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A diffusion approximation theorem for a nonlinear PDE
with application to random birefringent optical fibers.

A. de Bouard*, M. Gazeau'
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Abstract
In this article, we propose a generalization of the theory of diffusion approximation for
random ODE to a nonlinear system of random Schrédinger equations. This system arises in
the study of pulse propagation in randomly birefringent optical fibers. We first show existence
and uniqueness of solutions for the random PDE and the limiting equation. We follow the work
of Garnier-Marty [16, 20], where a linear electric field is considered, and we get an asymptotic
dynamic for the nonlinear electric field.

1 Introduction

The Manakov PMD equation has been introduced by Wai and Menyuk in [30] to study light
propagation over long distance in random birefringent optical fibers. Due to the various length
scales present in this problem, a small parameter ¢ appears in the rescaled equation. Our aim in
this paper is to prove a diffusion limit theorem for this equation for which we will have to generalize
the perturbed test function method [4, 18, 22] to the case of infinite dimension. In [16, 20], a limit
theorem is proved for the linear part of the Manakov PMD equation using the Fourier transform
and the theory of diffusion approximation for random ODE. Obviously the method in [16, 20] does
not work for a nonlinear PDE. In [10, 20], a limit theorem is proved for a non linear scalar PDE
driven by a one dimensional noise. The proof relies on the fact that the solution processes are
continuous functions of the noise. These methods are no longer applicable to the limit equation
that we will consider which is driven by a three dimensional noise, because the solution cannot
be written as a continuous function of the noise. Indeed in a general setting a strong solution of
a stochastic equation is only a measurable function of the initial data and the Brownian Motion
driving the equation. However in the case of a one dimensional noise, Doss [12] and Sussman
[26] proved that the solution of such an equation can be written as a continuous function of the
Brownian motion. This result has been extended by Yamato [31] to multidimensional Brownian
Motions when the Lie algebra generated by the vector fields of the equation is nilpopent of step p.
He actually proves the equivalence between the nilpotent hypothesis and the fact that the solution
can be written as a continuous function of iterated Stratonovich integrals. In our case the vector
fields driving the Manakov PMD Equation are functions of the Pauli matrices and the nilpotent
hypothesis of Yamato is not satisfied. This motivates the use of the perturbed test function method.
Note that the method has been used for a linear PDE in [11] and a PDE with bounded diffusion
coefficients in [23].

We are also interested in the mathematical analysis of both the Manakov PMD and the limit
equations. Using a unitary transformation, we are able to establish Strichartz estimates for the
transformed equation, that are not available for the Manakov PMD equation. This result will
then enable us to prove global existence of solutions. The limiting equation is also studied. Since
the nilpotent hypothesis is not satisfied, we use a compactness method to study the existence and
uniqueness of solutions.

*e- mail: debouard@cmap.polytechnique.fr

CMAP, CNRS UMR 7641, Ecole Polytechnique, 91128 Palaiseau Cedex, France.
fe- mail: gazeau@cmap.polytechnique.fr

CMAP, CNRS UMR 7641, Ecole Polytechnique, 91128 Palaiseau Cedex, France.



1.1 Presentation of the model

Optical fibers are thin, transparent and flexible fibers along which the light propagates to transmit
information over long distances and so are of huge interest in modern communications. In a
perfect fiber, the two transverse components of the electric field are degenerate in the sense that
they propagate with the same characteristics : group velocity, chromatic dispersion, refractive
indices (n1 = ng), etc. However during the fabrication process the fiber may present defects like an
ellipticity of the core or suffer from mechanical distortions like stress constraints or twisting [1, 2].
These phenomena induce modal birefringence (n; # ng) characterized by an orientation angle § and
an amplitude b. If n; > no, we then define a slow axe and a rapid axe corresponding respectively to
the mode indices n1 and ny. The orientation angle 6 describes the rotation of the local polarization
axes with respect to the initial axes. The birefringence strength (or degree of modal birefringence)

is given by b = |n; — na| = kl—_ok? where k1, ko are the components of the wave vector and kg the

wavenumber of the incident light in Vacuum. The beat length Lp = kf_’r indicates the length

required for the polarization to return to its initial states. There exist several types of birefringence
that do not have the same effect on the electric field. Usually linearly birefringent fiber is studied
(in the absence of Kerr effect, a linearly polarized light remains linearly polarized), although it
has been shown that the birefringence could also be elliptic (occurring in case of twisting, see
Menyuk [21]). In case of a uniform anisotropy along the fiber, the birefringence parameters (6,b)
are constant. However in realistic configurations, the anisotropy is not uniform along the fiber.
We assume, as in [27, 28, 29, 30|, that the birefringence is randomly varying, implying Polarization
Mode Dispersion (PMD). The difference of velocity of the two modes, due to random change of the
birefringence (and so of the refractive indices), induces coupling between the two polarized modes
and pulse spreading : PMD is the main limiting effect of high bit rate transmission.

In [30], Wai and Menyuk assumed that there is no polarization-dependent loss and considered
that communication fibers are nearly linearly birefringent. We here use one of the models intro-
duced in [30] for which the local axes of birefringence are bended with an angle 6 randomly varying
along the propagation axe and that b and &’ (the frequency derivative of b) are constant along this
axe. Let us recall that the Pauli matrices are defined by

(01 (0 i (10
0‘1_1070’2_7: 070’3_071)

and let us consider the coupled nonlinear Schrédinger equation transformed into the frame of the
local axes of birefringence (19, 30])

o o L, 0V dy 0%V
154’2@)\1/4’1&)0'3%4’?@

5 1 1
+ 6|\If|2\1/+6(\11*03\1/)03\1/+§1v(\1/) =0, (1.1)

where dj is the group velocity dispersion parameter, N (¥) = (\Il_llllg,\ll_glllf)t and
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We recall that in the context of fiber optics, x corresponds to the retarded time while ¢ corresponds
to the distance along the fiber. We introduce a new vector field ¥ = exp (—ibtos) U. The evolution
of U is given by the previous equation (1.1) replacing ¥ and N () respectively by

i dO(t)  —2ibt T T2, —dibt
576 \111\1126

= 0 —
3 dO(t i _~ i
5 e 0 Ty Wgett
Following Wai and Menyuk [19, 28, 29, 30] we consider long distance communication fibers and we
denote by [ the fiber length. We also denote by 4 the dispersion length scale and l,,; the nonlinear

length scale related to Kerr effect. The fiber autocorrelation length [, is the length over which two
polarization components remain correlated. We consider, as in [30], a typical configuration where



I > 1lg ~ 1y >1.> Lp. Under these assumptions, the term N (\TJ) is rapidly oscillating and
can be neglected (]2, 19, 30]), its effect being averaged out to zero. As in [19, 30], we introduce a

unitary matrix B
ro- (2, )
OT() = B
i En +X()T(t) = 0. (1.3)

We also consider, for t € R, the matrix :

o(ult) = <|Ul|2 — Jug/? 2uyuz > _ ( ms my —img)

2uyug ua|® — Jus|? my + img —m3

solution of

= alml(t) + Ugmg(t) + 0’3mg(t), (14)

which characterizes the linear birefringence and where my, mga, m3 are real valued processes. Then
we can remove the rapid variation of the state of polarization in the evolution of ¥ using the change
of variable U(t) = T'(t)X (t). We obtain

ox OX  dg®X 5 oo 1, . 1 B
i +ib'o (u(t)) o +5 92 +6|X| X+6(X 03X)03X+6Nu(X)f0, (1.5)

where N, (X) = (N1, (X), Na (X))t satisfy

Nio(X) = (mi+md) 2Xa” — X1 X1 + (my — ima) ma(2 | X1|” — [ X)Xz (1.6)
+ (m1 — im2)2 X§E+ (m1 + ng) mngE
Now (X) = (mi+md) 2]X1]* — | X2l*) X2 — (ma +ima) ma(2]X2|* — | X1 ) X1 (1.7)

— (m1 — img) maX3 X, + (m1 + im2)2 XiXs.

Assuming, as in [16, 20, 29], that the correlation length of df/dt is much shorter than the birefrin-
gence beat length and that |df/dt| < b, we may replace the process u by v, with ([16, 20])

dv(t) = i/ (o1v(t) o dWi(t) 4+ oav(t) o dWa(t)) + iysosv(t)dt
= i/ (ov(#)dWi(t) + oav(t)dWa(t)) + ivsosv(t)dt — v.v(t)dt, (1.8)

where |11 (0)]* + |v2(0)]> = 1, W = (Wy, W) is a 2d real valued Brownian motion and o denotes the
Stratonovich product. The second equation is the corresponding Ito equation. In addition ~., s
are two constants determined by 6. Then v(t) € $2 a.s, the unit sphere in C? ~ R*. We denote by
A the unique invariant probability measure of v (see Section 5) and by E, (.) the expectation with
respect to A. Thus replacing u by v in (1.5), we obtain a new equation describing the evolution of
the electric field envelope X = (X7, Xg)t :

+ g IX|° X = —ibo (v(t)) %—f - % (N, (X) = Ex (N, (X)) 5 (1.9)

0X n do 9°X

Pl e Uit

ot 2 0z

indeed, the process m = (my, ma, ms) is now defined as a function g of v, m = (g1(v), g2(v), g3(v))
and it can be proved (see Section 5) that

Ea (N1 (X)) = (2 X, )° — |X2|2) Xo.

[SVRI )
[SCAR )

(2% = [X2) X2, Ba (Vo (X)) =

We set
1

6
Equation (1.9) is of great interest for the study of dispersion because the main effects leading

to signal distortions (Kerr effect, chromatic dispersion, PMD) can be easily identified : on the
left hand side, the first term describes the evolution of the pulse along the fiber. The second

Fuo(X(1) = S 1X[ X — £ (N, (X) ~ Bq (N, (X))). (1.10)



one corresponds to the chromatic dispersion and the last term to the Kerr effect averaged on the
Poincaré sphere. On the right hand side of the equation, the first term describes the linear PMD
effect and the second term describes nonlinear PMD.

The Manakov PMD equation (1.9) is written in dimensionless form. According to the length

scales we consider, we set Xc(t,2) = 1X (%,2) and v(t) = v (%) where v is solution of (1.8);

then the electric field X, has the following evolution

7

OXc(t) b OX(t)  do O*X(t) _

where the term F),_«;)(Xc(t)) is given by (1.10).

In various physical situations, the long time behavior of a phenomenon subject to random
perturbations requires to take care of the different characteristic length scales of the problem. In
this context Papanicolaou-Stroock-Varadhan [22] and Blankenship-Papanicolaou [4] introduced the
approximation diffusion theory for random ordinary differential Equations. This method has been
used to study wave propagation in random media [15] and in particular in randomly birefringent
fibers [16, 20] but only few results exist on limit theorems for random PDEs. In the latter, the
authors studied the evolution, in an optical fiber, of the linear field envelope X, given by

OXc(t) v X (t) | do Xc(t)
ot + ea(ye(t)) ox 2 Ox?

and proved that the asymptotic dynamics, when e goes to zero, is given by

i =0,

, do 92X (t) S 0X() B
1dX (t) + (5 52 dt + zﬁ; Tp—g = © dWy(t) =0,

where W = (W1, Wa, W3) is a 3d Brownian motion, and vy = (b')?/6+.. Note that the linear PMD
effect reduces to one single parameter  in front of the three Brownian motions. Generalizing the
perturbed test function method, we will prove that the asymptotic dynamic of (1.11) is given by
the stochastic nonlinear evolution :

2 3
idX (t) + <% aa);(t) + F(X(t))) dt +iy/7 Y o ag;” o dWi(t) =0, (1.12)
k=1

where the nonlinear function F reduces to F(X (t)) = & | X (t)]* X (t). We will also make use of the
following equivalent Ito formulation :

do  3iv\ 92X(¢ 3 X(t
idX(t) + <<?O - 3%) 8a$2( ) + F(X)(t)> dt + zﬁ; Ukaax( )de(t) =0. (1.13)

This paper is organized as follows : in Section 1.2 we give notations that will be used along
the paper and state the main results. Section 2 is devoted to the proof of well-posedness for the
Manakov PMD equation. In Section 3 we study the local well-posedness of the limiting Equation
(1.12). Finally in Section 4 we prove the convergence in law of X, to X as € goes to zero. This
paper ends with Section 5 where we recall some results obtained in [16, 20] about the driving
process v, and Section 6 where proofs of technical results used in Section 4 are gathered.

1.2 Notations and main results

Before stating the main results of this article, let us give some definitions and notations.

For all p > 1, we define IP(R) = (LP(RR; C))* the Lebesgue spaces of functions with values in
C?. Identifying C with R?, we define a scalar product on L2 (R) by

(u, )2 = gRe {/}Ruiv_idx} .



We denote by WP m € IN* p € IN* the space of functions in IL? such that their m first derivatives
are in IP. If p = 2, then we denote H™ (R) = W™2 (R), m € N. We will also use H™™ the
topological dual space of H™ and denote (.,.) the paring between H™ and H~™. The Fourier
transform of a tempered distribution v € §’(R) is either denoted by ¥ or Fv. If s € R then H*
is the fractional Sobolev space of tempered distributions v € &’(R) such that (1 + |¢[*)*/25 € IL.2.
Let (E,|.||z) and (F,|.|p) be two Banach spaces. We denote by L (E,F) the space of linear
continuous functions from E into F', endowed with its natural norm. If I is an interval of R and
1 < p < 4oo, then LP (I; E) is the space of strongly Lebesgue measurable functions f from I into
E such that t — ||f(¢)||g is in LP(I). The space L? (9, E) is defined similarly where (2, F,P) is
a probability space. We denote by L2 (I, E) the space L? (I, E) endowed with the weak (or weak
star) topology. For a real number 0 < o < 1 and p > 1, we denote by W*? ([0, T], E) the fractional
Sobolev space of functions u in LP (0,T; E) satisfying

T lu(t) — u(s)|1;
/ / ap+1Eddt<+oo

The space C? ([0,T]; E) is the space of Hélder continuous functions of order 8 > 0 with values in
E and we denote by M(FE) the set of probability measures on E, endowed with the topology of
the weak convergence o (M(E), Cy(E)).

We will use the space
K= (C([0,T],H,.) N Cy ([0,T],H") N LY (0,7;H?)) x C([0,T],R),

where C,, ([0, T],H™), m € Z is the space of functions f in L> (0,T; H™), weakly continuous from
[0, 7] into H™.

Let (A, G, Q) be a probability space endowed with the complete filtration (G;) +>0 generated by
a two dimensional Brownian Motion W = (W7, W5) which is driving the diffusion process v given
by (1.8). We first state an existence and uniqueness result for Equation (1.11).

Theorem 1.1. Let € > 0 and suppose that X.(0) = v € I.2(R), then there exists a unique global
solution X, to Equation (1.11) such that, Q-almost surely,

X. € C(Ry, L)) NCH (Ry, H?) NLE, (R+,E4)
Moreover Equation (1.11) preserves the 1.2 norm i.e for all t € Ry :

[Xe(@llgz = [[vllge -

If in addition X.(0) =v € H! (resp. H2, resp. ]HB) then corresponding solution is in C (R+, IHl)
(resp. C (R+,H2) ,resp. C (R+,H3)).

Let (Q, F7,P) be a probability space on which is defined a 3-dimensional real valued Brownian
motion W = (W7, Wa, W3). We denote by (}})te]R+ the complete filtration generated by W. The
next theorem gives existence and uniqueness of local solution for (1.12)

Theorem 1.2. Let Xo = v € H'(R) then there exists a mazimal stopping time 7*(v,w) and a
unique strong solution X (in the probabilistic sense) to (1.12), such that X € C ([0, 7*),H' (R))
P — a.s. Furthermore the L2 norm is almost surely preserved, i.e, Vt € [0,7%), | X (¢)||p2 = [|v]|2
and the following alternative holds for the mazximal existence time of the solution :

7" (v,w) = 400 or limsup [ X(t)|y = +o0.
t 7> (v,w)

Moreover if v € H?, then X € C ([0, 7*), H? (]R)) and T* satisfies

7 (v,w) = 400 or /hm )HX( M = +oo. (1.14)
t S (v,w



Note that we do not obtain global existence for Equation (1.12), due to the lack of control of
the evolution of the H! norm (see Remark 3.1).

Using these existence theorems, we are able to prove a diffusion approximation result for the
nonlinear system of PDEs (1.11).

Theorem 1.3. Let X.(0) = Xo = v be in H? (R). For any stopping time T with 7 < 7* a.s.,
we consider the solution XT of (1.11) given by Theorem 1.1, and the solution X7 of (1.12), both
stopped at time T; then XI converges in law to X7 on C ([O,T],lHl) i.e for all functions f in
Cb (C ([05 T]v Hl))’

lim £ (X[) (f) = £(X7) (f).

e—0

Note that we consider here the Manakov PMD equation (1.11), but the method may be carried

out to other nonlinear Schrédinger equations. Let us first emphasize the key points that allow us
to prove Theorem 1.3.

The first point is that the noise term is a linear function of the unknown X.. This particular
structure leads to a stochastic partial differential equation for the limiting equation. The second
point is the fact that the Pauli matrices are hermitian. This is important to obtain the conservation
of the 2 norm for both equations. Finally we use that the driving process v is a homogeneous
Markov ergodic process defined on a compact state space such that Ea (o(y)) = 0. The hypothesis
on the driving noise may be weakened as in the case of random ordinary differential equation
assuming good mixing properties (for example exponential decay of the covariance function). The
boundedness of o (v.(t)) seems to be necessary. It is used to prove uniform bounds in Lemma 4.5
for tightness. On the other hand, the lack of Strichartz estimates for the limiting equation (1.12)
is a negative aspect. Thus we use that F(v) is locally lipschitz in H! (R) to prove existence and
uniqueness of a local solution to Equation (1.12). But if o (v.(t)) were a one dimensional process,
larger dimension and larger power in the nonlinear term could be considered.

Other types of nonlinear Schrédinger equations may be considered replacing, for example, iaa)ie

by X. and assuming that the matrices o are real valued and symmetric. This latter equation is sim-
pler to handle using Strichartz estimates for the fundamental solution and because o (v(t)) X(t)
can be treated as a perturbation as far as we are concerned with existence of solutions.

2 The Manakov PMD equation : proof of Theorem 1.1

The point here is that no Strichartz estimates are available for (1.11) because of the lack of com-
mutativity of the matrix o at different time : o (v(t)) o (v(s)) # o (v(s))o (v(t)). Consequently
only local existence and uniqueness for initial data in H' can be easily proved directly on Equation
(1.11). The idea of the proof is then to find a unitary transformation such that Strichartz estimates
are available for the transformed equation. This change of unknown is given in the next result :

Lemma 2.1. Let us denote fort € Ry
1% E(t) Vo e(t)
Z.(t) = ’ 2 ,
© (Vz,e(t) Vie(t)

where ve = v (t/€?), v given by (1.8). Assuming that X. € C ([0,T],L?), we set ¥ (t) =
Z(t) X (t); then the evolution of the electric field W, is given by the stochastic Ité equation

b’ 8\116 dp GZlI/e 5 2 1
d\I/e t — - - \I/e \I/e — (¥ \Ilﬁ \Ije dt
i ()+{5038:c+23$2+6| | +6(€U3 ) o3
+gagqf€dt + %\Ifedt —~ ‘/—Z_ (al\IIEdW (t) + 02‘1’6‘[‘%(”) =0 (21)

where Wj (t) =W, (t/€?*),j = 1,2, and with initial conditions

( 1/176(0)’()1 +E(O)’U2 ) _

‘116(0) =
—v2.(0)v1 + 71 (0)v2



Proof. Using the equation satisfied by v, and because |1 (t)|” + |va.(t)]* = 1 for any t > 0, we
obtain :

idZ () Z W (t) = ——03\11 dt — —\1/ odt + */_01\11 AW (t) + \/z_ AWa(t).
The nonlinear part of Equation (2.1) is obtained as in the derivation of Equation (1.5). O
We first investigate the behavior of the linear equation :
e Ly, 0 0PV )
with initial condition ¥ (0) = 1y € L2
Proposition 2.1. The unbounded matriz operator H, = ld" I ——b—O'g 55 defined on 9 (H.) = H?

is the infinitesimal generator of a unique strongly contmuous umtary group U.(t) on L2. Moreover
U.(t) may be expressed as a convolution kernel i.e for g € S (R)

c(z—b't/e 2
1 exp {%7( doi/ ) } 0
Ue(t)ho = Ac(t) x o = Nor=r . . {1 (z+b't/e)2} * 1.
2

dot

Proof of Proposition 2.1. Assuming 19 € S (R) and taking the Fourier transform in space of Equa-
tion (2.2) we obtain readily

oV, 1. d0§2
= —Zib oV, — i .
ot cost =

Since o3 does not depend on time, we obtain
o (o {f%og% f i%ft} 0 _
0 exp{—%«f%—i—i%’ft}

The statement of Proposition 2.1 follows then in a classical way, setting A (t) = F ! (R.(t)). O

The explicit formulation of the kernel given in Proposition 2.1 allows immediately to get the
following dispersive estimates : if p > 2, ¢ # 0, then U, € L (]Lp ]Lp) where p’ is such that
L4+ =1 and for all ¢ € LY,

U)ol < @ |dol 1) > oo | - (2.3)

Using then classical arguments (see [6, 17]) one may prove Strichartz inequalities for U,(t).
Proposition 2.2. The following properties hold :

1. For every i € L2 (R), U(. )b € L8 (IR; ]L4)OC (IR; ]L2). Furthermore, there exists a constant
C such that

HUe(-)?/}O“LS(JR;M) < Cltolly  for every vo € L2

2. Let I be an interval of R and to € I. Let f € L¥7 (I,1/3) then the function

t— t Uc(t — s)f(s)ds,

to

belongs to L® (I,]L4) nc (I,]LQ). Furthermore, there exists a constant C' independent of I
such that for every f € L8/ (I,1.4/3)

/ Ul — 5)f(s)ds

to

<C HfHL8/7(1,1L4/3) :
L8(I,L4)NL>= (I,12)




We now turn to the study of the nonlinear problem. We will use, as is classical, a cut-off
argument on the nonlinear term which is not lipschitz. The cut off we consider here is of the
same form as the one considered in [7]. We first prove an existence and uniqueness result for this
truncated equation, then deduce from this result the existence of a unique solution for Equation
(2.1). We denote :

f (o) = |\Il | U, + - (\Il o3¥.) o30,.

6

Let © € C (R) with supp© C [—2;2] such that ©(z) =1 for |z] < 1 and 0 < ©(z) < 1 for z € R.
Let R > 0 and Or(z) = © (z/R). We then consider the following equation

t

TEE) = U)o + %/ Uc(t — 8)o3 0 (s)ds — l; Uct — 5)Ul(s)ds
0 & Jo
i / Ut~ )0 ([0 g pre)) £ (95 () ds (2.4)

Zﬁ/ (t — )01 U R (s)dW, (s Z\/%/ (t — 8)o2 UE(s)dWa(s),

which is the mild form of the Ito equation :

OUE(1) | do 9*WE(1)

idUE(t) + ﬂa
€ e 2 Ox 2 Ox2

+ Logwlie) + ﬂcqu%(t)} it 25)
_\/_Z_Calllfde1 (t) - @agwfdm@) +0r (105 oy ) £ (BE@) dt =0,

with initial condition WE(0) = ).

Proposition 2.3. Let W(0) = ¢y € I? (R). Let T > 0 and UT = C ([0, T}; 1) N L8 (0, T;1LY);
then Equation (2.4) has a unique strong adapted solution WE € L® (A; UCT), for any T > 0.

Proof of Proposition 2.3. We use a fixed point argument in the Banach space L? (A;UZ) for suf-
ficiently small time T depending on R. We first need to establish estimates on the stochastic
integrals

t —~—
T, 00 (t) = / Ut — 8)o, 0. (s)dW, (s), j = 1,2.
0

Lemma 2.2. Let T > 0 ; then for each adapted process U, € LB (A Z/lT) and for j = 1,2 the
stochastic integral J; V. belongs to L8 (A,Z/l;r). Moreover for any T > 0 and t in [0,T] we have

the estimates
E (I5l}s 0 rnoni=oran ) < CT'E (19l ieoran)) -

Proof of Lemma 2.2. Since ¥, € L8 (A;Z/lcT) and is adapted, we may apply the Burkholder Davis
Gundy inequality in the Banach space L (R) (which is UMD space [5]) :
8
) "
L4

T
E (1P aory) = E ( /
T u N 8
/ E < sup / Ue(t — s)o; W (s)dW;(s) ) dt
0 oukt 0 L4
T t 4
E(/ (/ ||U5(ts)oj\PE(s)|]2L4ds) dt).
0 0

Using Hélder inequality in time, Fubini and a change of variable :

</ (/ |UL(t — 8)o;We(s |1L4ds)4dt> <T°E </OT|UE(.)Ujllle(s)||8L8(07T;L4)ds>_

/OU<t—s>a—J ()T (5)

N

N



On the other hand, by Proposition 2.2,

T T
E(/ ||UE<.>a—jw€<s>|is<0,T;L4>ds> < CE</ |we<s>||izds>

8
< CTE (ll\IIeIILoe<o,T;1L2>) '

Combining these inequalities leads to the estimate in L2 (0, T, ]L4). The other estimate is proved
using Burkholder inequality in Hilbert space and the unitary property of the group U.. Fi-
nally U.(t) being a unitary semigroup in L2, Theorem 6.10 in [24] tells us that, provided ¥, €
L¥ (A, L*(0,T;1L?)), then J; ¥,(.) has continuous modification with values in L? (R). O

Given UF € L® (A;UT), we denote by TWL(t) the right hand side of (2.4). Since the group U.(.)
maps L? (R) into C (R, L? (R)), Proposition 2.2 and Lemma 2.2 easily imply that the mapping T’
maps L8 (A; Z/lCT) into itself. Let now WU and ® being adapted processes with values in L® (A; Z/lCT),
then using Proposition 2.2, the same arguments as in [7] for the cut-off and Lemma 2.2 applied to
Jje (PE(t) — WE(t)), we get

8 \1/8 cT  CT'/? 8 \1/8
E(|Tof - T8, ) <(€—2+—6 +c<R>T1/2)E(Hw5—@f||ug) -

We conclude that 7 is a contraction mapping if 7 is chosen such that CT/e? + CT'/?/e +
C(R)Tl/ 2 < 1. As usual, iterating the procedure, we deduce the existence of a unique solution of
Equation (2.4) in L® (A;U) for all T > 0. O

Our aim is now to get global existence for the process ¥, solution of Equation (2.1) which may
be constructed from the above results. Let us set

R (o, w) = inf {¢ > 0, [[95 1o( sy > R

which is a G.(t) stopping time. It can be proved using Strichartz estimates and the integral
formulation (2.4) (see |7, 8]) that x® is nondecreasing with R and that ¥& = WE on [0, kE] for
R < R'. Thus we are able to define a local solution ¥, to Equation (2.1) on the random interval
[0, k% (10)), where K7 (1) = limp_ 1 k%, by setting U (t) = WE(t) on [0, kF]. Tt remains to prove
that k7 = +oo almost surely. From the construction of the stopping time x} it is clear that a.s,

- - R —
if k¢ (o) < +00 then t/E?wo> [\ HLS(O,t;lL‘*) = oo (2:6)

The arguments are adapted from [7]. We first prove the following lemma :

Lemma 2.3. Let U (0) = 1y be as in Proposition 2.3 and WE be the corresponding solution of
(2.5); then for any t < T
[E@) |2 = llvollp= a-s,

and there is a constant M. > 0, depending on T and ||1)o]|y2, but independent of R, such that

E (HW?HLS(O,T;L‘I)) < M.(T). (2.7)

Proof. To prove that the I.? norm of the solution W% of (2.5) is constant in time, we apply formally
the Ito formula to % H\Ilf(t)HfLZ and notice that by integration by parts

vk vk
(b'aga < q/R) = - (\I/f’,b’aga < ) =0.
L2 9 L2

oz’ z

Since o} = 0j, j = 1,2,3 we get (\Ilf(t),z'Uj\Ilf(t))]L2
the It corrections cancell with the damping term fﬁ\llf of Equation (2.5), we get H\Ilf(t)HIL2 =

llolly2 , ¥t < T. The computations can be made rigorous by a regularization procedure.

=0, for 5 = 1,2,3. Moreover because



In order to prove (2.7), we follow the procedure in [7, 8|. Using the integral formulation (2.4),
the conservation of the IL2-norm and Proposition 2.2, we obtain for a.e w €  and for all time T}
such that T'>1T; >0 :

H\II§HLS(0,T1;]L4) < Ke(w) + CT11/2 H (2.8)

L [
where
T 1
Ko@) = € (14 5 ) Wolls + £ 3 1508 oy
j=1

From inequality (2.8) it follows that [|Wel| ;s 7, .4 < 2Ke(w) if T1 is chosen for example such that
Ty (w) = inf (T, 2-6 (C’l/zKe) _4). If Ty < T we can reiterate the process on small time intervals
[Ty, (1 + 1)Th] € [0,7] (keeping R fixed and varying {) to get ||Vl zsqr, i1y 14y S 2Ke(w).

Summing these estimates, using 77 = 2~6C~2 (K.)™* and Young inequality, we obtain

H\ijuLS(o,T;M) < O(T) (Ke(w))f’.

Taking the expectation in the above inequality, using Holder inequality and Lemma 2.2 we get the
following estimate

T\’ CT/?
E (142 o re)) < CT) ((1 +%) ol + S ||wo||i2> , (2.9

from which (2.7) follows. O

We easily deduce from Lemma 2.3 and (2.6) that k¥ = 400 a.s. and as in [7] the existence and
uniqueness of a solution ¥, of (2.1), a.s. in U for any 7' > 0.

To end the proof of Theorem 1.1 we have to extend those results to the process X.. For a.e w
in A and for each t > 0 we set X((t) = Z-(t)V.(t). By definition of the process Z7!(¢) (which in
particular is measurable with respect to G.(t)) and properties of ., we easily deduce that X.(t)
is adapted and continuous with values in L2, and satisfy (1.11), hence is C' with values in H~2.

By unitarity of Z. we also deduce that for all ¢ > 0
2 - 2
1@z = (Xe(®), Z7 (O Ze(O) X (1) o = IXe(D) 12

and since the coefficients of Z-1(t) are a.s uniformly bounded, X, € L} (]R+, IL4) a.s; Theorem

loc

1.1 is proved. U

We now extend the previous global existence results to more regular initial data. 7" being fixed,
we denote

VI =1L (0,7;H") N L (0,7; W) and VI =C(0,7;H") N L (0,75 WhY).

Proposition 2.4. Let U .(0) = ¢g € H' and let T > 0; then Equation (2.1) has a unique strong
solution V. with trajectories in C (0, T; ]Hl).

Proof of Proposition 2.4. Let 1y be in H'. Given ¥ ¢ L8 (A; VT) we denote by TWE(t) the right
hand side of (2.4) and U” = L> (0,7;L*) N L® (0,T;1L*). By Proposition 2.2, Lemma 2.2 applied
to 9, ¥R and Hélder inequality we deduce that

1/8 cT | CTY/?
B (7o) " < clol + (S +

+ CT1/24R2> E (Haz\p?HZT)% .
€

Therefore we conclude that choosing Ry = 2C ||¥|ly:, 7 maps the closed ball of L® (A; VT') with
radius Ry into itself, provided T is small enough depending only on R and €, but not on Rj.
Combining with the fact that 7 is a contraction in L® (4;UT) and that the balls of L® (A4;V7)
are closed for the norm in L8 (A;Z/lT), we conclude to the existence of a unique fixed point U €

10



L3 (A; VT). Using Proposition 2.2 and Lemma 2.2, we get continuity of the solution in H'. Since
the cut-off only depends on the L® (0,7,L* (R)) norm, we deduce that there is a unique global
solution W, to (2.1) with paths in C ([0, T]; H'). Since the transformation Z. does not depend on
x, we conclude that these results still hold true for X,. O

Proposition 2.5. Let ¥ .(0) = ¢ € H™, m = 2,3. Let T > 0; then Equation (2.1) has a unique
strong solution . with paths in C ([0,T]; H™), m = 2, 3.

Proof. We counsider Equation (2.5) but with ©p (H\Ilfan(O t_m)) replaced by ©p (H\Ilf(t)HI?{l)

Given W in L8 (A; L> (0,T;H? (R))) we denote by T WE(t) the right hand side of the integral for-
mulation of this equation. We easily prove that 7 maps the closed ball of L8 (.A; L (O, T: H? (R)))
with radius Ry into itself, for Ry = 2C'||Wg||y2, provided that T is small enough, depending only
on R and €, but not on Ry. Using that this ball is closed for the norm in L? (A4; L* (0,T; H' (R)))
and that 7 is a contraction for the norm in L® (A; L> (0, T;H' (R))), we deduce that there exists
a unique solution ¥, with paths in C (0, T;H? (R)) a.s, which is global since the solution is global
in H'. Existence and uniqueness in H? can be proved by the same arguments. Again those results
are easily extended to X, and this conclude the proof of Theorem 1.1. o

3 The limiting equation : proof of Theorem 1.2

In order to prove a local existence and uniqueness result for the system (1.12) we use a compactness
approach (see for example [14]) motivated by the fact that we do not know if Strichartz estimates
are available for (1.12). We first prove existence of a unique solution in H'! for the linear part
of the equation, defining then a random propagator, and then consider the nonlinear part as a
perturbation. We will strongly use the fact that the nonlinearity is locally lipschitz in H'. The
regularity in H? will follow with the same arguments as for Equation (2.1). Let us consider the
linear part of Equation (1.12)

9 3
dX(t) = <z% ‘?);2( > dt — /7 Z - ag(f) o dWi(#)

- (2 2)52 it - fzak 220 o), (3.1)

with initial data X (0) = v € H2. We introduce, for n > 0, the mollifier Iy = (I — 776?—;)7 . We
denote by X, the solution of the regularized Ito equation

C’Un 77()

dy 3y 92T, X, >
an(t) = (’L? + ?) 2 dt — \/_ZO'

and X, (0) = v € H2 Since the operators 92.J, and 9,.J, are bounded from H' into H' (with
constants depending on 7)), we easily get, thanks to the Doob inequality, Fubini theorem, the Ito
isometry and the independence of (Wy),_ 54, the existence and uniqueness of a solution X, to

(3.2) with paths in C ([0, T],H?) for any 7 > 0. Moreover it is easy to see that the H? norm of
X, is conserved since the Pauli matrices are hermitian. Consequently the process

tlidy 3y 9%J,X
M, (t) = *Xn(t)Jan(O)Jr/O <70+7> 522 " s,

is a F; martingale with paths in C ([O,T],ILQ). Let us compute the quadratic variation. Let
a= (a1,az)" and b = (by,b2) be in .2 and T >t > s > 0; then

B (0, My (1) (0. My () — (@ My(9) s (0. My ()] 72)
_ 7;]]3(/: (a,ak%)m (b,akagf")mz du ]-"s).

11

de( ) (3.2)




We deduce that the quadratic variation of M, (¢) is given by :

3 t
0J,X 0J,X
(b, My(t) > a);, =7 / (a,ak#) (b, op— ") du. (3.3)
K L ; 0 al' L2 al' L2

Using the conservation of the H? norm and Equation (3.2) we get for all 0 < o < %

E (11Xl g o.77:22) ) < CalT), (3.4)

where C,(T) is a constant independent of 7. Using Ascoli-Arzela and Banach Alaoglu theo-
rems, Markov inequality and inequality (3.4), we get that the sequence (£ (Xﬁ))n>0 is tight on

Cyw ([0, T],H (R)) N LS (0,7, H?). The Skorokhod theorem ([3],[13]) implies that on some prob-

ability space (ﬁ, F , ft , I?’), there exist a sequence of stochastic processes (Xn) , and a process
n>0

X, such that :
c(f(,]) = L(X,), c(f() = £ (X),
and 1in% )2,7 =X,P—a.sin C, ([0, T],HY) N L (0,7, H?). For all p > 0 and t € [0, T] we define
n—

the process

t o/ 27 v
— = > ido 37\ 0°J, X,
We deduce from the above laws equality that ,]\Tn(t) is a square integrable continuous martingale
with values in I with respect to the filtration F; and that the quadratic variation < M,(t) > is

given by formula (3.3) replacing X, by )?,7. Let a € H*, then by the above martingale property
we get for all s <t :

E ( (a, M,(t) — fwﬁ,(s))m ‘ f) = 0.

Using the almost sure convergence in C, ([O, T),H (]R)) of X,), the boundedness in H™! of the oper-
ator J, and the conservation of the H norm, we get the almost sure convergence in C,, ([0, T),H! (R))

of Mn to J/\Z7 where

M(t) = X(t) — X(0) — /Ot (ﬂ + 37) X (s)ds

2 2 ) 0x2
Hence M is a weakly continuous martingale with values in HH~!. Moreover using the a.s convergence
in C,, ([0, T), H! (]R)) and dominated convergence theorem, we get for all ¢, s € [0,7T],t > s and for
any a,b € H',
f8> |

lim B (<b < M,(t) > a>‘.7-"s) _ 7i:]g (/Ot <a,0k%—f(u)> <b, ak%—f(u)> du
k=1
<b, < M) > a> = ’yi /Ot <a, Uk%(u)> <b, Jk%(u)> du. (3.5)
k=1

Thus the quadratic variation <b, < M(t) > a> is given, for all ¢ € [0,T], by
Noticing that M (0) = 0 and using the representation theorem for continuous square integrable

martingales we obtain that, on a possibly enlarged space (ﬁ, F , ft, I?’), one can find a Brownian

motion W = (Wl, Wg, Wg) such that

<a,z\7(t)> :ﬁ/ti<a,gkg_§(s)>dm(s).
0k



Thus we deduce that (f(, W) is a weak solution of Equation (3.1) on (ﬁ, ]t", ft, ]13) with values in

Cuw ([0, T),H! (]R)) N L (0, T, ]H2). To conclude the proof we have to prove pathwise uniqueness
of the solution and strong continuity in H!. Since X € L> (O,T, ]HQ) is solution of (3.1), we
easily deduce that X e c ([O,T],]LQ) for any o € [0,1/2[. By interpolation we obtain that
XecC ([0, T),H'). It follows, using Ito formula, that pathwise uniqueness holds for Equation (3.1)
in C ([O, 7], ]Hl). This implies, by the Yamada-Watanabe theorem, that the solution exists in the
strong sense. Thus we can define a random unitary propagator U (t, s) which is strongly continuous
from H? into H'. This random propagator can be extended to a random propagator from H! into

H' using the continuity of X in H*, the density of H? into H* and the isometry property of U (t, s)
in H'.

The local existence of the non linear problem (1.12) in H! follows from the construction of the
random propagator U: we consider a cut-off function © € C2° (R), © > 0 satisfying

Lt X0 < R
X t 21 == o

and first construct a solution X ¥ of the cut-off equation :

2 3
idX R (t) + <%% + Or (HXR(t)H;l) F(x*®) (t)> dt+iﬁz Ok a)gZ(t) odWy(t) =0, (3.6)
k=1

with initial data X®(0) = v € H! and whose integral formulation is given a.e by
t
XP(t) = U(t,0)0 + z/ On (HXR(S)H;) U(t, s)F(X(s))ds. (3.7)
0

The existence and uniqueness of X% ¢ L? (Q; C (0, T; ]Hl)), solution of (3.7), is easily obtained by
a fixed point argument since the nonlinear term is globally lipschitz. Introducing the nondecreasing
stopping time

8 = inf {t >0,

X0) g > R}

we may then define a local solution X to Equation (1.12) on a random interval [0, 7*(v)), where
7*(v) = limp_, 1 oo 7% almost surely, by setting X (t) = X%(¢) on [0,7]. Then for any stopping
time 7 < 7* we have constructed a unique local solution with paths a.s in C ([O, 7], ]Hl). It follows
from the construction of the stopping time 7* that if 7% < 400 then limsup,_, .. [| X (¢)||yn = +o0.
Let us now prove that if v € H? then the maximal stopping time satisfies the following alternative

T < 400 or tllm* | X @) |lgn = +o00. (3.8)

We note that the random propagator commutes with derivation. Hence if v € H2, then U(.,0)v €
C ([0,T],H?). We easily deduce, using Equation (3.1) and interpolating H' between H? and L%,
that U(.,0)v € C? ([0,T],H') for B € [0,1/4[. By a fixed point argument in H? and Equation
(3.7), we conclude that X € C” ([0, 7], ]Hl) for any stopping time 7 < 7* and for the same maximal

time existence 7*. Hence using the condition on 7* and uniform continuity of X in H', we get that
(3.8) holds.

Remark 3.1. We were not able to prove the global wellposedness for Equation (1.12). Due to
the lack of Strichartz estimates, we cannot control the evolution of the H' norm. Moreover the
evolution of the energy associated to the deterministic part of Equation (1.12) which is given in the
next Lemma does not seem to provide such a control.

Lemma 3.1. Let the functional H be defined for v € H' (R) by

H(u):%/ dz—%/ lul* da.
R R

2

@
ox
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Then for any stopping time T such that 7 < 7, we have
8 [T 0X
2
H(X(T)) = H(X0)+ﬁ§2/0 <|X| X,O’ka—z>ode(8)
== (Xo +\/_ Z/ <|X| X O’k >de( )

// (00 1% + 0, 1) dxds——v
+— ’y/ /8 |X1[? 0, | X dads.

8X 0X
z2_ —1X2 dxds

Proof. The first equality follows by Stratonovich differential calculus applied to the functional H
and because the process X is solution of (1.12). The calculation can be made rigorous by local-
ization (H is C? but not bounded) and regularization through convolution. The second equality
is obtained writting the evolution of H in its Ito formulation, that is

HX() = H(Xo)+ i Z/ (1xF .25 ) awigo

T 3 T
+29—47 / (X,0,XRe (X.0,X))ds — sz / (X, 040, XRe (X550, X)) ds
0 =170

where we used the unitary of the Pauli matrices and o = o}, for £ = 1,2,3. Easy calculations
lead to the expression given above. O

4 Diffusion limit of the Manakov-PMD equation : Proof of
Theorem 1.3

The aim of this part is the proof of the convergence result given in Theorem 1.3. For this purpose
we have to cut-off Equation (1.11) in order to get uniform bounds, with respect to e, of high order
moments of the H? norm of the solution. Let us denote by X7 the solution of the cut-off equation

OXE@) b Xt dy *X[ Rp)|I2 Ry —
im0 () =+ S + O (HXg (t)HlHl)FVs(t)(X€)_O (4.1)

Xo=wvé€ H3 (R)
The proof will consist of the following steps :

5.1 We prove uniform bounds on the solution X7 of (4.1). These bounds will enable us to prove
tightness on K.

5.2 We use the perturbed test function method to get convergence of the generators in some sense
[15, 18, 22]. This method formally gives a candidate for the limit process.

5.3 Setting ZF = (XGR, HXGR()HI?{I), we then prove that the family of laws £ (ZF) =Po (ZﬁR)f1
is tight on K and we deduce that the process ZX converges in law, up to a subsequence.

5.4 Combining the previous steps and using the martingale problem formulation, we identify the
limit and conclude to the weak convergence of the whole sequence. Finally we get rid of the
cut off and we conclude that for any stopping time 7 < 7*, the sequence (X7),., converges in
law to X7 in C ([O, T, ]Hl) using the Skorokhod Theorem.

14



4.1 Uniform bounds on X%

Recall that a unique solution ¥ € C' (R4, H?) of the following equation exists (see Section 2).

R it OVE®R)  dy PVEE) vs  _p i R
’Ld\If6 (t) + {?0'3 Oz + ? 922 + 6—20'3\11E (t) + 6—2’}/5\116 (t) dt (42)

e o W (1) — Yo, (t) + O (W7, ) £ (2R D) di = 0,

A solution X[ to (4.1) is then easily deduced from X'(t) = Z-1(t)UE(¢).

Lemma 4.1. Let ¢g € H3 and UE be the solution of (4.2); then for all T > 0 there exists a
positive constant C (R, T) independent of €, such that, a.s for every t in [0,T],

[UE () ||gs < C(R,T).
Similar bounds hold for XE(t) = Z71(t)VE(t) for any t € [0,T] since Z= is almost surely bounded.

Proof of Lemma 4.1. The bounds on the H? norm are obtained using an energy method. Using

a regularization procedure, Ito formula applied to H@Z\Iff'(t)HiQ and Equation (4.2), we obtain for
all t € [0, 7

[ERZEG] AR A / 0 ([0 ) 100 (W) s 095 ds
< [0utol + C(R) / loww(s)|2, ds
By Gronwall Lemma we deduce that
1095 0)|[7. < 110000122 exp (C(R)T).
Using the same procedure for [|92X |2 ,, Gagliardo-Nirenberg and Young inequalities,
0295 (0)[I7 — (|02 ;.
< o [ o (Ierel) (10861 + 1) 206 + w8l o)) ds
By Sobolev embeddings, properties of the cut off function and again Gronwall Lemma, we conclude
0295 )52 < [|0200]|5. C(R,T).

A bound on ||8§X CRHEQ may be obtained similarly using the previous estimates and Gronwall
Lemma. O

Remark 4.1. To prove the convergence result we need an initial data in H? (R). We will explain
later where exactly we need this extra reqularity but this is mainly due to the fact that we prove
tightness in C ([0, T ,IHl).

Remark 4.2. Note that we first prove convergence in law for the couple of random variables

(XeR, HXER()HE{I) This is due to the fact that the cut off is not continuous for the weak topology

1

1oe- These arguments have already been used in [9].

in H' neither for the strong topology in H

4.2 The perturbed test function method

Note that the process X[? is not Markov due to the presence of v.. However (X%, v,) is Markov,
by construction of v. We denote by £/ its infinitesimal generator. Let us compute .Z2f for f
sufficiently smooth such that f maps H™! x $3 into R and is of class CZ. Let (.,.) be the duality
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product between H' and H~!. Then, for ¢ > 0 and for X[? solution of the Manakov-PMD Equation
(4.1),

f (XeR(t)aVE(t» - f(vvy)

FXE®),ve(t) = f (v,ve() + £ (v,ve(t) = £ (v, 9)
(Dof (v,ve(t)), XE(t) — v) + R (XE(1),0) + f (v,ve(t)) = f (v,9),

where
R (XE(t),0) = /0 (1—0) (D2f (040 (XE(t) —v)) (XE(t) - v) , X2() — 0) db,

and D2f (v) € £ (H™*,H'). Thus

TB( (R 0e0) — F.)] (X(0),1(0) = (0,) )

t
— B((Dof e, XR“%N (X010 = ()

oA ) g (St o

t
We know by Theorem 1.1 that if v € H? then X® € C* ([0,7],H'). Thus by the mean value
Theorem, Equation (4.1), the almost sure boundedness of v, Lemma 4.1 and the conservation of
the IL2 norm :

v(0) = y> .

1
~XE® = vllge < s 10 X5 (5) | .

)

b d
< s (|Tewmaxse)| +|Paxre)| +on (Xl fuw o))
selog] \|| € L2 12 L
b dy
< (; 4 5) C(R,T) +2RC||v s -

Thus by the boundedness of D?f, the continuity of t — XZ(¢) in I? and the previous bounds, we
conclude that
R(XE®),v)

2
T S ORI sup D270 gy (1 [0l 1Xe(0) = vl 00

Now, we perform the change of variables t' = t/€2, to get

T (] (01(0) ~ £(0,9)|1(0) = 1) = B (f (0,41)  F(0,9)|v(0) = ).

Thus, using the Markov property of the process v, and using Equation (4.1) again, we get an
expression of the infinitesimal generator £ of the Markov process (X R VE) :

255 = fim g (B( 7 (XE©00) - £0.0)] (X0),1(0) = (0) )

t—0 t

= <D7jf(’l), y)v atXeR(t)‘t:0> + elggvf(va y)
102
— (Dt P55+ i0n (Iblf) £ ) 4.3

7% <va(’(),y), b’a(y)%> + Gézllf(va y)v

where %, is the infinitesimal generator of v and %, its domain. The perturbed test function
method gives (by identifying its infinitesimal generator) an idea of the limit law of the sequence
(X ER)€>0- It provides in addition convergences that are useful to prove the weak convergence of

the sequence of measures ([, (XCR))Oo.
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Proposition 4.1 (Perturbed test function method). There exists a limiting infinitesimal generator
(ZR, .@R) such that for all sufficiently smooth and real valued functions f € 2% and for all positive
€, there exists a test function f. and positive constants C1(K) and Cy(K) satisfying

sup |[fe(v,y) — f(v)| < eC1(K) (4.4)
vEB(K)
yess
s | L fe(v,y) — L7 f(v)] < eCa(K), (4.5)
S
yes3

where B(K) denotes the closed ball of H? (R) with radius K.

Proof. The idea is to prove that for all suitable test function f, one can find a function f. of the
form

fe(v,y) = f(v) + ef' (v,9) + € 2 (v,9), (4.6)
such that Proposition 4.1 holds. We plug this expression of f. into (4.3) and formally compute the
expression of L f, :

LRl 0y) = <va<v>f§°§Zﬂ@R(nvnHl) 2@} = (Do ) VoG ) + 200

S22 o) - L (Do), Vo )3 ) (@7

+€ <Duf1(v, Y), Z;lo g 12) +iOg (HU“]Hl) (U)> —€ <va2(vvy>’ bl”(y)%>

d
(Do 0.0, 2 5% + 0 (ol ) By )

and we notice that %, f(v) is identically zero because f does not depend on v = (v1,2). The aim
is to wisely choose the functions f' and f2? and the regularity of f so that ZXf. is well defined
and that f. and Zf f. converge in the sense of Proposition 4.1. In particular, we need to cancel
the terms with a factor 1/¢ and we need the terms with factors € or €2 to be O(e) on bounded sets.
In order to cancel the 1/¢ terms, we look for a function f! solution of the Poisson equation :

25 0.0) = (D05 ). (1.9

By Corollary 5.1, we know that
Ea (g5 (v)) =0 vj=1,2,3.

We deduce that (D, f(v),b'o(y)3%), which is a linear combination of m; = g;(y) (see (1.4)), is

ox

of null mass with respect to the invariant measure A. Hence (D, f(v),V'a(y)S2) is a function of

y € §3, which satisfies the assumptions of Proposition 5.1, provided that f is sufficiently smooth
ie feC(H™') and v € L. It follows that the solution f! of the Poisson Equation (4.8) can be

written as :
P = 2 ((usve 05 ) w
— (Do) ¥EW G ), (1.9)
where oo
5(y) = / E (o (v(t))| »(0) = ) dt. (4.10)

By Proposition 5.1, there is a positive constant M such that

llg (y) oo < M, VyeS§? (4.11)
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and f1(v,y) is a continuous bounded function of y for v € I.2. We now have to choose the function
f?, but we cannot choose .%, f? cancelling the terms

(Do) 5255 4 10n (Ilfn) £ ) — (Dof? ) Vo) 5 ).

because they do not satisfy the null mass condition with respect to A. Hence we look for a solution
f? of the Poisson equation :

2 y) = (D, f()zeR(anHl)F(» (D, f<>z@R(Hv||Hl) (v)) (412)

(o) (osenses)).

<Dyf1(v,y)7b'0 () g—z>

where, due to (4.9),

= ) (DWW o) - 0 (D FWem ). (413

Moreover thanks to expression (4.13), Fubini Theorem and Corollary 5.1

B (Do o o5 ) )

3 v v oo
= 00 3 (D gr o 5 ) [ B (0 5 (0D

& v 9 92
— %Z<D§f(v)0ka—;},oka—z>+3%<va(1)),8—;2}>, (4.14)

where v = (b’)2 /67c. Provided that f is of class C* (H™!) and v € H' and because f!(v,.) is of
class Cg (S?’) for any v € H', we can now define, by Proposition 5.1, a unique solution, up to a
constant, to the Poisson Equation (4.12). This solution f? is expressed as :

Py = 27 ((Duf@),i0r (Jelf) (F () - F @)

— ! (<va1(v,y),b’0 (v) %> —Ex (<va1(”’y)’bla 2 %»)

= (Duf),i0r (0l ) Flv.)) (4.15)
2 3 ov ov\ ~ 9~ 0%
— ) D2 f(W)ok oo 012 ) Ga () — ( Duf(v), (0)* 5(y) s ),
k;1< " o l8z>gk’ly < Uy8x>
where oo
Flo,y) = / E ( Fy)(v) — F(0)| (0) = p) dt.
and
+oo +oo
gkl@)/o </ E (g5 (v(5)) g0 ((5))] (0) = ) ds ()(m)
and




Replacing .%, f! and .%, f? in Equation (4.7), respectively by the right hand side of (4.8) and (4.12)
and using expression (4.14) we get :

20500 = (Dot (12 +2) T2 +in (Julf) F0) )

y 23 v ov
— 2 —_ —_
f

k=1
idy 0%v
+€ <DU L, y), 206 5 +1Or (””H]Hl) (v)> (4.16)
ov
—€ <va2(1},y),b/0' (y) 8_z>
idy 0%v
D £20,0), 5 + 0 (ol F0)).

and we define the limiting operator by :

250 = (D). (B + 2) Tt von (i) F0) (117)

y ZS Jv  Ov
— 2 —_ —_

Hence if we define 2% as the space of functions which are the restriction to H? of functions f
from H~! into R of class C? (]H_l) and such that f and its first three derivatives are bounded
on bounded sets of ™!, then the functions f' and f? are well defined for f € 2. Moreover if
f € 2% then L f. is well defined for v € H3.

‘We now write that

sup |fe(v,y) — f(v)| <e sup [fH(v,y)|+€ sup |f*(v,y)],
vEB(K) veEB(K) vEB(K)
yeS3 y€eS$s yES3

and use the following result, which is proved in Section 6.
Lemma 4.2. Let f € 2% and f' and f? be respectively solution of Equation (4.8) and (4.12).
Then

sup |f'(v,y)| < Ci(K)  and sup | f*(v, )| < Co(K).
veEB(K) veB(K)
yeSs3 y€eS$s

This proves the first convergence of Proposition 4.1. With .Z% f(v) given by (4.17), the second
convergence (4.5) in Proposition 4.1 follows from (4.16) and the next Lemma, which is proved in
Section 6. O

Lemma 4.3. Let f € 9% and f', f? be respectively solutions of Equation (4.8) and (4.12). Then

1 zdo 0%v
1 < ;
(Do 0 55 i (bl ) F0))| < €1 x)
yes3
9 , ov
sup va (Uay)aba(y)a_ gCQ(K)’
veEB(K) T
yeS3
idy 0%v
sup (D0, 5255 + i (lolfe) () )| < Co(E)
veB(K) 2 Oz
yeS3
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4.3 Tightness of the family of probability measures ([, (ZR))E>0

€

To prove tightness on K of the sequence of probability measure £ (ZGR) =Po (ZﬁR)fl, we need to
obtain uniform bounds in € on Z* in the space

(C ([0,7],H*) nC([0,7],H)) x C° ([0, T],R),

for suitable a,§ > 0. Note that uniform bound of X in C ([0, T],H?) are given by Lemma 4.1.
The perturbed test function method will enable us to get uniform bound in C* ([0,7],H™'). Such
bounds can not be directly obtained using Equation (4.1) because of the 1/e term. In order to
obtain such bounds we use again the perturbed test function method for convenient test functions.
Let (€;)jen- be a complete orthonormal system in IL?. Recall that (.,.) is the duality product
between H!-H™! and (.,.)p. the inner product in L?. By definition of H*, s € R we can define a
complete orthonormal system (e;)jen+ on H! from (€;) en-

_ R ) +oo _ S 9 +oo
lollfis = |t +€) 78|, = (1+6)778.6) =D s,
Jj=1 j=1

where e; = F~1((1+¢2 71/262‘ for any 57 € IN*. We denote by (f; the family of test
J j J

functions in 2% defined by

JEN~

fj : H_l - R
v fi(v) = (ej,v).
For v € H3, we also consider particular perturbed test functions f; . of the form

fj,e(vay) = fj(v) + ijl(vay)a (418)

where, for all j in IN*, f}(v,y) = (ej, "' (v,y)) for a given function ! with values in H?. We now
choose ¢! as a solution of the Poisson equation in ¥ :

0
Ly (v,y) = Vo (y) 5= =0, (4.19)
ox
whose explicit formulation is given by (see Proposition 5.1):

ov

! (v,y) = —ba(y) 5 (4.20)

where o (y) is given by (4.10). We point out that ! behaves in its first variable like 6% and is
linear in v. Consequently for all j in IN* :

LE e (XE(#),ve(t)) (4.21)

_ <] %32?7;:“) +iog (IXF@5) o (Xf(t))>

2vR
+ (e 05 )a ) 550 )

e <ej, bE (ve(t)) % <%82§7§t) +iOg (fo(t)]\;l) F,. (Xf(t))) > .

For all t € [0,T], we define the process M with values in HH~! given for any j in IN* by :

(ej, M (1)) Fie (XE ve) (t) = fie(v,) /O L e (X (5),ve(s)) ds
= (e, X —v) +eeg, 0" (X ve) = ¢ (v,9) */O Ll i (X (), ve(s)) ds.
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Given the fact that 2% is the infinitesimal generator of the continuous Markov process (X R 1/6) and
ZLEf; o is well defined because f; € 2%, then <ej, MeR(t)> is a real valued continuous martingale.
Moreover it is a square integrable martingale, as follows from the bounds on the H? norm of X
obtained in Lemma 4.1. To prove tightness of the family of probability measures £ (Z GR) on K we
need estimates of moments on the processes X* and HX E() ||§{1. Before proving these estimates we
introduce a process Y. close in probability to X for which it will be easier to get those estimates,
using in particular the Kolmogorov criterion. The idea is to use Lemma 4.4 below to get tightness
of the family £ (Z GR) from convergence in law of a subsequence of Y.

Lemma 4.4. Let us define the process Y2 as

X)) = Y@ =€ (¢ (v.y) — 9" (XF(t), (1)), VE€[0,T); (4.22)
then for all § > 0: .
B
Proof of Lemma 4.4. Using Markov inequality and Lemma 4.1 we get for all § > 0,

P (HXER - YERHCGQ,T],]HI) > 5) < Cl(T, R).

g < sup || X (t) = YA > 6)

t€[0,T]

te[0,T)

< §E< sup [o! (XE (), ve(t)) — o (Uay)Hm)

€ ~ OXE() ~, . Ov
< =E| sup ||b'o (vt < — Vo (y) =—
5Qw% ) e @%zm>
2M
< €TC(T, R),
where M is given by (4.11). O

Note that the process Y. is also defined by the identity, for all j in IN* :
(e, YEM) = (e, XE(1) —eejt (v,) — 0" (X (2),ve(1)))

= <€j,M6R(t)> + (e, v) +/0 ‘iﬂeRf“ (XeR(S),I/C(S)) ds, Vtel0,T]. (4.23)

Lemma 4.5. For all 1 > € > 0, there exist three positive constants C1(T,R), Co(T, R) and
C3(T, R) depending on final time T and on the cut-off radius R, but independent of €, such that

E (HYCRHé([o,T],Hz)) < (T, R), (4.24)
k (HYeRHCa([o,T],]Hfl)) < Go(T, R), (4.25)
B ([ | 0y ) < G (1.26)

where 0 < a < & and § = /3 > 0.

Proof of Lemma 4.5. Thanks to Lemma 4.1 we know that the solution X% of Equation (4.1) is
uniformly bounded, for all €, in H? by a constant C' depending on R and 7. We conclude, using
the explicit formulation of ¢; given by (4.20) and Equation (4.22), that (4.24) holds.

To prove inequality (4.25), we first need an intermediate estimate that will be proved in Section
6:

Lemma 4.6. There exists a positive constant C(R,T) such that for all t,s € [0,T]

E (YR (t) = YR )|[y ) < CRT)(E = 5)2
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Then we deduce from Lemma 4.6 :

4
B( ¥ s oy ) < CRD),

for any v < 1/2. We use the Sobolev embedding W* ([0, 7], H!) < C* ([0,T],H™!) for y—a >
1/4 and v < 1/2, which implies & < 1/4. Thus we deduce the second inequality (4.25).

It remains to prove the last bound (4.26). Note that for t,s € [0, T

VROl = Y26

< € sup [V V) - V(S

rel0,T]
< C swp YR s [[YEO)|[a YR — YRSl
Te[oaT] TE[O,T]
It follows that if 6 = /3,
Ryl2 R A5/3 1o R11/3
HHYe (')HIEP 5 ([0.T],R) S CT:E)PT] HY; (r)HW HYe HC“([O,T],]H*l) :
Inequality (4.26) is then implied by Holder inequality, (4.24) and (4.25). O

Remark 4.3. The extra H? regularity is needed precisely in the first step of the above proof in
order to estimate the H? norm of Y2, which involves the gradient of X .

Proposition 4.2. The family of laws (E (ZeR))e>0 is tight on K.

Proof of Proposition 4.2. We set ZF = (Yf, YER(-)HIZHI)- Denoting by B(K) the closed ball of
(C ([0, T};H2(R)) nC* ([0,T]); H~! (R))) x C° ([0, T]; R) with radius K, for o and 4 as in Lemma
4.5, we deduce using Ascoli-Arzela and Banach-Alaoglu theorems that B(K) is compact in K.
Using Markov inequality and Lemma 4.5, we get

e ([OﬁT])}>

We conclude that the family of laws (E (ZER)) is tight on K and by the Prokhorov theorem we
>0

obtain the relative compactness of the sequence of laws ([, (ZeR)) i.e, up to a subsequence, the
e>0

sequence L (Z ER) weakly converges to a probability measure £ (2 R) where ZF = ()A( R 'yR). We

2
1Y s

- 1
P (ZeR ¢ B(K)) s ;B (max{HKRHC([O,T];]HQ(]R)) , HKRHCa([o,T];Mfl(R)) ,

1
< = max (011/ 4(T, R), Co(T, R), Cs(T, R)) :

may now use Lemma 4.4 to prove that the family of laws L (Z GR) is tight. Indeed it easily follows
from Lemma 4.4 and the above convergence in law that for all g € Cj (K)

tig B (o (21) = s (77)).

4.4 Convergence in law of the process X

In order to get the convergence in law of the whole sequence (X eR)5>07 it remains to characterize

the limit, i.e to prove that XE = X the solution of Equation (3.6), and that v7(t) = HXR(IS)HIQH1
for any ¢ € [0,T]. The tool here will be the use of the martingale problem formulation introduced
by Stroock-Varadhan in [25].

Proposition 4.3. The whole sequence X2 converges in law to X in C ([0, T],]Hl).
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Proof of the Proposition 4.3. In order to prove that any subsequence of X[ converges to the same
limit X, solution of Equation (3.6), we will prove the convergence of the martingale problem for
suitable test functions f € 2. To this purpose let us define, for @ € H! with compact support, the
particular test function f,(.) = (a,.), so that f, € 2. From this particular choice, we construct
a perturbed test function f, .

fae(v,y) = fa(v) + efa(v,y) + € f2(v,y),

obtained thanks to Proposition 4.1. The correctors fl and f2 are chosen to be solution of the

Poisson equations (4.8) and (4.12) for f,. Let us denote by Z® a subsequence converging to Z%
and define the H™! valued process N (Z[(t)), associated to Equation (4.1)

<a’N§ (ZeR(t))> = fa,E(XeR(t)aVe(t)) - fa,ﬁ(vay) - /O D?;Rfa,e (XeR(S)aVe(S)) ds,

where £ is given by (4.7). We also define the process N7 (Z£(t))

(a,NF(ZE(t))) = fa (XE(#)) = fa(v) - /O L fo (XE(9)) ds,

where .Z is given by expression (4.17). Moreover we denote by .Z ,ﬁ? the operator whose expres-

sion is given by (4.17) replacing H)A(R(t)H by v2(t) in the cut-off function. Let us now define
]I_Il

(N7 (27(1) ) by
(" (270)) = £ (R50) - fa )~ [ 2050 (X7) s (a.27)

The process <a, NE (ZeR(t))> is a real continuous martingale because (XGR, 1/5) is a Markov process
and because £ f, . is well defined since X*(t) € H3. Moreover it is a square integrable martingale,
as follows from the bounds on the H? norm of X[ obtained in Lemma 4.1. The above martingale
property implies that for all ¢,s € [0,T],t > s,

E[(a,NF(ZE(t)) —= NE(ZF(9)))| 0 (ZE(u), ve(u)) ,u < 5] =0.

N

It follows in particular that for all test functions hq, ..., A, € Cp ( i
s<t

xR)and 0 < t1... <tm

oc

E |(a,NE (ZE(t)) - NE(ZzB(s H =0.
Using Proposition 4.1, Lemma 4.1 and the boundedness of the functions h;, we get

E | (a,NEF(ZE(t)) - N (ZE(t)) - NE (ZE(s)) + N7 (2B (s ﬁ < eC(R,T).

j=1
Let us consider a cut off function xgr, € C°(K) satisfying

1 if u € Bk (Rp)
XRo (U>{ 0 ifu§é8z (21?20)

where Bx (Rp) denotes the closed ball of radius Ry of the space K and Ry is chosen such that X €
Bk (Ro) a.s (see Lemma 4.1). Note that, by continuity of the functions xr, and {h;},c; .
respectively in K and H} . x R, by continuity of f,(.) for the weak topology in H!, by continuity
and boundedness of O in C ([0,7];R), by continuity of F from H! to H~! and the bounds on

F (X[(t)) obtained thanks to Lemma 4.1, the function

<a7NR (ZER( XRO ZR H
j=1
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is a bounded and continuous function of Z® from K into R. We deduce by convergence in law of
ZE to Z® in K, since the test function a is compactly supported, that for all t,s € [0,T],t > s

E | (a.N®(Z%(t)) - N® (Z%(5)) ) xn, (27) ﬁ hi(ZR(t;)) | = 0. (4.28)

Since, almost surely, X belongs to the closed ball Bi (Ry), we deduce that almost surely XR ¢
By (Rp). Thus we conclude from (4.28) that <a NFE (ZR( )> is a continuous square integrable
)

martingale with respect to the filtration G; = o (ZR( ,8 < t) and this holds for any a € H! with
compact support.

In order to identify the equation satisfied by X B we consider, for a,b € H' with compact
support, the function gq 4(v) = fo(v) fp(v) € 2% and the perturbed test function g, p

Gab,e(0,Y) = gap(v) + €90 ,(v,y) + €292 (v, y),

obtained thanks to Proposition 4.1. Thus functions g;, »(v,y) and gib(v, y) are chosen to be solution
of the Poisson Equations (4.8) and (4.12) for g,. Let us now define the real valued continuous
martingale

Hy  (ZE(1) = 9abe(XE (), ve(t) = gab.e(v:y) —/O L8 9ap.e (XE(5),ve(s)) ds.

Using the same arguments as before, we may prove that

ImE | (HE,  (ZF@#) —HE,  (ZF(s))) xR, ( H

e—0

m

= B (m (270) -1l (276) ) (27) TT R0 |
where

HY, (Z(t)) = gab(XT(t)) = gap(v / 21 ga, b (s)) ds.

From the above convergence and the martingale property of Ha be (ZR(t)) , we deduce that Hf’b (ZR())

€

is a continuous real valued martingale. A classical computation then shows that the quadratic vari-
ation of the martingale N (ZR(t)) defined in (4.27) is given by

<b, < NR (ER(t)) > a> - /Ot 25, (fa (ER(S)) £ (ZR(S))) — (ZR(S)) 2§, (ER(S))
—fs (ZR(S)) LE fa (ZR(S)) ds.

Applying the operator fﬁa respectively to the test functions f, and g, 1, we obtain that

L0t (270)) = <a, <% + 3%) a;‘:;R +i0n (" ®)ll5) F()?R)> ,

and

L (270) = 5 (X70) < (2 +3) PXU | i (17(0) 7 ()?R<t>)>
+fa ()?R(t)) <b, <% + 3%) % +iOr (YR() F ()?R(t))>
+723: <a, ak@> <b, Ok 6):(92(15) > .
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We deduce that the quadratic variation is given by formula (3.5) wiht X replaced by XR. T hus,
using the martingale representation theorem, we can write the G,-martingale N¥ (2 R(t)) as the

stochastic integral

<a, N% (ZR(t))> = ﬁ/t i <a, Ok 0)21:;(5) > dWi(s),
0 k=1

where W = (W7, Wa, W3) is a real valued Brownian motion on a possibly enlarged space (2, G, G, P).
We deduce that ()A(R, W) is a weak solution in C ([0, T];H},.) N Cy, ([0,T];H') N L (0,T;H?)
of the equation

R 2R . 3 X R
idXR@>+(%ﬁlg§92+®R(¢Wﬂ)F(XR@0>cﬁ+i¢7220ka§m@)OdW%@>0@2%

X0:U€H3.

. 2
The next step consists in proving that almost surely y%(¢) = HXR(t)H]Hl. Using the Skorokhod

representation theorem, we can construct new random variables (that we still denote Z[%, Z Ry on a
new common probability space (Q, F, F;, P) with respectively £ (ZGR) and £ (2 R) as probability
measure and with values in K such that

lim ZER —ZR PuasinK.

e—0

Since X € L (0,T;H?), we deduce using Equation (4.29) that XE e ([0,T];I.?). Hence
applying It6 formula, it is easy to see, since O is a real valued function, that almost surely

%)

L= ol = [[XE@ g2 FEE[0,T], Ve >0.

Thus we deduce the strong convergence of X2 (t) to X (t) in L2, a.s for each t € [0,T]. Since X7
converges to X in L (0, T ]HQ), we get using Lemma 4.1 that

H)?RH < C(R,T) P—a.s.

)

Interpolating H' between L2 and H?, we conclude that

hmefunyRuw

e—0

. 0, vtel0,T], P—a.s, (4.30)

2

and
]I_Il

XE is a solution of (3.6). Thus the limit in law of X[ is unique and is given by the solution X%
of Equation (3.6).

and XB e C ([0, T]; H'); it follows that, almost surely for all ¢ in [0, 7], y7(t) = H)A(R(t)’

The final step consists in recovering the convergence in law in C ([O,T] ,]Hl). Since Y. is
uniformly bounded in € in C* ([0, 7], H™') N C ([0, T]; H?) with 0 < o < 1/2, we deduce that it is
a.s uniformly bounded in € in C# ([O, T ,]Hl) with 8 = a/3. Moreover using pointwise convergence
(4.30), expression (4.22) and uniform bounds (4.1), we get pointwise convergence in H! of Y. to
X%, We conclude that Y converges in law to X in C ([0,7],H" (R)) and by Lemma 4.4, the
convergence in law of X2 to X in C ([0, T],H* (R)) follows. O

Remark 4.4. Using Arzela-Ascoli and Banach-Alaoglu theorems, Lemma 4.5 and Tychonov The-
orem, we deduce that (E (X€R))R€1N is tight on ICN. Thus the same arguments as above lead to the

convergence in law of (XF) ren 0 (X%) ren (€€ [9])-
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Using the Skorokhod Theorem, we can construct new random variables X R XE on a common
probability space (ﬁ, f, .i“;, ]13) and with values in C' ([O, T] ,]Hl) such that for any R > 0,

R R

al = pl = SRS
A and X — X® PasinC([0,7],H").
o= €e—0

We define the escape times 77 and 7 associated to the cut-off :

7= inf{t e [0, 7], H)?R(t)H > R} and 7R :inf{t e [0, 7], H)Ef(t)” > R}.

H H

Now, if 7 < 7* a.s. is a stopping time, it is then obvious that the process defined by )zg(t) =
XE(t) for t < 7 ATE converges a.s. to X defined by X(t) = X%(t) for t < 7 ATE, and this
concludes the proof of Theorem 1.3. O

5 Study of the driving process v

We recall in this appendix some results obtained in [16, 20] about the driving process v.

Proposition 5.1. The process v = (v1,v2)t is a Feller process that evolves on the unit sphere

83 of C2 ~ R*. Furthermore it admits a unique invariant measure A, which is the uniform
measure on 83, under which it is ergodic. For all f € C? (S3) satisfying the Fredholm alternative
(or null mass condition) By (f(v)) = [s f(y)A(dy) = 0, the Poisson equation Z,u(y) + f(y) =

0 admits a unique solution of class CZ($%), up to a constant, which can be written as u(y) =
B w®) o =yl dr.

Let us recall that o (v(t)) = o1mi + gama + o3ms where m;(t) = g; (v(t)). We now state a
result related to the effect of the random PMD on the pulse evolution.

Corollary 5.1. 1. The process m = (my, ma,m3) € $2 is a Feller process with a unique invari-
ant measure A o g~' under which it is ergodic.

2. For j = 1,2,3 : Ea(g;(v)) = EAog;1 (m) = 0 and Ep (g;(v(t))gr(v(t)) = 6;x/3. As a

consequence,
2 2
Ea (N1, (X)) = 3 (2 |X2|2 — |X1|2) X1, Ea (N2, (X)) = 3 (2 |X1|2 B |X2|2) X,
3. For j,k=1,2,3 :
1
/ Ex [g; (v(0)) gk (v(t))] dt = Ve
O 0 if j # k,

where v, is the constant appearing in (1.8).

6 Proof of technical Lemmas

Proof of Lemma 4.2. Let v be in H?. Using the explicit representation (4.9) of f1, we obtain, since
D, f(v) € H' (R), that

Foml = [(Dure.vae 5 )

@
ox

3

D

H-! j=1

N

+oo
1D f (0) g /0 E(g; (v(t)[v(0) =y)dt|.
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Moreover by Proposition 5.1 the integral fOJrOO E (g, (v(t))|v(0) = y) dt converges because g; is a
bounded function of v € $3. Since v +— D, f(v) is a continuous function which is bounded on
bounded sets of H™!, we deduce that :
sup | f7 (v,y)| <VC(K).
veEB(K)
yeSs3

The function f? given by (4.15) may be bounded using the same arguments. Indeed

(Dof(),i0r ([0E) F(0.9)) < 1Dof @)l |[F 9|

Since for all v € H?, y — F, (v) — F (v) is a function of class C7 on $2, with values in H™,
satisfying the null mass condition of Proposition 5.1, the term F (v,y) is bounded. Moreover
v — F, (v) — F (v) is bounded in H~! on bounded sets of H* by the continuous embeddings
H' (R) — L*(R) and I3 (R) < H~' (R). In addition

—1

)’ 23: <D3 f(v)ak%,al%>§k,l(y) + <va (v), (b’)25(y)%>

k=1
3
Ov  Ov 0%v
< 2 — o — -
< 0 ((oom e o)+ (o)
dvl? d%v
< C (Hl)2 Hg(]H 1 H1) ‘% - + ||D7Jf( )“]H1 or 9.2 ]H1> :

Since v + D, f(v) and v — D2 f(v) are bounded on bounded sets of H™! (R), we conclude the
proof of the lemma. O

Proof of Lemma 4.3. Replacing f! by its expression (4.9) we get

d
(Do o), 2 5% i (10l ) o))

= —(Dws ) 52 R T +ion (lull) o))
(D095 ) LT + 5 )0 (bl ) 0.0 ).

By the assumptions on f, v — D,f(v) and v — D2f(v) are continuous bounded functions on
bounded sets of H™! (R). Moreover D2f(v) € £ (H™',H'), D, f(v) € H' and % € L2 Using
the bound (4.11), we deduce that

idoy 0%v
sup Dy f v,y +1i0 V|| ’U>‘ < C(K).
a (Dur o, 55+ 0 (10l B0 (K)
yes$s

Let us now compute the first derivative of f2 using expression (4.15); for all 4 in H! and v in H? :
(Do f(v,y), h)
= (D20 (|lollfn ) F (0,9)) + (Do f(0), 200 (Il ) (0 W) F(v,9) )

+ (Duf(0),i0r (J0llfn ) DuF (v,) 1) = ()’ Z D2 f( ( ‘9; olgv h> T

k=1
3
’ 8h (9’0 ~
- Q(b)QE <Dgf(v)0k%70l%>gk,l(y)

k=1

(D2 0756022 ) - (D.s0). 07505 ).



Taking respectively h = o gzv +1iOgr (HU”]Hl) y(v) and h = b'o(y) 22, we conclude

ido 0%v
Dy f2(v,y), 5 1 <C(K
s (Do G55 i (Il ) £ 0))| <€),
yes3

and

v
s [( Dot g )| < € 0),
veEB(K) x

yeS3

since v — D3 f(v) is bounded on bounded set of H™! (R) with values in £3 (H™!,R) and % €
H- O

Proof of lemma 4.6. Let us recall that the family {e;}; . denotes a complete orthonormal system
of H' constructed from a complete orthonormal system {é;},.. in L? and (.,.) is the duality
product between H' — H~!. Then

—+oo

[YR(t) — V()| = {Z (e, Y(t) - Y€R<s>>2} .

i=1

Using twice the Young inequality and the expression of Y./ given by (4.23) and (4.21), we obtain :
Y50 = Y6 g0
aQXR tl
/ PXAL) gy

4 4

< C

2 0x?

+CH/ On ([| X)) Fo.on (XE@))at

H- H-?

4 +00 2
e (Z (ex M1 Mf(s)>2>

s i=1
t 2 v R (4
~ 0 (do O* Xt 2 R
/S Ve (yﬁ(t/)) o (?T +Op (||X€(t/)H]H1) Fl,e(t/)(X6 (t/)) dt’
We bound each terms separately. Using Lemma 4.1,
do *XE(t/
‘/ do 9" X.( )dt

2 Ox?
Using that F' is cubic and Lemma 4.1,

and using, Lemma 4.1 and the bound (4.11)

Finally we bound the €* term that is well defined because X has values in H3. Using the Cauchy
Schwarz inequality, Lemma 4.1 and (4.11), we get for all e < 1 :

2XR(t)

+C’/§ (')’ G (ve(t)) o (ve(t)) Tdt’

4
+Cet

H-1

< O(R,T)(t - s)™.

H-1

[ 0 (1)) o (X2 mae| <oy st

S

H-1

62X§(t/)dt/ !
0r?

RGO <ORTYE )"

H-1

b 0 (do 2XE() ) *
e /S b (Ve(t/))%_ (?7ax2 +0Or (HXCH]Hl) Ve () y(x Bt ))) dt’ .
t 3y R4 4
4p\4 714 @8 Xe (t) 2 Ry !
< eyt | [ 99555 1 5 (0n (1Kl ) R (X)) |

< CO(R,T)(t—s)L.
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Taking the expectation and adding the previous estimates, we deduce that :

E (VRO - YR g ) < CRD (=)' +CB | | 3 (e, ME®) - ME(s))’
jeN*

In order to prove a uniform bound, with respect to ¢, of the second term, we will use the Burkholder-
Davis-Gundy inequality and consequently we have to compute the quadratic variation < M2 (t) >
of ME(t) defined, for all j € IN*, by

(ej, ME(t)) = fie (XE(®),ve(t)) = fie (v,9) /O L fje (XE(5),ve(s)) ds,

where L7 f; . (XE(s),ve(s)) is given by (4.21). The next Lemma states that the process
< MZE(t) > can be expressed only in terms of the infinitesimal generator .%, of the Markov
process v.

Lemma 6.1. For all j in IN*

(ej, < ME(t) > ¢))
- o [ = (<ej,&<uﬁ<s>> X <s>>2> ~2{05 ) ZE ) (03245 0u) B0 ) s

Thus using the Burkhoélder-Davis-Gundy inequality

2
+oo

E| > (e ME@W) — ME(s))* | | <CR.T) [t - 5P,
j=1
thanks to Lemma 4.1 and Proposition 5.1. Adding the previous estimates,
E([VE() - YR [0 ) <CRTE- P,
and Lemma 4.6 is proved. O

Proof of Lemma 6.1. A classical computation shows that for all j € IN*:

(e € MEW) > ) = [ L (550 (XE)009)°) =25 (X)) L0 (X](0). 0 (5))
0
Now, for all j in IN*,

2 2 ~ R
(e (KEE)) = (e X80 = e e XE) (3,8 0u5) 500

P (e e D)
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Thus we get

LR (fi.c (XE(5),0e(5)))°
i 2XER(g 2
= 2 x50) (e P55+ i0n (XS] ) P (X7

ot (e T i (X)) Fuco <X5<s>>> (e13 ) 22 9)
W (e, X (038 o) o (PR (HxR i) Fuco (X051 ) )
20 (o3 4 () 8§;R<s>><ej,a<f X ) + V<<ej,&<ue<s>> o <s>>2>
w2 (e <€<s>>g%.(b'o<u€<s>>“5—ff‘°’))><e (5))
X ©

£20)" € (6.5 ((6) B (6)) (105 ) ‘R T2

#2007 € (6.5 (1) B (6)) (08 (06D 0 (XA ) 2B (X2(5))

207" ¢ (¢5 () B2 0)) (005 () o (06 T5EL ).

T

The same kind of computations for the term 2f; .27 f; . lead to the result. O
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