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On a Steklov eigenvalue problem for differential forms*

S. Raulot and A. Savo
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Abstract

We study a Steklov eigenvalue problem for differential forms on a compact Riemannian
manifold with smooth boundary. This problem is a natural generalization of the classical
Steklov (or Dirichlet to Neumann) problem on functions. We derive a number of upper and
lower bounds for the first eigenvalue in several contexts: many of these estimates will be
sharp, and for some of them we characterize equality. We also relate these new eigenvalues
with those of other operators, like the Hodge Laplacian or the biharmonic Steklov operator.

1 Introduction

Let € be a compact, connected (n + 1)—dimensional Riemannian domain with smooth
boundary ¥". The Steklov operator T', also called Dirichlet to Neumann operator, acts
on smooth functions on ¥ in the following way. If f € C°°(X) and f denotes the unique
harmonic extension of f to {2, then:

of

where N is the inner unit normal vector field on . T defines a pseudo-differential operator
on C'*°(X) which is known to be elliptic and self-adjoint; hence T" has a discrete spectrum
0 =11 <y <3 <.... Note that the lowest eigenvalue is v; = 0, corresponding to the
constant eigenfunctions; therefore, in our convention, the first positive eigenvalue of T’
will be denoted by v5. There is a vast literature on eigenvalue estimates for the operator
T'; directly related to our paper are the estimates given in [f] and [f.

In this paper, we consider a natural extension of the Steklov operator T' to an elliptic
operator T'"! acting on differential forms of arbitrary degree p on the boundary ¥ and
then prove some geometric lower bounds for its first eigenvalue, given in terms of the
second fundamental form of the boundary. We then estimate these new eigenvalues from
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above in terms of the isoperimetric ratio Vol(X)/Vol(2), and in terms of the eigenvalues
of other differential operators, like the Hodge-Laplace operator on the boundary ¥ and
the biharmonic Steklov operator. In some cases we improve some known estimates. The
operator T seems to have interesting spectral properties which, we hope, justify the
present work.

In the rest of the introduction we state the main results of the paper.

1.1 The definition of T

Let w be a form of degree p on X", with p = 0,1, ..., n. Then there exists a unique p-form

w on §2 such that:
AW =0
JO=w, iyw =0,

where J* denotes the restriction of w to X, and iy is the interior product of & with the
inner unit normal vector field N. The form @ will be called the harmonic tangential
extension of w. Its existence and uniqueness is proved, for example, in Schwarz [[J]. We
set:
TP = —indd,

and then we have a linear operator T : AP(X) — AP(X), the (absolute) Steklov operator,
which reduces to the classical Steklov operator acting on functions when p = 0, so that
Tl = T. Here AP(X) denotes the vector bundle of differential p-forms on 3.

We observe in Section P that T is an elliptic self-adjoint pseudo-differential operator,
with discrete spectrum
Vl,p<Q) S V27p<Q) S e

Moreover, T is non-negative so that v;,(€2) > 0. Actually, it follows easily from the
definition that KerT'! is isomorphic to H?((2), the p-th absolute de Rham cohomology
space of €2 with real coefficients. Therefore:

— a positive lower bound of 14 ,(£2) will imply in particular that H?(Q2) = 0;
— a positive upper bound of vy ,(€2) will be significant only when H?(£2) = 0.

As Q is connected, we see that H°(Q) is 1—dimensional. Therefore, in our notation,

v10(2) = 0 and 150(£2) = 14 is the first positive eigenvalue of the classical problem ([f).

Finally, using the Hodge star operator, we define a dual operator Tg’ }

, also acting on AP(X);
in particular, the dual of T defines an operator Tg)] acting on C*°(X) and different from
the classical Steklov operator T (see Section B.]] for details).

The operator T belongs to a family of operators depending on a complex parameter
z, introduced by G. Carron in [[] (see the proof of Theorem [1]). Other Dirichlet to
Neumann operators acting on differential forms, but different from T, were introduced
by Joshi and Lionheart in [[[0], and Belishev and Sharafutdinov in [f]. In the preprint
7, the operator xxTP : AP(X) — A""P(X) appears in a certain matrix decomposition
of the Joshi and Lionheart operator. None of these works, however, discuss eigenvalue
estimates.



1.2 Lower bounds by the extrinsic geometry

First, some notations. Fix a point z € ¥ and let n,(z),...,n,(z) be the principal
curvatures of X" at = (our sign convention is that the principal curvatures of the unit
ball in R™*! are positive). The p-curvatures of ¥ are, by definition, all possible sums
N (x) + - +mn;,(x) for ji,...,j, € {1,...,n}. Arrange the sequence of principal curva-
tures so that it is non-decreasing: 7;(x) < --- < n,(x), and call

op(z) =m(x) + -+ mp()
the lowest p-curvature at x. We say that ¥ is p-convez if 0,(x) > 0 for all x € X, and let

Y) = inf .

op(%) me op(x)

Note that 1-convex means, simply, conver (all principal curvatures are non-negative)
and n-convex means that ¥ has non-negative mean curvature because, by definition,
on,(X) = nH, where H is a lower bound of the mean curvature of ¥. Finally, it is clear
from the definition that, if ¥ is p—convex, then it is g—convex for all ¢ > p.

Recall that, if w is a p-form on Q"!, the Bochner formula gives
Aw = V*Vw + WP,

where W is a symmetric endomorphism acting on A?(Q), called the Bochner curvature
term. One knows that W[ = Ric, the Ricci tensor, hence W > 0 provided that Q has
nonnegative Ricci curvature.

From the work of Gallot and Meyer (see [§]) we also know that, if v is a lower bound of
the eigenvalues of the Riemann curvature operator (seen as a symmetric endomorphism
of A%(2)), then WPl > p(n + 1 — p)y. Hence

— if the curvature operator of € is nonnegative then WP > 0 for all degrees p.

However, the condition WP > 0 is sometimes much weaker than assuming the positivity
of the curvature operator.

Theorem 1. Let p=1,...,n. Assume that Q" satisfies WP > 0 and that ¥ is strictly
p-convez, that is o,(X) > 0.

n+1 n—p+2

(a) If p < ) then vy ,(€2) > —— 10p(2).The equality never holds.
1
(b) If p > % then
p+1
vp() 2 = =op(%), (2)

which is an equality when € is a ball in the Euclidean space R,



Remark. Note that under the given curvature assumptions we have in particular H9(Q2) =
0 for all ¢ > p; so, the p—convexity has interesting topological consequences. This is not
new: in [BU] it was proved by other methods that, if ,(X) > 0 and the sectional cur-
vatures of {2 are non-negative, then () has the homotopy type of a CW —complex with
cells only in dimensions < p — 1. For a result in negative curvature we refer to [[4: in
particular, if €2 is a p—convex domain in H” then H?(Q2) = 0 for all ¢ > p, provided that
p>(n+1)/2.

The proof of Theorem [l uses a Reilly-type formula for differential forms, proved in [[7].
We characterize the equality in (f) in the following two cases: when p = n and when
p>(n+1)/2 and Q is a Euclidean domain. Precisely:

Theorem 2. Assume that 2 has non-negative Ricci curvature and mean-convex boundary.
Then
() > (n+1)H,

where H is a lower bound of the mean curvature. If n > 2, equality holds if and only if €2
15 a Fuclidean ball.

Theorem 3. If p > "TH and 2 is a Buclidean domain, then we have equality in (B) if
and only if €2 is a ball.

For Euclidean domains we also prove an inequality relating the first eigenvalues for con-
secutive degrees.

Theorem 4. Let Q be any compact domain in R"™, and let 0,(X) be a lower bound of
the p-curvatures of ¥ (which we do not assume to be positive).

(i) For allp=1,...,n one has vy ,(2) > vy ,1(Q2) + 0,(X)/p.
(i1) If Q is convex, then vy, > 0 for allp > 1 and

v11(2) S v2(R) <o <y (9).

The inequality (¢) is sharp for p > "TH since equality is achieved by the unit Euclidean

ball. The monotonicity property in (i7) is an immediate consequence of (i), because if )
is convex then ,(3) > 0 for all p.

We remark that the property (ii) holds also for the first eigenvalues of the Laplacian
acting on p-forms of a convex Euclidean domain €2, for the absolute boundary conditions

(see [[])-

1.3 Upper bounds by the isoperimetric ratio

It turns out that the existence of parallel forms implies that, for suitable degrees, the

Steklov eigenvalues can be bounded above by the isoperimetric ratio Vol(X)/Vol(2). Pre-

cisely, if © supports a non trivial parallel p-form, and H?(Q) = H(Q2) = 0, then

Vol(X2
: (3)

Vol(Q2)

~—

Vip-1(Q2) + v1,(Q) <



In some cases the estimate is sharp and we can characterize equality. Either one of the
two cohomology assumptions can be removed if the given parallel form is known to be
exact (respectively, co-exact): so, for example, (J) holds in all degrees for all domains in
Euclidean space, since the parallel p—form dx; A --- A dx), is exact and co-exact.

The inequality () follows from the estimates in Section [, which apply more generally to
the ratio [, [|€]1?/ [,lI€]|?, where € is a harmonic field, that is, a differential form which is
closed and co-closed (we remark that on a manifold with nonempty boundary the vector
space of harmonic fields of a given degree is infinite dimensional, and is properly contained
in the space of harmonic forms).

As the volume form of € is parallel we have, for all compact manifolds with boundary,

the estimate:
Vol(X%)

Vol(Q)’ )

which reduces to an equality when 2 is a Euclidean ball.

Vl,n<Q> S

Then, we examine the equality case in ({]). To that end, consider the mean-exit time
function F, solution of the problem:

AE =1 on £,
E=0 on .

Any domain for which the normal derivative OE/ON is constant on ¥ will be called a
harmonic domain. The reason for this terminology is given by Proposition [[§, in which
we observe the following simple fact: 0E/ON is constant on ¥ if and only if the mean
value of any harmonic function on €2 equals its mean value on the boundary.

Theorem 5. Let Q be any compact domain. Then vy,(2) < Vol(X)/Vol(£2).
a) If equality holds, then Q) is a harmonic domain.

b) Conwversely, if Q0 is a harmonic domain, then Vol(X)/Vol(Q2) belongs to the spectrum
of T (an associated eigenform being dE ).

It remains to see how rigid the harmonicity condition is, and what conditions it imposes
on the geometry of the boundary. For Euclidean domains the question was settled in
a famous paper by Serrin [[Iff] which states in particular that any harmonic domain in
R™ is a ball. This rigidity result was extended by Kumaresan and Prajapat (see [[T])
to domains in the hyperbolic space H**! and in the hemisphere S’}r“. To our knowledge,
the classification of harmonic domains in S"™! is still an open (and interesting) question.
Then, we have the following

Corollary 6. a) For Euclidean domains the equality holds in ([{]) iff Q is a ball.

b) Let Q be a domain in H™*' orin ST+, If the equality holds in (|]), then Q is a geodesic
ball.



Finally, using the estimate (f) and the inequalities of Theorem [[] and Theorem [, one gets
the following fact.

Proposition 7. For the unit Euclidean ball B"™ in R™™ one has vy ,(B"*) = p+1 for
allp> (n+1)/2.

This calculation shows that the estimates of Theorems [l and [ are indeed sharp.

Remark. In a forthcoming paper, we will compute the whole spectrum of the Steklov
operator acting on p—forms of the unit Euclidean ball. In particular it turns out that, if
1 <p< (n+1)/2, then p+1 is still an eigenvalue of TP!, however it is no longer the first.
n-+3

In that has in fact vy ,(B"*") =
n that range one has in fact vy ,( ) ntl

p.

1.4 Upper bounds by the Hodge-Laplace eigenvalues

The Hodge Laplacian acting on p-forms of a closed manifold ¥ is the operator de-
fined by A* = d*6* 4 §*d*, where d* and 6% denote respectively the differential and
the co-differential acting on forms of ¥. We let A} (X) (resp. A{,(¥)) be the first
eigenvalue of A¥ restricted to the subspace of exact (resp. co-exact) forms (these sub-
spaces are preserved by A¥ because it commutes with d* and 6%). Differentiating eigen-
forms, one sees that, if A\;,(2) is the first positive eigenvalue of A¥, then \;,(X) =
min{ A, (2), X0 (5}

We then have the following lower bound.

Theorem 8. Assume that Hp(Q) = 0, min(0,(X), 0 _p1(X)) > 0 and WP > 0. Then,
forallp=1,...,n:

Nop(B) 2 2 (00 5(0) + 0y (D1 ().

Observe that A (%) = A(X), the first positive eigenvalue of the Laplacian acting on
functions of X. Taking p = 1 in the previous theorem we obtain the following sharp lower

bound.

Theorem 9. Assume that ) has non-negative Ricci curvature and that X is strictly
convex, with principal curvatures bounded below by o1(X) > 0. Then:

)\1(2) Z (0’1(2)1/1771_1(9) + TLHI/Z()(Q)),

N | —

where H is a lower bound of the mean curvature of ¥, and v2,(2) is the first positive
eigenvalue of the Steklov operator on functions. Moreover, if n = dim(X) > 3, the
equality holds if and only if Q is a Fuclidean ball.



The motivation for looking at such a bound was given by the following estimate of Escobar
[@], which holds under the same assumptions of Theorem fJ:

A(X2) > 3 2,0(€2). (5)

H
We observe that the defect A\;(X) — %VQ,O(Q) in (p)) is bounded below by the first Steklov

eigenvalue in the degree n — 1, thus obtaining a sharp bound.

1.5 An upper bound by the first biharmonic Steklov eigenvalue

The following problem on functions is classical, and is known as the fourth order (or
biharmonic) Steklov eigenvalue problem:

A?’f=0 on,
B _of (6)
f—O,Af—ua—N on Y.

For recent results on the problem, we refer to [[j] and [19). An immediate application of
the min-max principle associated to the Steklov operator on n-forms gives:

Theorem 10. One has always pi(2) > v1,(Q), where p1(S2) is the first eigenvalue of
(B). If the equality holds, then Q) is a harmonic domain.

In Wang and Xia prove that, if the Ricci curvature of §2 is non-negative and the mean
curvature of 3 is bounded below by H > 0, then p1(Q2) > (n+ 1)H. Moreover equality
occurs if and only if Q is isometric to a ball of R"*!. Combining Theorem [[(] and our
estimate of Theorem P we see that, under the given assumptions:

() =2 n(Q) = (n+ 1)H

which implies the result of Wang and Xia. On the other hand, it is easy to observe
that p1(Q2) < Vol(X)/Vol(Q) (see for example [[9]). Then the estimate (H) is a direct
consequence of this fact and Theorem [[{.

The paper is organized as follows. In Section P we state the main properties of the operator
T In Section [J we prove the lower bounds and in Section f| we give the proof of the
upper bounds. Finally, in Section [, we prove a rigidity result needed for the equality
case of Theorem .

2 Generalities on the Steklov operator
Before stating the main properties of T, let us recall the following well-known facts.

The Hodge-de Rham theorem for manifolds with boundary asserts that HZ, (2, R), the
absolute de Rham cohomology space in degree p with real coefficients, is isomorphic to the

7



(finite dimensional) vector space of harmonic p-forms ¢ satisfying the absolute boundary
conditions (ix¢ = inde = 0 on X)), which we denote by H?(2). Equivalently, one has:

HP(Q)={p e AP(Q) : dp =0¢ =0o0n Q, in¢ =0 on X}.

By duality, the relative de Rham cohomology space in degree p is isomorphic to the vector
space

HY(Q)={p e A’(Q) :dp=0p=00nKQ, J*¢=0on X}.
Theorem 11. Let Q"' be a compact domain with smooth boundary ™. Let T be the
Steklov operator acting on p—forms of ¥, as defined in Section [I.1. Then:
(a) TP is nonnegative and self-adjoint.

(b) The kernel of T'"! consists of the boundary values of absolute cohomology classes, and
the restriction J* induces an isomorphism between HP(Q)) and Ker(TP)).

(c) T is an elliptic pseudo-differential operator of order one. Hence it admits an in-
creasing sequence of eigenvalues with finite multiplicities

Vl,p<Q) S V27p<Q) S e

with 11 ,(Q2) = 0 repeated b,(2) = dim HP(Q) times. In particular, vy ,(£2) > 0 if and only
if HP(Q) = 0.

(d) The first eigenvalue of T'P! satisfies the min-maz principle
JolldélP” + H<5<z3H2}
Jellol?
where the infimum is taken over all p—forms ¢ on Q such that iNé =0 on 2.

We remark that (b) has already been observed in [I7)].

1 ,(Q2) = inf{

Proof. (a) We prove that the operator is self-adjoint. Recall the Stokes formula:

/Q(dwl,w2> = /Q(W175w2> —[ZU*MJNM)

for all w; € AP1(Q) and wy € AP(Q). Now let ¢,7) € AP(X) and denote by ¢, ¢ their

harmonic tangential extensions on €. The definition of T and the Stokes formula give:
[0 == [[Giwds, i) = [ (6,0 - 66.0).
b )

As 1) is harmonic and iyt = 0 we have



So [ (TP, ) = fdd(ﬁ, dip) + (8¢, 6¢)) which shows that T'?! is self-adjoint. Taking ¢ = ¢
yields:

00,0 = [1a617 + 15617 > 0
b Q

and T is nonnegative.

(b) If ¢ € Ker(T')) then its harmonic tangential extension ¢ satisfies, on X: iy¢ = iydp =
0. Hence ¢ is the restriction of a form (cohomology class) in H?(€2). Conversely, it is
clear by the definition that an absolute cohomology class restricts to a form in the kernel
of T, Then:

Ker(T™) = J*(H?(Q)).
We observe that the map J* : HP(Q) — J*(H*(Q)) is injective: in fact, if J*¢ = 0 for
some cohomology class <;3, then <;A5 is harmonic and zero on the boundary, which implies
¢ = 0. Then the dimension of Ker(T) equals b,(2).
(¢) The proof that T is an elliptic pseudo-differential operator follows the lines of the
proof done in Section 6.4 of [F]. There, in studying determinants, G. Carron considers the
linear operator T, : AP(3) — AP(X) depending on a complex parameter z € C \ [0, 00)
and defined by R

Tz¢ = —in dgbza

where g?)z is the unique solution of

AQ@Z:ZQEZ on Q,
ing.=0,J"¢,=¢ on .

Carron shows that 7T, is an elliptic, pseudo-differential, invertible operator. In fact, the
inverse S, of T, is shown to be the operator obtained by restricting to the boundary the
Green kernel of the Hodge Laplacian A acting on p-forms of €2, for the absolute boundary
conditions; as S, is pseudo-differential of order —1, the operator T, is pseudo-differential
of order 1. The restriction on z is imposed precisely because then T, will be invertible,
since z avoids the spectrum of A (which is contained in the nonnegative half-line).

(8)

Our operator is obtained by taking z = 0 in (B): it is no longer invertible when H?(Q) #
{0} but it is still pseudo-differential and elliptic because, by (b), its kernel is finite dimen-
sional, isomorphic to H?(£2). In fact, the operator Sy is now invertible modulo compact
operators, given by the projection onto the kernel of Ty and its transpose. The rest of
Carron’s proof carries over and so Ty = T is an elliptic PDO of order 1. More gener-
ally, T, is an elliptic PDO for all z, and is invertible as long as z does not belong to the
spectrum of A.

The rest of (¢) now follows from the standard theory of elliptic PDO (see [L§]).
(d) The min-max principle gives

Jslol2

9
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We only have to show that we can remove the condition A(ﬁ = 0. This follows from the
fact that among all tangential extensions & of a given form ¢ € AP(X), the harmonic
tangential extension ¢ minimizes the quadratic form Jollde[? + 10€]|*. Indeed, assume
that J*¢ = ¢ = J*gzg and ixyé =0 = z'NgZ;. Let v = ¢ — gzg so that ¥» = 0 on the boundary.
Using the Stokes formula one verifies that:

2 2 _ 2 2 12 2112
0< / ldg |2 + S0 = / eI + €] / 1|2 + 1166].

and the assertion follows. O

2.1 The dual problem
Let p=0,...,n. Given a p-form ¢ on % consider the unique (p + 1)-form on ¢ which

satisfies: }
Ap=0 on
J6=0,ing=¢ on I

The form <;~5 will be called the harmonic normal extension of ¢. Its existence and uniqueness
is also proved in Schwarz [[15]. We set

T8¢ = J*(59)

and call T[g] the relative Steklov operator. It defines another elliptic pseudo-differential
operator of order one acting on AP(X), which is self-adjoint and nonnegative. These

properties can easily be derived from Theorem [ and the fact that T g)} is related to the

absolute Steklov operator by the identity T[g - (—1)P(=P) 55, T Plys where %5 denotes
the Hodge-star operator acting on forms on Y. Denoting by I/f?p(Q) the first eigenvalue

of Tg’], we have
yfp(Q) = V1 5p(82).

Moreover, the min-max principle for the dual problem takes the form:

2112 P
P () = mf{fgudasu gl L
| Jllol2

Note that Tg)] is an operator acting on functions, which clearly differs from the operator
T,

éeAH%m,ﬁézo}. (9)

10



3 Lower bounds: proofs

3.1 Reilly formula for differential forms

The main tool used in the proof of the lower bound is a Reilly-type formula for differential
forms proved by the authors in [[2], which we state below.

Denote by S the shape operator of the immersion of 3 in 2; it is defined as S(X) = —=Vx N
for all tangent vectors X € T'X. S admits a canonical extension acting on p-forms on X
and denoted by S Explicitly, if w is a p-form on X one has:

p
SP(Xy, . X)) =) T w(X, L S(XG), LX),

Jj=1

for tangent vectors Xi,..., X, € TY. It is clear from the definition that the eigenvalues
of SIP! are precisely the p-curvatures of ¥: therefore we have immediately

(8P, w) > 0,(8)|w]|?

at all points of 3 and for all p-forms w. Now let w be a p—form on €. The Reilly formula
says that

Sl + ot = [ 1901+ 7P @)w) +2 [ (w50 + [ Bluw), (10
Q Q b )
where the boundary term has the following expression:

B(w,w) = (SP(J*w), J*w) + nH ||liyw||* = (SPY(iyw), iyw)
= (SPI(J*w), J*w) + (SPPHI(T* % W), J* % w)

By convention, we set S = S+l = (. For a detailed proof of ([[0]) see [[J].

3.2 Proof of Theorem

We assume that WP > 0, and that the p-curvatures of ¥ are bounded below by 7,(X) > 0.
We have to prove that, if p < "T“ then:

n—p+2
V1,p(2) > map@), (11)
and if p > "T“ then )
_'_
v1(Q) > Fmo,y(3). (12)

Let w be an eigenform associated to v ,(€2) and let @ be its harmonic tangential extension
to Q. By the variational characterization ([1):

/Q [l + 163] = 11,() / ol (13)

11



because, on the boundary, ||©]]? = ||w||? + ||in@|* = ||w||?>. We apply the Reilly formula
tow. As WP >0 and iy® = 0 we get

[ (ot 192?) = 1917 + [ (59,0

(14)
> [IVal + o (E) [ wl?
Q 2
We will use the following estimate of Gallot and Meyer [R], valid for any p-form &:
do|*  ||ow?
Vo > | : 15
voip > 1L Il (15)
When p < "T“ one has p+ 1 < n — p+ 2 hence:
dw||” + ||6w|”

vop > 2 (16)

and the equality implies d = 0. Inserting ([[@) in ([4), and taking into account ([3),

we obtain ([[I]). Note that then v ,(2) > 0. Equality in ([f) implies that dw = 0 hence

indw = 0: but this is impossible because otherwise v ,(€2) = 0. So the inequality is

always strict.

Ifp> "T“ one has

|doo|” + [|0w]?
p+1 '

and proceeding as before we obtain ([J). The inequality ([2) is sharp: for the unit Eu-
clidean ball we have 0,(X) = p and vy ,(B""!) = p + 1 (see Proposition []). We finally
remark that, if p > 2 and the equality holds in ([2), it holds also in ([7) and then
ow = 0. U

Vol > |

(17)

Now we study the equality case of this estimate. Recall that the p-form @ is a conformal
Killing form if it satisfies the differential equation

- 1 1

Vxw = xdo — —— X" Nk
xw p+12Xw n—p+2 w

for all X € T). A co-closed conformal Killing form is called a Killing form. It is well-
known that the inequality ([3) is an equality if and only if & is a conformal Killing form
(see for example [{]). We then have:

Proposition 12. Assume p > (n + 1)/2. If equality holds in ([I3) then the harmonic
tangential extension of a p-eigenform associated to vy ,(Q2) is a conformal Killing p-form
(a Killing form if p > "T“) and the p lowest principal curvatures of the boundary are
constant, equal to ¢ = v1,()/(p + 1).

12



Proof. Looking at the proof of ([J) we see immediately that if the equality holds then

w is a conformal Killing form and, by the last remark in the proof, it is a Killing form

when p > ”T“ It remains to show the last assertion. Now, the Gauss formula leads to

the following relations (see Section 6 in [[Z]):

Vi (in®) = inVx® — igx)J @ a8)
V(D) = JH(Vx@) + S(X)* Nind,

for all X € T, where V¥ is the Levi-Civita connection of ¥. Since @ is the harmonic
tangential extension of w, we have iyw = 0 and the first equation in ([§) reads:

iNvX@ = is(x)w. (19)
On the other hand, since @ is a conformal Killing p-form we have for all X € I'(TX):

Q
Vl,p( )in
p+1

We used the fact that iydw = —6*(iyw) = 0, which immediately implies iy (X*Adw) = 0.
Combining ([9) and (20) gives:

iNVxd = ———ix(indd) = (20)

np@ W =0 (21)

p+1 X

Ys(x)-

for all X € T'(TX). The form w, being an eigenform of an elliptic operator, can’t vanish on
an open set and therefore is non-zero a.e. on . Take a point & where it does not vanish:

then, at x, there exists p principal directions, say vy, ..., v,, such that w(vy,...,v,) # 0.
Choosing successively X = wy,...,v, one sees from (PI]) that the associated principal
curvatures satisfy Ay = -+ =\, = %(19). O

3.3 Proof of Theorem

Assume that Q"' has nonnegative Ricci curvature and that ¥ has mean curvature
bounded below by H > 0. Then o, = nH and applying Theorem [[] for p = n we
get v1,(Q) > (n+ 1)H. It remains to show that, if the equality holds, then €2 is a Eu-
clidean ball. Now, under the given assumptions, we have Vol(3)/Vol(2) > (n + 1)H by
Theorem 1 in [[3], with equality if and only if € is a Euclidean ball. It is then enough to
show that
Vol(%)
= (n
Vol(€2)

From Proposition [[2, we know that if w € A"(X) is a eigenform associated with v ,,(2) =
(n+ 1)H, then its harmonic tangential extension w € A™(?) is a Killing n-form on €; in
particular, 6w = 0. We can write dw = fWUq, where W is the volume form of Q2 and f is
a smooth function. As @ is harmonic and co-closed, we have

0= 6di = 5(fUq) = —ivTq,

+1)H.
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which immediately implies V f = 0. By renormalization, we can assume that f = 1 and
so dw is the volume form of €2. By assumption, J*dw = 0 and iydw = —(n+1)Hw. Then,
on X

1= [lind@|* = (n+ 1) H* |

On the other hand, by the Stokes formula and the fact that dw has constant unit norm:

Vol (0 /me L/@zmh) m+1H/WMP é%%%?

which proves the assertion.

3.4 The equality case for Euclidean domains: proof of Theorem [

We fix ¢ > 0 and let F,(c) denote the set of p-forms & on €, p = 0,...,n, with the
following properties:

a) w is harmonic and tangential (that is ixw = 0 on X).

b) w is Killing and dw is parallel.

¢) indw = —(p+ 1)cw, where w = J*w is the restriction to X.

Note that Fy(c) consists of all harmonic functions f with parallel gradient and such that

g—f; = —c f s if f is not trivial, its restriction to the boundary is a Steklov eigenfunction

associated to the eigenvalue c.

Lemma 13. Let p > 1. If @ € F,(c) and V is a parallel vector field on R" ™, then
ivd] € .prl(c).

Proof. The Cartan formula gives diyw + iydw = Lyw, where Ly is the Lie derivative
along V. If V is parallel and @ is Killing, we have Lyw = Vyw = Iﬁivddj and then:

diyes = ——L iy di. (22)
Now Vydw = Lydw = diydw = 0 by Cartan formula and (9). This holds for all parallel
vector fields: in particular, any Killing form of degree p > 1 in Euclidean space has
parallel exterior derivative.

Fix @ € F,(c). As V is parallel, iy commutes with A and anticommutes with iy. Then
iyw satisfies a).
As iy anticommutes with §, we see that iy @ is co-closed. On the other hand, since V' is

parallel:

1 1
1ivixdd) = —

Vxiy® = iy Vil = Cixivdd = ];z'xdz'vw

where we used (2) in the last equality. Hence iyw is a Killing (p — 1)—form. A similar
calculation shows that Vydiyw = 0, hence diyw is parallel and b) follows.

14



Finally, again using (PJ):

indive = ——2
p

Z'Nivd(;.} = P Zled(IJ = —pcivd},
+1 p+1

and c) follows as well. O

Now assume that €2 is an extremal domain for our inequality, and let @ be the tangential
harmonic extension of an eigenform w associated to vy ,(€2). Set ¢ = v1,(2)/(p + 1).
By Proposition [[3, w is a Killing p—form: in particular, as observed in the proof of the
Lemma [[3, dw is parallel. Moreover, iydw = —(p + 1)cw by definition. This means that
@ is a form in F,(c). As w is non trivial, we can find p parallel vector fields Vi,...,V,
such that the function f = w(V4,...,V,) is non trivial. Applying the lemma successively

to the parallel fields V,..., V], we see that fe Fo(c), that is, f satisfies

Vdf =0 onQ,
of :
0—N__Cf on X.

By Proposition [[, the lowest p principal curvatures are constant, equal to ¢, and then
S > ¢. We now apply Theorem [19 in the Appendix, to conclude that €2 is a Euclidean
ball. The proof of Theorem [ is now complete.

3.5 An inequality for consecutive degrees: proof of Theorem [
We have to show that if Q is a domain in R*™!, then for all p=1,...,n:
op(2)

V() > v151(2) + D

(23)
For the proof, we consider the family of unit length parallel vector fields on R"*!, which
is naturally identified with S™.

Let w € AP(X) be an eigenform associated to the eigenvalue 14 ,(£2) and denote by w
its harmonic tangential extension. Let V' be a unit length parallel vector field. Since A
commutes with the contraction iy, the (p —1)-form iy w is harmonic. Moreover we clearly
have iyiyw = 0. Hence we can use iyw as test form for the eigenvalue v ,-1(2), and by
the min-max principle we have

1y () / lival? < / divool + [|Siver? (24)
> (9]

for all V€ S”. Now we want to integrate this inequality with respect to V' € S™. In order
to simplify the formulae, we use the renormalized measure

1
"= ot dvolgn,

Vol(S™)
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where dvolgn is the canonical measure of S™. Then, we have the following identities, which
are valid pointwise and are proved in [ (Lemma 4.8, p. 336):

S livaol*du(V) = pll@|?
S ldiv|*dp(V) = [Vol* + (p — 1)ldo]”

loival*du(V) = | llivéa|*du(V) = (p — 1)l|ow|.

Sn Sn

Integrating (P4) with respect to V' € S™ and using the previous identities, we then have,
by the Fubini theorem:

Py (9 /||w||2 /nwn? —1/||dw||2+||5w||2

On the other hand, the Reilly formula ([[0) applied to & gives:

/ ldool? + 52| = / VG2 + / (S0 (770, )70 / VG2 + 0y(5 / 1ol

Eliminating [,,||V@[|?* in the previous two inequalities leads to:

Py () / 1IP < p / (1) + [1521%) — 0,(S) / 2|
= pin (9 /||w||2—ap /||w||2

Dividing both sides by p [[|&||* proves (B3).

4 Upper Bounds: proofs

4.1 Upper bounds by the isoperimetric ratio
A p-form £ is said to be a harmonic field if d§ = 6§ = 0. We start from the following:

Proposition 14. Let & be a harmonic field of degree p on €.
(a) If € is exact and p = 2,...,n+ 1 then vy, 1 () [lI€]1* < [slliné]*-

(b) If € is exact and p = 1 then 150(2) [,11€]° < [lliné]l.
(¢) If & is co-exact and p = 1,...,n then vy, () [ lIE]1* < [Sll T

Proof. (a) By the Hodge-Morrey decomposition (see [[J]) if £ is an exact p—form, there
is a unique co-exact (hence co-closed) (p — 1)—form w, called the canonical primitive of

&, which satisfies:
dw=¢
inw=0 on X.
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We use w as a test-form for the eigenvalue vy ,1(€2) and then

(@) [ Jl? < [

By the Stokes formula [, ||dw||* = — [;(indw, J*w); by the Schwarz inequality

2
(flawr?) < [iaol?- [ ol
Q b)) b

Eliminating [ |lw||* from the previous two inequalities we get

1y (9) / ldw? < / lindw]?,
Q >

which is the assertion. We remark that the equality holds if and only if the canonical
primitive of ¢ is an eigenform of TP~! associated to vy, 1(€2).

(b) If £ is an exact harmonic field of degree 1, then & = df for an harmonic function f.
We can assume that f integrates to zero on X, and so we can use f as a test function for
the eigenvalue 15 o(€2). The rest of the proof is as in (a).

(c) Let £ be a co-exact p—harmonic field. Then *¢ is an exact (n —p+ 1)—harmonic field
and we can apply (a) to it. The inequality follows because ||iy * £||* = ||[*=J*¢]|* = | J*¢|*
If the equality holds, then the canonical primitive of € is an eigenform of T"~?! associated
to v1n—p(Q2).

We can also characterize the equality by duality, as follows. If £ is co-exact, it has a
unique canonical co-primitive, that is, a unique exact (p + 1)-form a such that:

oo =&
Ja=0 on X.
It is clear that if we have equality then « is an eigenform of the dual operator T g)}
associated to v (Q) = v1,,_,(Q). That is,
J*(éa) = Vl,n—p(Q)Z.NO[-
O

We remark that if HP(Q) = 0 (resp. Hp(2) = 0) then any p—harmonic field is auto-
matically exact (resp. co-exact). Therefore, as at any point of the boundary one has
1€]12 = ||J*€]|* + ||in€]|?, we have, summing the two inequalities of the Proposition:

Corollary 15. Assume that H?(2) = Hp(2) = 0. Let £ be a harmonic field of degree p.
(a) If p = 2,....n then vy, 1 () + v1,,(Q) < [SNIEN2/ [LlIENIP. If € is parallel then it

has constant norm and
Vol(%)

Vol(2)

Vip-1(82) + 11, 5(Q) <

17



(b) If p =1 then v20(Q) + vin-1(Q) < [SlIE12/ [olIE117-
(¢c) In particular, if Hx(2) =0 and f is any harmonic function then

_ Ll
Jalldf|?
On the other hand, the volume form of €2 is parallel, exact and has degree n + 1. Then it

follows directly from the first point of the Proposition |14 that, for all compact manifolds
with boundary, one has the sharp bound:

Vo 0() 4+ v15-1(2)

Vol(¥)

vn(§) < Vol(Q)

(25)

We have equality in (RF]) when Q = B""! is the unit Euclidean ball: in fact Vol(32)/Vol(2) =
n + 1 and by the main lower bound (Theorem P) we have vy, (B™™!) > n + 1. So
vi,(B") =n+ 1. We will reprove (R) and discuss its equality case in Section 2.

We end this section with the following calculation.
Proposition 16. We have v1,(B"™) =p+1 for all p > 25

Proof. Let = B"™ and let vy, = v ,(B""!). We just observed that vy, =n+ 1. We
now use Theorem [; as 0,(X)/p = 1 for all p, we see that vy, > vy ,-1+1. Thenvy,_; <n
and, by induction, vy, < p+1 for all p. However, when p > (n+1)/2, Theorem [[] applied
to Q gives 1y, >p+1landsory,=p+ 1. O

For later use, we observe the following

Proposition 17. Assume that Q) supports a non constant linear function, that is, a smooth
function f with df non trivial and parallel. If HL(Q) = 0, then:

Vol(X%)
Vol(Q2)

v20(Q2) + 1v1,,-1(22) <

(a) If the equality holds, then ¥ has constant positive mean curvature H = vy ,_1(€2)/n,
and the restriction of f to ¥ is an eigenfunction of A* associated to the eigenvalue

A= VQ,O(Q)Vl,n—l(Q)-
(b) If n = dim(X) > 3 and Q C R"™L, then the equality holds if and only if Q0 is a ball.
Proof. The inequality follows immediately from (¢) of Corollary [ applied to df (which

has constant norm by our assumptions). We can assume that f integrates to zero on .
(a) If the equality holds, then f has to be a Steklov eigenfunction associated to v40(£2):

af

ON - _VZ,O(Q)fa
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and (see the proof of Proposition [[4)) the canonical co-primitive « of df, solution of the
problem

oo =df, da=0
Ja=0 onX

must be a dual eigenform associated to v (Q) = vy ,_1(Q):
J*(0a) = v1 1 (Q)ina.
As J*(8a) = d” f we have d* f = vy ,_1(Q)iya. Tt follows that
A¥f=62d"f = Vl,n_l(Q)éziNa = —11,-1(Q)ind

0
= —V1,n—1(Q)a—]J\C[ = 120(Q)v10-1(2) f,
that is, f is an eigenfunction of A* associated to v50(Q)v1,-1(2), as asserted. Observe
that then vy ,,_1(€2) > 0 otherwise f would be constant. To prove the first assertion, recall
that, for any smooth function on €2 one has, at all points of >:

>*f of
Af =A%f — H—.
J=87T o TGy
As V2f =0, we have Af = 0 and % = 0, and we easily obtain nH = vy ,_1(2).

(b) The equality holds for the Euclidean unit ball, by Proposition [ (it is known that
va0(B™™) = 1). Now, if the equality holds, then 3 has constant mean curvature by (a),
hence ¥ is a sphere by a well-known result of Alexandrov. O

4.2 Harmonic domains

Recall that the domain € is called harmonic if OE/ON is constant on X, where E is the
mean-exit time function, solution of the problem AEF =1 on Q, EF =0 on . Any ball in
a constant curvature space form is harmonic, simply because the mean-exit time function
is radially symmetric. We observe the following equivalent condition.

Proposition 18. ) is harmonic if and only if, for all harmonic functions f on 2, one

has:
Voll(Q) /Qf a Voll(Z) /Ef

(that is, the mean value of any harmonic function on the domain equals its mean value
on the boundary).

Proof. Assume that ) is harmonic and let f be any harmonic function on 2. By the
definition of £ and the Green formula, we have:

/Qf:/ﬂfAEz/Efg—ﬁ
19



As OE/ON is constant, say equal to ¢, we have fQ f= sz f. Taking f =1 we see that
¢ = Vol(Q2)/Vol(X) and the first half is proved.

Conversely, assume that the above mean-value property is true for all harmonic functions
on Q. Fix a point € 3 and let f, € C*(X) be a sequence of functions converging to

the Dirac measure of 3 at x as k — oo. Let fk be the harmonic extension of f;. Then
Jo fo = J5 frOE/ON and the assumption gives

Vol(2) B OF
Vol(E)/Efk_/szﬁ—N

for all k. Letting k — oo we obtain

Vol())  0F (2)
Vol(¥)  ON
As z is arbitrary, we see that 0F/ON is indeed constant on 3. O

4.3 Proof of Theorem [

It is perhaps simpler to reprove the inequality using the dual operator Tl[;)], with first
eigenvalue 17(Q) = 11,(€2). So, we need to show that 1% (€2) < Vol(3)/Vol(Q2). Consider
the 1—form o« = dE. Then J*a = 0 and we can use « as a test-form for VEO(Q). Since
ina = OE/ON, by the variational characterization (P) we get

Vf’o(Q)/2 (g—ﬁ)z < /Q||5a||2 = Vol(9).

By the Schwarz inequality:

| <§T€) > ) </ g_@ B \@f&);

and the inequality follows immediately.

If the equality holds then 0E/ON must be constant and then  is a harmonic domain.
Conversely, assume that €2 is harmonic. Then the normal derivative of E is constant along

¥, and equals ¢ = Vol(£2)/Vol(X). Let a = dE. Then

Aa =0
OF

JOé:O, 'lNO{:a—N:

c.
By the definition of T’ g)]:
T (e) = J*(6a) = 1

because da = AE = 1. This shows that 1/c is an eigenvalue of Tl[jo}

associated eigenfunction is constant.

as asserted, and the
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4.4 Hodge-Laplace eigenvalues: proof of Theorem

Fix a degree p = 1,...,n. We assume that H%(2) = 0, min(0,(X), 0,—p11(X)) > 0 and
Wkl > 0. We have to show:

N (5) 2 3 (0D (D) + 0y (D1 () (26)

Let ¢ be a co-exact eigenform associated to A = A{, ;(¥) = A} (X) and consider the

exact p-eigenform w = d*¢ also associated to \. Let qB be a solution of
Agfg =0 on €
J¢=¢,J () =0 on X,

which exists by Lemma 3.4.7 in [[§]. Then, using the Stokes formula one checks that
dde = 0 on € (the extension ¢ first appeared in the paper of Duff and Spencer [f]).
If we let w = d¢, then w is an exact p-harmonic field satisfying:

{dw:(swzo on €

J*W=w on .
We apply the Reilly formula ([[0) to &; as WP > 0 and §%(J*@) = 6>d>¢ = \¢ we obtain
—2>\/(in,¢>> > /<SU’1(J*@),J*@> + (ST ), T % ).
) b
The Stokes formula gives:
[ ixiono) = [ Gindd, 776y = [ (6006~ [ 1adl = - [l
b ) ) Q Q
By our curvature assumptions, we end-up with
2 [ 161 2 0(2) [ 1761 + 0wy (S) [ il
Q b b

The p-harmonic field @ is exact, and also co-exact because Hp(€2) = 0. We can then
apply Proposition [[4 to estimate the boundary integrals in the right hand side, and the
estimate (2g) follows.

4.5 Proof of Theorem

Let A1(X) be the first positive eigenvalue of the Laplacian on functions of >. We assume
that €2 has nonnegative Ricci curvature and that ¥ is strictly convex, with principal
curvatures bounded below by o;(X) > 0. We have to show that

(D) > % (01 (2 V101 (Q) + nH1ao(Q)) . (27)

Moreover, if n = dim(X) > 3, the equality holds if and only if 2 is a Euclidean ball.

21



~

Proof. Let ¢ be an eigenfunction associated to A;(X), ¢ its harmonic extension to {2 and

w = dq@. Then @ is an harmonic field of degree 1. We apply the Reilly formula to w; as
|V&[? > 0 and 0,(X) = nH, we obtain:

o\ / 1P > 0 (E) / |G| + nH / linGs |2
Q b b

Note that, if the equality holds, then @ must be parallel. Our curvature assumptions
imply in particular that HL(Q) = 0. Therefore we can apply Proposition [[4 and obtain

/ 1760 > () / |2 and / linGl? > 120(Q) / 12| (28)
> Q b Q

The lower bound (P7) follows. The estimate is sharp because, for the Euclidean unit ball,
we have \(X) = A1(S™) = n, 1a0(B""!) =1 and, for n > 3, v1,_1(B"™) = n.
Now assume that (P7) is an equality. Then & = dQAﬁ is parallel, and we can apply Propo-
sition [ to f = ¢. However, as we must have equalities in (B§), we conclude that

Vol (%)

VT(m = 1/270(9) + Vl,n—l(Q)’

and we are in the equality case of Proposition [[7. So the mean curvature is constant:
nH =vy,-1(Q) and A\ (X) = v20(Q)v,,—1(2). By assumption

2)\1(2) = 0'1(2)1/17”_1(9) + TLHI/Z()(Q)

and we easily obtain 15,(Q2) = 01(X). Now, at each point of ¥, the mean curvature
is always no less than the lowest principal curvature, which implies that H > o¢(X) =
v50(€2). We arrive at the inequality

Vol(Z
Vol(2)

~—

<(n+1)H.

By the result of Ros already cited ([[3]) we know that Vol(X)/Vol(©2) > (n + 1)H with
equality if and if §2 is a Euclidean ball. Then €2 must be a Euclidean ball, and the proof
is complete. O

4.6 Biharmonic operator: proof of Theorem

We now consider the fourth order Steklov problem () and its first eigenvalue p;(£2). As
11,0 (Q) = 1(Q) it is enough to show that

Q) = vip ().
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Let f be a first eigenfunction associated to p1(2). As J*(df) = 0 we can use df as a
test-form in (P). Then

(Af)?
£y < 250 0
fz (a_N>
where the equality follows from the Rayleigh-Ritz characterization of u1(2) (see [d]). If
equality holds, then df must be an eigenform of Tl[;]] associated to Vf?o(Q), hence Adf = 0.
But then Af is a constant, and we can assume Af = 1. As f = 0 on X we see that

f = E, the mean-exit time function, and the boundary conditions satisfied by f imply
that the normal derivative of F is constant. Hence €2 is harmonic.

5 Appendix

Here we state a general result which gives sufficient conditions on a manifold to be isomet-
ric with a Euclidean ball. This result is used in the proof of Theorem B but it is perhaps
of independent interest.

Theorem 19. Let (2" g) a compact, connected Riemannian manifold with smooth
boundary 3. Assume that there exist a non-trivial function f € C*(Q) and a number
¢ > 0 such that:

Vdf =0 on ()
af
N —cf on X.

If Q has non-negative sectional curvature and the second fundamental form of ¥ satisfies
S > ¢, then Q is isometric with a Fuclidean ball.

Proof. 1t is enough to prove that the boundary is isometric to a round sphere. Then, by
Theorem 1 in [RI]], we conclude that (2" g) is isometric with a Euclidean ball.

Here are the main steps. We prove that:

a) X is connected.

b) Ric® > (n —1)c%

c) ¥ has diameter greater than or equal to Z.
The proof of the Theorem will follow by observing that, by Myers’ theorem and a), b),
one has diam(X) < Z; hence, by c), the diameter is equal to =. By the rigidity theorem
of Cheng [B], ¥ is isometric to a sphere of radius 1/c, as asserted.

We prove a). Looking at the long exact sequence of the pair (£2,Y), it is enough to show
that Hg(Q2) = 0: in fact, in that case H°(X) ~ H°(Q) ~ R. Now the Ricci curvature of
() is non-negative and the mean curvature of ¥ is bounded below by ¢ > 0: by Theorem
B we have vy ,(2) > 0 and then H"(Q) = Hx(Q2) = 0.
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We prove b). It is enough to prove that, for any unit length tangent vector X € T, one
has Ric™(X, X) > (n — 1)c?. The Gauss lemma and the non-negativity of the sectional
curvatures of {2 give:

Ric”(X, X) > nH(S(X), X) — |S(X)|*.

Fix an orthonormal frame (ey, ..., e,) of principal directions, so that S(e;) = n;e; for all
j. Then:

Ric®(X, X) > ) (n;(nH —1;))(X, ;)"
j=1
as 1, > c for all j one sees that n;(nH —n;) > (n—1)c? for all j and the assertion follows.

We finally prove c). Since V f is parallel we have that |V f| is constant on €2, and we can
assume that it is equal to 1. The restriction of f is continuous on 3, which is compact:
then let p; € ¥ (resp. p_ € X) be a point where the restriction of f is maximum (resp.
minimum). We prove d(p_,ps) > Z. Now:

af
1— 2 _ S )2 ( )
Vi) = VP00 + (o2 (02)
= Zf(pe)*.
The function f is not constant on ¥ (because it is harmonic on €2 and ¢ > 0) therefore:

1 1
fp) =10 )=
As 3 is connected, there exists a minimizing geodesic « : [0,1] — 3 parametrized by arc
length and joining p_ with p,. So we have 7(0) = p_, 7(I) = p; and the distance from
p— to py is [. It is now enough to prove that [ > Z.

Let a(t) := for(t) for t € [0,1], so that o/(t) < |[VZf(y(t))]. Since Vf has unit length
we have: 1 = |[VZf[*(y(t)) + 2a(t)? and therefore

lo/(t)]? < 1—c*alt)?
Fixe > 0and let A= {t €[0,]: ()>O} Then:

l /
l>/dt>/ t)dt > o/ (t)dt .
1—02 2+ 0 V1—c2a(t)2+¢
Changing variables and observing that a(O) = —1 and o(l) = 1 we have

1 !
1> 1 / S —
cJ_1vV1— 2 +¢
Letting € — 07 gives [ > Z, as asserted. O
Finally, we remark that the conclusion of the Theorem holds also if the assumption on the
non-negativity of the sectional curvature is replaced by the following assumptions: the

Ricci curvature of 2 is non-negative, and the mean curvature of X is constant. We omit
the details.
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