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Missing data in time series: a note on the
equivalence of the dummy variable and the

skipping approaches

Tommaso Proietti
S.E.E. e ME.Q,

University of Rome, Tor Vergata®

Abstract

This note shows the equivalence of the dummy variable approach and the skip-
ping approach for the treatment of missing observations in state space models. The
equivalence holds when the coefficient of the dummy variable is considered as a
diffuse rather than a fixed effect. The equivalence concerns both likelihood infer-

ence and smoothed inferences.
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1 Introduction

A well known result is that estimating a missing observation by skipping the Kalman
filter updating step is equivalent to introducing a dummy variable (additive outlier) in
the measurement equation, filling the missing value arbitrarily. This result (in different
frameworks) appears in a number of papers: Sargan and Drettakis (1974), Bruce and
Martin (1989), Ljung (1993). A detailed discussion can be found in Fuller (1996, section
8.7). However, if the additive outlier is treated as a fixed effect, with zero covariance
matrix, the likelihood is defined differently and a correction has to be computed in the
second case, see Gomez et al. (1999). The correction factor is related to the determinan-
tal term of the likelihood and depends in a simple fashion from quantities computed
under the model for the complete observations, requiring a single run of the Kalman
tilter and smoothing filter.

To our knowledge, a proof the equivalence of the skipping approach and the dummy
approach for the definition of the likelihood and for smoothing is not available. This
note aims at bridging the gap, providing a simple proof that when the additive outlier
is treated as diffuse, with arbitrarily large covariance matrix, the correction to the like-
lihood takes place automatically. This is convenient, as no extra programming effort is
necessary once a programme handling diffuse initial conditions and regression effects
has been implemented.

The equivalence is also carried forward to smoothed inferences, concerning the esti-
mation of the states and the disturbances. The derivation of analytical expressions for
the influence of an observation on these quantities, made in De Jong (1996), is greatly
simplified in the dummy variable setup as they depend in a simple fashion on the
output of the Kalman filter and smoother run on intervention variables.

The plan of the paper is the following: section 2] introduces the dummy variable
approach for stationary state space models with no regression effects, under fixed and

diffuse conditions, and derives the prediction error decomposition form of the like-



lihood under the latter. In section 3] we present the alternative strategy of handling
missing observations, known as the skipping approach, and prove that the likelihood
for this model is equivalent to the dummy variable one. In section i the equivalence
is extended to smoothed estimates of the states and the disturbances, and measures of
influence of an observations are given, which depends in a simple way on the output

of the Kalman filter and smoothing filter run on the intervention variable.

2 The Dummy Variable Approach

Let y, denote a vector stationary time series with N elements; the state space model is
yt:Ztat+Gt€t, t = 1,2,...,T, (1)

o = Tioy + Hyey, t=1,2,..., T, (2)

with a; ~ N(aq,0?P;), where a; and 0?P; denote the unconditional mean and co-
variance matrix of ey, and €, ~ NID(0, 0*I). The system matrices, Z;, G;, T, H,, are
functionally related to a vector of hyperparameters, 6.

The Kalman filter (KF) is a well-known recursive algorithm for computing the mini-
mum mean square estimator of o; and its mean square error (MSE) matrix conditional

onY, ; ={y,,Y,,...,y,_}. Defining
a; = E(at’Yt,1>, MSE(at) = O'2Pt = E[(at — a,t)(at — at)/|Yt,1],
the filter consists of the following recursions:

vy = Y- Zta’ta Ft = ZtPtZQ -+ GtGQ
@ = qa+VviF;'vy, K, = (T\P.Z,+HG,)F;" 3)
a1 = Tia + Ky, P, = T.\PL,+H,J,
with L, =T, — K;Z,and J, = H; — K,Gy; v; = y, — E(y,|Y 1) are the filter inno-

vations, with MSE matrix ¢ F';. The filter is started off with a; = 0, P, = HyH| and
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¢o = 0. The log-likelihood for the model is, apart from a constant term,
1 T
E(yl,...,yT;O):—§ NTlnaQ—i-Zln]Ft]—l—U*?qT 4)
t=1
where ¢y = ST Vi F; v,
Suppose that an intervention is included at ¢t = 7 so that the measurement equation

becomes

Yy, = Zioy + I1,(i)0 + Gy, 5)

where I,(i) is an indicator variable taking value 1 for ¢ = i and 0 elsewhere. For its

statistical treatment, the KF (3)) at ¢ = 7 is augmented by the following recursions:

Vi = L()I-Z,A¢
Si = S+ VIF'VI,
s = s+ V%Ft_an
for t = ¢,...,T with starting conditions: A = 057, = 0 and s;_; = 0. This amounts

to apply the KF to the intervention signature 7,(i)[I.
When 4 is treated as a fixed effect, the log-likelihood can be written as (Rosenberg,
1973)
1 d /
—3 lNT Ino”® +> Wn|F| + o0 *(qr — 2870 + 5'5}6)] :

t=1
The MLE of 4 is thus = S ‘s and the concentrated likelihood is
1 d :
(5 [NT Ino? + ; In|Fy| + o0 *(qr — S}S}_ls})] :

There is however a conceptual difficulty with the fixed effects model, as was clearly
pointed out by Bell (1989, p. 408), in that “the use of an indicator variable lets the mean
at a given point be anything while still assuming that the observation is normal with
the same variance and covariances as other observations, whereas omitting observa-

tions makes no assumption at all about it”.
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In the sequel, § is treated as a diffuse effect, that is [Cov(d)] ™ converges to zero in
the Euclidean norm (see De Jong, 1991), e.g. § ~ N(0, kI ), kK — oo; this is equivalent to
making no assumption on the covariance of the i-th observation.

De Jong (1991) has shown that § can be concentrated out of the likelihood function,
so that § = S+ 's3 and MSE(d) = 0257 ", The diffuse log-likelihood function is

LOV(y,,...,y;0) = —%[N(T — 1) Ine?+ 3L In|Fy|+

)

In|[SH| + 0 2(gr — 585 st)].

This function is the likelihood for a rank 7" — 1 transformation of the observations,
which makes the data invariant to 4.

The following theorem is a restatement of theorem 2 in De Jong and Penzer (1998).

Theorem 1. The estimate of § and the diffuse LF can be written as
6 = M;'u;, MSE(8) =c>M; !, (8)

1 T
LAY = —g[N(T — Do’ +Y In|F,|+ In|M;| + o0 %(gr — u;M; u;)] 9)

t=1
where u; and M, are the output at ¢t = 7 of the smoothing filter:
w, = F;/'vi~Kir, M, = F;'+K,NK,

(10)
ri1 = Z;Ft_ll/t‘i‘L;Tt N, , = Z;Ft_lzt—FLgNtLt

started with r = 0and N+ = 0.

Proof. We begin by noting that V; = I'and V{ = -Z,L,, 1K, fort =i+ 1,...,T

with Lt,z’Jrl = Lt—l s Li+1 and Li+1,i+1 = I. Hence:

!
+ T + -1
sp = Y, ViF; v,
_ -1, I T / -1
= F; v Kizt:i+1Lt,i+IZtFt Uy
-1 /



Sp = SLViF'V;
= Fi_l + K; (ZtT:Hl L:&,i+1Z:€Ft_1ZtLt,z’+1) K;
= F'+ KiNK,
= M,

Replacing into the expressions for § and (7) yields the result. m

Using a different argument, De Jong and Penzer (1998) show that

Y — E(yt|y1a Y 1Yy - 7yT) = Mt—lut-

The next theorem provides an alternative expression for the likelihood function,
based on the one-step-ahead prediction error decomposition. This will prove useful in

the comparison with that arising from the skipping approach.

Theorem 2. For model (5), let F;, = MSE(v,|Y,_;), and &, = E(v,|Y,_,), where F, =
F,+ V8 'Viand i, = v, — Vi St s, Then,

L0V — L N(T=1)Ime24 5 In|F|+ > In|F+
— 2 t t
t=1 t=i+1
(11)
-2 I A/A_lA
o gi-1+ 2 v F, v
t=i+1

Proof. To show that the determinantal part of the LF is as stated we provide the fol-
lowing recursion for |Sr|:
ISt = 1St 1+ ViFp Vi
= ISillT+ SiLViF Vi
= |87 |11+ F7'V387 5,V
= |Si_llFr| ' |Fl
[terating this result fort = T — 1,7 —2,...,i+ 1 and recalling that S} = F; ' produces:
T R T
In|SH = > In|F|—> In|Fy.
t=t

t=141



Moreover,

’ ’ ~A—1
+Qr—l o+ _ + +—1 4 7 ~
ar — ST‘S'T Sp=dr-1 — ST*lsTflsT—l + VTFT vr

which, applied recursively, yields
/ A1

/ +—1 _ + +—1 + A~/
qr — 7Sy sr=q; —s{ S sf + > U F, by

Now, as ¢; = ¢;_1 + V,F;'v; and s} Sj_lsz+ = V,F; 'v;, result (TT) follows directly. m
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3 The Skipping Approach

When the i-th observation is missing, the KF is forced to skip the updating step at time
t = i, so that
o, = T;a;, P, =T,P.T,+ H H/, (12)
and C_I;m = (i-1-
From time i + 1 on the KF (@) is run with vy, ay, ¢;, Ky, P41, Ly, J; replaced by
v a{", ¢ KW, Py L J . See Harvey et al. (1998).
The log-likelihood function £™ = L(y, ..., Y;_1, Yis1s-- - Yr; 0) is:

LM = —LIN(T -1+ Y- In|Fy|+ >/, In|F™|+
o (i L ) =1 (m) (13)
o SUF v+ X v E v
t=1 t=i+1

Theorem 3. £(™) = PV

Proof. The KF resulting from the skipping approach is related to the full sample KF (3)
by the following equations:

(m)  _ + Q@+l o+ (m) _ + qr—lyr
vy = v, — VS s 4, F; = F+V/ S V],
/
(m) _ + Q+—ly/+ -1
K" = K,— A} ,S;7'V;F (14)
(m)  __ + +—1 + (m)  __ + =1 40
at+1 — at+1 - At+1St St 3 Pt+1 — Pt+1 + At-i—]_St At-‘rl?



where A = L;, 1 K,. These relations hold for ¢ = i + 1: from (12),

(m) __ _ + Qg+l o+
i =aip1 — Kivi=a; — AL S ;

a i S;

and
=P+ KFK,=P.+ A;ﬁrlS;’*l éﬂrl.
Hence
Vil = Zina)l) = vigy — Zi+1A¢++1SZ-+_18i+ =Vt — i*HSj_lsj
and

!
(m) __ (m) rz/ r_ + +—1y 4
Fy=ZinwPHZ, +GinG =Fi 1 + VS i1

The formula for the gain matrix is obtained noticing that

m~l _ -1 1 xre ar—ly 4 =1
Fz‘+1 - Fz‘+1 - Fi+1vi+1 i+1 Vi+1Fi+1

whence
K = <T"“P§$)1Z;+1+Hi+1G§+1)F§I)1_1
!
= (KinFi < T KV )FE
= Kin AL?SL?V%ﬂF;h

In conclusion, ™ =, and F{™ = F,. m

When § is treated as a fixed effect, the correction that has to be applied to the de-
terminantal part of the likelihood is —.51n | M|, which is available from a run of the

smoothing filter (10).

4 Influence and deletion diagnostics

In this section we use the previous results in a different perspective. Assuming that

the full sample is available we aim at computing measures of influence on smoothed



inferences. De Jong (1989) proved that the smoothed estimate of the state at ¢, a, =
E(oy|Y 1), and its MSE matrix, 02P, = E[(a; — a;)(c, — @,)'|Y 1)], are

a,=a,+ Py, P,=P,—P,N, P,

where r;,_; and IN,_; are given in the second line of (10).
Now, let a;" = E(ay|Y'}), where YY) = (y1,...,¥i_1,Yit1,- - - Yr) is the informa-

tion at T’ excluding y,. Moreover, let P\’ = E[(c, — a{”)(c; — @™ )'|Y $)].

Theorem 4.
a = a™ +(Af + P.R{ )M u,,

P, = P/" —(Af + PR ,)M;'(A] + P,R/ ),
where

[ =Z,F,'V]+ LR/, (15)

with Ay =0fort <i+ 1. Also,fort <i, V{ =0and R, , = LiR; = L}, R} ,.

Proof. The orthogonal set {v1,...,v7} is a linear transformation of the set
(m) (m)
{vi,...,vi, v, o v ug )

This set is orthogonal too, since u; and v{"™ depend only on {v;,j > i}, and
T ’
Cov(vy™,u;) = Cov(v, — Vi S{'s 1, Vi F'v,) = 0,9t > .
Thus, applying a standard result in uncorrelated linear projection:

a;, = a/” +o02Cov(ay —a\”,u;)M;  u;
~ _ —1 —1
= a™ +02Cov(ey —a; + A S sf 1, u) M,

= a" + (P, L, Z/F;'V} + Al ) M ',
The formula for the MSE matrix is derived similarly from
MSE(c;|Y 1) = MSE(c,|Y') — Cov(ay, u;) M ;' Cov(ay, u;)'. n
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Hence,

a; —a" = (Af + P,R/_\)M; u, (16)

provides the measure of influence of the i-th observation on the state estimate at time ¢.
The quantities on the right hand side are readily available from the augmented Kalman
filter for model (B); 0 ~2Cov(ay, u;) = A} + PR}, is the leverage of y, on a, (De Jong,
1996).

We now show that

+,=Z M, - T,N.K,. (17)

z‘+—1 - Z;Ffl + L;Z;+1F;—&-11V2-+1 +-eet L/T,z'ZérF:FlV}
= ZiF;' - (L;Z;+1F;—11Zi+1Ki + Lér,iZ/TF%lzTLT,iHKi)
- ZF-INK,
= ZF;'-TN.K; + Z,K,N,K,
— Z'M,-T'N.K,

which proves (I7). Therefore, we recover the result derived in De Jong (1996), a; —
Let e; = E(e;|Y 1) denote the smoothed disturbance. Koopman (1993) shows that

€; = Gthll/t —+ J;'r’t.

We are now interested in assessing the influence of the i-th observation on the smoothed
estimate of the disturbance ¢,.
For this purpose, we denote e = E(g;|Y "), and, taking the expectation of both

sides of (I) alternatively with respect to Yr and Y,

Yy, = Za,+ Gey,
v, = Zia;" +Gef™

Y



we write
Zya,—a”) = —Gie—e™), t#i,

v, —E(w|Y?)) = Zi(a—a")+Gile, — ).

Moreover, from the transition equation (2)

a1 —ayy =Ti(a, —a™)+ H(e, — e™).

Theorem 5. Defining
Ef =G,F;'V{ +J,R}

the scaled smoothed disturbances of the transition equation are given by

H,(e, — e;") = HE{ M, u,.
Moreover,
Proof.
Hi(e;—e”) = (a1 —ay) —Ti(a —ay")

(Af,, + P R)) = Ty(Af + PR/ )M 'y,

K,V + HJ,Rf —T,P,Z,F;'V{|M;'u,
= H(G,F;'V; +J,R/ )M u,.

Note that, for t < i, Ef = J,R/. Also, Hy(ey — e”) = HyH{,R{ M ; 'u,.

In order to prove the last statement, we first note that

R = Z F\Viy+LinZ ,F Vi, +- -+
Ly ZrF7 Vi
= (Z\\\F  \Zin K+ LinZ, ,F. '\ Z;sLin K+ +
Ly ZrF1' ZrLrin K))
- -NK;

10
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= [KWV{ + (TWPL,+ H.J)R; — TtPt(ZiFZIV? +LiRf)| M
[

(18)

(19)

(20)

(21)

Uu;



which gives
Ef = GF;'V!+J.R}
= GF;'+ HRf - GK R}
G'M, - H'N,K; n

Theorem 6. For ¢ # i the scaled smoothed measurement disturbance is given as fol-
lows:

Gt(et — e,(fm)) = GthrM,L_l'U,Z (22)

Proof. From (18)

Gie,—e™) = —Z,/(a,—a)")
= —~Z,(A{ +P,R{_))M;"u;
= [~Z/A} = Z,P(Z,F'V{ + LR )IM [ u,
= Vi —(F,—G,G)F;'V} ~ Z,P,L,R;|M; 'u;
= GYGF'V{ + J,R{ )M, 'u,
= G.E{M;'u,.

In the derivation we used the easily established relation: Z PiL, = —GJ,. m

Theorem 7. The influence of y, on the smoothed disturbance:

e, —e™ = Ef M;'u,. (23)

Proof. The proof is immediate, as the matrix [G;H]' has full column rank. m

In conclusion, the computation of the influence for €, and «; via the forward recur-
sion (19), depend on quantities readily available from a run of the smoothing filter on

the dummy variable. E; provides a measure of leverage of y, on e,.
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5 Conclusions

The paper has showed the equivalence between the skipping approach and the dummy
variable (additive outlier) approach for both likelihood and smoothed inferences, and
use the latter for deriving suitable algorithms for computing deletion diagnostics. The

extension to the class of nonstationary state space models is available from the author.
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