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Abstract

We establish a new a priori bound for L2-bounded sequences of
solutions to the mKdV equations on the torus. This first enables us to
construct weak solutions in L? for this equation and to check that the
”solutions” constructed by Kappeler and Topalov in the defocusing
case satisfy the equation in some weak sense. In a second time, we
prove that the solution-map associated with the mKdV and the KdV
equation are discontinuous for the H*(T) topology for respectively s <
0 and s < —1. These last results are sharp.

1 Introduction

In this paper we study different properties of the Cauchy problems posed
on the flat torus T := R/27Z associated with the Korteweg-de Vries (KdV)
equation

Wy + Wage — 6ww, =0 (1.1)

and the modified Korteweg-de Vries (mKdV) equation
Vg + Uy F 6020, = 0 (1.2)

Here, w and v are real-valued functions on T. For some results we will have
to distinguish between two mKdV equations depending on the sign in front
of the nonlinear term. (1.2) is called the defocussing mKdV equation when
there is a minus sign in front of the nonlinear term and the focussing mKdV



equation when it is a plus sign. The Cauchy problem associated with these
equations in space of rough functions on the torus has been extensively
studied these last two decades. In a seminal paper [1], Bourgain proved
that the Cauchy problem associated with the KdV equation is globally well-
posed in H%(T), s > 0, whereas the one associated with the mKdV equation
is globally well-posed in H*(T), s > 1, and locally well-posed in H*(T) for
s > 1/2. The local well-posedness of the KAV equation was pushed down
to H*(T), s > —1/2 by Kenig, Ponce and Vega [13] (see [6] for the global-
wellposedness of the KAV and the mKdV equations in H*(T) for respectively
s> —1/2 and s > 1/2.) The local well-posednesss results proved in these
papers mean the following : for any initial data ug € H*(T) there exists a
time T' = T'(|luo||rs) > 0 only depending on ||ug||gs and a solution wu that
satisfies the equation at least in some weak sense and is unique in some
function space X — C([0,T]; H*(T)). Moreover, for any R > 0, the flow-
map ug — u is continuous from the ball centered at the origin with radius R
of H%(T) into C([0,T(R)]; H*(T)). Note that in all these works, by a change
of variables, the study of the KdV equation is actually restricted to initial
data with mean value zero and the mKdV equation is substituting by the
following ”"renormalized” equation :

Up + Upge F 6(u2 — ][u2)ux =0 (1.3)

where o u? denotes the mean value of u?. The best results quoted above
are known to be sharp if one requires moreover the smoothness of the flow-
map (cf. [3]) or the uniform continuity on bounded sets of the solution-
map (cf. [4]) associated respectively with the KdV equation on space of
functions with mean value zero and with (1.3). On the other hand, they
have been improved if one only requires the continuity of the flow-map. In
this direction, in [12]-[11], Kappeler and Topalov introduced the following
notion of solutions which a priori does not always corresponds to the solution
in the sense of distribution : A continuous curve v : (a,b) — HP(T) with
0 € (a,b) and v(0) = ug is called a solution of KdV equation (resp. mKdV
equation) in HP(T) with initial data uy iff for any C™-sequence of initial
data {ugn} converging to ug in HP(T) and for any t €]a,b], the sequence
of emanating solutions {uy,} of the KdV equation (resp. mKdV equation)
satisfies : up(t) — (t) in HP(T)

Note that a solution in the sense of this definition is necessarily unique.
With this notion of solution they proved the global well-posedness of the
KdV and the defocusing mKV equations in H*(T) for respectively s > —1
and s > 0, with a solution-map which is continuous from H~!(T) (resp.



L?(T)) into C(R; HY(T)) (resp. C(R; L?(T))). Their proof is based on the
inverse scattering method and thus depends in a crucial way of the complete
integrability of these equations. It is worth noticing that, by Sobolev em-
bedding theorem, their solutions of the defocussing mKdV equation satisfy
the equation in the distributional sense as soon as s > 1/6. Independently,
Takaoka and Tsutsumi ([21]) extended the local well-posedness of the mKdV
equation (with the classical notion of solutions) to H*(T) for s > 3/8 by
modifying in a suitable way the Bourgain’s space used as resolution space.
This approach has been very recently improved by Nakanashi, Takaoka and
Tsutsumi [19] and local well-posedness has been pushed to H*(T) for s > 1/3
(local existence of solutions is shown in H*(T) for s > 1/4)

In this paper we first establish an a priori estimate for L?-bounded se-
quences of solutions to the mKdV equation. To this aim we slightly modify
the spaces introduced by Ionescu-Kenig and Tataru in [9]. Recall that these
spaces are constructed by localizing in time the Bourgain spaces with a lo-
calization in time that depends inversely on the space frequencies of the
functions (see [14] and [5] for previous works in this direction). Note that,
to some extent, this approach is a version for the Bourgain’s spaces of the
approach developped by Koch and Tzvetkov [15] in Strichartz spaces. Once
our a priori estimate is established we translate it in the Bourgain’s type
spaces introduced in [9] . This enables us to pass to the limit on the nonlinear
term by separating resonant and non resonant parts. Following some ideas
developped in [16], we then derive a non continuity result for the mKdV
equation in H*(T) for s < 0. On the other hand, we obtain the existence
of weak L?-solutions of (1.3) and prove that the L?-solutions constructed
in [12] of the defocusing mKdV equation satisfy the equation in some weak
sense. Finally, we follow some ideas of [17] and use properties of the Riccati
map proved in [10] to derive a non continuity result for the KdV equation
in H*(T) for s < —1.

1.1 Statement of the results

Our results can be summarized in the two following theorems. The first one
deals with the discontinuity of the solution-map associated with the KdV
and mKdV equations.

Theorem 1.1. The Cauchy problems associated with the KdV equation and
the mKdV equation are ill-posed in H*(T) for respectively s < —1 and s < 0.
More precisely,



i) for any T > 0 and any s < —1, the solution-map ug — u associ-
ated with the KdV equation is discontinous at any uy € HZ°(T) from
H§e(T), endowed with the topology inducted by H*(T), into D'(]0, T[xT).

it) for any T > 0 and any s < 0, the solution-map ug — wu associated
with the mKdV equation is discontinous at any non constant function
ug € H*>®(T) from H*>(T), endowed with the topology inducted by
H*(T), into D'(]0, T[xT).

Remark 1.1. Actually we prove the following assertions :

i’) For any T > 0, the solution-map ug — u associated with the KdV
equation is discontinous, at any ug € HZ(T), from HG(T) endowed
with the weak topology of H~1(T) into D'(]0, T[xT).

it’) For any T > 0, the solution-map ug — u associated with the mKdV
equation is discontinous, at any non constant function ug € H*>(T),
from H>(T) endowed with the weak topology of L*(T) into D'(]0, T[xT).

it”) Let ug € H>®(T) be a non constant function. There exists no T > 0
such that for all t €]0,T[ the flow-map ug — u(t) associated with the

mKdV equation is continuous, at ugy , from H*(T) endowed with the
weak topology of L*(T) into D'(T) .

Remark 1.2. Our proof of the ill-posedness of the KdV equation below
H~Y(T) is heavily related to the algebraic structure of the equation via the
Miura map. However, it is interesting to notice that, in [18], a similar result
is proved for the KdV-Burgers equation with a completely different method.

The second one deals with the existence of weak L2-solutions to the
mKdV equation.

Theorem 1.2.

i) For any ug € L*(T) there exists a weak solution u € Cy(R; L*(T)) N
(Us<oF*1/2) of mKdV such that u(0) = ug. Moreover, u(t) — ug in
L*(T) as t — 0.

ii) The C(R; L?(T))-functions determined by the unique continuous ex-
tension to C(R; L*(T)) of the C(R; H*(T)) solution-map of the defo-
cusing mKdV equation, constructed in [11], are weak solutions of the
mKdV equation and belong to UscoF>1/2.



Remark 1.3. The function spaces F5Y/2 are defined by (2.4) when substi-
tuting the linear KdV group U(-) by the linear group V (-) defined in (5.13).
Our notion of weak solution to mKdV is described in Definition 5.2 (see also
(5.14) for assertion ii)).

Remark 1.4. Once, the second assertion of Theorem 1.2 is established, the
first assertion seems to have no more interest for the defocusing mKdV equa-
tion (note that the first assertion is, up to our knowledge, the only available
existence result of global weak L*(T)-solutions for the focusing mKdV equa-
tion). However, the proof of assertion 2 uses the complete integrability of
the equation which is not a priori conserved by perturbations. On the other
hand, the proof of assertion 1 seems to be widely more tractable and for
instance certainly works for a wide class of perturbations of the defocusing
mKdV equation. For instance,

Damped mKdV : us + Ugpr + vu F wuy, = 0, v>0
KdV-mKdV :  up + Upge F u2ux F uu, =0,

Remark 1.5. We also construct in Proposition 5.2 global weak solutions
for the "renormalized” mKdV equation (1.3).

This paper is organized as follows: In the next section we introduce
the notations and the functions spaces we will work with. We also give
some useful estimates for time-localized functions. In Section 3 we recall
general linear estimates in such functions spaces and some linear and bilinear
estimates relating to the KdV group. Section 4 is devoted to the proof of
the uniform bound for L?(T)-bounded sequence of solutions to mKdV. We
prove Theorem 1.2 in Section 5 and Theorem 1.1 in Section 6. Finally, in
the appendix we first give a simplified proof of the continuous embedding
in L*(R x T) of some Bourgain’s space related to the KAV group. Then, for
sake of completeness, we prove some needed bilinear estimates and sketch
the proof of some properties of the Riccati map u — 1/ + u? —f u?.

2 Notations and functional spaces

2.1 Notations

For z,y € R%, © ~ y means that there exist C;, Co > 0 such that
Cix <y < Cox. x S yand z 2 y mean that there exists Cy > 0 such
that respectively x < Choy and x > Chy. For a Banach space X, we denote
by || - [[x the norm in X.



We will use the same notations as in [6] and [7] to deal with Fourier trans-
form of space periodic functions with a large period \. (d§), will be the
renormalized counting measure on A\"1Z :

[a@@en-5 X a©
Eex—1z

As written in [7], (d€), is the counting measure on the integers when A = 1
and converges weakly to the Lebesgue measure when A — oo. In all the
text, all the Lebesgue norms in § will be with respect to the measure (d§).
For a (27w \)-periodic function ¢, we define its space Fourier transform on

A1Z by
2(6) = /A I @) dn, VA2

We denote by U(+) the free group associated with the linearized Korteweg-de
Vries equation,

—

Ut)p€) = ePOtp(e), ¢exZ | pe)=¢.

The Lebesgue spaces Lg\, 1 < g < o0, for (2mA)-periodic functions, will be

defined as usually by
1/q
_ q
lelg = (| _let@)da)

with the obvious modification for ¢ = oco.
We define the Sobolev spaces H3 for (27 \)-periodic functions by

lellmg = K€ e (Ollzz = [ T20llzz
where () = (1+ |- [)!/2 and J3p(¢) = (€)°3 ().
Note that the closed subspace of zero mean value functions of HY will be
denoted by Hg , (it is equipped with the H§-norm).

In the same way, for a function u(¢,z) on R x AT, we define its space-time
Fourier transform by

a(t,8) = Fra(u)(,€) = / / e~ TS (¢ ) dadt,  V(1,€) € RxA'Z
R JAT
LYL§ and L%.L§ will denote respectively the Lebesgue spaces
1/p T 1/p
ey = ([ Tt de) ™ and g = /O Jutt, )7 dt)
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with the obvious modification for p = oco.
For any (s,b) € R?, we define the Bourgain space Xf\’b, of (2 A)-periodic (in
x) functions as the completion of S(AT x R) for the norm

lall oo = (T = pE)*(€) "l 2, = I(N)*(€)* Fra(U(=t)u)llz ,  (2.1)

For T' > 0 and a function space B), we denote by Br ) the corresponding
restriction in time space endowed with the norm

lullgrs = inf {llw]s,, w()=ul) on ] =TT} .

Finally, for all function spaces of (2w \)-periodic functions, we will drop the
index A when \ = 1.

2.2 Bourgain’s spaces on frequency dependent time intervals

We will need a Littlewood-Paley analysis. Let ¢ € C§°(R) be an even
function such that ¢» > 0, suppy C [-3/2,3/2], » = 1 on [-5/4,5/4].
We set 79 := 1 and for all k& € N*, (&) := ¢(27F¢) — ¢ (27%1¢) and
n<k = P27k = Zf:o nk. We also set 7jp := (27 1) and for all k¥ € N*,
() = »(27F71€) — (27 12¢)

The Fourier multiplicator operators by 7;, 7; and 7<; will be denoted re-
spectively by Aj, Aj and S;, and the projection on the constant Fourier
mode will be denoted by P , i.e. for any u € L?(AT)

— —

Aju:=n;t, Aju:=na, Sju:=n<ja and Pylu)= X u(z) d.
AT

= 1

By a slight abuse of notations, we will also define the operator Aj, Aj and
Py on L?(AT x R)-functions by the same formula. Finally, for any I € N we
define the functions v; on A7!'Z x R by

v(&,7) = n(r = p(§)) - (2.2)
Let 0 <b<1,keN, tg € Rand f € C®(\Tx]tg—27%,t9+27%]), we define
— F P _ ok —k
M1y = g {I1fllxons, £=f onJto —27%,t +27"(}

A

where Xg’b’l is the Bourgain’s type space defined by
;€S (T x R),

o0

b ~
||f||Xg,b,1 = ZQJ ||Vj(£a7—)f||LZT <00
=0

061
X)\ =

7



Our a priori estimate will take place in the normed space G defined as the
completion of C°(AT x R) for the norm

111, = fupZHAka 2 (2.3)

k>0

Once our a priori estimate will be established we will make use of the spaces
F ;’b, introduced in [9], that are endowed with the norm

120 = 3 (sup 21 A flg, ) (2.4)

k>0

To handle the nonlinear term, for & € N, we will also need to introduce the
function space Z? , defined as the completion of L(AT x R) for the following
norm :

£, = S22 s(€ ) r = p(€) + 25 Pl (2.5)

720

Finally, for ty € R and f € L*(Tx]tg — 27%, to + 27%]), we define

£l 22

A k,tg

= it {1y, =1 onlto—2 M0+ 274}

Xk

2.3 Some useful estimates for localized in time functions

Following [9] , we state the lemma below that will be useful in the linear esti-
mates and also in the nonlinear estimates when we will localize the functions
on time interval of length of order 27,

Lemma 2.1. Let be given b € [0,1[, A > 1 and f € Xg’b’l. Then for all
l € N it holds

2 [naatr=pt€)) [ IFi& N @ 02 =) i

(2.6)
and

> ijHWj(T—p(ﬁ))/R\f(fs,r’)yQl(1+21,7_7/‘)4dT,

>+

2
L r

< @ve®Ah osa . (27)

< (22N £ gosa



Proof. For b € [0,1/2] and | € N, we get by Cauchy-Schwarz in 7/,

1.2

14 =2 g (r = p(6)) / Fle. )27 @+ 27! = )~ ar
&,

2
Lg,r

S na(r-pen Y /R vo(& T F(E )27 (1 + 27 — 7))~ e
q=0

< 20 s = p(€) 32 18 oy Pl 0]
q=0

L2 0Lz
where
5 _ _ _ 1/2
B= s ([ =€) 2 = ) o) P ar)
|[T—p(&)|<2!+1 YR

But, for ¢ <14 2,
1/2
s ( / il — p(O) — pl€) ') < (212 ay1/2 g o5
R
and for ¢ > 1 4 3, noticing that |7 — 7’| ~ 29 >> 2! in the region where the
integrand is not vanishing, we obtain
B (2922ba98(1-0))1/2 < o(3 =D)L

Gathering the above estimates, we eventually get

_ 1
15 < 90~ DI/29GON f| ons = ||l o

which proves (2.6) for b € [0,1/2]. The case b > 1/2 follows immediately

by using the result for b = 1/2 and controlling the Xg’l/m—norm by the

x0bi1
\-norm.
Now to prove (2.7), we first notice that by the mean-value theorem,

i (7 = p(€) — i (r" = p(€)] S 27 |7 — 7|

and it thus would be sufficient to estimate

Z ijH/an(T/ - p(§))]f(§,7-’)’ 2 (1 + 27! r — 7)) 4 dr!

i>it1 s
=05 [ 7.7 — Fe gl T =T :
+ 30 2 [ @I g

j>l+1



By identifying a convolution term and applying generalized Young’s inequal-
ity, we can bound the first term for any b > 0 by

S 2%, e / 1+ 2 ) S S 29 e
j>l+1 R j>l+1

We call by J% the second term. For b € [0,1/2] we proceed as for (2.6) to
get

FLEDY 2“’“””%(7—19(5))ZJ“HVq(fS, OIFE I -p(E)]

2,112
j>1+1 4=0 e
with
b,l ~ / 712 -1 IN—8 /1 —2b / 1/2
o= sup ([ g7 = p()lr = 7P+ 27 = ) = p(e) )
(r—p(§))€[27—2,27+2] *JR
For q < j—5, we use that |7 —7'| ~ 27 > 2! in the region where the integrand
is not vanishing to get
1/2
bl jod(l—7) _ o —2b g/
Ty 5 22D ([ (e = ) ple) )
< 9i9dl=i)9(5-b)a < 9dlg—(3+b)j
whereas for ¢ > j — 4, we easily get
ghl < o9 ij 7| ‘ < 9-bio%
a.j ~ 1+ 2tz ~ ’
Gathering these estimates we conclude that
a1 o o
b,l —lo= (b—1)joj/20—bj /2 —j/2
TS Wfllygarz2¥ Y 20520270 S I y0an2? 3 2792 < g
j=1+1 j=l+1
This proves (2.7) for b € [0,1/2]. Finally, in the case b €]1/2, 1] we observe
that
- -Dio—i/2||~ 1/2,0 "
2t ST 222 (e ZJ P lvate 11 -pen | ||
G141 o e
and the above bounds on J1/2l lead to
TS IfIl 01/212/2 Z 9(b-3)i9=3/2 < 9(b |yf|yX0b1
J=l+1

10



Remark 2.1. A very useful corollary of the preceding lemma is the follow-
ing: Let b € [0,1/2], f € Xf\)’b’l and v € C(R) with support in | — 2,2].
Then for all k € N, it holds

Y g T v (28)

and
In<k(T —p(é))fm(w(?kt)f)lng’T S 2_bkllfllxgm : (2.9)

Remark 2.2. It is easy to check that Gy is continuously embedded in
L>®(R; L3(T)). Indeed, for any u € Gy, to € R and k € N, taking a function

U € X271/2,1 such that @ = u on |ty — 27%,tg +27%[ and
HaHXg’l/Q’l < 2HUHF>{,/I€2¢O )

it holds
a@wwmozéf@m@ﬂme

According to the obvious estimate

| [ 1. nar

0,1/2,1
2 S fllora, V€ Xy /2 (2.10)
3

this leads to
1ARuto) s S Akl goar20 S HAWHFﬁm :
Squaring and summing in k one obtains that
[ull e r20vmy) < llulley - (2.11)

On the other hand, it seems pretty clear that G is not included in C(R; L3(T)).

3 Some linear and bilinear estimates

3.1 General linear estimates

We first derive linear estimates that do not depend on the dispersive linear
group associated with our functional space. We mainly follow [14]-[9].
Lemma 3.1. Let be given b € [1/2,1[. Then Vp € L3 and all k € N, it
holds )

I@®ellrr,  S2072 el - (3.1)

X,k,0

11



Proof. Clearly, it suffices to prove that for any k € N,

_1
||770(2kt)U(')90HXg,b,1 S 2072z

Notice that the left-hand side member of the above inequality is bounded
by

(3= 22 lms(r)2 020 llnz ) Il -

J=0

Since 179 € C°(R), 7 decays at least as (1 + |y|)~* and thus

lnj (r)2 027"l g2 S ()27 F (14275 |r)) ™) llp2 S 27272 min(1,2'¢7)) .

(3.2)
Hence,
k+2 A )
Z2b]||77j(7)2_kﬁ0(2_k7)\|L3 < 202k
5=0
and
© .
S My (r)2 o)l < Z 2i0-Dg3k < 9-Dk ]
j=k+2 J=k+2

Lemma 3.2. Let be given b € [1/2,1[. Then for any k € N and any [ €

Zﬁ’\,ho it holds
H / (t =t f(t')dt

Proof. Let f € Z%, be and extension of f such that HJ?”ZQ < 2HfHZ§kO
We set !

<200 fll (3.3)

k0

Fb
A,k,O

t
vimm(@t) [ U= )i ar
0
Then
eit’r _ 6itp(f)

Fiz(v)(€,7) = F {no(Qkf)Amft,

o(f)dr (&)

= Fi(m(@0) « [%} - Oy [ T ar
_ =) =2 )
= [t i =50 J¢

12



Now we claim that

L 27 i (27M(r — 7)) = 27 Fie (27 (r = p(9))| "
- @] " = p(&) +i27]

S a4 e -t 2R 2 R - po) (3.4)
Assuming (3.4) for a while, it follows that

o~

o (o f& 1) & ki A gy
Isous 5 32 - ) | i a2 =)

~

N Z 2ij77].(7 —p()27 (1 + 27 — 1)(£)|)4/]R " _f;(gé;/l i2k) dr’

2
LE,T

2
LE,T

The desired bound on the first term of the above right-hand side member
follows directly from (2.6)-(2.7). To obtain the desired bound on the second
term, we combine (2.10) and (3.2).

It thus remains to prove (3.4). For this we first notice that, since ng(y) =
no(|y|), by the mean-value theorem there exists 6 €]|7 — 7', |7 — p(§)|| such
that

270 (27 (r =) =2 Mo (@M (r=p(9))| S 276 (27O —p(§)] - (3.5)
Furthermore, since 1y € S(R),
o)l + o)l < 1+ 1)~

Let us now separate three cases :

o |7 —p(&)] < 2F. Then (3.4) is obvious whenever |7/ — p(&)| > 2F and
follows directly from (3.5) whenever |7/ — p(£)] < 2F .

o |7 —p(¢)] > 2% and |7 — 7’| ~ |7 — p(¢)|. Then we must have || ~
|7 —p(&)| and |7 — p(&) +i2%| < |7 — p(€)|. Therefore (3.5) leads to

152721427 —p()) 7 - p(©)] S 2741+ 27| — p(e) )~

o |[T—p(&)] = 2" and |7 —7'| £ | =p(&)| . Then |7 —p(&)] ~ (|7 —p(&)|V
|7/ — 7]) = 2% and (3.4) follows directly from the decay of 7. O

13



3.2 Specific linear and bilinear estimates

We will also need estimates that are specific for Bourgain’s spaces associated
with the KdV linear group. We first recall the following Strichartz’s type
estimate proved in [1] (we give a simplified proof of this estimate in the
appendix) :
Lemma 3.3. For any A > 1 and any u € Xg’l/g, it holds

lullzg , S Nl o (3.6)

Finally we will make a frequent use of the following bilinear estimates
that can be deduced for instance from [22] (we give a proof of these estimates
in the appendix since we need to quantify the dependence of these estimates
with respect to the period \):

Lemma 3.4. Let A > 1 and let uq and us be two real valued L? functions
defined on R x (A\"1Z) with the following support properties

(1,€) € suppu; = (1 — &) S Ly i = 1,2.
Then for any N > 0 the following estimates holds:

(Ll Vv L2)1/4

N1/4 + )‘71/2) Jutllz2lluzllzz

(3.7)

l[ur *uall L2 r2(g)=n) S (L1 A L2)1/2<
and

LV L)%
AN (ur,u2) g2 S (L1 A LW?(% A7) oo 2

(3.8)
where A[N] : (L2(R x A"1Z))2 = L®(R x A\~1Z) is defined by

A[N](ur,u2)(7,§) = /R/sll—s—fll

4 A priori estimate for smooth solutions to (1.3)

ur (71, §1)ua (T — 71,6 —&1) (d€1)a dmy

N
2 100

As in previous works on mKdV on the torus (cf. [1],[6]), we actually work
with the ”renormalized ” mKdV equation (1.3) instead of the mKdV equa-
tion itself. This permits to cancel some resonant part in the nonlinear
term. Recall that for v € C(R; HS®), a smooth solution to mKdV with

14



initial data vg, the L?norm of v is a constant of the motion and thus
u(t,z) :=v(t,x F Q?T—t/\HvoHig) satisfies (1.3).
A
Denoting by N (u) the nonlinear term of (1.3), it holds for any ¢ € A~1Z,
67 . . .
EINWIE) = -3 D, al€)i(&)éi(E,)

§1+82+83=¢
£1+827#0

- -3l T i)

§1+82+83=¢
(§1+€2)(€1+6€3) (62 +€3)#0

8 s eaera—e)

= —ie[(Fo[ A )] © + £ [Bsww](©)]

i.e.

aﬁ—%mm%:@@m%m+3m%m» (4.1)

According to the resonance relation (4.15), A is non resonant whereas B is
a resonant term. As pointing out in [21], A is a "good term” as far as one
wants to solve the equation in H*(T) for s > 1/4. On the other hand, B is a
bad term as soon as one wants to solve the equation below H'/?(T), giving
rise to rapid oscillations that breaks the uniform continuity on bounded set
of the flow-map.

Proposition 4.1. Let A > 1 and u € C(R; H*(AT)) be a solution to (1.3).
Then,

lulley S Nl oo o2y + Il (4.2)

Proof. From the definition of the norm G, we have to bound sup Z HAkuHil/Q .
A k,tg

toeR >0
We use that for any (to,t) € R?, it holds

mn:U@—mmmﬁ+/%w—ﬂm4Amw»+Bmw»ﬁﬂ

to

By translation in time we can always assume that {5 = 0 and according to
Lemmas 3.1-3.2,

U@ Au(0) |z S 1ARu(0)]l 22
X,k,0

15



porz S AW +B@)

A k,0

and
H/Ot U(t—t")0, Ap(A(u(t')+B(u(t))dt

. 2 9 . s
Since 3 ;> ||Aku(0)HL§ ~ | oo (R;L2)? it remains to prove that

o
> (kAW + 1AB@IL ) S lul,
k=0 Ak,0 A, k,0

This is the aim of the two following lemmas.

Lemma 4.1. Let be given tg € R, A > 1 and u; € Gy for i =1,2,3. Then

it holds
3

oo
> 2| Ak (Blurus,us) ) 1200 S [T Ill, -
k=0 Akt

0 =1
Proof. By translation in time, we can take tg = 0. For any fixed k € N,
we take a time extension @y of uy such that [[Agt | o.1/20 < 2[|Agurl| 2
A X, k,0

Then, in view of the structure of B, it holds

L2

2| Ay <B(u17 uz, u3)> iy < > 21/22kHm(T—'Sg)(T—§3+12k>_1]—"xt [AkB(Uh v2, 03)} ‘
0120

<y QI/ZQka(T = &)(r — €8 +125) 7 Fu [ B(Agor, Agen, Agey)] H 2
1>0 L
where v; = 770(2kt)ﬂ1 and v; = 770(2kt)ui, 1 = 2,3. By duality it suffices to
prove that

I, = %K}ﬁPﬂAwhAw%Aw@}ﬁ—f3+n64@)
3
< Slllp(Q_l/Q||Vl@||L2)HAkv1HXQJ/MH||5k+1vz'||xg,1/2,1- (4.3)
=2

L2

Indeed, first, according to (2.8) for any k£ € N* and any u € C'(R x AT),

k-1 k-1
0@ )SkrulZonas ~ 3 0@ A 01720 < D 1Al < llul,
§=0 §=0 o

(4.4)

16



Second, taking a C*°-function v : R+ [0, 1] with compact support in [—1, 1]
satisfying v = 1 on [~1/2,1/2] and ) ., v(t —m) = 1 on R, we get for any
j>keN,

||no(2’“t)AJUIIX§,1/2,1 < ) HW(%—m)no(2’“t)AJUHX§,1/z,1
[l <23+

S Al SP Fulle, . (45)
X,5,2=Im

|m| <2k

IN

Therefore, (4.3) will lead to

3
A (Bluruz,us) e S 18k lx, 0 [T luilley
” i=2

which will gives the result by squaring and summing in k.

Since the norms in the right-hand side of (4.3) only see the size of the
modulus of the Fourier transform of the functions we can assume that all
the functions have non negative Fourier transforms. In view of the structure
of B, using Cauchy-Schwarz, we get

I < 28|y * B2 p2 gy <<T - &+ i2k>71ﬁk@> % Tk U3 | L2((6)mah)
where 0(7,&) = o(—1, =€) for all (7,6) € R x A™'Z. For k = 0,1,2 this

yields directly the result by using the Strichartz inequality (3.6). For k > 3
we introduce the following notation : we set

™=

(. &) =t — &) for I >k and  (1,8&) := Y ni(r—&)forl=k.
=0

(4.6)
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According to Lemma 3.4 we obtain
D D B G B | R P R 2
min(ly,l2,l3)>k 1>0

2(1M)/2 (V1) g k/4 1 1) 9= (R 3y | 2 i .

3L -~ o~ ~ ~ ~ o~ o~ ~ o~ o~
SN 2l (178 ol S SN 700 Y [P [ oy | [ P
>0 min(l1,l2,l3)>k
maX<28(11+12+13) 9-k/2, 2(11112) 23%32_;9/4, 2%(11+z2)2—k/42%3’2u1fg> 2%3)
3
S sup(2 72wk 12) sup (22 | | 2) [ T sup (2720 12
! 1>k i 12k
3
N SIIIP(TWHVlﬁk@Hp)HAkvlHXg,l/z,l 11 1Sk+10ill go.1/2 (4.7)
=2
where we used (2.9) in the last step. O

Lemma 4.2. Let be given tg € R, A\ > 1 and u; € Gy, fori=1,2,3. Then
1t holds

00 3
7= 32 A (Al ) )12, ST[ Il (@8)

k=0 Bl =1

Proof. Again by translation in time, we can take tg = 0. Denoting by &; the
Fourier modes of u;, we can always assume by symmetry that |{1] > 2] >
|€3]. We divide A in different terms corresponding to regions of (A71Z)3.
1.]&] < 2%

Then it holds |¢1 + & + &3] < 26, By Sobolev inequalities and (3.6),

T 3
2
JﬁZ[HHHOQtS@’qu o121

k=0 i=1
which is acceptable thanks to (4.4)-(4.5).

2.4 | > 2% and |&] < 4[¢].

In this region, it holds [£] ~ [£1]. We rewrite 7x(£) as mk(§1) + 7k (€) — (1)
and notice that by the mean-value theorem,

me() = me€0)| S min (1,27 ¢l = leal) - (4.9)

18



Therefore, J < Z(Jik + J22,k) with
k=0

T = 28 () (7 = € + 127 oo (Ar (A, uz, ) )|

1/2
k.0
and
okl 3 | soky—1
Jok =2 HWk(f)(T—f + i27) Em<A2(u17u27u3)>‘F1/g ;
k.0
where

F(nom)© =5 Y a@)n@isE), @0

(€1,62,63)€0(8)
24<|gq1<4l¢

Fo(Malnve )@ =55 D () — ml€)] n(€n)alE)os(s)

(£1,62,63)€0(8)

24< gy |<4lg]
and
3 3
0() == {(€1.6,6) €272, Y& =& J] (€+€) #0 and |&s] < [&] < [l } -
i=1 ij=1
i#j

e Estimate on J;
For any fixed k € N, we take a time extension @3 of u; such that || Ay ||Xo,1/2,1 <
A
2(|Agurll 12 . We set v = no(2Ft)@; and v; = no(2¥t)u;, i = 2,3. By du-
X, k,0
ality it suffices to prove that

Hyp = 2’“‘ (J"}t [Al(AkUhU%U?’)} AT =&+ i2k>_1§”) Lz‘

3

g Slllp(Q_l/QHVleL2)HAk1}1 ng,l/Q,l H HSk+3UZ'HX§,1/2,1 (4.11)
i=2
which is acceptable thanks to (4.4)-(4.5). Again, since the norms in the
right-hand side of (4.11) only see the size of the modulus of the Fourier
transform of the functions we can assume that all the functions have non
negative Fourier transforms. We separate four cases :
A. & <0. Then |& + &) = |€ — &1| ~ [€]. Proceeding as in (4.7), we get

Hy, 5 2| (<T &+ i2k>_1ﬁk@) 01 || L2 (e 2m) 1<k 302 * <k 303 L2 () om)
3

S Slllp(Q_l/QHVlAkap)HAkvlng,l/m HHSkJrsviHXg,l/z,l : (4.12)
=2
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B. &€ < 0. Then | + &3] = |€ — &2] ~ |£]. Therefore, exchanging the role
of v1 and v9, we can proceed exactly as in the previous case.

C. &3 < 0. Then |& + &] = | — &3] ~ |£]. Therefore, exchanging the role
of v1 and v3, we can proceed exactly as in the case A.

D. &1, & and &3 are of the same sign. Then € — &| = [ + &f ~ [€]-
Therefore we can proceed exactly as in the previous case.

e Estimate on Jy,
For any fixed k € N, we set v; := 1n9(2"t)u;, i = 1,2,3. By duality and
(4.4)-(4.5), it suffices to prove that

Hg,k = Qk‘ (-;Ea:t |:A2(1)1, V2, 03)} y <T — 53 + i2k>71Akw> LQ‘
3
< 97k/8 s%p(zflﬂuyl@up) 11 yysk+3vi\\xg,1/z,1 (4.13)
=1

Since the norms in the right-hand side of (4.13) only see the size of the
modulus of the Fourier transform of the functions we can assume that all
the functions have non negative Fourier transforms. In view of (4.9), we
thus infer that

Hyp S Qk‘ (]::vt [/12(@1,1)2,03)] =&+ i2k>_1A/I;U>

L2

where

F(Aalon )€ =55 3 [1ne el

(€1,62,€3)€0(8)
24<|gq|<4lg|

}@1 (€1)02(€2)03(&3) -

First to estimate the contribution of the region ‘\5] —|&| ‘ < |€]3/4, we proceed
exactly as for Jy j by separating the four cases A, B, C and D to obtain

o 3
Hs . < 9 k/4 Sup(Q_Z/QHVIAkaLz) H ||Sk+3vi||xo,1/2,1
! i=1 A
which is acceptable.

Now in the region

€1 = lgal| = [€1%/%, we notice that [&; + &| = |¢ - &1] >
|€]3/4. Therefore, setting

o:=o(r,6) =7 —¢& and 0, := 0(1;,&), i = 1,2,3, (4.14)
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we claim that the well-known resonance relation

o—o1—o0y—03=3& +&)(& +8&)(&+ &) (4.15)
leads to (recall that |£] ~ |&1])

max(|o], |oy]) 2 A7H¢[™ (4.16)

Indeed, either we are in the cases B ,C or D described above and then there
exists ¢ € 2,3 such that |{; + &| ~ |£| so that we are done or we are in
the case A. In this last case, we first notice that |{s + &3] ~ [£|. Second,

since &£ < 0 and ‘\5] — ]{1]‘ > [€]3/* we must have |£] < |&| — [€*/* and

€| = |&] + |&] — |&1|- It follows that |&5] < [€1] — $[¢[3/* and ensures that
(4.16) holds also in this region.
Using (3.7)-(3.8) and the notations (4.6), we get

H2,k‘ SJ 2k|’77ﬁk+2772 *n§k+3@”L2(‘£‘Zst/4)
AR (¢ = € + i) i, ket )|

_3 _ ~ —~ ~ ~
Z gho(en)/2 <2(1M3)/42 6% 4 1/2> 171, n<tt302| L2 || 715 <kt 303 || L2

min(ly,l3,l3)>k,1>0
max(2l,2li)2)\*127k/4

o(LIAD)/2 (2(11vz)/42_1i6k n )\_1/2>1/4 <2(11v1)/22_3k/4 n )\—1/2>3/42—(lvk)

A

171, n<ry301 || L2 ||k D | 2

3
_k _ PN ~
< 279 sup(22 ] 2) [ T sup (27211013
=1 "=

k = 3
S 2= SIIIP(Q_Z/ZHWAWHB) 11 155-+3vill o721
=1

where in the last step we used (2.8)-(2.9).

3.[&1] > 2* and |&1] > 4[¢].
In this region it holds

3 3 5
[€2 + &) = 1l [€2] = 161 and €] < 1] (4.17)
The two first above inequalities are clear. To prove the third one, we notice

that in this region £;&9 < 0 and we proceed by contradiction by assuming
that [£3] > 3[¢1]. Then we first notice that if ;3 > 0 then we must have
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€] > |€&5] > 2|& | which contradicts [£1] > 4/¢]. Second, if £1€3 < 0 then we
have |¢] = ‘|£2| +|&| — [&1]| > 2|&| — €] = 1[& | which again contradicts
& | > 4f¢] -

Therefore the resonance relation yields

max(|ol, [oi) Z A&l - (4.18)

In this region J < Z J;k where, for any fixed k € N, J3 ;. is defined by
keN

Jagi= Y ZQl/22kH77 7= +i25) i (€) Fia (As(Aklvlwzws))‘

k1>k 1>0

L2

(4.19)
with

Fu (A:s(vhvz,vs))(ﬁ) = D, (&)ea(&)s(&) (4.20)

(£1,62,63)€A(8)

l€11>24, &1 1>4¢]
and v; := no(2Ft)u,, i = 1,2, 3.
Let v be a C*°-function v : R +— [0,1] with compact support in [—1,1]
satisfying

v=1on [-1/2,1/2] and Zy(t—m)?’zlon R. (4.21)
meZ

We set

R = o (2R (28 — m)u; = y(2Mt —m)v;, i =1,2,3, mEZ .

(2

Clearly, Az(vi,ve,v3) = Z As(vy k1,m kl’ §1’ ). Therefore, by du-
Im| 21—k
ality it suffices to prove that

hoim 305 S (Fu[Asbnad o)
k1>k |m|<2k1—k 120
(r — €3 432"yl (r — 53)77,@)
. 3
< z—resLllp( 2w )| SupHHSlirlv |ng,1/2,1 . (4.22)

mell

L2
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Indeed, this will be acceptable, since by proceeding as in (4.4)-(4.5), it is
easily checked that

k1—1
||Sk1+1v o ||201/2,1 > Z 1A wil? /2 + Z HAkleH /2
)\]m2 ki =1 >\’€1 m2— k1 yqo—(k1+1)
+ Z AR 1wl /e < lluillé, -
qg=—2 )\k1+1 m2— k1 yq2—(k1+2)

Since the norms in the right-hand side of (4.22) only see the size of the
modulus of the Fourier transform of the functions we can assume that all the
functions have non negative Fourier transforms. We will use the following
notations :

(1, &) == m(r — €3 for 1 > ky and (7€) == nep, (1 — &%) for I = ky .
(4.23)

In view of (4.17), in this region it holds ‘\51\ — \53\‘ 2 &1 and |€ — & 2 &)
Lemma 3.4, (4.18) and (2.8)-(2.9) thus lead to

L 5 Y > ZQkHAQkI <77 U1 77<k1+1lg\)‘

k1>k |m|<2k1—F 1>0

L2

/\

1((r = € +i2) 7 ) * mcpy 4105 ™ | L2122

< Z Z Z 2k2(l1Al3)/2(2(l1\/13)/227k1 _{_)\71/2)3/4

k1>k ‘m‘<2k1 k min(ly,lg,l3)>k1,12>0
max (2!, 2ll)>)\ 192k

(2 Vi) Ag—ku /4 | \=1/2)1/49(INL2)/2(9(Vi2)[Ag—k1/4  \~1/2)~(1VE)

713 1<h 4108 | 2 1P 1<y 1105 ||L2||V1177]€1v1 "N g2 v || 2

DI w’ﬂsup(z 3 uumkwan)Hsup(m Zmsps 410" 2

k1> m|<2k1—F

A

< Z 2” 16 sup(2 32 Hylnkw”L2> sup |:H”Sk‘1+1v ’ 215/32,1] (4.24)

k1 >k |m|S2k1—k

which yields (4.22) by summing in k; and concludes the proof of the lemma.
O
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Corollary 4.1. There exists eg > 0 such that any A > 1 and any solution
u € C®(R; H>*(AT)) to (1.3) satisfying HUOHL§ < e, it holds

lulley < lluollzz - (4.25)

Proof. We are going to implement a continuity argument on the space pe-
riod. Recall that if u(t, z) is a smooth global 2Am-periodic solution of (1.3)
with initial data ug then ug(t,z) = B71u(873¢t, 87 1z) is a (2w \B)-periodic
solution of (1.3) emanating from ug g = B8~ ug(8~1x). Moreover,

luosllzz, = 672 [luoll 3 and [luosllry, < B~ uollsy -

From the conservation of the L?-norm and of the Energy,

1 1
E(’U,)ZE/T’LLi:Fé/TUAl,

and Sobolev inequalities (in the focusing case) , we get

H%HLO@(R;L%) = HUO,BHL§B and Hu[?HLOO(]R;H}\B) S HUOﬁHHiB(l + HUO,BH?;iﬁ)

In particular, it follows from (4.2) that for 5 > 1,

3
lusllass < € (luollzz + lusli, , ) (4.26)
for some constant C' > 0. Now, from classical linear estimates in Bourgain’s
spaces and the Duhamel formula, it holds

2 2
lugllcys < 2)%% [mo(t — 750)“6||X2,61/2,1 S ||UB(750)HL§B + [I(ug — Po(uﬁ))amuﬁ||L2(}t0—2,t0+2[;L§6)

S Nuglloeqgis,) + 108wy ) S 672 uollzz + 575 ol

Therefore for 3 > 1 large enough (depending on |uol[z1), lugllc,, <
C'||uol] L2 Recalling that thanks to the infinite number of conservation laws,
u actually belongs to Cp°(R; H*(AT)), 8 +— |lugllg,, is continuous on R?

and the result follows from (4.26) and a classical continuity argument.

5 Proof of Theorem 1.2

In this section we follow the process proposed in [16] to identify the limit of
a L%-bounded sequence of solutions to mKdV. To pass to the limit on the
nonlinear term in (1.3), we will make use of the space F' ;; introduced in [9].
We will need the following lemma which states that for any s < 0, b < 1/2
and T > 0, G is compactly embedded in F;ibp
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Lemma 5.1. Let A > 1 and {uy}nen be a bounded sequence of Gy. Then
for any T >0, s <0 and b < 1/2, {uy}nen is relatively compact in F;g

Proof. First we observe that for any s < 0 and any u € G,

||UH§S,1/2 = 22%8 SUPHAWHTPW
A keN teR Akt

S (2 sup sup Al
keN

< (colule,)”. (-1

Hence G) — Fs 172, Second, proceeding as in Remark 2.2, it is easy to

check that there exists Cp > 0 such that for all s <0 and v € Fs 1/2
ol oo @) < Co l[vll o - (5.2)

Let us now prove the desired result. We will use a diagonal extraction
argument. Let us fix ¢ < 0, ¥’ < 1/2 and T > 0. We notice that for any
fixed ko € N, there exists C, > 0 such that

1Skovll st 27 < NSkovll o7 < Cro 1Sk v s

Indeed, the first inequality is obvious and the second one follows from the
following chain of inequalities for any v € F ; b

ko+1
I1Skevll < P ||770( )AkSImUH
AT k=0
ko+1
< Z 22k Sup o2ks’ | Ak Sk, 02
k=0 te

2
< (Chall Skl )

b/
FX ke

where @ is an extension of v such that ||Sk,vl| o0 < 2|Skyvl| o0 Since,
A T

according to (5.1), {uy }n>0 is bounded in Ffl’l/z, it follows that {Sk,un }n>0
is bounded in Xsl’bl for any ko > 0. NOW using that for s < s’ and b < ¥/,

s'b

X, 41 1s compactly embedded in Xy X T 41, we deduce that there exists a
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subsequence {uy, } of {u,} and a sequence {wy} C F;’;H such that for any
keN,
. b
Sk, — Wi in F;:T-H . (5.3)

We define w € §'(] =T — 1,7 + 1[xT) by Apw = Apwg4q for all k € N.
Clearly, for all kg > 0,

o
ZQ%S sup HAkaFb ZQ%S supsupHAkunHFb < 811pHunH2GA .
k=0 te—|T,T k=0 neN teR kit neN

which ensures that w € F/‘\S% Moreover, proceeding as in (5.1), it easy to
check that

lim sup || Z AkunHFsb =0.

ko=ooneN "

It thus follows from (5.3) that [|u,, — wl| e — 0 as ¢ — oo, O
AT

The following proposition states that our sequence of solution {u,} is uni-
formly equi-continuous in H*(T) for any s < 0.

Proposition 5.1. Let A > 1 and {uy, }nen be a sequence of smooth solutions
o (1.3) that is bounded in Gy. Then, for any e > 0 and s < 0, there exists
Ses > 0 such that V(t1,t2) € R?,

|7f1 - t2| < 5575 = ||un(t1) - un(tg)HHi <e VneN.

Proof. First we claim that if we prove that {u,} is bounded in Ff’b for some
b>1/2 and s < 0 then we are done. To prove this claim, we fix s := 59 <0
and we set
M := sup([|lunlc, + lunll goos) -
neN A

For any given € > 0, we denote by k. the smaller integer such that

s S\ 1/2 c
(kzk o) < 4C C(s0)M - (54)

From (5.1)-(5.2) and (5.4) we infer that

| > Au(t)- 3 Mt ) .o <260 S A
/\

k=ke+1 k=kc+1 k=ks+1

FS0 1/2 — 6/2
ry
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Now, let v : R — [0,1] be a C*°-function with compact support in [—1,1]
satisfying v = 1 on [~1/2,1/2]. By (2.10), for |[t; — t2| < 27%/4 and any
R > 0, it holds

2

S0
H)\

i Agun(ty) — Agun(te)
k=0

2

S0
HA

- Hi(’Y(Q’“(tl — 1)) Agun(t1) — (2¥ (t2 — tl))Ak“n(tZ))‘
k=0

/R]:t,:v (7(2k(t — 751))Akun> (€, 7)(eT — eiteT) dT‘ 2

2
L

ks,s
~ E 22k80
k=0

R 2
S Clso) swp [t~ P [ [Fra(BurH(e = ) ) €] ar
0<k<k: “R Le
[ (s -ty el
rI>R L¢
2 2 k 2
< C(so)R*[t1 — ta|* sup [HA/{V@ (t—t1))un 0,1/2,1
0<k<ke Xy
2
R A @4t = )| ]
A
< C(so)M(|t1 — 2R + le2b2(2b*1)kf) : (5.5)

where in the last step we use that, according to (2.6)-(2.7) , for all b € [1/2,1]
and all k£ € N,

-3 0,b,1
H’Y(th)fuxg,m < o(b 2)kaHX2’b’17 Vf € X)\’ 1

1
Taking R := [t; — ta| /2, (5.5) leads to

ke
b—1/2
HZ(Akun(tl) - Akun(t2)> HHO S Cle, M, b)[ty — Lo #+1/2
k=0 A
b+1/2
This gives the desired result for s = 59 and 6. 5, := min[557, (m) b-1/2],

Finally, the result for any s €]sg, 0] follows by interpolating with (2.11).

We are thus reduced to prove that {u,} is bounded in F, 2 for some
b > 1/2. We proceed as in Proposition 4.1 and write that for any (¢, t) € R?,
it holds

u(t) = U(t — to)u(ty) + /t Ut —t)0, (A(u(t’)) + B(u(t’))dt’ )

to
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By translation in time we can always assume that {5 = 0 and according to
Lemmas 3.1-3.2, for any b €]1/2,1],

10 Au0) 1y, <2072 Agu(0) 13 < 20V D¥ | Al ez

< 2=k 2K | Ay (A())+B(w))| 22

NE,0

b
X,k,0

and
H/Ot U(t—t")0x Ap(A(u(t')+B(ut))dt’
Therefore, for any b €]1/2,1],

—4k
WU@ulE o0 = S22 % sup U@ A,

keN tek
—4ko(2b—1)k 2
S 22 2 ) ||Aku||L;>oL§
keN
S COullfepz £ CO)ulE, - (5.6)

where we used (2.11) in the last step. In the remaining we assume that
b €]1/2,1/2 + 35[. It remains to prove that

[e.e]

2 9 < 6
;033£(||A,CA<U>||Z;M B, ) S Jul,

To control the term involving B, we proceed as in Lemma 4.1. By duality
it suffices to prove that

Iy = ‘(}}t [B(AkvlaAkU%AkUB)] (T =&+ i2k>71@)L2‘
3
S 272 SlllP(TblHVl@Hm) II 1Sk+1vill o/ -
i1

where v; = 1o(2¥t)u;. For k = 0,1,2, this follows directly from (3.6),
whereas for k > 3 we deduce from (4.7) that

3

z - -1 - ~

I, g 27k20 2>’f81llp(2 v lz2) [T 1Skavill yousza
=1

which is acceptable.
Now to estimate the term involving A we denote by &; the Fourier modes
of w; and we assume by symmetry that [£;| > 2] > |£3]. We divide A in
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different terms corresponding to regions of (A\Z)3.
1.|¢;] < 2% This region can be treated as in Lemma 4.2 by using (3.6).
2./¢1| > 2% and |&] < 4[¢]. By duality it suffices to prove that

g, = 2k‘<]:xt[141(v1’v2’v3)],<T—§3+12k>—1z\w>L2‘

g k/qup(Q blHVleL2 HHSkJrg?)ZH 01/21
=1

where A; is defined in (4.10) and v; := n9(2Ft)u;. This can be done by
proceeding as above for B, separating as in Lemma 4.2, the 4 cases : ££; < 0,
£&H <0, £€3 < 0 and all the &’s of the same sign.

3.|¢1| > 2% and |€1| > 4[¢|. In this last region it suffices to prove that

Je = 3 D022 nr = €7 — € +i25) 7€) Fio (As(Ayvrvn09) )|

k1 =k 120
3
_k
< 272 [ luille,
i=1

where A3 is defined in (4.20). But this follows directly from (4.24) for any
b E]%, % + 3% [. This completes the proof of the lemma. O

L2

As noticed in [16], B has got a nice structure for passing to the limit in
the sense of distributions. More precisely, we have the following lemma:

Lemma 5.2. For any A > 1 and T > 0, the operator 0, B is continuous

from (F;ilp/?”l/:s) into X -3,

Proof. Taking w € X4 1/3 supported in time in | — 27,27 and extensions

U; € F;1/3’1/3 of u; € F 1/3 1/3 such that ||Z~Li||F71/3,1/3 < 2||ui||F71/3’1/3’ it
A AT
holds
! (et )
w, 0 B(us, up, u) L2(RXAT)
w ~ ~ ~
S Z‘ (Akwm B(Ayt, Agts, Akﬂ?,))LQ(RX)\T)‘
k=0
< Z Z ‘(Ak’wx, (Ago™ Agobm AkvkmS))LQ(RXw)‘
k= 0 |m|<T2k
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where for any k € N, i € {1,2,3} and m € Z, we set vf’m = (28t — m)iy
with v defined as in (4.21). (3.6) and Bernstein inequality then ensure that

oo 3 —
_ — _ _ ~ k,m
15> Y 297 (Al [T27"21F 7 (1 Arey ™ DIl s

k=0 |m|<T2k i=1
00 3
< T 2% Apw] ouss [ sup IAk0F™ | 181/ (5.7)
A A
k=0 i=1 ML

But on account of (2.8) (with obvious modification for k = 0),

1
1Bk S D0 Bk 125t = m)iallyvana
j=—1

1
S Y 27D B sup | Ayl s
j=—1 teR X, k+3,t

S Naillpovsas S luillpoysas -

Therefore, (5.7) leads to

3
1S Tl ganss [T il osjnrs (5.8)
i=1 ’
which concludes the proof of the lemma. ]

Let us now prove a continuity result for the non resonant part A.

Lemma 5.3. For any A > 1 and T > 0, the operator 0, A is continuous

—27615/32\3 . —4,—1/2
from (Fy 7 )7 into Xy 7 .

Proof. Taking w € Xi’l/Q supported in time in | — 27,27 and exten-

. ~ —2-6.15/32 —27615/32
sions w; € Fy,~ ~’ / of uj € F\, 7~ /

such that HﬁiHF%*G,w/m <
A
2Hu,~HF;?e,l5/32, it holds
J = ‘<w,3xA(ul,UQ,U;J,))LQ(RXXE)‘

S > ‘ <Akwx7 A(Ag, U1, Ag,tz, Akgﬂg))

L2(RXAT) ‘
(k,k1,k2,k3)eNt
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By symmetry we may assume that k1 > ko > k3. Now, the sum in the reion
k1 < 6k+ 10 can clearly be treated exactly in the same way as we treat B in
the preceding lemma. It thus remains to consider the sum over the region
k1 > 6k+10. We follow the proof of Lemma 4.2. First we notice that (4.17)
-(4.18) hold in this region. Then setting,

ot = (2R —m)a, i =1,2,3, m € Z,

7
with v defined as in (4.21), we obtain in this region

5D \(Akwx, (Agy 0™ Ay ub ™ A bt ))LQ(RM)(

k>0 k12ko>k3 |m|<T2k1

k1 >6k+10

Proceeding exactly as in (4.24), with (2.8) in hand, we get

3

k
TS D Al e [T sup A g
A A
k>0 ki=>kg>ks3 =1
k1 >6k+10
3
5 TZZQ 16]{:2HAka 21/2 Sup(HAklvl HX2’15/32)H sup HAkivfl’m
k>0k1>0 i—2 Oﬁkggekzggkl
5 6
5 THwHX?ul/?H sup 27 2 kHAkqu 15/32
A 1 t€ER,kEN
3

S Tl Tl o
1=

which completes the proof of the lemma . ]

For any T > 0, let us define the operator Y7 which to u associates

Tr(u) = 7' (Pr(w)

where
Cr((Er) = S [Gru(e, m)drule, m)dru(—6 )
T1+T2+T3=T
—% Z JT\U(&,Tl)@(&,ﬁ)@(&,ﬁ)]dﬁdT2dT3,(5-10)

£1+&2+E€3=¢
(€1+€2)(€1+€3)(E2+€3)#0

with @7 (-) := 9(-/T) for ¢ defined as in Section 2.2.
In view of (4.1), for any smooth function u € S(AT x R), Yr(u) = 6(u? —
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Py(u?))ugz on | —T,T|. From the two above lemmas we infer that Y7 can be

—615/32 4,-1/2

continuously extended in F) 2 . In particular,

2-6.15/32

with values in X;

for any u € F) and any 7" > 0, this operator defined an element

of X;4’_1/2 with a X;4’_1/2—norm which is, according to (5.8) and (5.9), of
order at most O(T'). This ensures that we can pass to the limit in &’ on

—615/32 .

I'r(u) as T'— oco. We can thus define the operator I' from F;2 into

S'(AT x R) by setting
(P(u), ¢>3/73, = %%(PT(U), ¢>S/,Sa Vo € S()\T X R)

Obviously, Fi.'(I'(u)) = 6(u? — Py(u?))u, on AT x R for any u € S(AT x R).

Definition 5.1. We will say that a function u is a weak solution of (1.3)
if it satisfies (1.3) in the sense of distributions, when (u? — Py(u?))uy is
interpreted as the inverse Fourier transform of T'(u).

Proposition 5.2. Let {ug,} C H®(T) be such that ug, — ug in L*(T).

Then there exist a weak solution u € Cy,(R; L*(T)) N <U Fs’l/Q) to (1.3),

<0
with w(0) = wg, and a subsequence of emanating solutions {uy,, } to (1.3)

such that for all T > 0 and ¢ € L*(T),

(O (t)a¢)L2(1r) — (u(t)a¢)L2(1r) in C([-T,T1) . (5.11)
Moreover, Py(u(t)) = Py(ug) for all t € R.

Proof. We proceed as in [16]. By Banach-Steinhaus theorem, the sequence
{ugn} is bounded in L?(T). We start by assuming that sup,,cy |[uo.n |72 < o
so that the conclusions of Corollary 4.1 hold. From the conservation of the
L2-norm, the sequence of emanating solutions {u,} to (1.3) is bounded in
L>(R; L?(T)) and thus, up to a subsequence, {u,} converges weakly star in
L>®(R; L*(T)) to some u € L= (R; L?(T)). In particular, {dyu,} and {03u,}
converge in the distributional sense to respectively u; and ;... It remains
to pass to the limit on the nonlinear term. By Corollary 4.1, {u,,} is bounded
in G. From Lemma 5.1 and lemmas 5.2-5.3 it follows that 0, (A(u, )+ B(uy))
converges to F,,' (I'(u)) in the distributional sense on | — T, T[xT. Since this
holds for all T > 0, the convergence holds actually in the distributional sense
on R x T. Therefore, u is a weak solution to (1.3) in the sense of Definition
5.1. Note also that, in view of (5.1), u € Us<oF*1/2. Moreover, according
to Proposition 5.1, for any time-independent 27-periodic smooth function
¢, the family {t — (un(t),#)r2} is bounded and uniformly equi-continuous
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on [-T,T]. Ascoli’s theorem then ensures that {t — (un,,¢)} converges
to t = (u,¢) in C([~T,T]). Since {u,} is bounded in L*°(R; L?(T)), this
convergence also holds for any ¢ € L?(T). This proves (5.11) and that
u € Cy(R; L2(T)). In particular, u(0) = ug and for all t € R,

/u(t) de = lim [ up, (t)dx = lim [ wuy,, (0)dz = / up dx .
T k—oo JT k—oo JT T

This concludes the proof of the proposition whenever sup,,cx ||¢onl 72 < €o.
Now, if sup, ey ||vonllr2 = M > € we use the dilation symmetry of (1.3).
Recall that if u(¢,z) is a smooth global 27-periodic solution of (1.3) with
initial data ug then u*(¢,z) = A" u(A73t, A712) is a 27w \-periodic solution
of (1.3) emanating from u) = A"lug(A\~1x). Setting A\py = M?/e? so that

A
sup HUO%HLi < €0,
neN M

it follows from above that the conclusions of the proposition hold if one
replaces {uo,}, {un} and u by respectively {ué‘”rf b, {ud} and wM €

Cuw(R; L2(X\T)) N (U8<0F =1/ 2). This ensures® that these conclusions also

AM
hold for {ug,}, {un} and u with u(t,z) := Apyu™ (A3,t, A\yz) and com-
pletes the proof of the proposition. O

Proof of Theorem 1.2 : Again we have to introduce a notion of weak
solution for mKdV:

Definition 5.2. We will say that a function v € Cy(R; L3(T)) is a weak
solution of (1.2) with initial data vy if it satisfies the following equation in
the sense of distributions,

Vp + Vgpr T 6(1)2 — PO(UQ))% + 6P0(v8)v$ =0, (5.12)

when (v? — Py(v?))v, is interpreted as the inverse Fourier transform of T'(v).

Of course, any smooth solution of the mKdV equation is a weak solution
since the L?-norm is a constant of the motion for smooth solutions.

Let vg € L?(T). It is easy to construct a sequence {vg,} C H>(T)
such that [|vgn,|/z2 = |lvol|z2 for any n > 0 and vg, — v in L*(T). The
emanating solutions v,, satisfies

Unt + Un gz 6P0(v(2])v$ T 6(1},21 — Po(v,%))vx =0.

Tt can be easily checked that the dilation symmetry u — Au(A\*t, Az) is an isomorphism
from F*'/2 into F;’I/Q for any A > 1 and s € R.
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We will consider 6]30(1)(2])1)m as a part of the linear group of the equation.
The v, satisfy the same Duhamel formula as the solution of (1.3) where we
substitute the linear group of the KdV equation U(t) by the linear group
V(t) defined by

—

V(t)p(€) = €O p(¢), €eX'Z | q(€) =& F6P(])E.  (5.13)

It is direct to check that all linear estimates remain true when changing the
functional spaces in consequence. Also the bilinear estimates in Lemma 3.4
remain true since the resonance relation remain unchanged (see the proof
of this lemma in the appendix). Therefore, the results of Section 4 and the
conclusions of Proposition 5.2 remain true when substituting the function
spaces associated with U(+) by those associated with V'(-) and (1.3) by (5.12).

We thus obtain a weak solution v € Cy,(R; L2(T)) N <U8<0F371/2> to (5.12)

with initial data vy, where F*1/2 is defined as F'*''/? but for the group V(-).
Moreover, by the weak convergence result (5.11), |[v(t)||z2 < ||vo| 2 for all
t € R and thus the weak continuity of v ensures that v(¢) — v(0) in L?(T)
as t — 0. This completes the proof of assertion 7).

Now in the defocusing case, according to [11], the sequence {v,} of so-
lutions to mKdV emanating from {vg,} converges in C(R; L*(T)) to some
function w such that ||w(t)||z2 = ||vol||z2 for all ¢ € R. By the uniqueness
of the limit in D'(R x T), w = v on R and thus w is a weak solution of the
defocussing mKdV equation in the sense of Definition 5.2. Actually, using
the conservation of the L?-norm for w, we also obtain that w satisfy the
following equation in the sense of distributions,

Wi + Wege — 6(w? — Po(w?))wy + 6Py (w)w, =0, (5.14)

when (w? — Py(w?))w, is interpreted as the inverse Fourier transform of
I'(w). This concludes the proof of assertion ).

6 Proof of Theorem 1.1

6.1 The mKdV equation

We will prove that the solution-map ug — u is not continuous at any ug €
H>(T) from L?(T) equipped with its weak topology into D’(]0, T[xT). This
obviously leads to the desired result since L?(T) is compactly embedded in
H*(T) for any s < 0. Since the sign in front of the nonlinear term will not
play any role in the proof, we choose to take the plus sign to simplify the
notations.
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Let up € H*(T) be a non constant function and x # 0 be a real number.
We set
U,y = U + K cos(nw)

so that wo, — uo in L*(T) and [ugnll?. — [luoll72 + &*m.  According
to Proposition 5.2 there exists a subsequence {uy,,} of the emanating so-
lutions {u,} to (1.3) and u € Cy(R;L*(T)) a weak solution of (1.3) ,
with u(0) = wo, satisfying wu,, (t) — u(t) in L*(T) for all + € R. Let now
{Vny = tn, (-, — 2|jugn,||22)} be the associated subsequence of solutions
to mKdV emanating from {ug ., }. We proceed by contradiction. Assum-
ing that the solution-map is continuous at ug from L?(T) equipped with
its weak topology into D'(]0,T[xT), we obtain that {v,, } converges in the
sense of distributions in |0,T[xT to the solution v € C*®(R; H*(T)) of
mKdV emanating from wug. It follows that {w,,} converges in the same

sense to v<-,- + L (|luol|2, + I{27T)> and thus

6t
u= v< + 5= (lluoll3= + ,@277)) on 10,77 . (6.1)

This ensures that u is actually a strong solution of (1.3) and satisfies this
equation everywhere on |0,7[XT. On the other hand, according to (6.1), u
is also solution of

Ut + Upps +6<u2 — Py(u?) — /12/2>ux =0.

This forces u, to be identically vanishing on ]0,7'[ which contradicts that
u(0) = ug is not a constant and u € C,(R; L(T)).

Note that in the contradiction process, we can replace the assumption
on the continuity of the solution-map by the assumption that the flow-map
ug +— u(t) is continuous from L?(T), equipped with its weak topology, into
D'(T) for all t €]0, . Since for each t € R, uy, (t) — u(t) in L*(T) we also
get a contradiction. This proves assertion ii”) of Remark 1.1.

6.2 The KAV equation

First, recall that Miura discovered that the Miura map M (u) := «/+u? maps
smooth solutions to the defocusing mKdV equation into smooth solutions
to the KdV equation. Actually, it was observed in [8] that the Riccati map

R(u) == u' 4+ u® — Py(u?)

maps smooth solutions to the defocusing version of equation (1.3) (i.e. with
the + sign in front of the nonlinear term) into smooth solutions to the KdV
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equation (1.1), i.e. if u is a smooth solution of the defocusing (1.3) then
R(u) is a smooth solution of (1.1). Moreover, according to [10], this map
enjoys the following property :

Theorem 6.1 ([10]). The Riccati map R is an isomorphism from LZ(T)
into Hy*(T).

Actually, we will only need the Riccati map to be a bijection from H§°(T)
into itself. For sake of completeness, we give in the appendix the outline of
the proof of this property.

Now, let wy € H°(T) and k € R* be given. We set 6y := wo — K2 cos z,
ug == R7(0y) € HZ°(T)? and

U n := up + klcos(nx) + cos((n + 1)x)] .

Clearly, uon — ug in L*(T), [Juonllte — |luoll3s + 26*7 and R(ug,) —
0o + K?cos(x) = wy in HY(T). According to Proposition 5.2 there ex-
ists a subsequence {u,,} of the emanating solutions {u,} to (1.3) and
u € Cy(R; L3(T)) such that u,, (t) — u(t) in L?(T) for all t € R and u
is a weak solution to (1.3). To identify R(u) we will need the following
lemma

Lemma 6.1. The operator u + u? — Py(u?) is continuous from F:;I/IG’?/IG

into D'(] — T, T[xT).
Proof. We set

C(u,u) :=u? — Py(u?) = Z [ Z a(&1) (&) |e®

EEL*  (&.69)€22
§1+82=¢

Taking w € D(]—T,T[xT) and extensions i; € F1/167/16 of 4. € F;1/16,7/16

such that [|%; || p-1/167/16 < 2||u;| ,-1/167/16, it holds
T

J = ‘ <w, C(u, u2)> L2(RxT) ‘

D ‘(Akw,C(Aklﬁl,Ak2a2)>

L2(]R><’]I‘)‘
(k,k1,k2)EN3

By symmetry we may assume that k; > ko. We set

k1,m

Yy

=Mt —m)i;, i =1,2, meZ,

2Tt is easy to check that uo € L*(T) and R(uo) € H§®(T) ensure that uo € HG(T).
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where v : R +— [0,1] is a C°°-function with compact support in [—1,1]
satisfying v = 1 on [-1/2,1/2] and Y, ., v(t — m)*> = 1 on R. We then
obtain

T3 Z Z ‘(Akw ClAkr o ks o )>L2(Rx1r)"

(kskg, ka)ENS |m|<T2F1
k12

We separate N3 into two regions.
1. The region : k; < 4k + 4. Then by (3.6) and (2.8), we can write

k
USSIEDY Y lAwl 2 Ak " e Ay v ™ 1

(k,kg, ks)GN?’ |m|<T2k1
k12

2
ST Y 2Rl e [ sup 2 Ak o

(k,ko k3)EN3 i=1M€

k1 >ko

S T(SHPQSW?’HAkaB HSHP sup 1Ak 0™ | —1/3,1/8
=1 i€
N T||w||L2(R;H2(1r))||u1\|FT—1/3,1/3||U2HFT—1/3,1/3 (6.2)

which is acceptable.
2. The region : k; > 4k + 4. Note that in this region, ko > k1 —2 > 4k + 2.
In this region we will need the well-known resonance relation

|O' — 01 — 0'2| = |3££1£2| 2 22k1 5 (63)

where £ = & + & and 0,071,029 are defined by (4.14). We subdivide this
region into subregions with respect to the maximum of (|o|, |o;|).

e |o| = max(|o],|o1],02]). In this subregion, making use of (6.3), (3.6) and
(2.8), we get

ki,m k1,m
J = > > lAkwl 2| Ak oy al| Agy v ™ s

(k,ko,k3)EN3  |m|<T2k1
Ky >k, ky >4k+4

2
ST 2k122k1/32*2k1\|Akw||X01HsuPQ F1/3)| A o™ | o,1/8
(k ko, k3)EN3 j=1 MEL
k1 >ko, ky >4k+4
< T||w||X0’1Hul‘|F;1/3’1/3‘|u2||F;1/3’1/3' (6.4)
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e |o1| = max(|o|,|o1],02]). In this subregion, defining 7, | > k; as in (4.23)
and making use of (6.3), (3.7) and (2.8)-(2.9), we get

=

o~k k
J =< Z Z Z ||V1Akw*Vl2v217m||L2(\§\22k1)HAklvlhanQ
(k7k1’k2)6N3 |m|5T2kl 1207122k1
k1 >ko, ki >4k+4
S DD D A e B b BV 12
(k,kq,ko)eN3  1>0,la>k
ky>kg, k] >4k+4
_ A/k\l,m —Tky /8 A, pFrm
sup Hl/l2 ko Vg HL2 2 sup || k11 ||X0,7/16
meZ meZ
—_—
ST > Y2 ek RS Ay | sup ([ AgyvE ™ o6
MmEZ

(k,k1,ko)eN3 120
ky>ko, ky >4k+4

sup || Ak, v ™[l xo/16
MEZ

2
Twl xor [ ] sl 116716 -
i=1 T

AN

e 09| = max(|o|, |o1],02]). Then we can proceed exactly as in the preceding
case by exchanging the role of vlfl’m and vgl’m. Gathering (6.2), (6.4) and
(6.5), we obtain the desired continuity result. O

By Corollary 4.1, Lemma 5.1 and possibly dilation arguments as in the proof
of Proposition 5.2, we know that the sequence {u,} is relatively compact in

F;1/16’7/16 for any T' > 0. From the above lemma we thus infer that

R(u,) — R(u) weak star in L (R; H~Y(T)) .

We proceed now by contradiction. Let us assume that the solution-map
is continuous at wg = 6 + k?cosx from H(T) equipped with its weak
topology into D'(]0, T[xT). Since wy € H{®(T), we deduce from Lemma 6.1
that wy = R(Oy) for some Oy € HG°(T) with Oy # up. By the continuity of
the solution-map at wp, R(u) must be equal on |0, 7| to the solution of KAV
emanating from wg which is nothing else but R(©) where © is the smooth
solution to (1.3) emanating from ©y. This ensures that u(t) € H3°(T) for
all t €]0, 7 and the injectivity of R on H{°(T) then forces u = © on ]0,T.
This contradicts that u(0) = ug # @y = ©(0) and both functions are weakly
continous with values in L?(T).
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7 Appendix

7.1 A simplified proof of (3.6)

We give below a very simple proof of (3.6). Recall that this estimate was first
established in [1]. To simplify the notations we take A = 1 (this corresponds
to 2m-periodic in space functions) but it easy to check that the proof is
exactly the same for any A > 1 (see for instance Section 7.2 for the slight
modifications in the case A > 1). By the triangle inequality, we write

lolZs = W2l =0 xdl: 5 2 [[(Buleh = Bulo)l|

L2
11>0,12>0

S Y | @uleh = @ulon|
11>2122>0

where the /5, [ € N, are defined in (2.2). The proof of (3.6) will then follow
from the following lemma.

Lemma 7.1. Let u; and uy be L?(Z x R)-real valued functions then for any
(11, lz) c N2,

1/2 1/6
) % ) |, 5 (2 A2) (20 v 22 ) s g o
(7.1)

Indeed, with this lemma in hand, rewritting Iy as I} = ls + 1 with [ € N,
we get the following chain of inequalities

D (CALDRCAED] WIS D) DSt Pt P 12

llzlgzo 120 l220

S 30 ST 220|222 By )

>0 12>0

1/2 R 1/2

< D2 (Y2 Plmolge) (D0 20 gl )

>0 lo 12>0

2

< oll%ons

It thus remains to prove Lemma 7.1. Following the arguments given in [2]
(see also [[20], page 460]for more details) we can assume that u and w are
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supported in {(7,§) € R x Z;}. Let us recall that these arguments are
based on the fact that the operator j : L*(R x Z) — L*(R x Z), defined
by j(u)(r,€) = u(—7,—£), is an isometry of L?(R x Z) satisfying, for any
real-valued L' N L?-functions u; and us,

l[ur * u2llL2rxz) = llur * j(u2)| L2 ®mxz) -

By Cauchy-Schwarz in (71,&;) we infer that

By« Gl = [ 3] [ 3 w6 Buur = .6 =)

E€Z VT &1€Z
2
< /Z 75/ Z ﬁllul (11,&1) (Biu2)(7 71,5—51)‘
€€ ez
< osup o) 1By ullia || Busllys
TER,LEZ+

a(r,§) < mes{(Tlafl)GRXZJr/ §—& €Ly,
(1= €}) ~ 2" and (7= — (€~ €1)) ~ 22 }
(2 A 2) #A(r,€)

N

with
A(r,€) ={&6 >0/ - & >0and (1 — & — (£ - &)%) S 2 vk},

We separate two regions. In the region §3 > ol y 2l2, we notice that 83 [T —
yS — (& —- ?/)3] = —6£ which leads to

#A(r,€) < (211 22&)1/2 +1g (2 v212)1/3.

In the region 0 < {3 <ol 212, we use that 0 < & < £ to obtain that

#A(1,8) <#{&, 0< f% < 2l v 212} < (211 V; 212)1/3 _

This completes the proof of (7.1). O
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7.2 Proof of (3.7)-(3.8)

We take A > 1. Let A C A™'Z and let, for any ¢ € A\™'Z, B(¢) € A™1Z. To
prove (3.7)-(3.8) we first notice that, by Cauchy-Schwarz,

‘/ Z ur (11, &) ua (7 — 11,6 — &) dmy ’

L2(AXR)
&1€B(¢€
1
f*/T)\Z 7'g/T Z ‘u1 71, &1) ua(T — 71,€ — &1) dTldT
geA & EB(E

< sup 04(7,5)\|U1||L2||U2HL2 ;
TER,EEA

where
a(r,€) < mes{(ﬁ,&) € RxB(&) /(71,&1) € supp(u1) and (7—71,§—&1) € supp(uz)} .
Therefore, assuming that supp(u;) C {(7,€)/(T — &€3) < L;}, we get

a(7,€) S (L1 A L) mes[C(7, )]

with
C(r,&) ={& €B)/{r—& - (£—&)*) S L1V Ly} .

(3.7) then follows by noticing that 97 [T —y* — (£ —y)?] = —6¢ and thus, for
any [£] > N > 0,

mes[C/(r, )] = —#C(T I [( %) vi].
Finally, (3.8) follows by noticing that
oylr = = €=yl = =3(y+ € —v)(vy- € -v)
and thus, on B(¢) = {6 € A"'Z/ ‘\gl\ - gl\‘ > N > 0}, it holds
(a+€-e)(a--e)|zn

which leads to

mes|C(1,&)] < %[( Ll\/LQ)\/l].
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7.3 Outline of the proof of the bijectivity of the Riccati map
from H{°(T) into itself.

We follow the arguments in [8]. For v € HG°(T) we denote by L, the
Schrodinger operator with potential u, i.e.

d
Lu = —w +u
with domain H?(T). One can associate to L, the energy E,(-) defined on
H'(T) by

Bu(d) = (Luth 6) = /T 62 4 ug? |

Since L, is a self adjoint operator with compact resolvent, it has a discrete
spectrum A < Ay < ... with A\, = +00. By the definition of E, one must
have E,(¢) > \i [; ¢ for any ¢ € H'(T) with equality if and only if ¢ is
a A1-eigenfunction. For w # 0, noticing that E(1) = 0 and that 1 is not an
eigenfunction, it follows that the first eigenvalue Ay is negative. Then, by
standard arguments, one can check that A; is a simple eigenvalue with an
eigenfunction that is a non vanishing H°°(T)-function. On the other hand,
if w = 0 it is well-known that the first eigenvalue of Ly is 0 and that the
associated eigenspace is spanned by 1. In both cases, we normalized this
eigenfunction by requiring it to be positive and L?-normalized and we call
it ¢1. Introducing the logarithmic derivative v of ¢1, defined by

(bl,ar

d
= —1 == HOO T
vi= (o) = S € H¥(T)
we observe that
¢1:m: ¢1:1: 2 2
Vp = —— — : =UuU—A —v
¢1 ( ®1 > !

and thus u = v, +v? + \;. Taking the means of both sides of this equality
it leads to A\ = —Py(v?) which ensures that u = R(v). This proves that
R is surjective from HG°(T) into itself. Now, let w € H§°(T) be such that
R(w) = u. Setting

x
p = exp(/ w(s) ds)
0
it is easy to check that w = p’/p. Observing that

d d e , e ,
(o twl(=o +w) = ——5 + R(w) + By(w’) = ——5 +u+ B(w),
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easy calculations then lead to

Eu(¢):/T(¢ — we)’ /¢, Vo € HY(T) .

It follows that E(p) = —Py(w?) [ p* and E(¢1) > —Py(w?) [; 7. This en-

sures that —Py(w?) = A\;. Therefore, p/y/ [ p? = ¢1 and thus w = ¢} /¢1 =
v. This proves the injectivity of R in H°(T).
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