❝❛t❡❣♦r✐❡s✿ [ [ 1, Q ] ]✳ ❚❤❡ •✐♥❦ ❜❡t✇❡❡♥ ♣❛tt❡r♥s ❛♥❞ ❝❛t❡❣♦r✐❡s ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ♣r♦❜❛❜✐•✐st✐❝✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r♦❞✉❝t X × Y ✐s ❛ ♠❡❛s✉r❛❜•❡ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ✉♥❦♥♦✇♥ ♣r♦❜❛❜✐•✐t② ♠❡❛s✉r❡ P ✳ ▲❡t (X, Y ) ❜❡ ❛ r❛♥❞♦♠ ♣❛✐r ✇✐t❤ ✈❛•✉❡s ✐♥ X × Y ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ P ✳ ❲❡ ♦❜s❡r✈❡ ❛ m✲s❛♠♣•❡ D m = ((X i , Y i )) 1≤i≤m ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❝♦♣✐❡s ♦❢ (X, Y )✳ ❚r❛✐♥✐♥❣ t❤❡♥ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ D m t♦ s❡•❡❝t✱ ✐♥ ❛ ❣✐✈❡♥ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s G ♦♥ X ✱ ❛ ❢✉♥❝t✐♦♥ ❝•❛ss✐❢②✐♥❣ ❞❛t❛ ✐♥ ❛♥ ♦♣t✐♠❛• ✇❛②✳ •✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ g ✐♥ G✱ t❤❡ ❝r✐t❡r✐♦♥ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤❡ q✉❛•✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝•❛ss✐✜❝❛t✐♦♥✱ t❤❡ r✐s❦ ♦❢ g✱ ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ P ♦❢ ❛ •♦ss ❢✉♥❝t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ❝•❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ X ✐♥t♦ R Q ✳ ❚❤❡ ❢✉♥❝t✐♦♥ g = (g k ) 1≤k≤Q ∈ G ❛ss✐❣♥s x ∈ X t♦ t❤❡ ❝❛t❡❣♦r② l ✐❢ ❛♥❞ ♦♥•② ✐❢ g l (x) > max k =l g k (x)✳ ❈❛s❡s ♦❢ ❡① aeq✉♦ ❛r❡ tr❡❛t❡❞ ❛s ❡rr♦rs✳ ❚❤✐s ❝❛••s ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ •♦ss ❢✉♥❝t✐♦♥ ℓ ❞❡✜♥❡❞ ♦♥ Y × R Q ❜② ℓ (y, v) = 1l {vy≤maxk =y v k } ✳ ❚❤❡ r✐s❦ ♦❢ g ✐s t❤❡♥ ❣✐✈❡♥ ❜②✿ R(g) = E [ℓ (Y, g (X))] = X ×Y
1l {gy(x)≤maxk =y g k (x)} dP (x, y).

❚❤✐s st✉❞② ❞❡❛•s ✇✐t❤ •❛r❣❡ ♠❛r❣✐♥ ❝•❛ss✐✜❡rs✱ ✇❤❡♥ t❤❡ ✉♥❞❡r•②✐♥❣ ♥♦t✐♦♥ ♦❢ ♠✉•t✐✲❝•❛ss ♠❛r❣✐♥ ✐s t❤❡ ❢♦••♦✇✐♥❣ ♦♥❡✳ ❉❡✜♥✐t✐♦♥ ✶ ✭▼✉•t✐✲❝•❛ss ♠❛r❣✐♥✮ ▲❡t g ❜❡ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ X ✐♥t♦ R Q ✳ ■ts ♠❛r❣✐♥ ♦♥ (x, y) ∈ X × Y✱ M(g, x, y)✱ ✐s ❣✐✈❡♥ ❜②✿ M(g, x, y) = 1 2 g y (x) -max k =y g k (x) . ❇❛s✐❝❛••②✱ t❤❡ ❝❡♥tr❛• ❡•❡♠❡♥ts t♦ ❛ss✐❣♥ ❛ ♣❛tt❡r♥ t♦ ❛ ❝❛t❡❣♦r② ❛♥❞ t♦ ❞❡r✐✈❡ ❛ •❡✈❡• ♦❢ ❝♦♥✜❞❡♥❝❡ ✐♥ t❤✐s ❛ss✐❣♥♠❡♥t ❛r❡ t❤❡ ✐♥❞❡① ♦❢ t❤❡ ❤✐❣❤❡st ♦✉t♣✉t ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ♦✉t♣✉t ❛♥❞ t❤❡ s❡❝♦♥❞ ❤✐❣❤❡st ♦♥❡✳ ❚❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦❢ ✐♥t❡r❡st ✐s t❤✉s t❤❡ ✐♠❛❣❡ ♦❢ G ❜② ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛♥ ♦♣❡r❛t♦r ❡①tr❛❝t✐♥❣ t❤❡ ❛♣♣r♦♣r✐❛t❡ ♣✐❡❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❚✇♦ s✉❝❤ ✏♠❛r❣✐♥ ♦♣❡r❛t♦rs✑ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤❡ ✜rst ♦♥❡✱ ∆✱ ♣r❡s❡r✈❡s ❛•• t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② g ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✳ ❉❡✜♥✐t✐♦♥ ✷ ✭∆ ♦♣❡r❛t♦r✮ ❉❡✜♥❡ ∆ ❛s ❛♥ ♦♣❡r❛t♦r ♦♥ G s✉❝❤ t❤❛t✿ ∆ : G -→ ∆G g → ∆g = (∆g k ) 1≤k≤Q ∀x ∈ X , ∆g(x) = 1 2 g k (x) -max l =k g l (x) 1≤k≤Q . ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣•✐❝✐t②✱ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ ∆g k ✐♥ ♣•❛❝❡ ♦❢ (∆g) k ✳ ■♥ t❤❡ s❡q✉❡•✱ t❤✐s s✐♠♣•✐✜❝❛t✐♦♥ ✇✐•• ❜❡ ♣❡r❢♦r♠❡❞ ✐♠♣•✐❝✐t•② ✇✐t❤ ♦t❤❡r ♦♣❡r❛t♦rs✳ ❖❜✈✐♦✉s•②✱ M(g, x, y) = ∆g y (x)✱ ❛♥❞ t❤✉s ✷ t❤❡ ❡①❛♠♣•❡ (x, y) ✐s ❝♦rr❡❝t•② ❝•❛ss✐✜❡❞ ❜② g ✐❢ ❛♥❞ ♦♥•② ✐❢ ∆g y (x) > 0✳ ❚❤❡ s❡❝♦♥❞ ♦♣❡r❛t♦r✱ ∆ * ✱ ♦♥•② ♣r❡s❡r✈❡s ✇❤❛t ✐s ❡ss❡♥t✐❛• t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❝•❛ss✐✜❝❛t✐♦♥✳ ❙✐♥❝❡ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ •❡✈❡• ♦❢ ❝♦♥✜❞❡♥❝❡ ✭y ❜❡✐♥❣ ✉♥❦♥♦✇♥✮ ✐s ♣r♦✈✐❞❡❞ ❜② M(g, x, •) = max k ∆g k (x)✱ t❤✐s ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✳ ❉❡✜♥✐t✐♦♥ ✸ ✭∆ * ♦♣❡r❛t♦r✮ ❉❡✜♥❡ ∆ * ❛s ❛♥ ♦♣❡r❛t♦r ♦♥ G s✉❝❤ t❤❛t✿ ∆ * : G -→ ∆ * G g → ∆ * g = (∆ * g k ) 1≤k≤Q ∀x ∈ X , ∆ * g(x) = (sign (∆g k (x)) • M(g, x, •)) 1≤k≤Q . ■♥ t❤❡ s❡q✉❡•✱ ∆ # ✐s ✉s❡❞ ✐♥ ♣•❛❝❡ ♦❢ ∆ ❛♥❞ ∆ * ✐♥ t❤❡ ❢♦r♠✉•❛s t❤❛t ❤♦•❞ tr✉❡ ❢♦r ❜♦t❤ ♦♣❡r❛t♦rs✳ ❖❜✈✐♦✉s•②✱ t❤❡ ✜rst ♦❢ t❤❡♠ ✐s R(g) = E 1l {∆ # g Y (X)≤0} ✳ ∆ # ✐s ❛•s♦ ✐♥✈♦•✈❡❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♠❛r❣✐♥ r✐s❦✳ ❉❡✜♥✐t✐♦♥ ✹ ✭▼❛r❣✐♥ r✐s❦✮ ▲❡t γ ∈ R * + ✳ ❚❤❡ r✐s❦ ✇✐t❤ ♠❛r❣✐♥ γ ♦❢ g✱ R γ (g)✱ ❛♥❞ ✐ts ❡♠♣✐r✐❝❛• ❡st✐♠❛t❡ ♦♥ D m ✱ R γ,m (g)✱ ❛r❡ ❞❡✜♥❡❞ ❛s✿ R γ (g) = X ×Y 1l {∆ # gy(x)<γ} dP (x, y), R γ,m (g) = 1 m m i=1 1l {∆ # g Y i (X i )<γ} . ❋♦r t❡❝❤♥✐❝❛• r❡❛s♦♥s✱ ✐t ✐s ✉s❡❢✉• t♦ sq✉❛s❤ t❤❡ ❢✉♥❝t✐♦♥s ∆ # g k ❛s ♠✉❝❤ ❛s ♣♦ss✐❜•❡ ✇✐t❤♦✉t ❛•t❡r✐♥❣ t❤❡ ✈❛•✉❡ ♦❢ t❤❡ ♠❛r❣✐♥ r✐s❦✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❜② ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❛♥♦t❤❡r ♦♣❡r❛t♦r✳ ❉❡✜♥✐t✐♦♥ ✺ ✭π γ ♦♣❡r❛t♦r ✭❇❛rt•❡tt✱ ✶✾✾✽✮✮ ❋♦r γ ∈ R * + ✱ ❞❡✜♥❡ π γ ❛s ❛♥ ♦♣❡r❛t♦r ♦♥ G s✉❝❤ t❤❛t✿ π γ : G -→ π γ G g → π γ g = (π γ g k ) 1≤k≤Q ∀x ∈ X , π γ g(x) = (sign (g k (x)) • min (|g k (x)|, γ)) 1≤k≤Q . ▲❡t ∆ # γ ❞❡♥♦t❡ π γ • ∆ # ❛♥❞ •❡t ∆ # γ G ❜❡ ❞❡✜♥❡❞ ❛s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ∆ # γ g✳ ❚❤❡ ❝❛♣❛❝✐t② ♦❢ ∆ # γ G ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs✳ ❉❡✜♥✐t✐♦♥ ✻ ✭ǫ✲❝♦✈❡r✱ ǫ✲♥❡t ❛♥❞ ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs✮ ▲❡t (E, ρ) ❜❡ ❛ ♣s❡✉❞♦✲♠❡tr✐❝ s♣❛❝❡✱ E ′ ⊂ E ❛♥❞ ǫ ∈ R * + ✳ ❆♥ ǫ✲❝♦✈❡r ♦❢ E ′ ✐s ❛ ❝♦✈❡r❛❣❡ ♦❢ E ′ ✇✐t❤ ♦♣❡♥ ❜❛••s ♦❢ r❛❞✐✉s ǫ t❤❡ ❝❡♥t❡rs ♦❢ ✇❤✐❝❤ ❜❡•♦♥❣ t♦ E✳ ❚❤❡s❡ ❝❡♥t❡rs ❢♦r♠ ❛♥ ǫ✲♥❡t ♦❢ E ′ ✳ ❆ ♣r♦♣❡r ǫ✲♥❡t ♦❢ E ′ ✐s ❛♥ ǫ✲♥❡t ♦❢ E ′ ✐♥❝•✉❞❡❞ ✐♥ E ′ ✳ ■❢ E ′ ❤❛s ❛♥ ǫ✲♥❡t ♦❢ ✜♥✐t❡ ❝❛r❞✐♥❛•✐t②✱ t❤❡♥ ✐ts ❝♦✈❡r✐♥❣ ♥✉♠❜❡r N (ǫ, E ′ , ρ) ✐s ✸ t❤❡ s♠❛••❡st ❝❛r❞✐♥❛•✐t② ♦❢ ✐ts ǫ✲♥❡ts✳ ■❢ t❤❡r❡ ✐s ♥♦ s✉❝❤ ✜♥✐t❡ ♥❡t✱ t❤❡♥ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ✐s ❞❡✜♥❡❞ t♦ ❜❡ ∞✳ N (p) (ǫ, E ′ , ρ) ✇✐•• ❞❡s✐❣♥❛t❡ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ♦❢ E ′ ♦❜t❛✐♥❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ♣r♦♣❡r ǫ✲♥❡ts ♦♥•②✳ ❚❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs ♦❢ ✐♥t❡r❡st ✉s❡ t❤❡ ❢♦••♦✇✐♥❣ ♣s❡✉❞♦✲♠❡tr✐❝✿ ❉❡✜♥✐t✐♦♥ ✼ ✭d x n ♣s❡✉❞♦✲♠❡tr✐❝✮ ▲❡t n ∈ N * ✳ ❋♦r ❛ s❡q✉❡♥❝❡ x n = (x i ) 1≤i≤n ∈ X n ✱ ❞❡✜♥❡ t❤❡ ♣s❡✉❞♦✲♠❡tr✐❝ d x n ♦♥ G ❛s✿ ∀(g, g ′ ) ∈ G 2 , d x n (g, g ′ ) = max 1≤i≤n g(x i ) -g ′ (x i ) ∞ . ▲❡t N (p) (ǫ, G, n) = sup x n ∈X n N (p) (ǫ, G, d x n )✳ ❚❤❡ ❢♦••♦✇✐♥❣ t❤❡♦r❡♠ ❡①t❡♥❞s t♦ t❤❡ ♠✉•t✐✲❝•❛ss ❝❛s❡ ❈♦r♦••❛r② ✾ ✐♥ ❇❛rt•❡tt ✭✶✾✾✽✮✳ ❚❤❡♦r❡♠ ✶ ✭❚❤❡♦r❡♠ ✶ ✐♥ •✉❡r♠❡✉r ✭✷✵✵✹✮✮ ▲❡t G ❜❡ t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❛ •❛r❣❡ ♠❛r❣✐♥ Q✲❝❛t❡❣♦r② ❝•❛ss✐✜❡r ♦♥ ❛ ❞♦♠❛✐♥ X ❝❛♥ ✐♠♣•❡♠❡♥t✳ ▲❡t Γ ∈ R * + ❛♥❞ δ ∈ (0, 1)✳ ❲✐t❤ ♣r♦❜❛❜✐•✐t② ❛t •❡❛st 1 -δ✱ ❢♦r ❡✈❡r② ✈❛•✉❡ ♦❢ γ ✐♥ (0, Γ]✱ t❤❡ r✐s❦ ♦❢ ❛♥② ❢✉♥❝t✐♦♥ g ✐♥ G ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜②✿ R(g) ≤ R γ,m (g) + 2 m ln 2N (p) γ/4, ∆ # γ G, 2m + ln 2Γ γδ + 1 m . ❙t✉❞②✐♥❣ t❤❡ s❛♠♣•❡ ❝♦♠♣•❡①✐t② ♦❢ ❛ ❝•❛ss✐✜❡r G ❝❛♥ t❤✉s ❛♠♦✉♥t t♦ ❝♦♠♣✉t✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ N (p) (γ/4, ∆ # γ G, 2m)✳ ■♥ •✉❡r♠❡✉r ❡t ❛•✳ ✭✷✵✵✺✮✱ ✇❡ r❡❛❝❤❡❞ t❤✐s ❣♦❛• ❜② r❡•❛t✐♥❣ t❤✐s ♥✉♠❜❡r t♦ t❤❡ ❡♥tr♦♣② ♥✉♠❜❡rs ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡✈❛•✉❛t✐♦♥ ♦♣❡r❛t♦r✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ ❢♦••♦✇ t❤❡ tr❛❞✐t✐♦♥❛• ♣❛t❤ ♦❢ ❱❈ ❜♦✉♥❞s✱ ❜② ♠❛❦✐♥❣ ✉s❡ ♦❢ ❛ ❣❡♥❡r❛•✐③❡❞ ❱❈ ❞✐♠❡♥s✐♦♥✳ ✸ ❇♦✉♥❞✐♥❣ ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs ✐♥ t❡r♠s ♦❢ t❤❡ ♠❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ❚❤❡ Ψ✲❞✐♠❡♥s✐♦♥s ❛r❡ t❤❡ ❣❡♥❡r❛•✐③❡❞ ❱❈ ❞✐♠❡♥s✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ •❡❛r♥❛❜✐•✐t② ♦❢ ❝•❛ss❡s ♦❢ [ [ 1, Q ] ]✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s✳ ❉❡✜♥✐t✐♦♥ ✽ ✭Ψ✲❞✐♠❡♥s✐♦♥s ✭❇❡♥✲❉❛✈✐❞ ❡t ❛•✳✱ ✶✾✾✺✮✮ ▲❡t F ❜❡ ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡t X t❛❦✐♥❣ t❤❡✐r ✈❛•✉❡s ✐♥ t❤❡ ✜♥✐t❡ s❡t [ [ 1, Q ] ]✳ ▲❡t Ψ ❜❡ ❛ ❢❛♠✐•② ♦❢ ♠❛♣♣✐♥❣s ψ ❢r♦♠ [ [ 1, Q ] ] ✐♥t♦ {-1, 1, * }✱ ✇❤❡r❡ * ✐s t❤♦✉❣❤t ♦❢ ❛s ❛ ♥✉•• ❡•❡♠❡♥t✳ ❆ s✉❜s❡t s X n = {x i : 1 ≤ i ≤ n} ♦❢ X ✹ ✐s s❛✐❞ t♦ ❜❡ Ψ✲s❤❛tt❡r❡❞ ❜② F ✐❢ t❤❡r❡ ✐s ❛ ♠❛♣♣✐♥❣ ψ n = ψ (i) 1≤i≤n ✐♥ Ψ n s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ✈❡❝t♦r v y ✐♥ {-1, 1} n ✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ f y ✐♥ F s❛t✐s❢②✐♥❣ ψ (i) • f y (x i ) 1≤i≤n = v y . ❚❤❡ Ψ✲❞✐♠❡♥s✐♦♥ ♦❢ F✱ ❞❡♥♦t❡❞ ❜② Ψ✲❞✐♠(F)✱ ✐s t❤❡ ♠❛①✐♠❛• ❝❛r❞✐♥❛•✐t② ♦❢ ❛ s✉❜s❡t ♦❢ X Ψ✲ s❤❛tt❡r❡❞ ❜② F✱ ✐❢ t❤✐s ❝❛r❞✐♥❛•✐t② ✐s ✜♥✐t❡✳ ■❢ ♥♦ s✉❝❤ ♠❛①✐♠✉♠ ❡①✐sts✱ F ✐s s❛✐❞ t♦ ❤❛✈❡ ✐♥✜♥✐t❡ Ψ✲❞✐♠❡♥s✐♦♥✳ ❖♥❡ ♦❢ t❤❡s❡ ❞✐♠❡♥s✐♦♥s ♥❡❡❞s t♦ ❜❡ s✐♥❣•❡❞ ♦✉t✿ t❤❡ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥✳ ❉❡✜♥✐t✐♦♥ ✾ ✭◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ✭◆❛t❛r❛•❛♥✱ ✶✾✽✾✮✮ ▲❡t F ❜❡ ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡t X t❛❦✐♥❣ t❤❡✐r ✈❛•✉❡s ✐♥ [ [ 1, Q ] ]✳ ❚❤❡ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ♦❢ F✱ ◆✲❞✐♠(F)✱ ✐s t❤❡ Ψ✲ ❞✐♠❡♥s✐♦♥ ♦❢ F ✐♥ t❤❡ s♣❡❝✐✜❝ ❝❛s❡ ✇❤❡r❡ Ψ = {ψ k,l : 1 ≤ k = l ≤ Q}✱ s✉❝❤ t❤❛t ψ k,l t❛❦❡s t❤❡ ✈❛•✉❡ 1 ✐❢ ✐ts ❛r❣✉♠❡♥t ✐s ❡q✉❛• t♦ k✱ t❤❡ ✈❛•✉❡ -1 ✐❢ ✐ts ❛r❣✉♠❡♥t ✐s ❡q✉❛• t♦ l✱ ❛♥❞ * ♦t❤❡r✇✐s❡✳ ❚❤❡ ❢❛t✲s❤❛tt❡r✐♥❣ ❞✐♠❡♥s✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✉♥✐❢♦r♠ ••✐✈❡♥❦♦✲❈❛♥t❡••✐ ❝•❛ss❡s ❛♠♦♥❣ t❤❡ ❝•❛ss❡s ♦❢ r❡❛•✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s✳ ❉❡✜♥✐t✐♦♥ ✶✵ ✭❋❛t✲s❤❛tt❡r✐♥❣ ❞✐♠❡♥s✐♦♥ ✭❑❡❛r♥s ❛♥❞ ❙❝❤❛♣✐r❡✱ ✶✾✾✹✮✮ ▲❡t G ❜❡ ❛ ❝•❛ss ♦❢ r❡❛•✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡t X ✳ ❋♦r γ ∈ R * + ✱ ❛ s✉❜s❡t s X n = {x i : 1 ≤ i ≤ n} ♦❢ X ✐s s❛✐❞ t♦ ❜❡ γ✲s❤❛tt❡r❡❞ ❜② G ✐❢ t❤❡r❡ ✐s ❛ ✈❡❝t♦r v b = (b i ) ✐♥ R n s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ✈❡❝t♦r v y = (y i ) ✐♥ {-1, 1} n ✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ g y ✐♥ G s❛t✐s❢②✐♥❣ ∀i ∈ [ [ 1, n ] ] , y i (g y (x i ) -b i ) ≥ γ. ❚❤❡ ❢❛t✲s❤❛tt❡r✐♥❣ ❞✐♠❡♥s✐♦♥ ✇✐t❤ ♠❛r❣✐♥ γ✱ ♦r P γ ❞✐♠❡♥s✐♦♥✱ ♦❢ t❤❡ ❝•❛ss G✱ P γ ✲❞✐♠ (G)✱ ✐s t❤❡ ♠❛①✐♠❛• ❝❛r❞✐♥❛•✐t② ♦❢ ❛ s✉❜s❡t ♦❢ X γ✲s❤❛tt❡r❡❞ ❜② G✱ ✐❢ t❤✐s ❝❛r❞✐♥❛•✐t② ✐s ✜♥✐t❡✳ ■❢ ♥♦ s✉❝❤ ♠❛①✐♠✉♠ ❡①✐sts✱ G ✐s s❛✐❞ t♦ ❤❛✈❡ ✐♥✜♥✐t❡ P γ ❞✐♠❡♥s✐♦♥✳ •✐✈❡♥ t❤❡ r❡s✉•ts ❛✈❛✐•❛❜•❡ ❢♦r t❤❡ Ψ✲❞✐♠❡♥s✐♦♥s ❛♥❞ t❤❡ ❢❛t✲s❤❛tt❡r✐♥❣ ❞✐♠❡♥s✐♦♥✱ ✐t ❛♣♣❡❛rs ♥❛t✉r❛•✱ t♦ st✉❞② t❤❡ ❣❡♥❡r❛•✐③❛t✐♦♥ ❝❛♣❛❜✐•✐t✐❡s ♦❢ ❝•❛ss✐✜❡rs t❛❦✐♥❣ ✈❛•✉❡s ✐♥ R Q ✱ t♦ ❝♦♥s✐❞❡r t❤❡ ✉s❡ ♦❢ ❝❛♣❛❝✐t② ♠❡❛s✉r❡s ♦❜t❛✐♥❡❞ ❛s ♠✐①t✉r❡s ♦❢ t❤❡ t✇♦ ❝♦♥❝❡♣ts✱ ♥❛♠❡•② s❝❛•❡✲s❡♥s✐t✐✈❡ Ψ✲❞✐♠❡♥s✐♦♥s✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ ❛ ❝•❛ss ♦❢ ❞✐♠❡♥s✐♦♥s ♦❢ t❤✐s ❦✐♥❞✱ t❤❡ γ✲Ψ✲❞✐♠❡♥s✐♦♥s✳ ■♥ t❤❡✐r ❞❡✜♥✐t✐♦♥✱ ∧ ❞❡♥♦t❡s t❤❡ ❝♦♥•✉♥❝t✐♦♥ ♦❢ t✇♦ ❡✈❡♥ts✳ ❉❡✜♥✐t✐♦♥ ✶✶ ✭γ✲Ψ✲❞✐♠❡♥s✐♦♥s✮ ▲❡t G ❜❡ ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡t X t❛❦✐♥❣ t❤❡✐r ✈❛•✉❡s ✐♥ R Q ✳ ▲❡t Ψ ❜❡ ❛ ❢❛♠✐•② ♦❢ ♠❛♣♣✐♥❣s ψ ❢r♦♠ [ [ 1, Q ] ] ✐♥t♦ {-1, 1, * }✳ ❋♦r γ ∈ R * + ✱ ❛ s✉❜s❡t s X n = {x i : 1 ≤ i ≤ n} ♦❢ X ✐s s❛✐❞ t♦ ❜❡ γ✲Ψ✲s❤❛tt❡r❡❞ ❜② ∆ # G ✐❢ t❤❡r❡ ✐s ❛ ♠❛♣♣✐♥❣ ψ n = ψ (i) 1≤i≤n ✺ ✐♥ Ψ n ❛♥❞ ❛ ✈❡❝t♦r v b = (b i ) ✐♥ R n s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ✈❡❝t♦r v y = (y i ) ✐♥ {-1, 1} n ✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ g y ✐♥ G s❛t✐s❢②✐♥❣ ∀i ∈ [ [ 1, n ] ] ,    ✐❢ y i = 1, ∃k : ψ (i) (k) = 1 ∧ ∆ # g y,k (x i ) -b i ≥ γ ✐❢ y i = -1, ∃l : ψ (i) (l) = -1 ∧ ∆ # g y,l (x i ) + b i ≥ γ . ❚❤❡ γ✲Ψ✲❞✐♠❡♥s✐♦♥ ♦❢ ∆ # G✱ Ψ✲❞✐♠(∆ # G, γ)✱ ✐s t❤❡ ♠❛①✐♠❛• ❝❛r❞✐♥❛•✐t② ♦❢ ❛ s✉❜s❡t ♦❢ X γ✲Ψ✲ s❤❛tt❡r❡❞ ❜② ∆ # G✱ ✐❢ t❤✐s ❝❛r❞✐♥❛•✐t② ✐s ✜♥✐t❡✳ ■❢ ♥♦ s✉❝❤ ♠❛①✐♠✉♠ ❡①✐sts✱ ∆ # G ✐s s❛✐❞ t♦ ❤❛✈❡ ✐♥✜♥✐t❡ γ✲Ψ✲❞✐♠❡♥s✐♦♥✳ ❚❤❡ ♠❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ✐s ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣•②✳ ❉❡✜♥✐t✐♦♥ ✶✷ ✭◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ✇✐t❤ ♠❛r❣✐♥ γ✮ ▲❡t G ❜❡ ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ♦♥ ❛ s❡t X t❛❦✐♥❣ t❤❡✐r ✈❛•✉❡s ✐♥ R Q ✳ ❋♦r γ ∈ R * + ✱ ❛ s✉❜s❡t s X n = {x i : 1 ≤ i ≤ n} ♦❢ X ✐s s❛✐❞ t♦ ❜❡ γ✲◆✲s❤❛tt❡r❡❞ ❜② ∆ # G ✐❢ t❤❡r❡ ✐s ❛ s❡t I(s X n ) = {(i 1 (x i ), i 2 (x i )) : 1 ≤ i ≤ n} ♦❢ n ♣❛✐rs ♦❢ ❞✐st✐♥❝t ✐♥❞✐❝❡s ✐♥ [ [ 1, Q ] ] ❛♥❞ ❛ ✈❡❝t♦r v b = (b i ) ✐♥ R n s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ ✈❡❝t♦r v y = (y i ) ✐♥ {-1, 1} n ✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ g y ✐♥ G s❛t✐s❢②✐♥❣ ∀i ∈ [ [ 1, n ] ] ,    ✐❢ y i = 1, ∆ # g y,i 1 (x i ) (x i ) -b i ≥ γ ✐❢ y i = -1, ∆ # g y,i 2 (x i ) (x i ) + b i ≥ γ . ❚❤❡ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ✇✐t❤ ♠❛r❣✐♥ γ ♦❢ t❤❡ ❝•❛ss ∆ # G✱ ◆✲❞✐♠(∆ # G, γ)✱ ✐s t❤❡ ♠❛①✐♠❛• ❝❛r✲ ❞✐♥❛•✐t② ♦❢ ❛ s✉❜s❡t ♦❢ X γ✲◆✲s❤❛tt❡r❡❞ ❜② ∆ # G✱ ✐❢ t❤✐s ❝❛r❞✐♥❛•✐t② ✐s ✜♥✐t❡✳ ■❢ ♥♦ s✉❝❤ ♠❛①✐♠✉♠ ❡①✐sts✱ ∆ # G ✐s s❛✐❞ t♦ ❤❛✈❡ ✐♥✜♥✐t❡ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ✇✐t❤ ♠❛r❣✐♥ γ✳ ❋♦r t❤✐s s❝❛•❡✲s❡♥s✐t✐✈❡ Ψ✲❞✐♠❡♥s✐♦♥✱ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ♦❢ ✐♥t❡r❡st✱ ✐✳❡✳✱ t❤❡ ❣❡♥❡r❛•✐③❡❞ ❙❛✉❡r •❡♠♠❛✱ ✐s t❤❡ ❢♦••♦✇✐♥❣ ♦♥❡✳ ❚❤❡♦r❡♠ ✷ ✭❆❢t❡r ❚❤❡♦r❡♠ ✹ ✐♥ •✉❡r♠❡✉r ✭✷✵✵✹✮✮ ▲❡t G ❜❡ ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ X ✐♥t♦ [-M, M ] Q ✳ ❋♦r ❡✈❡r② ✈❛•✉❡ ♦❢ ǫ ✐♥ (0, M ] ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r ✈❛•✉❡ ♦❢ n s❛t✐s❢②✐♥❣ n ≥ ◆✲❞✐♠ (∆G, ǫ/6)✱ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞ ✐s tr✉❡✿ N (p) (ǫ, ∆ * G, n) < 2 n Q 2 (Q -1) 3M ǫ 2 ⌈d log 2 (en( Q 2 )(2⌊ 3M ǫ ⌋-1)/d)⌉ ✇❤❡r❡ d = ◆✲❞✐♠ (∆G, ǫ/6)✳ ❚❤✐s t❤❡♦r❡♠ ✐s t❤❡ ♠❛✐♥ ♥♦✈❡•t② ✐♥ t❤❡ r❡✈✐s❡❞ ✈❡rs✐♦♥ ♦❢ •✉❡r♠❡✉r ✭✷✵✵✹✮✳ ❲❤❛t ♠❛❦❡s ✐t ❛ ♥♦♥tr✐✈✐❛• Q✲❝•❛ss ❡①t❡♥s✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✺ ✐♥ ❆•♦♥ ❡t ❛•✳ ✭✶✾✾✼✮ ✐s t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜♦t❤ ♠❛r❣✐♥ ♦♣❡r❛t♦rs✳ ❚❤❡ r❡❛s♦♥ ✇❤② ∆ * ❛♣♣❡❛rs ✐♥ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ✐♥st❡❛❞ ♦❢ ∆ ✐s t❤❡ ✈❡r② ♣r✐♥❝✐♣•❡ ❛t t❤❡ ❜❛s✐s ♦❢ ❛•• t❤❡ ✈❛r✐❛♥ts ♦❢ ❙❛✉❡r✬s •❡♠♠❛✿ ❡❛❝❤ ♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s s❡♣❛r❛t❡❞ ✇✐t❤ r❡s♣❡❝t ✻ t♦ t❤❡ ❢✉♥❝t✐♦♥❛• ♣s❡✉❞♦✲♠❡tr✐❝ ✉s❡❞ ✭❤❡r❡ d x n ✮ s❤❛tt❡rs ✭❛t •❡❛st✮ ♦♥❡ ♣♦✐♥t ✐♥ s X n ✳ ❚❤✐s ✐s tr✉❡ ❢♦r ∆ * γ G✱ ♦r ♠♦r❡ ♣r❡❝✐s❡•② ✐ts η✲❞✐s❝r❡t✐③❛t✐♦♥✱ ♥♦t ❢♦r ∆ γ G ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✸ ✐♥ •✉❡r♠❡✉r ✭✷✵✵✹✮ ❢♦r ❞❡t❛✐•s✮✳ ❖♥❡ ❝❛♥ ❞❡r✐✈❡ ❛ ✈❛r✐❛♥t ♦❢ ❚❤❡♦r❡♠ ✷ ✐♥✈♦•✈✐♥❣ ◆✲❞✐♠ (∆ * G, ǫ/6)✳ ❍♦✇❡✈❡r✱ t❤✐s ❛•t❡r♥❛t✐✈❡ ✐s ♦❢ •❡ss❡r ✐♥t❡r❡st✱ ❢♦r r❡❛s♦♥s t❤❛t ✇✐•• ❛♣♣❡❛r ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥✳ ✹ ▼❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ▼✲❙❱▼s ❲❡ ♥♦✇ ❣✐✈❡ t❤❡ s❦❡t❝❤ ♦❢ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♠❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥ ♦❢ ✐♥t❡r❡st ✇❤❡♥ G ✐s t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s ✐♠♣•❡♠❡♥t❡❞ ❜② t❤❡ ▼✲❙❱▼s✳ ❚❤❡s❡ •❛r❣❡ ♠❛r❣✐♥ ❝•❛ss✐✜❡rs ❛r❡ ❜✉✐•t ❛r♦✉♥❞ ❛ ♣♦s✐t✐✈❡ t②♣❡ ❢✉♥❝t✐♦♥ ✭❦❡r♥❡•✮ ✭❇❡r•✐♥❡t ❛♥❞ ❚❤♦♠❛s✲❆❣♥❛♥✱ ✷✵✵✹✮✳ ▲❡t κ ❜❡ s✉❝❤ ❛ ❦❡r♥❡• ♦♥ X ❛♥❞ H κ , •, • Hκ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡♣r♦❞✉❝✐♥❣ ❦❡r♥❡• ❍✐•❜❡rt s♣❛❝❡ ✭|❑❍❙✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② ♦❢ t❤✐s s♣❛❝❡ ❛r❡ ❡♥s✉r❡❞ ❜② t❤❡ ▼♦♦r❡✲❆r♦♥s③❛•♥ t❤❡♦r❡♠✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ▼❡r❝❡r r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ✭❛t •❡❛st✮ ❛ ♠❛♣♣✐♥❣ Φ ♦♥ X s❛t✐s❢②✐♥❣✿ ∀ x, x ′ ∈ X 2 , κ x, x ′ = Φ (x) , Φ x ′ , ✭✶✮ ✇❤❡r❡ •, • ✐s t❤❡ ❞♦t ♣r♦❞✉❝t ♦❢ t❤❡ ℓ 2 s♣❛❝❡✳ ✏❚❤❡✑ ❢❡❛t✉r❡ s♣❛❝❡ tr❛❞✐t✐♦♥❛••② ❞❡s✐❣♥❛t❡s ❛♥② ♦❢ t❤❡ ❍✐•❜❡rt s♣❛❝❡s E Φ(X ) , •, • s♣❛♥♥❡❞ ❜② t❤❡ Φ (X )✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ |❑❍❙✱ H = H κ , •, • Hκ + {1} Q ✐s t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s h = (h k ) 1≤k≤Q ❢r♦♠ X ✐♥t♦ R Q ♦❢ t❤❡ ❢♦r♠✿ h(•) = m k i=1 β ik κ (x ik , •) + b k 1≤k≤Q ✇❤❡r❡ t❤❡ x ik ❛r❡ ❡•❡♠❡♥ts ♦❢ X ✭t❤❡ β ik ❛♥❞ b k ❛r❡ s❝❛•❛rs✮✱ ❛s ✇❡•• ❛s t❤❡ •✐♠✐ts ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛s t❤❡ s❡ts {x ik : 1 ≤ i ≤ m k } ❜❡❝♦♠❡ ❞❡♥s❡ ✐♥ X ✱ ✐♥ t❤❡ ♥♦r♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ❞♦t ♣r♦❞✉❝t✳ ❉✉❡ t♦ ✭✶✮✱ H ❝❛♥ ❛•s♦ ❜❡ s❡❡♥ ❛s ❛ ♠✉•t✐✈❛r✐❛t❡ ❛✣♥❡ ♠♦❞❡• ♦♥ Φ (X )✳ ❋✉♥❝t✐♦♥s h ❝❛♥ t❤❡♥ ❜❡ r❡✇r✐tt❡♥ ❛s✿ h(•) = ( w k , • + b k ) 1≤k≤Q ✇❤❡r❡ t❤❡ ✈❡❝t♦rs w k ❛r❡ ❡•❡♠❡♥ts ♦❢ E Φ(X ) ✳ ❚❤❡② ❛r❡ t❤✉s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ♣❛✐r (w, b) ✇✐t❤ w = (w k ) 1≤k≤Q ❛♥❞ b = (b k ) 1≤k≤Q ✳ ▲❡t H st❛♥❞ ❢♦r t❤❡ ♣r♦❞✉❝t s♣❛❝❡ H Q κ ✳ ■ts ♥♦r♠✱ • H✱ ✐s ❣✐✈❡♥ ❜② h H = Q k=1 w k 2 = w ✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ E Q Φ(X ) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ s❡❝♦♥❞ ♥♦r♠✿ • ∞ ✳ ■t ✐s ❞❡✜♥❡❞ ❜② w ∞ = max 1≤k≤Q w k ✳ ❲✐t❤ t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛t ❤❛♥❞✱ ❛ ❣❡♥❡r✐❝ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ▼✲❙❱▼s ❝❛♥ ❜❡ ❢♦r♠✉•❛t❡❞ ❛s ❢♦••♦✇s✳ ❉❡✜♥✐t✐♦♥ ✶✸ ✭▼✲❙❱▼✮ ▲❡t ((x i , y i )) 1≤i≤m ∈ (X × [ [ 1, Q ] ]) m ✳ ❆ Q✲❝❛t❡❣♦r② ▼✲❙❱▼ ✐s ❛ •❛r❣❡ ♠❛r❣✐♥ ❞✐s❝r✐♠✐♥❛♥t ♠♦❞❡• ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ ♦✈❡r t❤❡ ❤②♣❡r♣•❛♥❡ Q k=1 h k = 0 ♦❢ H ✼ ❛♥ ♦❜•❡❝t✐✈❡ ❢✉♥❝t✐♦♥ J ♦❢ t❤❡ ❢♦r♠✿ J (h) = m i=1 ℓ ▼✲❙❱▼ (y i , h (x i )) + λ w 2 ✇❤❡r❡ t❤❡ ❞❛t❛ ✜t ❝♦♠♣♦♥❡♥t✱ ✉s❡❞ ✐♥ ♣•❛❝❡ ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ✭♠❛r❣✐♥✮ r✐s❦✱ ✐♥✈♦•✈❡s ❛ •♦ss ❢✉♥❝t✐♦♥ ℓ ▼✲❙❱▼ ✇❤✐❝❤ ✐s ❝♦♥✈❡①✳ ❚❤❡ t❤r❡❡ ♠❛✐♥ ♠♦❞❡•s ♦❢ ▼✲❙❱▼s ❛r❡ t❤♦s❡ ♦❢ ❲❡st♦♥ ❛♥❞ ❲❛t❦✐♥s ✭✶✾✾✽✮✱ ❈r❛♠♠❡r ❛♥❞ ❙✐♥❣❡r ✭✷✵✵✶✮✱ ❛♥❞ ▲❡❡ ❡t ❛•✳ ✭✷✵✵✹✮✳ ■t s♣r✐♥❣s ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✸ t❤❛t t❤❡② ♦♥•② ❞✐✛❡r ✐♥ t❤❡ ♥❛t✉r❡ ♦❢ ℓ ▼✲❙❱▼ ✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤✐s ❢✉♥❝t✐♦♥ ✐s s✉❝❤ t❤❛t t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣❡♥❛•✐③❡r w 2 t❡♥❞s t♦ ♠❛①✐♠✐③❡ ❣❡♦♠❡tr✐❝❛• ♠❛r❣✐♥s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✇❤✐❝❤ ✐s ❞✐r❡❝t•② ❝♦♥♥❡❝t❡❞ ✇✐t❤ ❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡♦r❡♠ ✶ ✐♥✈♦•✈❡s ❛ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ♦❢ ∆ # γ G ✇❤❡r❡❛s ❚❤❡♦r❡♠ ✷ ✐♥✈♦•✈❡s t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs ♦❢ ∆ * G✱ ✇❤❡♥ G ✐s ❛ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s t❛❦✐♥❣ t❤❡✐r ✈❛•✉❡s ✐♥ ❛ ❜♦✉♥❞❡❞ s❡t ♦❢ t❤❡ ❢♦r♠ [-M, M ] Q ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝•❛ss H ✐s ❡❛s✐❡r t♦ ❤❛♥❞•❡ t❤❛♥ t❤❡ ❝•❛ss H✳ ❚❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❝❛•• ❢♦r t❤❡ ✉s❡ ♦❢ ❤②♣♦t❤❡s❡s r❡❣❛r❞✐♥❣ t❤❡ ✈♦•✉♠❡ ♦❝❝✉♣✐❡❞ ❜② ❞❛t❛ ✐♥ E Φ(X ) ✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❝♦♥str❛✐♥ts ♦♥ (w, b)✱ ❛s ✇❡•• ❛s t❤❡ ❢♦r♠✉•❛t✐♦♥ ♦❢ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉•t r❡•❛t✐♥❣ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡rs ♦❢ ∆ * γ H ❛♥❞ ∆ * H ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ❝♦♥str❛✐♥ts✳ ❚❤✐s r❡s✉•t ✐s ♣r♦✈✐❞❡❞ ❜② t❤❡ ❢♦••♦✇✐♥❣ •❡♠♠❛✳ ▲❡♠♠❛ ✶ ✭▲❡♠♠❛s ✾ ❛♥❞ ✶✵ ✐♥ •✉❡r♠❡✉r ✭✷✵✵✹✮✮ ▲❡t H ❜❡ t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❛ Q✲❝❛t❡❣♦r② ▼✲❙❱▼ ❝❛♥ ✐♠♣•❡♠❡♥t ✉♥❞❡r t❤❡ ❝♦♥str❛✐♥t b ∈ [-β, β] Q ✳ ▲❡t H ❜❡ t❤❡ s✉❜s❡t ♦❢ H ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ b = 0✳ ▲❡t (γ, ǫ) ∈ R * + 2 ❛♥❞ n ∈ N * ✳ ❚❤❡♥ N (p) (ǫ, ∆ * γ H, n) ≤ 2 β ǫ + 1 Q N (p) (ǫ/2, ∆ * H, n). ✭✷✮ ❆ ✜♥❛• t❤❡♦r❡♠ t❤❡♥ ❝♦♠♣•❡t❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❣✉❛r❛♥t❡❡❞ r✐s❦✳ ❚❤❡♦r❡♠ ✸ ✭❚❤❡♦r❡♠ ✺ ✐♥ •✉❡r♠❡✉r ✭✷✵✵✹✮✮ ▲❡t H ❜❡ t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❛ Q✲ ❝❛t❡❣♦r② ▼✲❙❱▼ ❝❛♥ ✐♠♣•❡♠❡♥t ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t Φ(X ) ✐s ✐♥❝•✉❞❡❞ ✐♥ t❤❡ ❝•♦s❡❞ ❜❛•• ♦❢ r❛❞✐✉s Λ Φ(X ) ❛❜♦✉t t❤❡ ♦r✐❣✐♥ ✐♥ E Φ(X ) ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts w ∞ ≤ Λ w ❛♥❞ b = 0✳ ❚❤❡♥✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ r❡❛• ✈❛•✉❡ ǫ✱ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞ ❤♦•❞s tr✉❡✿ ◆✲❞✐♠ ∆ H, ǫ ≤ Q 2 Λ w Λ Φ(X ) ǫ 2 . ❚❤❡ ♣r♦♦❢ ❝♦♠❜✐♥❡s t❤❡ •✐♥❡ ♦❢ ❛r❣✉♠❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✐✲❝•❛ss r❡s✉•t✱ ❚❤❡♦r❡♠ ✹✳✻ ✐♥ ❇❛rt•❡tt ❛♥❞ ❙❤❛✇❡✲❚❛②•♦r ✭✶✾✾✾✮✱ ✇✐t❤ t❤❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ♣✐❣❡♦♥❤♦•❡ ♣r✐♥❝✐♣•❡✳ ❚❤✐s ✐♥✈♦•✈❡s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✷ ✐♥ ❇❛rt•❡tt ❛♥❞ ❙❤❛✇❡✲❚❛②•♦r ✭✶✾✾✾✮ ✇❤✐❝❤ ❝❛♥ ♦♥•② ❜❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ∆ ♦♣❡r❛t♦r✳ ❚❤✐s r❡♠❛r❦ ❝♦♠♣•❡t❡s t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❜♦t❤ ♠❛r❣✐♥ ♦♣❡r❛t♦rs ✽ ✐♥ ❚❤❡♦r❡♠ ✷✳ P✉tt✐♥❣ t❤✐♥❣s t♦❣❡t❤❡r✱ t❤❡ ❝♦♥tr♦• t❡r♠ ♦❢ t❤❡ ❣✉❛r❛♥t❡❡❞ r✐s❦ ♦❜t❛✐♥❡❞ ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ tr❛✐♥✐♥❣ s❛♠♣•❡ ❛s ln(m) • m -1/2 ✳ ❚❤✐s r❡♣r❡s❡♥ts ❛♥ ✐♠♣r♦✈❡♠❡♥t ♦✈❡r t❤❡ r❛t❡ ♦❜t❛✐♥❡❞ ❜② •✉❡r♠❡✉r ❡t ❛•✳ ✭✷✵✵✺✮✱ ♥❛♠❡•② m -1/4 ✳ ■♥ s❤♦rt✱ ✇❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ s♦ ❢❛r ✐s t♦ ❞❡r✐✈❡ ❛ ❣❡♥❡r❛• ♣✉r♣♦s❡ ❜♦✉♥❞ ✭❚❤❡♦r❡♠s ✶ ❛♥❞ ✷✮✱ ❛♥❞ ❞❡❞✐❝❛t❡ ✐t ✐♥ t❤❡ ❡♥❞ t♦ ▼✲❙❱▼s ✭▲❡♠♠❛ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✸✮✳ ❖❜✈✐♦✉s•②✱ ✐♠♣r♦✈❡♠❡♥ts s❤♦✉•❞ r❡s✉•t ❢r♦♠ ❛♣♣•②✐♥❣ ❉✉❞•❡②✬s ♠❡t❤♦❞ ♦❢ ❝❤❛✐♥✐♥❣ ✭❉✉❞•❡②✱ ✶✾✽✹✮✱ ❛s ✇❡•• ❛s ♦♣t✐♠✐③✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ♣s❡✉❞♦✲♠❡tr✐❝s ❛♥❞ ♥♦r♠s✳ ■♥ t❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥✱ ♠❛❦✐♥❣ ❢✉•• ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t ▼✲❙❱▼s ❛r❡ ❜❛s❡❞ ♦♥ ❛ |❑❍❙✱ ✇❡ ♦❜t❛✐♥ ❛ s❤❛r♣❡r ❜♦✉♥❞✳ ✺ ❇♦✉♥❞ ♦♥ t❤❡ r✐s❦ ♦❢ ▼✲❙❱▼s ❜❛s❡❞ ♦♥ t❤❡ |❛❞❡♠❛❝❤❡r ❝♦♠✲ ♣•❡①✐t② ❚❤❡ ❜♦✉♥❞ ❡st❛❜•✐s❤❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ r❡sts ♦♥ t❤❡ ❤②♣♦t❤❡s✐s ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥✱ ♣•✉s t❤❡ ❝♦♥str❛✐♥t b = 0 ✭✇❡ ✇♦r❦ ✇✐t❤ H✮✳ ■t ✐s ❞✐r❡❝t•② ✐♥s♣✐r❡❞ ❢r♦♠ ❜✐✲❝•❛ss r❡s✉•ts ❡①♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥s ✸ ❛♥❞ ✹ ✐♥ ❇♦✉❝❤❡r♦♥ ❡t ❛•✳ ✭✷✵✵✺✮✳ ❲❡ st❛rt ❜② ❣✐✈✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ |❛❞❡♠❛❝❤❡r ❝♦♠♣•❡①✐t②✳ ❋♦r n ∈ N * ✱ ❛ ❇❡r♥♦✉••✐ ♦r |❛❞❡♠❛❝❤❡r s❡q✉❡♥❝❡ σ ✐s ❛ s❡q✉❡♥❝❡ (σ i ) 1≤i≤n ♦❢ ✐✳✐✳❞✳ ❇❡r♥♦✉••✐ r❛♥❞♦♠ ✈❛r✐❛❜•❡s ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♠♠♦♥ ✈❛•✉❡ ♦❢ t❤❡ ♣❛r❛♠❡t❡r p ✐s 1 2 ✳ ❉❡✜♥✐t✐♦♥ ✶✹ ✭|❛❞❡♠❛❝❤❡r ❝♦♠♣•❡①✐t②✮ ▲❡t F ❜❡ ❛ ❝•❛ss ♦❢ r❡❛•✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s ✇✐t❤ ❞♦✲ ♠❛✐♥ T ✳ ❋♦r n ∈ N * ✱ •❡t T = (T i ) 1≤i≤n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ n ✐✳✐✳❞✳ r❛♥❞♦♠ ✈❛r✐❛❜•❡s t❛❦✐♥❣ ✈❛•✉❡s ✐♥ T ❛♥❞ •❡t σ = (σ i ) 1≤i≤n ❜❡ ❛ |❛❞❡♠❛❝❤❡r s❡q✉❡♥❝❡✳ ❚❤❡ |❛❞❡♠❛❝❤❡r ❝♦♠♣•❡①✐t② ♦❢ F ✐s R n (F) = E σT sup f ∈F 2 n n i=1 σ i f (T i ) . ❚❤❡ ✉s❡ ♦❢ t❤❡ |❛❞❡♠❛❝❤❡r ❝♦♠♣•❡①✐t②✱ ❛♥❞ ♠♦r❡ ❣❡♥❡r❛••② |❛❞❡♠❛❝❤❡r ❛✈❡r❛❣❡s✱ ✐s ❝❡♥tr❛• ✐♥ ♠❛♥② r❡s✉•ts ✐♥ t❤❡ t❤❡♦r② ♦❢ ❡♠♣✐r✐❝❛• ♣r♦❝❡ss❡s✳ ❋♦r t❤♦s❡ ❛✈❡r❛❣❡s✱ ❛ ✈❛st s❡t ♦❢ ♣r♦♣❡rt✐❡s ✐s ❛✈❛✐•❛❜•❡✱ ❛♠♦♥❣ ✇❤✐❝❤ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r✐♥❝✐♣•❡✱ ✇❤✐❝❤ ✇✐•• ♣r♦✈❡ ✉s❡❢✉• ✐♥ t❤❡ s❡q✉❡•✳ ❚❤❡♦r❡♠ ✹ ✭❆❢t❡r ❚❤❡♦r❡♠ ✹✳✶✺ ✐♥ ❙❤❛✇❡✲❚❛②•♦r ❛♥❞ ❈r✐st✐❛♥✐♥✐ ✭✷✵✵✹✮✮ F ❛♥❞ n ❜❡✲ ✐♥❣ ❞❡✜♥❡❞ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✹✱ •❡t φ : R -→ R ❜❡ ❛ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t L φ s✉❝❤ t❤❛t φ(0) = 0✳ ❚❤❡♥ R n (φ • F) ≤ 2L φ R n (F) . ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✶✱ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞ ❡①♣♦s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♥❡✇ ♠❛r❣✐♥ r✐s❦ ❛♥❞ t❤❡ ✉s❡ ♦❢ ❛ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥❡q✉❛•✐t②✳ ❚❛❦✐♥❣ ♦✉r ✐♥s♣✐r❛✲ t✐♦♥ ❢r♦♠ t❤❡ •♦ss ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ▼✲❙❱▼ ♦❢ ❈r❛♠♠❡r ❛♥❞ ❙✐♥❣❡r ✭✷✵✵✶✮✱ ℓ ▼✲❙❱▼ (y, h (x)) = ✾ (1 -h y (x) + max k =y h k (x)) + ✱ ✇❤❡r❡ (t) + = max (0, t)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦••♦✇✐♥❣ ❝♦♥✈❡①✐✜❡❞ r✐s❦✿ R(h) = E (1 -∆h Y (X)) + . Rm (h) ❞❡s✐❣♥❛t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡♠♣✐r✐❝❛• r✐s❦✱ ♠❡❛s✉r❡❞ ♦♥ ❛ m✲s❛♠♣•❡✳ ❚❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ✐♥❡q✉❛•✐t② ✉s❡❞ ❤❡r❡ ✐s t❤❡ ❜♦✉♥❞❡❞ ❞✐✛❡r❡♥❝❡s ✐♥❡q✉❛•✐t②✳ ❚❤❡♦r❡♠ ✺ ✭❇♦✉♥❞❡❞ ❞✐✛❡r❡♥❝❡s ✐♥❡q✉❛•✐t② ✭▼❝❉✐❛r♠✐❞✱ ✶✾✽✾✮✮ ❋♦r n ∈ N * ✱ •❡t (T i ) 1≤i≤n ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ n ✐♥❞❡♣❡♥❞❡♥t r❛♥❞♦♠ ✈❛r✐❛❜•❡s t❛❦✐♥❣ ✈❛•✉❡s ✐♥ ❛ s❡t T ✳ ▲❡t f ❜❡ ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ T n ✐♥t♦ R s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥st❛♥ts (c i ) 1≤i≤n s❛t✐s❢②✐♥❣✿ ∀i ∈ [ [ 1, n ] ] , sup (t i ) 1≤i≤n ∈T n ,t ′ i ∈T f (t 1 , . . . , t n ) -f (t 1 , . . . , t i-1 , t ′ i , t i+1 , . . . , t n ) ≤ c i . ❚❤❡♥✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✈❛•✉❡ ♦❢ τ ✱ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜•❡ f (T 1 , . . . , T n ) s❛t✐s✜❡s t❤❡ ❢♦••♦✇✐♥❣ ✐♥✲ ❡q✉❛•✐t✐❡s✿ P {f (T 1 , . . . , T n ) -Ef (T 1 , . . . , T n ) > τ } ≤ e -2τ 2 c ❛♥❞ P {Ef (T 1 , . . . , T n ) -f (T 1 , . . . , T n ) > τ } ≤ e -2τ 2 c ✇❤❡r❡ c = n i=1 c 2 i ✳ ❚❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ r❡s✉•ts ❜❡✐♥❣ ❣✐✈❡♥✱ s❡tt✐♥❣ K H = Λ w Λ Φ(X ) + 1✱ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ❢♦••♦✇✐♥❣ ❜♦✉♥❞✳ ❚❤❡♦r❡♠ ✻ ▲❡t H ❜❡ t❤❡ ❝•❛ss ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ❛ Q✲❝❛t❡❣♦r② ▼✲❙❱▼ ❝❛♥ ✐♠♣•❡♠❡♥t ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s t❤❛t Φ(X ) ✐s ✐♥❝•✉❞❡❞ ✐♥ t❤❡ ❝•♦s❡❞ ❜❛•• ♦❢ r❛❞✐✉s Λ Φ(X ) ❛❜♦✉t t❤❡ ♦r✐❣✐♥ ✐♥ E Φ(X ) ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts w ∞ ≤ Λ w ❛♥❞ b = 0✳ ▲❡t δ ∈ (0, 1)✳ ❲✐t❤ ♣r♦❜❛❜✐•✐t② ❛t •❡❛st 1 -δ✱ t❤❡ r✐s❦ ♦❢ ❛♥② ❢✉♥❝t✐♦♥ h ✐♥ H ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❜②✿ R( h) ≤ Rm ( h) + 4 √ m + 4Q(Q -1)Λ w Λ Φ(X ) √ m + K H ln 1 δ 2m . ✭✸✮ Pr♦♦❢ ❙✐♥❝❡ 1l {∆ hY (X)≤0} ≤ 1 -∆ hY (X) + ✱ ✇❡ ❤❛✈❡✿ ∀ h ∈ H, R( h) ≤ R( h). ❈♦♥s❡q✉❡♥t•②✱ ∀ h ∈ H, R( h) ≤ Rm ( h) + sup h′ ∈ H R( h′ ) -Rm ( h′ ) . ✭✹✮ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ s✉♣r❡♠✉♠ ♦❢ t❤❡ ❡♠♣✐r✐❝❛• ♣r♦❝❡ss ❛♣♣❡❛r✐♥❣ ✐♥ ✭✹✮✳ ▲❡t Z ❞❡♥♦t❡ t❤❡ r❛♥❞♦♠ ♣❛✐r (X, Y ) ❛♥❞ Z i ✐ts ❝♦♣✐❡s ✶✵ ✇❤✐❝❤ ❝♦♥st✐t✉t❡ t❤❡ m✲s❛♠♣•❡ D m ✿ D m = (Z i ) 1≤i≤m ✳ ❆❢t❡r s✐♠♣•✐❢②✐♥❣ ♥♦t❛t✐♦♥ t❤✐s ✇❛②✱ t❤❡ ❜♦✉♥❞❡❞ ❞✐✛❡r❡♥❝❡s ✐♥❡q✉❛•✐t② ❝❛♥ ❜❡ ❛♣♣•✐❡❞ t♦ t❤❡ s✉♣r❡♠✉♠ ♦❢ ✐♥t❡r❡st ❜② s❡tt✐♥❣ n = m✱ (T i ) 1≤i≤n = D m ✭✐✳❡✳✱ T i = Z i ✮✱ ❛♥❞ f (T 1 , . . . , T n ) = suph ∈ H R( h) -Rm ( h) ✳ ❉✉❡ t♦ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✻✱ t❤❡ ❢✉♥❝t✐♦♥s h ♦❢ H✱ ❛♥❞ t❤✉s t❤❡ ❢✉♥❝t✐♦♥s ∆ h ♦❢ ∆ H✱ t❛❦❡ t❤❡✐r ✈❛•✉❡s ✐♥ [-M H, M H] Q ✇✐t❤ M H = Λ w Λ Φ(X ) ✳ ❈♦♥s❡q✉❡♥t•②✱ t❤❡ •♦ss ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ r✐s❦ R t❛❦❡s ✐ts ✈❛•✉❡s ✐♥ t❤❡ ✐♥t❡r✈❛• [0, K H]✳ ❖♥❡ ❝❛♥ t❤✉s ❝❤♦♦s❡ t❤❡ s❡q✉❡♥❝❡ (c i ) 1≤i≤m ✐♥ t❤❡ ❢♦••♦✇✐♥❣ ✇❛②✿ ∀i ∈ [ [ 1, m ] ] , c i = K H m ✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥•② ✐♥t❡r❡st❡❞ ✐♥ ❝♦♠♣✉t✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ s✉♣r❡♠✉♠✱ ✐t ✐s t❤❡ ✜rst ✐♥❡q✉❛•✐t② ✇❤✐❝❤ ✐s ✉s❡❞✳ ❲❡ t❤❡♥ ❣❡t t❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t✿ ✇✐t❤ ♣r♦❜❛❜✐•✐t② ❛t •❡❛st 1 -δ✱ sup h∈ H R( h) -Rm ( h) ≤ E Dm sup h∈ H R( h) -Rm ( h) + K H ln 1 δ 2m . ✭✺✮ ❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❣❤♦st s❛♠♣•❡ D ′ m = ((X ′ i , Y ′ i )) 1≤i≤m = (Z ′ i ) 1≤i≤m ✱ ❡①❤✐❜✐t✐♥❣ t❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❛s t❤❡ ✐♥✐t✐❛• s❛♠♣•❡ D m ✱ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤✐s s❛♠♣•❡✱ ♠❛❦❡s ✐t ♣♦ss✐❜•❡ t♦ ❛♣♣•② ❛ s②♠♠❡tr✐③❛t✐♦♥✳ ▲❡t RDm ( h) ❛♥❞ RD ′ m ( h) ❜❡ t❤❡ ❡♠♣✐r✐❝❛• ♠❛r❣✐♥ r✐s❦s r❡s♣❡❝t✐✈❡•② ❛ss♦❝✐❛t❡❞ ✇✐t❤ D m ❛♥❞ D ′ m ✭✇❡ ❤❛✈❡ t❤✉s RDm ( h) = Rm ( h)✮✳ ❚❤❡♥✱ E Dm sup h∈ H R( h) -Rm ( h) = E Dm sup h∈ H E D ′ m RD ′ m ( h) -RDm ( h)|D m . ❙✐♥❝❡ t❤❡ s✉♣r❡♠✉♠ ✐s ❝♦♥✈❡①✱ ❛♣♣•②✐♥❣ ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t② ❣✐✈❡s✿ E Dm sup h∈ H E D ′ m RD ′ m ( h) -RDm ( h)|D m ≤ E D 2m sup h∈ H RD ′ m ( h) -RDm ( h) , ✇❤❡r❡ D 2m ❞❡♥♦t❡s t❤❡ ❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ t❤❡ s❛♠♣•❡s D m ❛♥❞ D ′ m ✳ ❇② s✉❜st✐t✉t✐♦♥ ✐♥t♦ ✭✺✮✱ ✇❡ ❣❡t✿ sup h∈ H R( h) -Rm ( h) ≤ E D 2m sup h∈ H RD ′ m ( h) -RDm ( h) + K H ln 1 δ 2m . E D 2m sup h∈ H RD ′ m ( h) -RDm ( h) = E D 2m sup h∈ H 1 m m i=1 1 -∆ hY ′ i X ′ i + -1 -∆ hY i (X i ) + ≤ E D 2m sup h∈ H 1 m m i=1 1 -∆ hY ′ i X ′ i + -1 -∆ hY i (X i ) + . ❆t t❤✐s •❡✈❡•✱ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ✇❡✐❣❤t✐♥❣ ✇✐t❤ |❛❞❡♠❛❝❤❡r ✈❛r✐❛❜•❡s ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❛♣✲ ♣•✐❝❛t✐♦♥ ♦♥ D 2m ♦❢ ❛ ♣❡r♠✉t❛t✐♦♥ ❜❡•♦♥❣✐♥❣ t♦ t❤❡ ✏s✇❛♣♣✐♥❣✑ s✉❜❣r♦✉♣ ♦❢ S 2m ✱ t❤❡ s②♠♠❡tr✐❝ ❣r♦✉♣ ♦❢ ❞❡❣r❡❡ 2m✳ ❙✐♥❝❡ ❝♦♦r❞✐♥❛t❡ ♣❡r♠✉t❛t✐♦♥s ♣r❡s❡r✈❡ t❤❡ ♣r♦❞✉❝t ❞✐str✐❜✉t✐♦♥ P 2m ✱ ✇❡ ❣❡t✿ E D 2m sup h∈ H RD ′ m ( h) -RDm ( h) ≤ E σD 2m sup h∈ H 1 m m i=1 σ i 1 -∆ hY ′ i X ′ i + -1 -∆ hY i (X i ) + . E D 2m sup h∈ H RD ′ m ( h) -RDm ( h) ≤ 2E σDm sup h∈ H 1 m m i=1 σ i 1 -∆ hY i (X i ) + . ✭✻✮ ❋♦r ❛•• h ∈ H✱ •❡t fh ❜❡ t❤❡ r❡❛•✲✈❛•✉❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ X × Y ❜②✿ ∀(x, y) ∈ X × Y, fh(x, y) = 1 -∆ hy (x).
▲❡t 

F H = fh : h ∈ H ✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✻✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦••♦✇s 2E σDm sup fh∈F H 1 m m i=1 σ i (fh (X i , Y i )) + = R m (F H) + . ❙✐♥❝❡ t❤❡ ❢✉♥❝t✐♦♥ (•) + s❛t✐s✜❡s t❤❡ ▲✐♣s❝❤✐t③ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ❝♦♥st❛♥t 1✱ ❛♣♣•②✐♥❣ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣r✐♥❝✐♣•❡ ❣✐✈❡s✿ E σDm sup h∈ H 1 m m i=1 σ i 1 -∆ hY i (X i ) + ≤ 2E σDm sup h∈ H 1 m m i=1 σ i 1 -∆ hY i (X i ) ≤ 2 E σ 1 m m i=1 σ i + E σDm sup h∈ H 1 m - m i=1 σ i ∆ hY i (X i ) ≤ 2 1 √ m + E σDm sup h∈ H 1 m m i=1 σ i ∆ hY i (X i ) . E σDm sup h∈ H m i=1 σ i ∆ hY i (X i ) = E σDm sup h∈ H m i=1 σ i 1 2 hY i (X i ) -max k =Y i hk (X i ) . ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ♣❡r❢♦r♠❡❞ s♦ ❢❛r ❛r❡ ♥♦t ♣r♦♣❡r t♦ ▼✲❙❱▼s ❜✉t ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥t K H✳ ■♥ t❤❡ s❡q✉❡•✱ ✇❡ ♠❛❦❡ ❢✉•• ✉s❡ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❝•❛ss H ✐s ❜✉✐•t ❛r♦✉♥❞ ❛ |❑❍❙ ✐♥❞✉❝❡❞ ❜② t❤❡ ❦❡r♥❡• κ✳ ❋♦r n ∈ N * ✱ •❡t z n = ((x i , y i )) 1≤i≤n ∈ (X × Y) n ❛♥❞ •❡t ❝❛t ❜❡ ❛ ♠❛♣♣✐♥❣ ❢r♦♠ H × X × Y ✐♥t♦ [ [ 1, Q ] ] 2 s✉❝❤ t❤❛t ∀ h, x, y ∈ H × X × Y, ❝❛t h, x, y = (k, l) =⇒ (k = y) ∧ (l = y) ∧ hl (x) = max p =y hp (x) . ❇② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♠❛♣♣✐♥❣ ❝❛t✱ ∀z m ∈ (X × Y) m , 1 2 E σ sup h∈ H m i=1 σ i hy i (x i ) -max k =y i hk (x i ) ≤ 1 2 E σ   sup h∈ H k =l i: ❝❛t( h,x i ,y i) =(k,l) σ i hk (x i ) -hl (x i )    . ❙✐♥❝❡ t❤❡ r❡♣r♦❞✉❝✐♥❣ ♣r♦♣❡rt② ✐♠♣•✐❡s t❤❛t hk (x i ) -hl (x i ) = hk -hl , κ (x i , •) ✱ 1 2 E σ sup h∈ H m i=1 σ i hy i (x i ) -max k =y i hk (x i ) ≤ 1 2 E σ   sup h∈ H k =l i: ❝❛t( h,x i ,y i) =(k,l) σ i hk -hl , κ (x i , •)    . ✭✼✮ ✶✷ ❉✉❡ t♦ t❤❡ ❝♦♥str❛✐♥t w ∞ ≤ Λ w ✱ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ♣r♦✈✐❞❡s ✉s ✇✐t❤ t❤❡ ❢♦••♦✇✐♥❣ ✉♣♣❡r ❜♦✉♥❞✿ ∀ h ∈ H, ∀(k, l) ∈ [ [ 1, Q ] ] 2 , k = l✱ 1 2 i: ❝❛t( h,x i ,y i) =(k,l) σ i hk -hl , κ (x i , •) = 1 2 hk -hl , i: ❝❛t( h,x i ,y i) =(k,l) σ i κ (x i , •) ≤ Λ w i: ❝❛t( h,x i ,y i) =(k,l) σ i κ (x i , •) . ❚❤✉s✱ 1 2 E σ   sup h∈ H k =l i: ❝❛t( h,x i ,y i) =(k,l) σ i hk -hl , κ (x i , •)    ≤ Λ w E σ   sup h∈ H k =l i: ❝❛t( h,x i ,y i) =(k,l) σ i κ (x i , •)    . ▲❡t P m ❜❡ t❤❡ s❡t ♦❢ ❛•• ♠❛♣♣✐♥❣s p m ❢r♦♠ [ [ 1, m ] ] ✐♥t♦ [ [ 1, Q ] ] 2 s✉❝❤ t❤❛t ❢♦r ❛•• ✈❛•✉❡ ♦❢ i✱ t❤❡ ♣❛✐r p m (i) ✐s ❛•✇❛②s ♠❛❞❡ ✉♣ ♦❢ t✇♦ ❞✐✛❡r❡♥t ✈❛•✉❡s✳ Λ w E σ   sup h∈ H k =l i: ❝❛t( h,x i ,y i) =(k,l) σ i κ (x i , •)    ≤ Λ w k =l E σ   sup pm∈Pm i: pm(i)=(k,l) σ i κ (x i , •)   . ✭✽✮ ❈♦♥s❡q✉❡♥t•②✱ t♦ ❝♦♠♣•❡t❡ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞✱ ✐t s✉✣❝❡s t♦ ✜♥❞ ❛ ✉♥✐❢♦r♠ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r♠✿ E σ i∈Im σ i κ (x i , •) , ✇❤❡r❡ I m ✐s ❛ s✉❜s❡t ♦❢ [ [ 1, m ] ]✳ E σ i∈Im σ i κ (x i , •) = E σ   i∈Im σ i κ (x i , •) , j∈Im σ j κ (x j , •) 1 2   . ✭✾✮ ❇② ❛♣♣•✐❝❛t✐♦♥ ♦❢ ❏❡♥s❡♥✬s ✐♥❡q✉❛•✐t②✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✾ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛s ❢♦••♦✇s✿ E σ   i∈Im σ i κ (x i , •) , j∈Im σ j κ (x j , •) 1 2   ≤   E σ   i∈Im j∈Im σ i σ j κ (x i , x j )     1 2 = i∈Im κ (x i , x i ) 1 2 . ❙✐♥❝❡ κ ✐s ❛ ♣♦s✐t✐✈❡ t②♣❡ ❢✉♥❝t✐♦♥✱ κ (x i , x i ) ≥ 0✱ ❛♥❞ t❤✉s ∀I m ⊂ [ [ 1, m ] ] , E σ i∈Im σ i κ (x i , •) ≤ i∈Im κ (x i , x i ) 1 2 ≤ m i=1 κ (x i , x i ) 1 2 ≤ Λ Φ(X ) √ m. ✶✸ ✭t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣❛rt✐❛• r❡s✉•t E σ 1 m | m i=1 σ i | ≤ 1 √ m ✇❡ ✉s❡❞ ❡❛r•✐❡r ✐s ❡①❛❝t•② t❤❡ s❛♠❡✮✳ ❚♦ s✉♠ ✉♣✿ ∀(k, l) ∈ [ [ 1, Q ] ] 2 , k = l, E σ   sup pm∈Pm i: pm(i)=(k,l) σ i κ (x i , •)   ≤ Λ Φ(X ) √ m. ❇② s✉❜st✐t✉t✐♦♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✽✮✱ ❛♥❞ t❤❡♥ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✮✱ ✇❡ ❣❡t ∀z m ∈ (X × Y) m , 1 2 E σ sup h∈ H m i=1 σ i hy i (x i ) -max k =y i hk (x i ) ≤ Q(Q -1)Λ w Λ Φ(X ) √ m ✇❤✐❝❤ ✐♠♣•✐❡s t❤❛t E σDm sup h∈ H 1 m m i=1 σ i ∆ hY i (X i ) ≤ Q(Q -1)Λ w Λ Φ(X ) √ m . •❛t❤❡r✐♥❣ ❛•• t❤❡ ♣❛rt✐❛• r❡s✉•ts ♣r♦❞✉❝❡s t❤❡ ❜♦✉♥❞ ✭✸✮✱ ✇❤✐❝❤ ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ■♥ t❤✐s ❜♦✉♥❞✱ t❤❡ ❝♦♥tr♦• t❡r♠ ✐s ❛ O m -1/2 ✳ ❲❡ ❤❛✈❡ t❤✉s ❣❛✐♥❡❞ ❛ ln(m) ❢❛❝t♦r ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜♦✉♥❞ ✐♥✈♦•✈✐♥❣ t❤❡ ♠❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥✳ ✻ ❈♦♥❝•✉s✐♦♥s ❛♥❞ ♦♥❣♦✐♥❣ r❡s❡❛r❝❤ ❆ ♥❡✇ ❝•❛ss ♦❢ ❣❡♥❡r❛•✐③❡❞ ❱❈ ❞✐♠❡♥s✐♦♥s ❞❡❞✐❝❛t❡❞ t♦ •❛r❣❡ ♠❛r❣✐♥ ♠✉•t✐✲❝❛t❡❣♦r② ❞✐s❝r✐♠✐♥❛♥t ♠♦❞❡•s ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞✿ t❤❡ γ✲Ψ✲❞✐♠❡♥s✐♦♥s✳ ❚❤❡② ❝❛♥ ❜❡ s❡❡♥ ❡✐t❤❡r ❛s ♠✉•t✐✈❛r✐❛t❡ ❡①✲ t❡♥s✐♦♥s ♦❢ t❤❡ ❢❛t✲s❤❛tt❡r✐♥❣ ❞✐♠❡♥s✐♦♥ ♦r s❝❛•❡✲s❡♥s✐t✐✈❡ Ψ✲❞✐♠❡♥s✐♦♥s✳ ❚❤❡✐r ✜♥✐t❡♥❡ss ✭❢♦r ❛•• ♣♦s✐t✐✈❡ ✈❛•✉❡s ♦❢ t❤❡ s❝❛•❡ ♣❛r❛♠❡t❡r γ✮ ❝❤❛r❛❝t❡r✐③❡s •❡❛r♥❛❜✐•✐t② ❢♦r t❤❡ ❝•❛ss❡s ♦❢ ❢✉♥❝t✐♦♥s ❝♦♥s✐❞❡r❡❞✳ ❚❤❡✐r ✐♥tr♦❞✉❝t✐♦♥ t❤✉s ❜r✐❞❣❡s ❛♥ ✐♠♣♦rt❛♥t ❣❛♣ ✐♥ t❤❡ ❱❈ t❤❡♦r②✳ ❋✉rt❤❡r♠♦r❡✱ ✉s✐♥❣ t❤❡ ♠❛r❣✐♥ ◆❛t❛r❛•❛♥ ❞✐♠❡♥s✐♦♥✱ ✇❡ ❞❡r✐✈❡❞ ❛ ❜♦✉♥❞ ♦♥ t❤❡ r✐s❦ ♦❢ ▼✲❙❱▼s ✇❤❡r❡ t❤❡ ❝♦♥tr♦• t❡r♠ ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ s✐③❡ ♦❢ t❤❡ tr❛✐♥✐♥❣ s❛♠♣•❡ ❛s ln(m) • m -1/2 ✳ ❆•t❤♦✉❣❤ t❤✐s ❣✉❛r✲ ❛♥t❡❡❞ r✐s❦ ✐s t✐❣❤t❡r t❤❛♥ t❤❡ ♦♥❡ ❡st❛❜•✐s❤❡❞ ❜② •✉❡r♠❡✉r ❡t ❛•✳ ✭✷✵✵✺✮✱ t❤❡ s❤❛r♣❡st r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ♦❜t❛✐♥❡❞ ❢♦r t❤❡s❡ ♠❛❝❤✐♥❡s r❡s✉•t❡❞ ❢r♦♠ ✉s✐♥❣ t❤❡ |❛❞❡♠❛❝❤❡r ❝♦♠♣•❡①✐t②✳ ❲❡ ❝♦♥•❡❝t✉r❡ t❤❛t t❤✐s r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱ ✐♥ m -1/2 ✱ ❝♦✉•❞ ❛•s♦ ❜❡ ❛tt❛✐♥❡❞ ✉s✐♥❣ γ✲Ψ✲❞✐♠❡♥s✐♦♥s✳ ❚❤❛♥❦s t♦ ❉✉❞•❡②✬s ♠❡t❤♦❞ ♦❢ ❝❤❛✐♥✐♥❣ ✭❉✉❞•❡②✱ ✶✾✽✹✮✱ t❤❡ ❱❈ ❜♦✉♥❞ ❝♦✉•❞ ♦❜✈✐♦✉s•② ❜❡ ✐♠✲ ♣r♦✈❡❞ ❜② ❛ ❢❛❝t♦r ln(m)✳ ❚❤❡ ❞✐✣❝✉•t② t❤✉s ❝♦♥s✐sts ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡ ❣❡♥❡r❛•✐③❡❞ ❙❛✉❡r ▲❡♠♠❛ ✭❚❤❡♦r❡♠ ✷✮ ✐♥ ♦r❞❡r t♦ ❣❡t r✐❞ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ln(m) ❢❛❝t♦r✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❞❡r✐✈✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ❝♦✈❡r✐♥❣ ♥✉♠❜❡r ♦❢ ✐♥t❡r❡st ❣r♦✇✐♥❣ ♣♦•②♥♦♠✐❛••② ✇✐t❤ m✱ t♦ r❡♣•❛❝❡ t❤❡ ❝✉rr❡♥t m O(ln(m)) ✳ ❚❤✐s ❝♦✉•❞ ❜❡ ♣♦ss✐❜•❡ s✐♥❝❡ t❤✐s ❞❡♣❡♥❞❡♥❝❡ ✐s ♣r❡❝✐s❡•② t❤❡ ♦♥❡ ♦❢ ❙❛✉❡r✬s ✭♦r✐❣✐♥❛•✮ •❡♠♠❛✳ ❖❜t❛✐♥✐♥❣ t❤❡s❡ ✐♠♣r♦✈❡♠❡♥ts ✐s t❤❡ s✉❜•❡❝t ♦❢ ❛♥ ♦♥❣♦✐♥❣ r❡s❡❛r❝❤✳ ✶✹ ❆❝❦♥♦✇•❡❞❣♠❡♥ts ❚❤❡ ❛✉t❤♦r ✇♦✉•❞ •✐❦❡ t♦ t❤❛♥❦ ❖✳ ❇♦✉sq✉❡t ❢♦r ✐♥tr♦❞✉❝✐♥❣ ❤✐♠ t♦ t❤❡ ✉s❡ ♦❢ |❛❞❡♠❛❝❤❡r ❛✈❡r❛❣❡s✳ ❚❤❛♥❦s ❛r❡ ❛•s♦ ❞✉❡ t♦ ▲✳ |❛•❛✐✈♦•❛ ❢♦r ❝❤❡❝❦✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳ |❡❢❡r❡♥❝❡s ◆✳ ❆•♦♥✱ ❙✳ ❇❡♥✲❉❛✈✐❞✱ ◆✳ ❈❡s❛✲❇✐❛♥❝❤✐✱ ❛♥❞ ❉✳ ❍❛✉ss•❡r✳ ❙❝❛•❡✲s❡♥s✐t✐✈❡ ❞✐♠❡♥s✐♦♥s✱ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡✱ ❛♥❞ •❡❛r♥❛❜✐•✐t②✳ ❏♦✉r♥❛• ♦❢ t❤❡ ❆❈▼✱ ✹✹✭✹✮✿✻✶✺✕✻✸✶✱ ✶✾✾✼✳ P✳▲✳ ❇❛rt•❡tt✳ ❚❤❡ s❛♠♣•❡ ❝♦♠♣•❡①✐t② ♦❢ ♣❛tt❡r♥ ❝•❛ss✐✜❝❛t✐♦♥ ✇✐t❤ ♥❡✉r❛• ♥❡t✇♦r❦s✿ ❚❤❡ s✐③❡ ♦❢ t❤❡ ✇❡✐❣❤ts ✐s ♠♦r❡ ✐♠♣♦rt❛♥t t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ■❊❊❊

  ❚r❛♥s❛❝t✐♦♥s ♦♥ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②✱ ✹✹✭✷✮✿✺✷✺✕✺✸✻✱ ✶✾✾✽✳ P✳▲✳ ❇❛rt•❡tt ❛♥❞ ❏✳ ❙❤❛✇❡✲❚❛②•♦r✳ •❡♥❡r❛•✐③❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦❢ s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s ❛♥❞ ♦t❤❡r ♣❛tt❡r♥ ❝•❛ss✐✜❡rs✳ ■♥ ❇✳ ❙❝❤ö•❦♦♣❢✱ ❈✳❏✳❈✳ ❇✉r❣❡s✱ ❛♥❞ ❆✳ ❙♠♦•❛✱ ❡❞✐t♦rs✱ ❆❞✈❛♥❝❡s ✐♥ ❑❡r♥❡• ▼❡t❤♦❞s✱ ❙✉♣♣♦rt ❱❡❝t♦r ▲❡❛r♥✐♥❣✱ ❝❤❛♣t❡r ✹✱ ♣❛❣❡s ✹✸✕✺✹✳ ❚❤❡ ▼■❚ Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ▼❆✱ ✶✾✾✾✳ ❙✳ ❇❡♥✲❉❛✈✐❞✱ ◆✳ ❈❡s❛✲❇✐❛♥❝❤✐✱ ❉✳ ❍❛✉ss•❡r✱ ❛♥❞ P✳▼✳ ▲♦♥❣✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s ♦❢ •❡❛r♥❛❜✐•✐t② ❢♦r ❝•❛ss❡s ♦❢ {0, . . . , n}✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s✳ ❏♦✉r♥❛• ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s✱ ✺✵✭✶✮✿ ✼✹✕✽✻✱ ✶✾✾✺✳ ❆✳ ❇❡r•✐♥❡t ❛♥❞ ❈✳ ❚❤♦♠❛s✲❆❣♥❛♥✳ |❡♣r♦❞✉❝✐♥❣ ❑❡r♥❡• ❍✐•❜❡rt ❙♣❛❝❡s ✐♥ Pr♦❜❛❜✐•✐t② ❛♥❞ ❙t❛t✐s✲ t✐❝s✳ ❑•✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜•✐s❤❡rs✱ ❇♦st♦♥✱ ✷✵✵✹✳ ❙✳ ❇♦✉❝❤❡r♦♥✱ ❖✳ ❇♦✉sq✉❡t✱ ❛♥❞ •✳ ▲✉❣♦s✐✳ ❚❤❡♦r② ♦❢ ❝•❛ss✐✜❝❛t✐♦♥✿ ❆ s✉r✈❡② ♦❢ s♦♠❡ r❡❝❡♥t ❛❞✈❛♥❝❡s✳ ❊❙❆■▼✿ Pr♦❜❛❜✐•✐t② ❛♥❞ ❙t❛t✐st✐❝s✱ ✾✿✸✷✸✕✸✼✺✱ ✷✵✵✺✳ ❑✳ ❈r❛♠♠❡r ❛♥❞ (✳ ❙✐♥❣❡r✳ ❖♥ t❤❡ ❛•❣♦r✐t❤♠✐❝ ✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ ♠✉•t✐❝•❛ss ❦❡r♥❡•✲❜❛s❡❞ ✈❡❝t♦r ♠❛❝❤✐♥❡s✳ ❏♦✉r♥❛• ♦❢ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ |❡s❡❛r❝❤✱ ✷✿✷✻✺✕✷✾✷✱ ✷✵✵✶✳ |✳▼✳ ❉✉❞•❡②✳ ❆ ❝♦✉rs❡ ♦♥ ❡♠♣✐r✐❝❛• ♣r♦❝❡ss❡s✳ ■♥ P✳▲✳ ❍❡♥♥❡q✉✐♥✱ ❡❞✐t♦r✱ ❊❝♦•❡ ❞✬❊té ❞❡ Pr♦❜❛❜✐•✐tés ❞❡ ❙❛✐♥t✲❋•♦✉r ❳■■ ✲ ✶✾✽✷✱ ✈♦•✉♠❡ ✶✵✾✼ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ♣❛❣❡s ✶✕✶✹✷✳ ❙♣r✐♥❣❡r✲❱❡r•❛❣✱ ✶✾✽✹✳ (✳ •✉❡r♠❡✉r✳ ▲❛r❣❡ ♠❛r❣✐♥ ♠✉•t✐✲❝❛t❡❣♦r② ❞✐s❝r✐♠✐♥❛♥t ♠♦❞❡•s ❛♥❞ s❝❛•❡✲s❡♥s✐t✐✈❡ Ψ✲ ❞✐♠❡♥s✐♦♥s✳ ❚❡❝❤♥✐❝❛• |❡♣♦rt ||✲✺✸✶✹✱ ■◆|■❆✱ ✷✵✵✹✳ ✭r❡✈✐s❡❞ ✐♥ ✷✵✵✻✮✳ ✶✺ (✳ •✉❡r♠❡✉r✱ ▼✳ ▼❛✉♠②✱ ❛♥❞ ❋✳ ❙✉r✳ ▼♦❞❡• s❡•❡❝t✐♦♥ ❢♦r ♠✉•t✐✲❝•❛ss ❙❱▼s✳ ■♥ ■♥t❡r♥❛t✐♦♥❛• ❙②♠♣♦s✐✉♠ ♦♥ ❆♣♣•✐❡❞ ❙t♦❝❤❛st✐❝ ▼♦❞❡•s ❛♥❞ ❉❛t❛ ❆♥❛•②s✐s✱ ♣❛❣❡s ✺✵✼✕✺✶✼✱ ✷✵✵✺✳ ▼✳❏✳ ❑❡❛r♥s ❛♥❞ |✳❊✳ ❙❝❤❛♣✐r❡✳ ❊✣❝✐❡♥t ❞✐str✐❜✉t✐♦♥✲❢r❡❡ •❡❛r♥✐♥❣ ♦❢ ♣r♦❜❛❜✐•✐st✐❝ ❝♦♥❝❡♣ts✳ ❏♦✉r♥❛• ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s✱ ✹✽✭✸✮✿✹✻✹✕✹✾✼✱ ✶✾✾✹✳ (✳ ▲❡❡✱ (✳ ▲✐♥✱ ❛♥❞ •✳ ❲❛❤❜❛✳ ▼✉•t✐❝❛t❡❣♦r② s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s✿ ❚❤❡♦r② ❛♥❞ ❛♣♣•✐❝❛t✐♦♥ t♦ t❤❡ ❝•❛ss✐✜❝❛t✐♦♥ ♦❢ ♠✐❝r♦❛rr❛② ❞❛t❛ ❛♥❞ s❛t❡••✐t❡ r❛❞✐❛♥❝❡ ❞❛t❛✳ ❏♦✉r♥❛• ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛• ❆ss♦❝✐❛t✐♦♥✱ ✾✾✭✹✻✺✮✿✻✼✕✽✶✱ ✷✵✵✹✳ ❈✳ ▼❝❉✐❛r♠✐❞✳ ❖♥ t❤❡ ♠❡t❤♦❞ ♦❢ ❜♦✉♥❞❡❞ ❞✐✛❡r❡♥❝❡s✳ ❙✉r✈❡②s ✐♥ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✶✹✶✿✶✹✽✕✶✽✽✱ ✶✾✽✾✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳ ❇✳❑✳ ◆❛t❛r❛•❛♥✳ ❖♥ •❡❛r♥✐♥❣ s❡ts ❛♥❞ ❢✉♥❝t✐♦♥s✳ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣✱ ✹✭✶✮✿✻✼✕✾✼✱ ✶✾✽✾✳ ◆✳ ❙❛✉❡r✳ ❖♥ t❤❡ ❞❡♥s✐t② ♦❢ ❢❛♠✐•✐❡s ♦❢ s❡ts✳ ❏♦✉r♥❛• ♦❢ ❈♦♠❜✐♥❛t♦r✐❛• ❚❤❡♦r② ✭❆✮✱ ✶✸✿✶✹✺✕✶✹✼✱ ✶✾✼✷✳ ❏✳ ❙❤❛✇❡✲❚❛②•♦r ❛♥❞ ◆✳ ❈r✐st✐❛♥✐♥✐✳ ❑❡r♥❡• ▼❡t❤♦❞s ❢♦r P❛tt❡r♥ ❆♥❛•②s✐s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②Pr❡ss✱ ✷✵✵✹✳ ❱✳◆✳ ❱❛♣♥✐❦✳ ❙t❛t✐st✐❝❛• ▲❡❛r♥✐♥❣ ❚❤❡♦r②✳ ❏♦❤♥ ❲✐•❡② ✫ ❙♦♥s✱ ■♥❝✳✱ ◆❡✇ (♦r❦✱ ✶✾✾✽✳ ❏✳ ❲❡st♦♥ ❛♥❞ ❈✳ ❲❛t❦✐♥s✳ ▼✉•t✐✲❝•❛ss s✉♣♣♦rt ✈❡❝t♦r ♠❛❝❤✐♥❡s✳ ❚❡❝❤♥✐❝❛• |❡♣♦rt ❈❙❉✲❚|✲✾✽✲ ✵✹✱ |♦②❛• ❍♦••♦✇❛②✱ ❯♥✐✈❡rs✐t② ♦❢ ▲♦♥❞♦♥✱ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✾✾✽✳ ✶✻