pyl E) — Pvols, E)llz2apxapy < 01(V, E, D,n).
Then

(6.14) €= H appr — VaperL“’(D) <m(V,E, D,n)é.

Here 6; and 7n; are some positive constants summarizing the Lipschitz sta-
bility of Algorithm 1. In particular,

(6.15) 51(V,E,D,n) > 6%,
6.16 m(V,E,D,n) <n\E,
1

as || ®vo(-, - E)|lr2(9pxap) — 0, for some positive (sufficiently small) 69 and
(sufficiently big) 7y, where 69 and 7 are independent of V and E for fixed
D and n.

Remark 6.5. Let the assumptions of Theorem 6.2 hold and let

(6'17) d= ”f - f/”LQ(///E) < 52(V,E,7”L).
Then
(6.18) € = || Vappr — aperLoo R2) < n2(V, E,n)d.
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Here 2 and 1y are suitable constants summarizing the Lipschitz stability of

Algorithms 2. In particular,

Y

(6.19) 52(V, E,n) > 69,
(6.20) m(V,E,n) <3k,

as || fll2(.xy) — 0, for some positive (sufficiently small) 69 and (sufficiently
big) 13, where §3 and 79 are independent of V and E for fixed n.

Note that in Remark 6.5, the norm ||-[|2(_z,,) is identified with ||-|| 2 (7x7).-

The property that || f|lz2(z,) — 0, mentioned in Remark 6.5, is fulfilled,
in particular, for F — 400, as a consequence of estimate (6.1b). On the con-
trary, the property that ||®v,o(-,-, E)|[z2@apxap) — 0, mentioned in Remark
6.4, is not fulfilled for £ = E;, j — oo, for any sequence {E}} ey of positive
real numbers such that E; — 400 as j — oo, if V # 0. In this connection,
our high-energy conjecture is that
(6.21) SupH(I)V,O(""Ej)HLQ(anaD) < +o0,

JjeN

for some {F;}jen dependent on V, where E; — 400 as j — oo.

Note that the E factor in the right side of (6.16) and of (6.20) is related
with the choice of the L? norm for estimates of the inverse problem data. For

example, for Algorithm 2, at least in the linear approximation (3.11)-(3.13),

this factor disappear if || - |12z, is replaced by || - [|Lec (), 8 = M, where
(6.22) lullpeo ey = sup (L4 EIX = NP)2u(A, X)].
(AN)ETXT
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