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1. Introduction

Predictive failure models usually describe structures at a very fine scale, and the finite
element discretization of the underlying partial differential equations leads to large, poten-
tially highly nonlinear, numerical problems. Various multiscale computational strategies have
been developed to tackle this important issue, such as enrichment techniques ,homogenization
strategies , domain decomposition methods (a recent survey of condensation-based strategies
is proposed in [1]), or model order reduction[2, 3, 4, 5].

Among the later family of methods, the Proper Orthogonal Decomposition-based (POD)
(see for instance [3] for a survey), and more generally model order reduction strategies based
on a projection in a Ritz basis, provide extremely valuable tools for an automatic derivation of
a multiscale computational method (no a priori physical understanding of the different scales
involved is required). They consist in using a set of potential solutions to the initial problem
(snapshot) and extracting, by a spectral analysis a few basis vectors spanning a space of small
dimension in which the solution to the, initially large, numerical problem is well approximated
[2]. These techniques have been proved extremely efficient when speed is more important that
accuracy, for instance if the goal is to provide an approximation of the response of a complex
structure in quasi real-time, in the case of early stage design. This type of applications is our
main focus.

In the context of structural problems involving plasticity or damage, a severe drawback
limits the direct application of projection-based model order reduction: The initial snapshot
might be too poor to represent accurately the solution of the damaged structure. This can
happen if:

• The “a priori” mechanical understanding of the structure is weak, which results in a
bad choice of the snapshot simulations.

• The number of parameters involved is too important. The snapshot needed to obtain
a relevant reduced basis might be very large, and its reduction inefficient.

• Strong topological changes in the structure occur, which cannot be represented by a
small number of Ritz basis vectors.

We propose a two-stage enhancement of classical projection-based model order reduction
strategies. We first develop and efficient enrichment strategy of the projection basis [5]. The
resulting adaptive reduction technique perform well for moderate nonlinearities, for instance
during the initiation phase of failure mechanisms. The second stage of our work is to develop
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a global/local approach for the reduction of structural problems envolving strong topological
changes (propagation phase of the damage mechanisms).

2. Methodology

The adaptive projection technique proposed in this work relies on the use of projected
Krylov algorithm. In the past years, particular studies [6, 7] have shown that the convergence
rate of Krylov solvers could be increased by using a reduce model as a preconditionner, through
a projection technique. We propose the reverse operation. At a given iteration of the Newton-
like nonlinear solution algorithm, the a priori reduced model is updated with a solution
vector obtained by solving the non-reduced problem with a Krylov algorithm. The resulting
technique is an ”on-the-fly” enrichment procedure. As proposed in [7], the correction of the
reduced model make use of both the reduce model and some spectral properties (selective
reuse of Krylov subspaces) of the non-reduced operator to derive a good preconditioner.

Our first results show that the enrichment technique becomes prohibitively expensive as the
nonlinearity of the problem increases. Yet, in the case of failure, the strong topological changes
are usually localized. We can turn this property to our advantage, by performing the reduction
of the undamaged zone only. Two local/global strategies are investigated. The first one is
directly inspired by the work published in [8]. The zone of maximum increment of damage is
extracted and analysed at the fine scale (i.e.: without reduction). The second method, called
the substructured reduction method (SRM), reduces the local problem in Schur-based domain
decomposition methods, allowing defining a very versatile reduction framework. Depending
on the level of local nonlinearity, the local problems are, or ar not, reduced by projection on
a Ritz basis.

3. Results

We show that the coupling of local/global reduction technique and adaptive Ritz basis pro-
vide a very versatile framework for the reduction of highly nonlinear structural problems. The
efficiency of the method is illustrated on particular examples involving damage mechanisms,
from initiation to propagation.
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