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Abstract

The solid Earth deforms because of post-glacial rebound due to the viscous
relaxation following the last deglaciation but also because of present-day
elastic deformation induced by ice thinning. In this paper, we compute elastic
loading Green’s function associated to the tilt of the ground in the vicinity of
glaciers using a Love number formalism for a stratified non-rotating spherical
Earth model. We compare this global approach with the plane approximation
in terms of height, gravity and tilt changes as a function of the distance from
the measurement point to the load. We find that Green’s functions for the
vertical displacement (resp. horizontal displacement, elastic part of the tilt)
agree to within 1% up to ~ 400 m (resp. 2 km, 5km) from the glaciers.
Two specific cases of ice thinning are considered:1/ the alpine glaciers of the
Mont Blane region (France) where ice-thickness variations are derived from

differential digital elevation model analysis for the period 1979-2003; 2/ the
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Svalbard (Norway) glaciers by considering the ice model SVAL. We show
that the rates of ground tilt are well above the limit of detection of up-to-
date long base hydrostatic tiltmeters, which, if installed next to the glaciers,
could be used to monitor the time evolution of ice thinning. We also show
that the topography has a strong influence on the gravity variations near the
glaciers.

Key words: ground tilt, gravity variations, elastic deformations,

present-day ice thinning

1. Introduction

Since the end of the little ice age, most ice masses on Earth have ex-
perienced a reduction of their volume (Vincent et al., 2005; Rabatel et al.,
2008) and, recently, an acceleration of the ice-thinning rates has been ob-
served over many ice-covered areas (Meier et al., 2007). Rapid ice thinning
has been reported on the Greenland (Howat et al., 2007; Stearns and Hamil-
ton, 2007; Barletta et al., 2008; Slobbe et al., 2009) and the West Antarctic
ice sheets (Cazenave, 2006; Rignot et al., 2008; Barletta et al., 2008; Hor-
wath and Dietrich, 2009), large icefields in Patagonia and Alaska (Arendt et
al., 2002; Rignot et al., 2003; Chen et al., 2006, 2007), ice caps in Iceland
(Magnusson et al., 2005), as well as on mountain glaciers, for instance in
the Alps (Berthier et al., 2004), Svalbard (Kohler et al., 2007) or Himalaya
(Berthier et al., 2007). Ice-thinning rates range from a few tenths of centime-
tres per year, in Svalbard for instance (Kohler et al., 2007), to several meters
per year such as in the French Alps (Berthier et al., 2004) and can reach

more than ten meters per year in Greenland (Howat et al., 2007; Stearns and
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Hamilton, 2007).

Past and present-day ice thinning induce a deformation at the Earth
surface that has been observed in GPS and gravity measurements close to
the shrinking ice bodies (Pagli et al., 2007; Sato et al., 2006; Sjoberg et al.,
2004; Khan et al., 2007). Knowing the current ice-thickness variations, from
differential analysis of digital elevation models (DEMs), one can estimate
the ground deformations and the gravity changes. Using the World Glacier
Inventory database, Barletta et al. (2006) have shown that, in the European
Alps, the highest elastic rebound (0.9 mm/yr) due to current ice melting is
located in the Mont Blanc area. The reduction in ice volume also induces a
tilt of the ground that, close enough to the glaciers, should be detectable by
modern tiltmeters, which are already used for monitoring small deformation
of the ground due to hydrological loads (e.g. Rerolle et al., 2006) or ocean
tide loading (e.g. Llubes et al., 2008).

In this paper, we investigate the solid Earth deformation induced by the
thinning of three glaciers in the Mont Blanc massif (Mer de Glace, Talefre,
Leschaux) and in Svalbard (Norway) in the Arctic. In the Alps, we consider
ice-thinning rates derived from differential DEMs that provide a 24 year-long
evolution of the ice thickness (Berthier et al., 2004) whereas in Svalbard our
analysis is based on the SVAL model (Hagedoorn and Wolf, 2003). We com-
pute the subsequent Earth deformation, which includes the displacement of
the ground and gravity variation, for both a spherical elastic Earth model
and a homogeneous elastic half-space. To do so, we convolve Green’s func-
tions (Farrell, 1972) obtained for these two models with the variation of ice

thickness. A comparison between Green’s functions of the spherical and half-
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space models confirms that the half-space model is a valid approximation at a
local scale (i.e. for distances less than 1-10 km). We also model the variation
of the tilt of the ground in order to explore the potential use of tiltmeters for

monitoring the volume changes of glaciers.

2. Mass-load Green’s functions

Green’s functions are largely used to compute the deformation of the
Earth due to surface loads (Longman, 1962, 1963; Farrell, 1972; Peltier, 1974).
They are the response of the Earth to the gravitational and pressure forces
exerted by a unit point mass at the surface. The deformation due to an
extended surface load is then obtained by convolving the surface mass density
describing the surface load with Green’s functions. We use the formalism
of Farrell (1972) to compute Green’s functions of the displacement, gravity
variation and tilt of the ground for both a homogeneous elastic half-space
model and a realistic spherical, elastic, and gravitating Earth model.

The infinitesimal static displacement u of a self-gravitating continuum
having a linear and isotropic elastic behaviour obeys the linearized equation
of conservation of linear momentum where the derivative with respect to the

time has been neglected
V.71 +pV(ua-go) — pogV - u+ pog1 =0, (1)

where pg is the density of the reference configuration, gy is the unperturbed
radial gravity, g; is its Eulerian perturbation, and 7 is the elastic stress
tensor:

T=AV-ul+2ue, (2)
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I and e being the identity and infinitesimal deformation tensors, respectively,
and A and p, the Lamé parameters.

In Eq. (1), the external body forces have been neglected. We also have
the relation between gravity perturbation g; and the Eulerian perturbation

of the gravity potential, ¢;:
g1 = —Vaor. (3)
and Poisson’s equation for ¢,
V2, = —4nGV - (pou), (4)

where G is the Newtonian constant of gravitation.
As a boundary condition at the surface of the Earth model, we have that
the normal traction is the normal force due to the weight of a unit point

mass. The tangential tractions are assumed to be null.

2.1. Half-space model

Boussinesq’s equation describes the deformation of a homogeneous elastic
half-space. As presented in Farrell (1972) the initial gravity is not taken into
account since it would be infinite for a mass distribution of infinite extent. He
computed the displacement u by solving the purely elastic problem described

by the following simplified equation for equilibrium:
nVV -u+ puViu = 0. (5)

where 7 = A+ p. The force exerted by the unit mass point is supposed to be
go, which is perpendicular to the surface of the half-space, its norm gy being

taken as the unperturbed gravity at the surface of a realistic spherical Earth
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model. Next, the gravity variation is reintroduced in the problem through
Poisson’s equation (4) for the perturbation of gravity potential ¢, u being
the solution of Eq. (5). By doing so, we compute the variation of gravity
owing to the mass redistribution.

By using cylindrical coordinates R, ¢, z centered at the application point
of the force, the solution of Eqgs. (3), (4), and (5) at the surface z = 0 of the

half-space is given by

un(R, 0) =~ (6)
ws(R, 0) = — T (7)
(R, 0) = B0 — )
and
1-(R, 0) = B 9

where the R- and z— components of the vectors are indicated by the sub-
scripts R and z, respectively. By symmetry, u, = 0, g1, = 0, and neither
u nor g; depend on . The second term on the right-hand side of Eq. (8)
stems from the direct gravitational attraction of the unit mass point. Be-
cause of the symmetry properties of the problem, there is no such term in the
z-component of g; (R, 0). Two other acceleration terms must be added to g;
to obtain the gravity variations that would be measured by a gravimeter at
the surface of the Earth (Farrell, 1972; Dahlen et Tromp, 1998). Indeed, the
gravimeter, attached to the surface of the Earth, is displaced in the initial
gravity field of the spherical Earth model. Therefore, it experiences a varia-
tion of the vertical component of gravity that is the free-air gradient 2ggu. /a,

where @ =6371 km is the mean radius of the Earth. Moreover, the tilt of the
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surface is responsible for a variation goOu,/OR of the R—component of the
gravity field. Taking those two effects into account, Eqs (8) and (9) must be

replaced by
_ GopoG G ou?

9 = - — — 10
Ne="9 kR "R TR (10)
and
gopoG - 290
— —u? 11
glz QMR + a uz’ ( )

respectively. From now on, the superscript a indicates that the quantities
are evaluated at the surface of the half-space. Tilt angle t* measured by
a tiltmeter is the difference between the tilt of the ground and that of the
geoid with respect to their initial horizontal position (Rerolle et al., 2006).
We have

OR do ’
G G
= pr R T (12)
2uR  AmunR? gy R?
From Egs (6), (7), and (11), we obtain the ratios
. 2
Iz onGpyl + 7 (13)
usg o a
and
up
Ur _ M 14
w = o (14)

By taking A = 3.29 x 10'° Pa, p = 2.56 x 10! Pa, and p, = 2500 kg/m?,
which correspond to a P-wave velocity of 5800 m/s and a S-wave velocity of
3200 m/s, we have ¢;2/u? = 0.235 pGal/mm, in agreement with the ratio
found by de Linage et al. (2007) for a self-gravitating spherical elastic Earth
model, and u$,/u? = 0.304.
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2.2. Spherical Earth model

We now consider a spherically symmetric, non-rotating, and elastically
isotropic (SNREI) Earth model, a system of reference whose origin is at
the center of the model, and spherical coordinates r, 6, ¢. Contrary to the
half-space problem where we made ad hoc approximations to compute the
gravity variations, there is now a direct coupling, described by Eqgs (1)-(4),
between the elastic deformation and gravity variations. Taking advantage of
the spherical symmetry, we expand the displacement and stress fields in vec-
tor spherical harmonics, and the Eulerian pertubation of the gravity potential
in spherical harmonics, to obtain an infinite set of decoupled spheroidal and
toroidal systems of ordinary differential equations (Alterman et al., 1959).
We numerically integrate the spheroidal system for the Preliminary Refer-
ence Earth Model (PREM) of Dziewonski and Anderson (1981) where we
replace the ocean by a solid crust. In the following, we call this model the
modified PREM. The density, seismic waves velocities and quality factors of

the upper layer of the modified PREM are given in Table 1.

Table 1

At the surface, Green’s functions for the vertical and horizontal displace-
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ments, are respectively given by:

»

u = —Zh P,(cosv), (15)

goa

N

G <=, 0P,
N (16)

where P, is the Legendre polynomial of degree n, h’n and l; are the load
Love numbers respectively for the vertical and the horizontal displacements,
1 is the angular distance between the observation and loading points, and
superscript s indicates that Green’s functions are evaluated at the surface.
The Lagrangian perturbation of the gravity is the sum of two terms. One

is due to the elastic effect

oo

== > [Qh — n—i—l)k] P, (cos), (17)

C)

where k;l is the load Love number for the Eulerian perturbation of the gravity
potential. This part of the gravity change includes the correction Qh; for the
free air gradient and the effect —(n + 1)k, due to the mass redistribution.
The second term is due to the direct attraction of the loading point. If
its altitude is hj.aq, the observation point being located at the altitude hgpg,
the corresponding Green function for the variation of gravity is given by

(Merriam, 1992; Boy et al., 2002):

(@ + hobs) — (@ + higaq) cOS Y

gn(W) =G :

N [(@ + hobs)? + (@ + Tioa)? — 2(a + ops) (@ + hioaa) cos(10)]*/2
(18)

Similarly ground tilt Green’s function is also the sum of two terms,
G XK. \ 0P, (cos))
') = —— k, —h, | —————= 19
W) =~ 2 (k=) =5 (19)
9
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due to the elastic deformation, and

G (@ + hioaq) Sin Y

% [(a@ 4 hops)? + (a4 hioaq)? — 2(a + hops) (@ + higaq) €OS ¢]3/2
for the tilt of the geoid due to the Newtonian attraction of the load.

tn(Y) (20)

gy and t3;, given by Eqgs (18) and (20), are plotted in Fig. 1 for hgps =0

and 7 values of hjgaq.

Figure 1

To cut off the series in Eqs (15), (16), (17), and (19) at a finite integer
N and avoid Gibbs’s phenomenon, we use Kummer’s method (Farrell, 1972;
Le-Meur and Hindmarsh, 2000; Barletta et al., 2006). We take N = 10000

to guarantee a horizontal resolution of a few kilometers at the surface.

2.3. Comparison between half-space and spherical models

For small spatial scales, from some meters to several kilometers, the half-
space model is often adopted to estimate the Earth response to load varia-
tions (Bevis et al., 2004; Cavalié et al., 2007). For larger spatial scales, it is
necessary to take the curvature of the Earth’s surface into account as well as
the rheology of the layers below the crust. To determine how well the defor-
mation of a SNREI model can be approximated by that of a homogeneous
half-space model, we compare Green’s functions for the deformation of the

two models. We consider a half-space with the same physical properties as

10

Page 10 of 42



the crust of the modified PREM (Table 1). In Figs 2 and 3, we plot vari-
ous Green’s functions and the absolute and relative differences A, and Aq
between Green’s functions of the two models as a function of the distance

between the observation and loading points. A,,s and A, are given by
Aaps(R, 0) = G* — G? (21)

Arel(R7 O) - Aabs/Ga (22)

where G* and G* are Green’s functions respectively given by Eqs (6)-(12)
and Egs (15)-(20). In Fig. 2 the amplitude of displacement and gravity
Green’s functions decreases by 6 orders of magnitude over 1000 km, the am-
plitude of tilt Green’s functions decreases by 12 orders of magnitude over the
same distance. As shown by the A,,’s and A,q’s, Green’s functions agree
to within 1 % up to ~ 400 m from the load for the vertical displacement and
elastic part of the gravity changes, ~ 2 km for the horizontal displacement,
and ~ 5 km for the elastic part of the tilt. Further from the loading point,
the relative differences increase. As shown in Fig. 3, the 10% relative dif-
ference happens at ~ 2.5 km, ~ 6 km, and ~ 10 km from the load for the
vertical displacement and elastic part of the gravity changes, the horizontal

displacement and elastic part of the tilt variations, respectively.

Figures 2 and 3

11
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Using Green’s functions for the half-space and SNREI models, we in-
vestigate the ratios of tangential displacement to vertical displacement and
elastic part of the gravity variations to vertical displacement. As noticed
at the end of section 2.1 we find that the two ratios are constant for the
half-space model. Indeed, as shown in Fig. 4, we have uf/u? = 0.304 and
—g%, /u? = —0.232 pGal/mm. The ratios uj/us and ¢°/us of the SNREI
model are also represented in Fig. 4. The first ratio agrees to within 1 % up
to ~ 400 m from the load and to within 10 % between ~ 400 m and ~ 3 km.
The second ratio agrees to within 1 % up to ~ 4 km from the load and to

within 15 % between ~ 4 and ~ 1000 km.

Figure 4

For the computation of the loading effects, the extension of the load and
the distance from the load do really matter. Llubes et al. (2004) showed
that the hydrological contributions to gravity can be separated into three
scales: a local scale up to 1-10 km, a regional scale from 10 km up to 100
km and a global scale above 100 km. We can clearly see from Figs. 2 and 3
that the deformation of the half-space is a very good approximation to the
deformation of the SNREI model at the local scale. As Green’s functions are
rapidly varying functions near the load, especially for the tilt, it is difficult

to interpolate them at the local scale. Then the deformation induced by

12
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the load variations at short distance from the load can be computed using
the analytical Green’s functions of the half-space model. This can apply, for

example, to the zone near glaciers located in the same massif.

2.4. Space convolution

The displacement, gravity variation, and tilt of the ground due to ice thin-
ning are obtained by convolving the ice-thickness variation Ah with Green’s

functions G,, given by Egs (6)-(12) or (15)-(20):

B0, 9) = pree / /Q AWE . & )Cu(0) A, (23)

where € is the surface covered by the ice of density pice.

3. Gravito-elastic deformation due to ice thinning in the Mont

Blanc region (French Alps)

In this section, we compute the gravito-elastic deformation induced by ice
thinning of three glaciers in the Mont Blanc region. We have shown in the
previous section that the deformation of a SNREI model at the local scale,
up to 1-10 km, can be approximated by the deformation of a homogeneous
half-space model. We will show maps of gravity variation and deformation at
places located further than 10 km from the glaciers. Therefore, it is necessary

to base our calculation on a SNREI model.

3.1. Ice-thickness data

Ice-thickness variation Ah from 1979 until 2003 has been deduced from
the differential analysis of two DEMs (Berthier et al., 2004). The first model

13
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was built from aerial photographies taken in 1979, the second one, from im-
ages acquired by the SPOT 5 satellite in 2003. Detailed explanations can be
found in Berthier et al. (2004). Ah is shown in Fig. 5. The accuracy of these
elevation changes has been assessed by comparison with precise (£30 cm)
transverse topographic profiles performed each year (Vincent et al., 2007).
Differential DEM elevation changes have an accuracy of 2 m. Although we
do not take into account the time variability of the ice-thinning rate, we can
mention that, for example, Berthier et al. (2004) give 3 rates for the glacier

shrinkage at an elevation comprised between 1600 and 2100 m:
e 1979-1994: 1+ 0.4 m/yr,
e 1994-2000: 2.9 £ 1.1 m/yr,
e 2000-2003: 4.1 £ 1.7 m/yr.

Therefore, during the period 2000-2003, the ice-thinning rate is four times
bigger than the 1979-1994 rate at low elevation. On the average over 24
years, it is approximately 2 m/yr.

In the next 3 subsections, we compute the effects of the ice thinning in
the Mont Blanc area on a grid with a resolution of 20 m. We only take
into account 3 glaciers, which does not allow us to compare our results with
Barletta et al.’s (2006) who consider the ice-mass loss all over the Alps.
But we can study the gravito-elastic deformation due to the spatially non-
homogeneous ice thinning of a small group of glaciers with both a realistic
geographical extension and realistic changes for the volume of the ice. Next,
assuming that the ice-thinning rate has been constant since 1979, we obtain

deformation rates. We take pi. = 900 kg/m3.

14
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Figure 5

3.2. Displacement

Fig. 6 shows the vertical displacement due to ice thinning for the modified
PREM. The maximum displacement outside the glaciers is about 9 mm at
20 m from the glaciers for the 24-year period (i.e. 0.38 mm/yr). It decreases
with the distance from the thinning area. The horizontal displacement is
shown in Fig. 7. It reaches up to 1.2 mm at 20 m on the West side of the

icetongue of the Mer de Glace.

Figures 6 and 7

3.3. Gravity changes

Fig. 8 shows the elastic part of the gravity variation. It ranges from
-0.2 pGal to approximately -2 pGal over the 24-year period (i.e. from -0.008
to -0.08 uGal /yr). The pattern is the same as that of the rebound but of
opposite sign. The uplift and the associated free-air gradient variation effects
(decreasing gravity) have a higher amplitude than the mass redistribution

effects (increasing gravity). Since the altitude of the glaciers ranges from 1500

15
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m to 3500 m, it is necessary to take into account the difference of altitude
between the observation point and the thinning area. Fig. 9 shows the direct
attraction due to the loss of ice computed with Eq. (18). If we add this to
the gravity variation shown in Fig. 8, we obtain a total gravity variation of
several hundreds pGal over 24 years, which shows the strong influence of the

topography on the gravity measurements in the close vicinity of the glaciers.

Figures 8 and 9

3.4. Tilt of the ground

The amplitude of the ground tilt due to 24 years of ice thinning reaches 15
prad at 20 m from the glaciers, as shown in Fig. 10. The highest amplitude
of the tilt outside the glaciers is near the ice tongue of the Mer de glace.
There, the ice-thinning rate is the highest. The Newtonian part of the tilt is
one order of magnitude smaller than the elastic part. The annual variation
of the tilt reaches 0.63 prad/yr at 20 m and 0.03 prad/yr at 2km from the

glaciers. It rapidly decreases with the distance from the load variations.

Because of the unrealistic assumption of a constant ice-thinning rate, the
displacement, gravity and ground-tilt rates are probably underestimated for
the 1994-2003 period and overestimated for the 1979-1994 period, at least if

the ice-thinning rate increased with time everywhere as it did at low elevation

16
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(Berthier et al., 2004).

Figure 10

4. Induced deformation at Ny-Alesund in Svalbard, Norway

To compute the effects of the present-day ice thinning at Ny-Alesund in
Svalbard, Norway, we use the modified PREM model and the SVAL model of
Hagedoorn and Wolf (2003) in which the 16 major ice masses, each one made
up of several glaciers, are approximated by co-axial elliptical cylinders. The
model gives an extension of the ice-covered area as well as an approximate
topography of ice masses. We assume a constant thinning rate averaged
over Svalbard of 47 cm/yr and a density of 1000 kg/m? as used by Sato et
al. (2006). Our grid has a resolution of 0.001 degree in both longitude and
latitude. The coordinates of the Global Geodynamics Project (GGP) station
at Ny-Alesund are 78.931° N, 11.867° E and its altitude is 43 m. The 3
nearest ice masses are from ~ 9 up to ~ 80 km away from the station. The
13 others ice masses are further than ~ 100 km from the station. We compute
the effects for the whole set of ice masses as well as the total contribution of
the ice masses at the GGP station. The results are given in Table 2. We see
that the uplift induced by the thinning of the 16 ice masses is 2.04 mm/yr,
62.26 % of this rate being due to the 3 nearest ice masses. The gravity

17
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rates have been deduced from two computations. The first one includes
neither the topography of the ice masses nor the altitude of the station. We
obtain a total gravity variation rate of -0.52 pGal/yr. The 3 nearest ice
masses are responsible for 61.54 % of this rate. The second computation
includes the effect of the topography of the ice masses and the altitude of
the station. The gravity rate due to the 16 ice masses is -0.48 uGal/yr,
which is smaller in absolute value than in the first case because the effects
of the thinning areas which are above and below the horizontal plane at
the station, especially for the surrounding ice masses, act in opposite senses.
The surrounding ice masses are responsible for 58.33 % of this rate; the
contribution from the other ice masses, which is -0.20 pGal/yr, is the same
as in the first computation where we did not take the topography of the ice
masses into account. The magnitude of the tilt rates are 70.26 and 37.97
nrad/yr respectively for the West-East (positive in the East direction) and
South-North (positive in the North direction) components. The thinning of
the 3 nearest ice masses contibute for 90 % to the tilt of the ground.

Sato et al. (2006) suggested an ice-thinning rate of ~ 70 — 80 cm/yr to
explain the present-day ice-thinning contribution to the rebound observed
by VLBI and GPS. But this rate fails to explain the absolute gravity varia-
tions associated to the elastic deformation due to present-day ice-thinning.
Kohler et al. (2007) estimated the ice-thinning rate from DEMs for the Midtre
Lovénbreen glacier located within 5 km from Ny-Alesund. For the period
2003-2005, they obtain a rate of ~ 69 cm/yr, which is almost 1.5 times
bigger than the mean rate we used to estimate the effects induced by ice

thinning. This rate is in agreement with that proposed by Sato et al. (2006).
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The Midtre Lovénbreen glacier is half-way between the station and the near-
est ice mass in the SVAL model. Such a rate close to the station suggests that
the tilt rates we have obtained from the SVAL model are underestimated. A
better estimation of the thinning rates could be computed in the future by
considering DEMs from the SPIRIT project (Korona et al., 2009) or ICESAT
altimetric profiles (Kéadb, 2008).

5. Observations of deformation and gravity variation

The ground displacement near ice masses can be monitored by using GPS
and VLBI measurements. Sjoberg et al. (2004) analyzed three epochs of GPS
campaigns over a period of 7 years, from 1992 to 1999. They obtained uplift
rates comprised between 5 and 19 mm/yr near the Vatnajokull ice cap in
Iceland. Sato et al. (2006) derived ground-displacement rates from GPS and
VLBI measurements at Ny-Alesund. They found a rebound of ~ 5 mm/yr
for the periods 1998-2004 and 1994-2004 respectively associated to the GPS
and VLBI measurements. Khan et al. (2007) observed an elastic uplift of
~ 35 mm (~ 7 mm/yr) at the GPS site in Kulusuk, Greenland, due to the
rapid thinning of ice between 2001 and 2006 in the southeastern sector of the
Greenland ice sheet. These strong uplifts occured in regions where large ice
masses experienced high thinning rates. As shown in Section 3.2 the rebound
due to 24 years of ice thinning in the Alps over a small area is smaller, at
most 9 mm (0.38 mm/yr), and identifying such a small contribution to the
total uplift in the GPS measurements remains a difficult task.

Sato et al. (2006) also derived gravity variations at Ny-Alesund from

repeated absolute gravity measurements and found a rate of —2.5 pGal/yr
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for the period 1998-2003. This rate includes different effects such as the post-
glacial rebound and the present-day ice thinning. The small gravity variation
signal expected from the latter, about -0.5 pGal/yr (Table 2), suggests that
it is difficult to observe far from the thinning area by using gravimeters.
The gravity variation close to the glaciers, which is much bigger (Section
3.3), would give a larger signal that would be easy to observe provided a
gravimeter can be installed near the glaciers.

The sensitivity of the tiltmeters depends on the variability of the en-
vironment parameters, for instance the temperature, and type of instru-
ment. Indeed, to decrease the influence of the temperature variation, the
tiltmeters are often installed in mine galleries. Besides, the long-baseline
hydrostatic tiltmeters are less sensitive to the local heterogeneities than the
short-baseline tiltmeters and are also more stable (Boudin, 2004; d’Oreye et
al., 2005; Boudin et al., 2008). The accuracy of a 100 meter-long tiltmeter is
1 x 107 prad and its time stability is better than 1 x 107! urad/yr (Rerolle
et al., 2006). d’Oreye et al. (2005) developed and installed their instrument
in an underground mine where they obtained a drift rate that did not exceed
5 x 107® urad/month and a sensitivity of 5 x 107% prad in the long-period
seismic band and 34 x 107% urad for longer periods. Recently, Boudin et
al. (2008) have shown that the stabilities of two 100 meter-long tiltmeters
installed in a mine in the Vosges massif in France are 6.5 x 1073 yrad/month
and 10 x 1072 prad/month and a low noise level of the order of 1 x 107° urad.
They also indicate that such instruments in similar conditions are suitable
for the monitoring of long-term tilt rates lower than 1 x 107! prad/yr. Our

computation of ground tilt because of shrinking ice masses in the Alps and
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Svalbard shows that the expected signal is well above the instrumental noise
and that it should be measurable even if the instrument is not installed in
the close vicinity of the glaciers. If the conditions for installing high-precision
tiltmeters are fulfilled, then hydrostatic tiltmeter measurements are poten-

tially appropriate to monitor the ice thinning of nearby glaciers.

6. Conclusion

We have computed Green’s functions of the vertical and horizontal dis-
placements, gravity change and ground tilt for a homogeneous half-space
model and a realistic spherical Earth model. We have compared Green’s
functions for the two models and confirmed that the half-space approxima-
tion is sufficient to model the Earth deformation at the local scale (1 to 10
km away from the load) .

We have also given the amplitude and geographical extension of the dis-
placements, gravity variations and ground tilt changes induced by the thin-
ning of 3 glaciers in the Mont Blanc region, where ice-thickness variations
were previously measured over a 24-years period, and by a homogeneous
thinning of the glaciers of Svalbard. We have shown that taking into ac-
count the topography of both the surrounding ice-free regions and glaciers
is necessary to estimate the magnitude of the gravity variations. We have
deduced the tilt rates due to the load variations and compared them with the
sensitivity and time stability of available long-baseline tiltmeters. For the 3
glaciers of the Mont Blanc massif that we have considered and the glaciers
of Svalbard, it should be possible to monitor the local ice-mass variations

with hydrostatic tiltmeters, if they were installed at appropriate sites. The
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seasonal and annual signals could then be extracted. Finally, for the sites
where continuous GPS and gravity measurements are already made, such
as in the Ny-Alesund GGP station, tilt measurements would provide a use-
ful complementary information. Moreover, local ground data, often sparse
in time and space, would benefit from the integrated view and continuous

recording of tiltmeters.
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Table 1 Density, seismic wave velocities V,, and V, and quality factors
@, and @, of the crust that replaces the ocean layer in the PREM model of
Dziewonski and Anderson (1981).

Table 2 Deformation induced at the Ny-Alesund GGP station in Sval-
bard, Norway, by the SVAL model with an ice-thinning rate of 47 cm/yr and
density of 1000 kg/m?®. Numbers in bold are for the gravity and tilt rates
that take into account the topography of the ice masses.

Figure 1 Green functions for the gravity variation g3, and tilt ¢} of a
spherical Earth model due to the gravitational attraction of the load, given
by Egs (18) and (20) with Ao,y = 0 and 7 values for hj,q. Instead of the
angular distance v, the abscissa is the distance a.

Figure 2 Green’s functions for a homogeneous half-space model (solid
lines) and a spherical model (dashed lines). Black, cyan, red and green
curves refer respectively to the vertical and horizontal displacements and
non-Newtonian gravity and tilt changes. The dotted dashed lines represent
the absolute differences A,ps (Eq. 21).

Figure 3. Relative differences A, (Eq. 22) between Green’s functions of
half-space and spherical models with respect to the half-space model. Black,
cyan, red and green curves refer respectively to the vertical and horizontal
displacements and non-Newtonian gravity and tilt changes.

Figure 4. Ratios of Green’s functions: uf/u? (dashed red line), uf/u?
(solid red line), —gf,/u? (dashed black line), and ¢*/u? (solid black line) as
a function of the distance to the loading point. The last two ratios are in

uGal/mm whereas the two first are dimensionless.
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Figure 5. Ice-thickness variation (in m) between 1979 and 2003 in the
Mont Blanc region that includes the three glaciers of the Mer de Glace,
Taléfre and Leschaux (Berthier et al., 2004). The highest and lowest altitudes
are also indicated.

Figure 6. Vertical displacement (in mm) due to the ice thinning in the
Mont Blanc area for the modified PREM. Glaciers are filled in black.

Figure 7. Horizontal displacement (in mm) due to the ice thinning in the
Mont Blanc area for the modified PREM. The arrows indicate the direction
of the motion of the ground and the colored background shows the amplitude
of the displacement. Glaciers are filled in black.

Figure 8. Elastic part of the gravity effects (in pGal) due to the ice-
thinning in the Mont Blanc area for the modified PREM. Glaciers are filled
in black.

Figure 9. Newtonian part of the gravity effects (in pGal) due to the ice
thinning in the Mont Blanc area for the modified PREM. Glaciers and the
region with no topography data are filled in black. Note that the color scale
is opposed to that in the former figures.

Figure 10. Tilt changes (in urad) due to the ice thinning in the Mont
Blanc area for the modified PREM. The arrows indicate the direction of the
tilt of the ground and the colored background shows the amplitude of the tilt
variations. To have a clear picture of the area where the tilt is significant,

we show the tilt changes up to 3 purad only. Glaciers are filled in black.
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ACCEPTED MANUSCRIPT

Table 1: Density, seismic wave velocities V), and V, and quality factors @), and Q. of
the crust that replaces the ocean layer in the PREM model of Dziewonski and Anderson

(1981).

Density (kg/m?) V, (m/s) Vi (m/s) Q. Q.
2600 5800 3200 600 57823
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Table 2: Deformation induced at the Ny-Alesund GGP station in Svalbard, Norway, by the

SVAL model with an ice thinning rate of 47 cm/yr and density of 1000 kg/m?. Numbers

in bold are for the gravity and tilt rates that take into account the topography of the

ice-masses.
16 3 13 16 ice-masses
ice-masses ice-masses ice-masses Sato et al. (2006)
Vertical
displacement 2.04 1.27 (62.26 %) 0.77 (37.74 %) 2.04
(mm /yr)
Gravity -0.52 -0.32 (61.54 %) -0.20 (38.46 %) -0.53
(uGal/yr) -0.48 -0.28 (58.33 %) | -0.20 (41.67 %) -
Tilts (nrad/yr)
West-East -70.26 -32.14 (88.44 %) | -8.12 (11.56 %) -
South-North 37.97 37.90 (99.82 %) | 0.07 (0.18 %) -
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Figure 1: Green functions for the gravity variation g% and tilt ¢}; of a spherical Earth
model due to the gravitational attraction of the load, given by Eqgs (18) and (20) with

hobs = 0 and 7 values for hjpaq. Instead of the angular distance v, the abscissa is the

distance a).
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Figure 2: Green’s functions for a homogeneous half-space model (solid lines) and a spher-
ical model (dashed lines). Black, cyan, red and green curves refer respectively to the
vertical and horizontal displacements and non-Newtonian gravity and tilt changes. The

dotted dashed lines represent the absolute differences Aaps (Eq. 21).
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Figure 3: Relative differences A, (Eq. 22) between Green’s functions of half-space and
spherical models with respect to the half-space model. Black, cyan, red and green curves

refer respectively to the vertical and horizontal displacements and non-Newtonian gravity

and tilt changes.
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Figure 4: Ratios of Green’s functions: uf/u? (dashed red line), uf/u$ (solid red line),
—g%,/u? (dashed black line), and ¢°/u$ (solid black line) as a function of the distance
to the loading point. The last two ratios are in pGal/mm whereas the two first are

dimensionless.
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Figure 5: Ice-thickness variation (in m) between 1979 and 2003 in the Mont Blanc region
that includes the three glaciers of the Mer de Glace, Taléfre and Leschaux (Berthier et al.,

2004). The highest and lowest altitudes are also indicated.
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Figure 6: Vertical displacement (in mm) due to the ice thinning in the Mont Blanc area

for the modified PREM. Glaciers are filled in black.
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Figure 7: Horizontal displacement (in mm) due to the ice thinning in the Mont Blanc area
for the modified PREM. The arrows indicate the direction of the motion of the ground

and the colored background shows the amplitude of the displacement. Glaciers are filled

in black.
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Figure 8: Elastic part of the gravity effects (in uGal) due to the ice thinning in the Mont
Blanc area for the modified PREM. Glaciers are filled in black.
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Figure 9: Newtonian part of the gravity effects (in pGal) due to the ice thinning in the
Mont Blanc area for the modified PREM. Glaciers and the region with no topography
data are filled in black. Note that the color scale is opposed to that in the former figures.

41

Page 41 of 42



Latitude in degrees

6.9 6.92 6.94 6.96 6.98 7
Longitude in degrees

Figure 10: Tilt changes (in urad) due to the ice thinning in the Mont Blanc area for
the modified PREM. The arrows indicate the direction of the tilt of the ground and the
colored background shows the amplitude of the tilt variations. To have a clear picture of
the area where the tilt is significant, we show the tilt changes up to 3 prad only. Glaciers

are filled in black.
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