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A game version of the Cowan-Zabczyk-Bruss’
problem

Krzysztof Szajowski®

& Wroctaw University of Technology, Institute of Mathematics and Computer
Science, Wybrzeze Wyspianskiego 27, Wroctaw, Poland

Abstract

The paper deal with the continuous-time two person non-zero sum game exten-
sion of the no information secretary problem. The objects appear according to the
compound Poisson process and each player can choose only one applicant. If both
players would like to select the same one, then the priority is assigned randomly.
The aim of the players is to choose the best candidate. A construction of Nash
equilibria for such game is presented. The extension of the game with randomized
stopping times is taken into account. The Nash values for such extension is obtained.
Analysis of the solutions for different priority defining lotteries are given.

Key words: stopping time, stopping game, Markov process, compound Poisson
process, non-zero sum game, random priority, randomize stopping time
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1 Introduction

The main topic of the paper is a game version of a continuous-time gener-
alization of the secretary problem (SP). The part of long history of SP and
its generalization has been presented in survey papers by Ferguson (1989)
and Samuels (1991). The game versions of the problem has been reviewed by
Sakaguchi (1995) and Nowak and Szajowski (1998). A continuous-time version
of the SP with a random number of object in a finite time interval was inves-
tigated by Cowan and Zabczyk (1978). Bruss (1987) extended this model
by admitting a compound Poisson stream of options: a man has been allowed
a fixed time T in which he has to find an apartment. Opportunities to inspect
apartments occur at the epochs of a homogeneous Poisson process of unknown
intensity A with exponential prior. He inspects each apartment immediately
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when the opportunity arises and decides instantly whether to accept or not it.
At any epoch he is able to rank a given apartment amongst all those inspected
to date, where all permutations of ranks are equally likely and independent of
the Poisson process. The objective is to maximize the probability of selecting
the best apartment from those (if any) available in the interval [0,7]. The
problem considered in this paper should be seen as research toward modeling
environmental details, the relation between players (the decision makers) and
circumstances of decisions. Let us be more specific.

Modeling relation between decision makers is important when there is only
one stream of options (in continuous time modeled by some counting process).
Two decision maker model of stopping the Markov process can be applied to
investigate the competitive SP. A non-zero sum discrete time game approach
considered by Szajowski (1994) gives model for the following situation. At
each moment n = 1,2, ... the decision makers (henceforth called Player 1 and
Player 2) are able to observe the Markov chain sequentially. Each player has
his utility function ¢g; : E — R, i = 1,2, and at each moment n each decides
separately if he accepts or rejects the realization x,, of X,,. If it happens that
both players have selected the same moment n to accept x,, then a lottery
chooses Player 1 with a probability «,, to give him the right (priority) of the
acceptance while Player 2 is chosen with the probability 1 — ay;. The player
which has been rejected by the lottery may select any other realization z,, in
the later moments. Once accepted realization cannot be rejected, once rejected
cannot be reconsidered. The aim of each player is to choose a realization which
maximizes his expected utility. The problem considered by Fushimi (1981)
was a trigger for the consideration of Szajowski (1994). In fact, the problem
will be formulated as a two person non-zero sum game with the concept of the
Nash equilibrium as the solution. The problem with permanent priority for
Player 1 (i.e. a,, =1, n =1,2,...) has been solved by Ferenstein (1992). The
continuous time full-information two person SP with imperfect observation
has been solved by Porosinski and Szajowski (1996).

In this paper the game considered in Szajowski (1994) is generalized to the
continuous-time version of the SP problem investigated in Bruss (1987). The
mathematical model will be presented and equilibria for each o defining pri-
ority will be derived in Section 4 where also interesting properties of some
solutions are point out (see also conclusion in Section 5). The description of
the stream of option is presented in Section 2 and the definition of the strate-
gies and the solution in the game version is given in Section 3.

2 The optimal stopping of compound Poisson stream of options
2.1 Formulation of the best choice problem

Let Sy, S, ... denote the arrival times of the Poisson process {N;}:>o. For
unknown intensity A an exponential prior density g(A) = ae ™ [{\s01(A) is



assumed, where a is known, positive parameter. By Bayes’ theorem, the con-
ditional posterior density is of the form

f()\\S] = S) = f()\\S] = S,Sj,1 = ijl, ey Sl = 81)
N ,
= f'(s + a)ﬁle’(sﬂ)’\ﬂ{,\w}(}\), s €[0,T]

J!
and

P(N(T) = n\Sl = tl, .. .,Sj,1 = tjfl,Sj = S)

- P(N(T) = n|S] = S) = (?) (;—:_2>j+1(1 . ;—:_C;)n] (1>

Let (4, s) denote the state of the process, when the option number j arrives
at time s. Define the relative rank of the j-th option by Y} and its absolute
rank by X; (for the details see Suchwalko and Szajowski (2002)). Based on
observation of the relative ranks and the moments of arrivals of the candidates
the aim is to stop on the best option.

Let Fy = 0{N;, Y1, Ys,..., Yy, } and let 91 be the set of all stopping times with
respect to o-fields {F;}i>o.

P(X,-=1)=supP(X, =1)

T<T

One can consider the arrival times only and F,, = o{S1,...,5,,Y1,..., Y.},
because F; for S, <t < 5,41 is equivalent with F,,. We can consider equiva-
lently

P(X,«=1) =supP(X, =1).

2.2 Solution of the problem of stopping on the best
For further consideration we have §; = (j,.S;). Let us define

Wi(s) =supP (X, =1[5; =s,Y;, =1)

T>7
and Uj(s) = Lol ; P(X; = 1, N(T) = n|S; = 5,Y; = 1).

We have (see Gilbert and Mosteller (1966))

P(X, = 1, N(T) = nl¥; = 1) = 2)

We calculate U;(s) using (2) and (1) (see Bruss (1987)):

o~ J
Uls)=S" 2 .
i(5) z::n j)'T+a T+a T+a

) (n), s+a.; s+a.,, . S+ta
()()ﬂ“(l— ) =
n=j



Define the probability of realizing the goal doing one step more starting from

(4, 5)
T—s

kau T
w@):A S P W (s + u)du
k=1

where
k) _ [ p(s., . = S =5 A
Pjs) ) (Sjk = st ulS; = s, )
X P(Yje =1]Y; = 1,55 = 8, Sjex = s+ u, A) - f(A[S; = s)dA
and
C](S,U, )\) = P(Y;—&-k’ = 1|Y3 = 1>Sj =S, Sj+k =5+ U,)\) (3)

J
G+R)G+E-1)

By the theory of optimal stopping we have W;(s) = max{U;(s),V;(s)} for
j=1,2,...,s€[0,T].

We have (see Bruss (1987)) that

00 —Au k—1 —A(s+a) \j j+1
(k) Ae M (Au) e N(s+a) I
oY — - v 7 4
p(],s) /0 (kf— 1)| q(‘S?u? ) j' ( )
_ s+ta j+k—2 ( s+a Yl u i1
C(sta+u)?\ k-1 sta+u’s+at+u

Let B be the one-step look-ahead stopping region. It means that B is the
set of states (7, s) for which selecting the current relatively best option is at
least as good as waiting for the next relatively best option to appear and then
selecting it. Define additionally the average payoff for doing one step more by

R;(s) :/o

Therefore the set B is given by formula

T, (k)
> Py Usi(s +u)du (5)
k=1

B =1{(j,s) : Uj(s) = R;(s) = 0} (6)
In order to find the set B we are solving the inequality from (6). Let us define

s+a s+a s+a
hy()=Uj(s) = Ry(s) = oo+ o ol

Then B = {(j,s) : s > s*}, where s* = 2% — g and

)

S+ a s+ a

Vi(s) = log(T+ -

“Tta Miezsry + € Tacsry-




3 The game with random priority

In the problem of optimal stopping the basic class of strategies 9t are Markov
times with respect to o-fields {F,,}52 . This class of strategies is not sufficient
in the stopping game (see Yasuda (1985)). A strategy for Player 1 (2) is a
random sequence p = (p,,) € P (¢ = (¢,) € Q) such that, for each n: (i) pn, ¢n
are adapted to Fy; (i) 0 < pn, ¢, <1 as..

Let {A4;}°, and {B;}2, be ii.d.r.v. of the uniform distribution on [0, 1] and
independent of Markov process (&,, Fn, P.)>2, with the state space E = N x
R*. Let H,, be the o-field generated by F,,, {A;}1, and {B;}! ;. A randomized
Markov time A(p) for strategy p = (p,) € P and u(q) for strategy ¢ = (¢,) € Q
are defined by A(p) =inf{n >1: A, <p,} and u(q) =inf{n > 1: B, < ¢,},
respectively. We denote by A and M the sets of all randomized strategies of
Player 1 and Player 2.

The random assignment of the priority to the player requires to consider the
modified strategies. Denote 7, = {7 € 7 : 7 > k}. One can define the
set of strategies A = {(p,{o}}) : p € P,{o}} € T, for every n} and let
M = {(¢,{02}) : ¢ € Q, {02} € T, for every n} for Player 1.and Player 2,
respectively.

Let {<;}32, beii.d.r.v. uniformly distributed on [0, 1], independent of \/;2; H,,,
and the lottery is given by & = (ay,az,...). Denote Hy = 0{Hn,<1, .- 5}
and let 7 be the set of Markov times with respect to (H,)%,. For every
pair (s,t) such that s € A, t € M we define ’/‘1(5 t) = AX0)pgp)<uq) +
AP r<arin} F Tuia Morimsay ,, PO} T T Lirm)>u(y and 72(s,t) =
DL >u(@) (D5, 50,00} TIR L5020, o, VIO =000 F A LA @) <n(0))-
The Markov times 7(s,t) and 7(s,t) are selection times of Player 1 and
Player 2.

For each (s,t) € AxM and given a the payoff function for the i-th player is de-
fined as fz(5 t) - gz(Xn(5 t)) Let R, (j7875 t) ]8)f2(5 t) E(j,s)Qi(&ﬁ(ﬁ,t))
be the expected gain of i-th player if the players use (s,t). We have defined
the game in normal form (A M, Ry, Rg) This random priority game will be
denoted G,,.

Definition 3.1 A pair (s*,t*) of strategies such that s* € A and t* € M is
called a Nash equilibrium in G, if for all (j,s) € E

104, 5,8, t) for every s € A, (7)

v(j,8) = Ri(j, s,8",t) > R
> Ry(j, 5,5, t) for every t € M. (8)

v9(4,8) = ]:zg(j,s,s*,t*)

The pair (v1(j, s),v2(7,s)) will be called the Nash value.



Assume E; )|g:(&,)| < oo, for (j,s) € E. Denote h;(j,s) = sup,c7 E(j.5i(&-)
and o** a stopping time such that h;(j, s) = E(j9i(&,+) for every (j,s) € E,
i=1,2. Let IV = {(j,s) € E: hi(j,s) = gi(4,s)}. We have 0*' = inf{n : &, €
I} (see Shiryaev (1978)). Denote o} = inf{n > k : &, € I''}. Taking into
account the above definition of G,, one can conclude that the Nash values of
this game are the same as in the auxiliary game G,,, with the payoff functions

01(0, @) = 91 (Enp )H{A y<ut@} + 11 (Eu@)) In) >u(a)}

+ [91(Exm) ) + 1 (6ae) (1 = ax)| Tty )
02(p, @) = 92(Eu(q) )H{u 2®) + P26 Liut@>r0)
+ (92630 (1 = ax) + b2 n) | Tnw=ntay (10)

for each p € P, ¢ € Q, where Bi(j, s) = B hi(&). Denote R;(j,s,p,q) =
E( s ¢i(p, q) for every (j,s) € E, i =1,2.

Let P, ={p=(p) EP:p1=..=pp—1=0}and @, ={g=(¢,) € Qi1 =
. = qn—1 = 0}. We will use the following convention: if p € P then (p,,p) is
the strategy belonging to P in which the n-th coordinate is changed to p,,.

Definition 3.2 A pair (p*,q*) € P, X Q,, is called an equilibrium point of
Gup at n if

v1(7,5) =Eg o010, ¢") > Egoe1(p,q7) for every p € P, Py-a.s.,
Ug(j’ 5) = E(j,s)902<p*v (]*) Z E(j,S)SOQ(p*v Q) fO’r every q € Qn7 Px'a's' .

A Nash equilibrium point is a solution of G,,. The pair (v1(0,0),v2(0,0)) of
values is a Nash value corresponding to (p*,q*) € P x Q.

Theorem 3.3 There exists a Nash equilibrium (p*,q*) in the game G,,,. The
Nash value is a solution of the equation:

~1 .’87~2 .’S ) .’S,BQ .78
(02(i¢5). (). 5)) = <? (J. ),G2(4,8)) (91(4,5), ha(j, 5)) ()

(hl(]>s)a92(j7s)) (61(j73)762(ja8)
where U;(j,5) = E(v;(&1), j=1,2.

The solution of the game G,, can be constructed based on the solution (p*, ¢*)
of the corresponding game G,,.

Theorem 3.4 Game G,, has a solution. The pair (s*,t*), where s* = (p*, {o*}}) €
A and t* = (¢*,{0*2}) € M, is an equilibrium point. The value of the game
is (Ul(ov 0)7 'U2<Oa O)



4 Two person best choice problem with random priority

Let us consider the two person game with random priority described in Section
3 related to the SP when the options are arriving according the compound
Poisson process. Based on definition of Section 2 and 3, when E = N x R™,
define g;(7,5) = U;(s), i = 1,2, (j,s) € E. Let a; = o for i = 1,2,.... We
have §1(j,s) = aU;(s) + (1 — a)V( ), 92(4,8) = (1 — )U;(s) + aV( ) First
of all we determine the equilibrium which give the highest value for Player 1.
By analysis of the matrices (11) we have that for (j, s) € B the strategy (1,1)
is an equilibrium point. We have then, ¢ = 1, 2,

T—s ©© (k)
/ Zp(Jsgz]ij s +u)du

For s = s* we have two pure equilibria in (11): (1,0) and (0,1) and one in
randomized strategies. Since for s < s* we have Uj(s) < V;(s) for every j € N
henceforth we can choose (1,0) at s € (s* — ¢, s*). Under this assumption

s*—s T—s X
01(j,s )—/0 Zpﬁk’%)UJ+k(s+u)du+ S e +k, s+ u)du

=1 sT=8 gy

s—soo T—g 00
/ ]8) j+k(s+udu+/ Zpusgz(j+k s + u)du.

Since Uj(s) is increasing and Vj(s) is constant for s < s* and the strategy
(1,0) can be used as equilibrium in s, < s < s* where s, = inf{s < s*
01(7,8) < ¢1(j,8)}. Denote sy = inf{s < §* 2 o(g,8) < go(4,8)}. We have

sp < sy if @ < ap =min{a € [0,1] : 57 > 6’1‘22} = 0.5299. Denote
s—r X T—r
wi(jors,0) = | > ol J+k<r+u>du+ S 95 G + k1 + u)du
S—T k=1

s—r OO T—r
2(j,7, 8, ) / ]r) Vigr(r +u) du+/ Zpgff)gg(jJrk T+ u)du.
For a < o we have

(Prs a7) = (1, Dlgszaey(5) + (1, 0) g5, <553 () + (0, 0)Tpo<scry (5),  (12)

and

vi(j,8) = wi(F, s, 5, )[s>s1(5) + w;(4, 5, 5", )5, <scs%} (5) (13)
+ w; (]7 Sb, S*a a)H{0§S<Tb}(S)7
for 1 = 1, 2, where

1 —
wl(j,r,s,a):—r+aln(r+a)+ a<r+a>ln(s+a)+ln2<3+@>7

T+a T+a 2 T+a T+ a T+ a
( ) s+a T+ a (1 )r~|—a<l(s+a)
r, S, o — (1 -« n
I T+a T+a T+a T+a

w5 (rra) (77a)
2\T +a T+a))



The value of the game is (v1,v3) = (v1(0,0),v2(0,0)) where b= e~ =" and
(vi,19) = (e 72 et ——e 72 ). (14)

Let o > «ap. Denote

s—r t—r
ui (4,7, 8,t, Q) / Zpﬂ Vi (r +u)du + ijr Ujir(r + u)du

Srkl
T—r ©°©
+ Zp glj+kr+u)d
t—r
sroo t—r
us (4,7, 8,t, Q) / J+k(r+u)du+ Zpgff ok +u)du
S'I‘k_
T—r °°
- Zp ggj+l~cr+u)d
t—r

Similar analysis as above leads to conclusion that

(p:v q;k) = (17 1)]1{525*}(8) + (1’ O)H{sb§5<s*}(8) (15>
+ (0, s <5<} (8) + (0, 0)Lo<s<ry (5),
and

vi(7,8) = ui(J, 5, 8,5, 0) I3 (5) + ui(J, 5, 5, 575 ), <s<s71(5) (16)
+ uz(]a S, Sb, 8*7 Q)H{sc§8<sb}(s) + ul(]a Se; Sby S*a a)]l{0§5<7"c}(8)7

i = 1,2, where s, = inf{s < s, : 92(j,8) < Uj(s)} and uy(j,7, s, ¢, @)

Z = mz + %ﬁ)l(y,Z,@) and UQ(j,T,S,t,CK) = xln% + %UA)Q(yaza Oé), r = ;—:_37

y = ;’:ZL, z = x = 7% The value of the game for this equilibrium point is
-1 Csyeat O I
(vi,v2) = (e +e 2 (1—e2 ),e 2 ). (17)

Theorem 4.1 In the random priority two person non-zero sum game of choos-
ing the best applicant when the stream of options appears according to the com-
pound Poisson process the Nash equilibrium which gives the mazimal probabil-
ity of success for Player 1 is given by (12) for a < o and by (15) for a > ay.
The Nash value for the equilibrium is (14) and (17), respectively.

5 Conclusion

Similarly as in consideration by Szajowski (1994) and Neumann et al. (2002)
the other Nash equilibria can be constructed. There are similarities between
the considered model and the asymptotic behavior of Nash equilibria for the
non-zero sum game version of the SP with number of objects tending to in-
finity. It allows to use the results of Neumann et al. (2002) to get the set



of all Nash solutions for the game G,, according to the definition 3.1. The
optimal stopping problems for choosing non-extremal candidates show similar
relations between the asymptotic solution of the finite horizon case and the

solution for the poissonian stream of option (see Suchwalko and Szajowski
(2003)).
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