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Marcin Dudzinski'
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Warsaw Agricultural University, ul. Nowoursynowska 166, 02-787 Warszawa, Poland

Abstract
Suppose that X7, Xo,... is a standardized stationary Gaussian sequence. Let:
n
M, := max(X1,..., Xy), Sp := Y. Xi, 0n := /Var(S,), and a, > 0, b, denote
i=1

suitable normalizing constants. OJr goal is to prove the almost sure central limit theo-
rem for the sequence {an (Mn — bn) , Sn/an}, under certain additional assumptions
on the covariance function r (t) := Cov (X1, X14¢).

MSC: primary 60F15, secondary 60F05.
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1. Introduction

The almost sure central limit theorem (ASCLT) has become an intensively
studied subject in recent research. In our paper, we are concerned with the
ASCLT in its two-dimensional version. A general outline of the investigations
concerning the ASCLT in such a form may be described as follows. Suppose
that X, Xo,... is a sequence of r.v.’s; fi1, fo, ..., fx,..- and ¢1,92, ..., gk, ... are
some real-valued measurable functions, defined on R, R?, ..., R¥, ..., respectively.
We seek conditions under which, for some nondegenerate d.f. H, defined on R2,

N
1 a.s.
T E an{fn (X17X27"'7X7L) < Ty 9n (X15X27"'7X7L) < y} d—> H($7y) (1)
DNn:l

N
for all (z,y) € Cu, where: {d,} is some sequence of weights, Dy = > d,, I

n=1
stands for the indicator function, Cy denotes the set of continuity points of H.

In our investigations, we will restrict ourselves to the situation, when (1)
is satisfied with: d,, = 1/n, Dy ~ logN, f, (X1,...,Xpn) = an (M, —by),
gn (X1, .. X,) := Sy /on, where: M, := max(Xy, ..., X,,), Sp := X1 + ... + X5,
on = +/Var(Sy), and a, > 0, b, are certain normalizing constants. The
purpose of our paper is to prove that if: X7, Xo, ... is a standardized stationary
Gaussian sequence, the covariance function r (¢) := Cov (X1, X14¢) satisfies

r(t) = L(t) /1, t=1,2, ..., (2)

where o« > 0 and L (+) is a positive, slowly varying function at infinity, and if
moreover, the numerical sequence {u,} fulfills the relation

lim n (1 — ® (uy)) = 7 for some 7, 0 < 7 < o0, (3)

n—oo
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where @ is the standard normal d.f., then

N
1 1
ngréo IOgNnEZIﬁI{Mn < Up,Spfon <y} =eT"®(y) as. for any y e R. (4)

As a direct conclusion, we will also show that if, for n > 3:
1 _
an = (2logn)"/?, b, := (2logn)"/? — 3 (21ogn) * (loglogn + log47) , (5)

then for all z,y € R

N
1 1
Nli_rgologNnEﬂgl{an (M, —by) <2,8,/0n <y} =exp (—e_”) D (y) a.s..

(6)

It should be mentioned that, although r (t) = L (t) /t* in (2) is defined only
for positive integers, the slowly varying functions L (-) are in general defined on
the real line or on the R semi-line.

The earlier given notations - M,,, Sy, op, r(t), ® - will be intensively used
throughout the paper. For our convenience, we will also introduce the following
one M,, ,, := max(X,,+1, ..., Xp,). Furthermore, f (n) < g (n) and f (n) ~ g (n)
will stand for f(n) = O (g(n)) and f(n) /g (n) = 1, as n — oo, respectively.

2. Main result

Our main result is the following almost sure central limit theorem in the
joint version for the maxima and sums of some standardized stationary Gaussian
sequences.

Theorem 1 . Let X1, Xo,... be a standardized stationary Gaussian sequence.
Assume that the covariance function r(t) := Cov(Xy, X14¢) satisfies (2) for
some o > 0. Then:

(i) If the numerical sequence {u,} fulfills (3), then (4) holds,

(it) If {an}, {bn} are such as in (5), then (6) holds.

3. Auxiliary results
In this section, we state and prove some lemmas, which will be needed for
the proof of our main result. Here, we present the first one.

Lemma 1. Let X1,X5,... be a standardized stationary Gaussian sequence.
Assume that the covariance function r(t) := Cov (X1, X14¢) satisfies assumption
(2) with some a > 0. Suppose moreover that the sequence {u,} fulfills (3), and
that m < mn. Then for any y € R and some v > 0

E|\I{M, <uy,Sy/on <y} —I{Mpn < up,Sp/on <y} <1/n"+m/n. (7)

Proof. Assume first that (2) holds with some 0 < a < 1. Let 1 < i < n.
We have

n—1 n—1

92 2 2 L(t)
X; — = o T

0< Cov(X;,S,/on) < o Zr(t) on + On >

=0 t=1

for some 0 < o < 1.

(8)



As 0 < a < 1, then, by the two times application of Karamata’s theorem, we
get (see also Mielniczuk (2002), p. 394)

on ~ C(a)L(n)*n'=*/2 where C (a) = {2/ (1 —a) (2—a)}/2.  (9)
Due to (8), (9), we have for some 0 < o < 1 that

n—1 —« 1/2
1 L(t) L(n)n! L(n)

Cov (X5, 5, )00) < < - '
( /o) L(n)1/2n1*°‘/2t§::1 ke L(n)"/?nl-e/? nel?

Since L (n) is a slowly varying function at infinity, then L (n)"/? < ne for
arbitrary € > 0. Consequently

€

Cov (X, Sn/on) < n—/Q for any € > 0 and some 0 < o < L.
na

Therefore
0 < sup Cov(X;,S,/0,) < 1/n” for some 0 < 8 < 1/2. (10)
1<i<n
Since lim 1 /nﬁ = 0, there exist numbers \, ng, such that
n—oo
0 < sup Cov(X;,Sp/on) <A< B/(1—p5)<1for any n > ng. (11)
1<i<n

In turn, by assumption (2), we have tlim r(t) = tlim L (t) /t* = 0. Thus, there

exist numbers §, ny, such that

O<sup r(t)=0<a/2—a)<]l1. (12)
t>nq

Relations (10)-(12) will be intensively used in the next stages of our proof.
Let y be an arbitrary real number and m < n. We have
EI{M, < tn,Sn/on <y} — I {Mmn < tn, Sn/0on < y}|
= P{Mm,n gunvsn/an Sy}_P{Mn Sunasn/an Sy}

Suppose moreover that Y,, is a random variable, which has the same distribution
as Sy /oy, but is independent of (Xy, ..., X,,). We can write that

+ |P{an < unaSn/Un < y} - P{Mm,n < un}P{Yn < y}l

+ (P{Mpn <un}—P{M, <u,}) = A+ Az + As. (13)
Since (X1, ..., Xn, Sn/on), (X1, ..., Xn,Y,) are standard normal random vectors
and (11), (12) hold, then, by Theorem 4.2.1 in Leadbetter et al. (1983), the fact
that Y,, is independent of (X1, ..., X;,) and relation (10), we obtain

u

n u? 1 2
Aut Ay < 3 Cou (Xi,Su/ ) exp (_2(1+A)> P (_2(1+A)>
(14)



for some 0 < 8 < 1/2, where A is such as in (11).
As {uy} satisfies (3), then, by (4.3.4(i)), (4.3.4(ii)) in Leadbetter et al. (1983),

1

u? (logn)2(1+A)
U ) pAosn T
o (Cat) <1

nI+X
From (14) and (15), we have

for some L, not depending on n. (15)

1 __ 1 __
1 (logn)20T+Y  (logn)2(+3)

A+ Ay < n— = . (16)
nb nﬁ%\ nm—l_%\—l
As, by (11), A < 8/ (1 — B), we have 8 + 15 — 1 > 0. Thus, by (16),
A1+ As < 1/n” for some v > 0. (17)

It remains only to estimate the term A3z in (13). By going through the first lines
in the proof of Lemma 2.4 from Csaki and Gonchigdanzan (2002), we see that

+ {(bn—m (un) — " (un)} =: By + By + Bs. (18)

Our goal now is to give the bounds for B;-Bs in (18). Let ¢ be such as in
(12). By Theorem 4.2.1 in Leadbetter et al. (1983), relation (15) and as-
1

2 n—1 1 T+ n=17, (¢
sumption (2), By + By < nexp <_ Un ) r(t) < (Ogg) (t) <
1+(5 t=1 nmfl t=1 A
1 1
1 1+ [ 1=a 1 +5 [
(logn) 5 (n)n 8 (ogng (n) As, by (12), § < o/ (2 — @), we have
nmfl n1+6+a72
1
% +a—2> 0. Since (logn) 1+9 L (n) < n¢ for arbitrary € > 0, we obtain
B; + By < 1/n” for some v > 0. (19)
Moreover, the bound
Bs <m/n (20)
follows from the fact that =™ — 2™ < m/n, if 0 < z < 1. By (18)-(20)
As < 1/nY +m/n for some v > 0. (21)

Relations (13), (17), (21) yield (7), provided (2) holds with some 0 < o < 1.
Assume now that (2) holds with some a > 1. Since r(-) is positive, we

n—1
get o, = \/n+2 S (n—t)r(t) > n'/?. This and the fact that o > 1 imply
=1
2 2 n=lL(t) L(n)logn

0 < Cov(X;,Sn/0n) < 7 +n1/2 PR nl/2

.As L(n)logn < n¢



for any € > 0, we obtain that (10), (11) hold also in the case, when (2) is satisfied
for some o > 1. Let A1-Ajs be defined as A;-A3 in (13), but for the case, when
(2) holds with some o > 1. By using Theorem 4.2.1 in Leadbetter et al. (1983)
and reasoning as in (14)-(17), we get Ay + Ay < 1/n" for some v > 0. Let
moreover, Az, B;-Bs be defined as As, B1-Bs in (13), (18), but for the case,
when (2) holds with some & > 1. Since tlir{)lor (t) = 0, then (see the remark before

Lemma 4.3.2 in Leadbetter et al. (1983)) 0 < sup r (t) = ¢ < 1. By Theorem
t>1

2 n—1
4.2.1 in Leadbetter et al. (1983), we have By +By < nexp < 11:?6) Sr(t) <
=1
1

1
(logn)+5 "I L (t) _ (logn) T+ " L (n)
p) > < 2
nite 1 =1 t e
€ > 0, we obtain that B; + By < 1/n7 for some v > 0. As moreover, Bs < m/n,
we get Ag < By + By + By <« 1/nY + m/n for some v > 0.~ Consequently
AL+ Ay + Az < 1/nY +m/n for some v > 0, which yields (7) in the case, when
(2) holds with some « > 1. This completes the whole proof of Lemma 1. m
We also need to prove the following statement.

1
. As (logn) T+ ™' L (n) < n¢ for any

Lemma 2 . Suppose that X1, Xs, ... is a standardized stationary Gaussian se-
quence, the sequence {un} fulfills condition (3), and m < n. We have:
(a) If the covariance function r(t) := Cov (Xy, Xy1¢) satisfies assumption (2)
with some 0 < o < 1, then for any y € R and some v > 0

|Cov (I {Mm < U, Sm/gm < y} 7I{Mm,n < Up, Sn/an < y})l

1 +9 lfaL +2 L 172, 1-a/2

< 57T m(?z i (7”2 2 ) T (m)1 2m ’ (22)
n L (m) / mA=/2[ (n) /2 pl-a/2 L (n) /2 p1—a/2

(b) If the covariance functionr(t) := Cov (X1, X14+) satisfies assumption (2)
with some a > 1, then for any y € R and some v > 0

1 m1/2
‘CO'U (I {Mm < unusm/Um < y} 7I{Mm,'n < unasn/gn < y})‘ < ni’y + W;

(23)
(c) If the covariance function r(t) := Cov (X1, X14+) satisfies assumption (2)
with o = 1, then for any y € R and some v > 0

|CO’U (I{Mm S um,sm/am S y} ,I{Mm,n S unaSn/Un S y})|

m1/2 <L(n+2m) —L(m+1)> ml/Zz(m)l/g

nl/2L (m)l/zz/(n)l/2 nl/2L (n)'/?

1
< —+

= L

n—1
where L (n) :=1+ 2Zr(t).
t=1

Proof of Lemma 2(a). We assume that (2) holds with some 0 < o < 1.
Let ¢ > m + 1. By assumption (2) and relation (9), we have



1—1 ;

1 L(t) 1 L(t)
0<Cov(X;,Spn/om) < — E ~ § _
/ om, 5= C(a)L(m) P mi-e/2 £

Since L (t) < t¢ for arbitrary € > 0, we can write that
1 — /4 1 WS

<
L(m)1/2m17Q/2tZ e 7L(m)1/2m17a/2;t3a/4

=1—m

Cov (X, Sm/om) <

m m

1 1 1 1
= <
L(m)1/2 ma/4m1 3&/4Zt3a/4 - L(m)l/2 ma/4;t173a/4t3a/4

f()]: any € .
l (m) / ma/4 mOé/

Hence, we get that 0 < sup Cov (X, Sp/om) < 1/m” for some 0 < n < 1/4.
i>m+1
Consequently, there exist numbers i, mg, such that

0< sup Cov(X;,Sm/om) <pu<a/(2—a)<1forall m>mg. (25)
>m+1

We will use (25) later in our proof. Let: y be an arbitrary real number, m < n.
We know that: (—X71,...,—Xpm, —Sm/0m,; —Xmt1s5es =Xn, —Sn/0r) is a stan-
dard Gaussian vector, and (since 7 (-) is positive) that: Cov (—X;,—X;) > 0,
Cov(—X;,—Sj/oj) >0, Cov(—S;/0i,—S;/c;) > 0 for all i, j. Therefore, by
Theorem in Pitt (1991), — X1, ..., — Xy, =Sim/0ms — X1, ooy —Xn, —Sn/0n are
the associated r.v.’s. Hence, due to Theorem 2 in Newman (1984),

0 < Cov(I{My < U, Sm/om < y}vl{Mm,n < Uy, Spfon < y})

<Y (PA=Xi—thy =X 5 —un} — P{=X;>—un} P {—X;>—u,})
i=1 j=m+1
+§: (P{_Xi>_um7_5n/an>_y}_P{—Xi>—um}P{—Sn/0'n>—y})

1

+4:Z+1 (P{-Xi>—up, —Sm/om>—y} — P{-X;>—up} P{=Sn/om>—y})
+ (P {_Sm/0m>_y7 _Sn/0n>_y} - P {_Sm/am>_y} P {_Sn/an>_y})
=: D1+ Ds+ D3+ Dy. (26)

El

Our task now is to estimate all the components D;-Dy in (26).

A
Let {X n} denote an i.i.d. standard normal sequence. Obviously, we have
m

A A
D, = > Z (P{Xigum,ngun}P{Xigum,ngun}). As the

=1 j=m+1
AA
random vectors (X;, X;), (Xi7Xj> are standard normal and (12) holds, we
can apply Theorem 4.2.1 in Leadbetter et al. (1983). This and (15) yield D; <
i

m exp ( 23n + un) 2;: ( ) (log n)ﬁ nilL (t) < (lOg 77,)75 L (n) 7,Llfoé

1 1 a 1 1
(1+5) m 1+ n1+6 t=1 t m 1+ n1+6




1
1+6 (1 1+6 [ 1 1+65 [, €
- fog r;) ) < (logn) ) <« —5 for any € > 0.

2 2
1 nm#»af? nm+a72
Since, by (1 )5<a/(2—a),then%+a—2>0and

Dy < 1/n” for some v > 0. (27)

In order to estimate the component Dy in (26), let us denote by Y,, a standard

normal random variable, which is independent of S, /c,. We can write that

Dy = 3 (P{Xi < tm, Sn/on <y} — P{Yy <, Sn/on < y}). Let X satisty
i=1

(11). As the vectors (X;,S,/0n), (Yn,Sn/0,) are standard normal and (11)

holds, then, due to Theorem 4.2.1 in Leadbetter et al. (1983), and (10), (15),

m 2 1 2(1+A)
Dy < ZCO’U (Xi,Sn/on)exp | — Ym < m (log m) i < 1/n7Y
4 2(1+ )
=1 nﬁml +A
(28)
for some v > 0, where the last relation follows from the fact-that § > 1 — HLA
We also wish to estimate D3 in (26). Let p satisfy (25). By using similar

reasoning to that, which led us to the first derivation in (28), we obtain

U2 -
D -0 X; . 2
3 < exp ( 2(1 +M)> z‘=;+1cw( isSm/Om) (29)

Notice that i Cov (Xi,Sm/am)zi (nz r(t)+...+ Z r(t )) mn nilr(t).

1=m-+1 t=m

Thus, by (29), (15), assumption (2) and relation (9),

1 _1
De < (logn)2(1+w) i logn)2(1+#) m®/2L (n) n'—
3

1 1 2 1
nm L( / ml a/2 nmL(m)l/Q

_1
(log )T 1L, () _ <1ogn>2<1+u>L< N, o
—4a-—1

<

for any € > 0.

+a/2-1 +a/2-1

n1+ﬂ nlﬂb n1+ﬂ
Since, by (25), p < a/ (2 — ), then m+a/271 > 0 and

D3 <« 1/n” for some v > 0. (30)

It remains to estimate Dy in (26). Notice that, if Cov (Sy/0m, Sn/on) < 1/2,
then, by Theorem 4.2.1 in Leadbetter et al. (1983),

Cov (Sm/om,Sn/on) < Cov (Sm/om,Sn/on)

Dy < =
277\/1 - {OOU (Sm/UTnn S7l/0n)}2 77\/§

(31)

In turn, provided Cov (Sp,/0m, Sn/on) > 1/2, we can estimate Dy in (26) as
follows. Observe that, since Sy, /om, Sn/o, are associated and have bounded,



continous density, then, by Lemma 2.2 in Bagai and Prakasa Rao (1991), there
exists a positive constant C7, neither depending on m, n nor on y, such that
Dy, < Ci{Cov (Sm/am,Sn/Un)}l/S. Thus, if Cov (Sy/om, Sn/or) > 1/2, then
Cov (Sm/0m, Sn/on)
1
{Cou(Sin/om, Sufon)}

Dy<C < C12Y2Co0 (800 my Snjon) . (32)

Put C := max (1/7r\/§, 0122/3). By (31), (32), Dy < C - Cov (Sp/0m,Sn/on)-
Consequently
D, < Cov (Sm/a'vm Sn/a'n) . (33)

Let us estimate the covariance on the r.h.s. of (33). We have

COU (S'm,Sn) :CO’U <Sm’ Sn—i—?m _SQm)+E (Srn> (Sn _ Sn+2m _SZm)

Om Onp Tm On Om On On

_E<Sm)E<Sn_Sn+2m_SZm> =: F1 + F5 + Fj. (34)

0’7” Un OTL

We now estimate Fi-F3 in (34). By (2), (9) and Karamata’s theorem, we obtain

1 n+2m71L(t)
172 172 v Z P
L(m) /= mi=a/2L (n)"/“nloe/2 | £, 1
1

I (m)1/2 ml—a/2] (n)1/2 nl—o/2

<

< m(n+2m)' "% L (n+2m). (35)

Sm

Om

(Snt2m—>Sn)—S2m . By

On

In order to bound F, in (34), notice that F < F

the Cauchy-Schwarz inequality, the stationarity of the sequence {X;} and the
fact that £X;X; > 0 for all 7, j, we deduce that

2 _ _ 2 2
FQ S \/E (S_m) E ((Sn-‘rQ’m Sn) SQ’NL) S \/20-2? _ \/5% (36)
g o)

Om n n On

This, relation (9) and definition of the slowly varying function at infinity imply

B < T L(2m)"? (2m)' = L(m)"/? mi=e/2

. 37
On L(n)l/Q nl—a/2 L(n)1/2 nl—o/2 (37)

Since, in view of the stationarity of the sequence {X;}, the last component Fj
in (34) is equal to zero, then, by (33)-(35) and (37),

m(n+2m)' "% L (n+ 2m) L(m)l/2 mt—e/?

. 38
L(m)1/2 ml—a/2], (n)1/2 nl—o/2 12 1-a/2 (38)

Dy < )
n

L(
Finally, due to (26)-(28), (30) and (38), relation (22) is fulfilled in the case,
when assumption (2) is satisfied with some 0 < o« < 1. ®



Proof of Lemma 2(b). Suppose that (2) holds for some o > 1. We have

|CO'U (I {Mm < U, Sm/o'm < y} , I{Mm,n < Up, Sn/an < y})|
=: Dy + Do + D3 + Dy, (39)
where D;-Dy are defined as D;-Dy in (26), but for the case (2) holds for some
a > 1. By applying Theorem 4.2.1 in Leadbetter et al. (1983), it is easy to

check that
Dy + Dy + D3 <« 1/n” for some v > 0. (40)

Thus, it remains to estimate the component Dy. By (33)
Dy < Cov (Spm/0m,Sn/on) =: F1 + Fy + F3, (41)
with Fq-F3, defined as Fy-Fj5 in (34), but for the case (2) holds with some a > 1.
Sm Sn+2m - S2m 1 > L (t) S L (t)
= _— < —
As Ty Cov (Um’ o < omanm Z o Z o |
t=m-+1 t=n-+2m

it follows from the facts that: a > 1, o; > i'/2, and from Karamata’s theorem
that

Fy < (m1/2/n}2)(L (m) fme L) < ind/2 2. (12)
In order to estimate Fo = F (i—::) (% — %), notice that, as (2) holds

for some o > 1, then o9, < m'/2. Since in addition, ¢,, > n'/2, we have, by
(36),

Fy < Oom/on <m/?/nt/2, (43)
As moreover, F3 = —F (f—m) E (f—n — W) = 0, then, due to (41)-(43),
Dy < m'/?/nt/2. (44)

Relations (39), (40), (44) imply (23) in the case (2) holds for some « > 1. =
Proof of Lemma 2(c). Assume that (2) is satisfied with « = 1. We have

|CO'U (I {Mm < Uvmsm/Um < y}aI{Mm,n < unasn/an < y})|
= Dl + DQ +D3 + D4, (45)

where D;-Dy are defined as D1-Dy in (26), but for the case (2) holds with o = 1.
By using Theorem 4.2.1 in Leadbetter et al. (1983), it is easy to verify that

Dy + Dy + D3 <« 1/nY for some v > 0. (46)
Thus, it remains to estimate the component Dy4. By (33)
Dy < Cov (STYL/O-ma Sn/a'n) = F1 + Fo + F3, (47)

with F1-F5 defined as Fy-F3 in (34), but for the case, when (2) holds with o = 1.
We have

Fi = —LCov (S, Snrom — Sam) < ——m Sor).  (48)

OmOn OmOn



By the same reasoning as in the excerpt of the proof of Theorem 1 in Mielniczuk
(2002) (see p. 396, lines 7-15), we obtain

—n+2z (n—t)r ~n<1+22r >_nZ n). (49)

~ n+2m—1 ~ ~
By definition of L (n), we havem Y, r(t)=m (L (n+2m)—L(m+ 1)) /2.
t=m+1
This and relations (48), (49) yield
1 ~ ~
F < ~ ~ m (L (n+2m) — L(m+ 1)) . (50)
ml/2], (m)l/Q n'/2L (n) /2

In turn, by (36), 7o = E <57m) (SJ _ M) <

Om On On

S | | (Sntzm =5n) = Szm
Om

On

&K O9m/0n. Hence, from (49) and the fact that L (+) is slowly varying, we get

F < <m1/2Z(m)1/2> / <n1/2Z(n)1/2> : (51)
As moreover, F3 = 0, then, by (47), (50) and (51),

ml/2 <L (n+2m) — L(m+ 1)) /2] (m)1/2

Dy K = ~ ~ .
n'/2L (m)"/? L (n)"/? nl/2L (n)/?

(52)

Relations (45), (46), (52) imply (24) in the case, when (2) is satisfied with o = 1.
This completes the whole proof of Lemma 2. =
The following lemma will be also used in our further considerations.

Lemma 3 (for comparison - see also Ho and Hsing (1996)). Under
the assumptions of Theorem 1 on X1, X, ..., and r (t), {un}, we have
lim P{My, < Un,Sp/on <y} =e"®(y) for ally € R and 7 defined in (3).

Proof. Notice that, as X7, X», ... is a standard normal sequence, 7 (t), {u,}
satisfy (2), (3), respectively, then, by Theorem 4.3.3 in Leadbetter et al. (1983),

nan;OP {M,, <wu,}=e"7 for 7 defined in (3). (53)
Let y be an arbitrary real number and let, for each n > 1, Y,, denote a ran-
dom variable, which has the same distribution as S,,/o,, but is independent
of (Xi,...,X,). From the estimations of A;, A; in the proof of Lemma 1,
|P{M,, < up,Spn/on <y} —P{M, <u,}P{Y, <y} < 1/n" for some vy > 0.
As: (53) holds, 1/nY — 0, as n — oo, and, for each n, Y, is standard normal, we
get le P{M,L < un,Sn/Un <y} = 7hm P{M, < un}P{Y <y}l=e be( ),

which yields the desired result. m
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4. Proof of main result

In this section, we present the proof of Theorem 1. In our proof, we make
an extensive use of the earlier proved Lemmas 1-3.

Proof of Theorem 1(i). First, we will show that for any real y

N

1 1 a.s.
IOgNZE (I {Mn < un;Sn/O'n < y} - P{Mn < U7L78n/07z < y}) -0, (54)
n=1

as N — oco. By Lemma 3.1 in Csaki and Gonchigdanzan (2002), in order to
prove (54), it suffices to show that the following property occurs for some £ > 0

N
1
Var ( E —I{M, < tpn,Spn/on < y}) < (log N)? (loglog N) =179~ (55)
n

n=1

Put &, :=I{M,, < un,,S,/on <y}. We have

N N
1 1
Var (ZnI{M’L < U’VHSTL/O.TL < y}) = Var ( E E§">
n=1

n=1

N
< Y Vare)+ 2 —lCw(Eng)l= Y + Y, 66)
n=1

1<m<n<N

Since 52 < 1, we obtain that

— 1
>, < z_:ﬁ < 0. (57)
Thus, we only need to estimate ), in (56). Let m < n. Observe that

+ |COU (I{Mm < UmaSm/Um < y} 7I{Mm,n < Uy, Sn/o'n < y})| .

‘COU (£m7§n)| < 2F |I{Mn < unasn/an < y} - I{Mm,n < Un,Sn/Un < y}|

This and Lemmas 1, 2 imply that:
(a) if condition (2) is satisfied with some 0 < o < 1, then for some v > 0

m (n+2m)" "% L (n + 2m) L(m)l/2 mi-e/?

L(m)1/2 ml-o/2], (n)1/2 nl-a/2 L(n)1/2 nl-a/2’
(58)

1 m

b) if condition (2) is satisfied with some « > 1, then for some v > 0
Y
Cov (£, €,)] < 1/n? +m!/2 0l /2, (59)
(c) if condition (2) is satisfied with o = 1, then for some v > 0

~

1/2 7 ~
mt/ (L(n—l—Qm)—L(m—i—l)) ml/ZL(m)l/Q

nl/2L (m)"/? L (n)'/? nl/2L (n)l(/go)

1 m

11



Let us consider the case (a) first. By (56) and (58), we get

1 1 1 m
20 X amwt X o

1<m<n<N 1<m<n<N

N Z 1 mn+2m)'"*L(n+2m) Z 1 L(m)1/2 mt—e/?

%L(m)l/Z ml—a/2L(n)1/2 nl-a/2 mn L(n)1/2 nl-a/2

1<m<n<N 1<m<n<N

=y D D A <logN+Y o+, (61)

where the last relation follows from the obvious fact that ), + >, < log V.
Thus, it remains to estimate ) ., >, in (61). It is easy to check that

N e’
2m L(n+2m) 1
Z <<Z 1/2 ml—a/2 Z <1+n) L(n)'/? nite/2 (62)

m= 1L n=m-+1

For a fixed m, put L (n) := L(n+2m) /L (n)1/2. By using (62) and the same
reasoning as in the excerpt of the proof of Theorem 1 in Mielniczuk (2002) (see
p. 395, lines 7-14), we obtain

N-1 7 -1 7 §-!

L (m)m~/? L(m) 1 L(3m) 1

R S D L clog.
(63)

In addition, we can estimate ), in (61) as follows. Observe that, by the facts

that L (+) is slowly varying and 0. < « <1, we have

m)l/? & N-1 1/2
1 L (m) 1
E < E E < E .
m=1 mQ/Q n=m-+1 L (n)1/2 n27&/2 m=1 mQ/Q L (m)1/2 mlia/Q

Hence ), < log N. This and (61), (63) yield

>, <logh. (64)

Due to (56), (57) and (64), we conclude that (55) holds for arbitrary real y and
any positive €. Consequently, by the already mentioned Lemma 3.1 in Csaki
and Gonchigdanzan (2002), condition (54) is satisfied as well. This, Lemma
3 and the regularity property of logarithmic means imply the statement (i) of
Theorem 1 for the case, when (2) is satisfied with some 0 < a < 1.

We now consider the case (b), i.e. the case, when (2) holds with some « > 1.

11 1 m!/?

By (56) and (59), we get >, < 1§m§n§Nmn - +1§m§n§Nmn 17 < log N.
This, (56) and (57) imply that condition (55) holds for arbitrary real y and any
positive e. Therefore (54) occurs. Hence, also in the case, when (2) is satisfied
with some « > 1, the statement (i) of Theorem 1 is true.

Finally, let us consider the case (c), assuming that (2) holds with e = 1. Tt

follows from (56) and (60) that

12



11 1 m
2. 2 gmwt 2 amw
1<men<N 1<m<n<N
12 (L(n+2m)—L(m+1 ~
TR ) g
1<men<n nl/Zz(rrz)l/Qz(n)l/2 1<men<n n1/2z(n)1/2
= Z7+ZS+ZQ+ZN<<logN+ 29+Zm. (65)

Let us estimate the term )4 in (65) By reasoning identically as in Mielniczuk

L(n+2m)—L(m4+1
(2002), p. 397, we get »_ = Z (n+2m) = L(m41)
m= 1m1/2L )2 e n3/2L (n)'/?

<<N‘1 1 L(3m)—NL(m+1):N Z(3m)—NZ(m—|—1) AX
mmtm /2L (m)Y% m1/2L (m)Y? m=1 mL (m)
In order to estimate > 10 in (65), observe that, as L (+) is slowly varying,
ek - GOy SRS 1L S
I /2 e 1n32L (n)? mi2 e (m)"/?

The estimates for 34, >, together with (65), yield ), < log N, which, by
(56), (57), implies that (55) holds for arbitrary real y and any € > 0. Therefore
(54) occurs. Thus, (4) holds also in the case (2) is satisfied witha=1. m
Proof of Theorem 1(ii). It is easily seen that Theorem 1(ii) is a special
case of the earlier proved Theorem 1(i), with: u,, := z/a, +b,, T:=€¢ 7. ®
Acknowledgement. I thank an anonymous Referee for valuable remarks.
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