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A central process of nonlinear physics is modulation instability (MI), where periodic perturbations on a plane wave are amplified to generate a parametric cascade of spectral sidebands [1,2]. During the initial evolution, the sidebands experience exponential growth at the expense of the pump, but the subsequent dynamics is more complex and different scenarios of energy exchange between the spectral modes are possible. This dynamics is closely related to the universal Fermi-Pasta-Ulam (FPU) recurrence phenomenon [3].

In nonlinear fiber optics, MI has been the subject of extensive study using both numerical simulations as well as varying analytical approaches based on truncated sideband solutions to the nonlinear Schrödinger equation (NLSE) [4,5]. However, it has recently been shown that MI can be accurately described by a family of exact analytic solutions known as Akhmediev breathers (ABs) [6], and this has led to the design of experiments exciting the rational Peregrine soliton [7,8]. An additional important feature of the AB theory is that it has provided an analytical description of the spectral decay of the sideband modes at the peak of the MI gain, and this description has provided new insights into the development of the noise-driven supercontinuum generation [9,10].

In this Letter, we complete the analytic description of the AB spectral dynamics for the case of arbitrary gain, allowing the development of sideband generation in induced MI to be compared with theory for general experimental conditions. Experiments measuring pump and multiple sideband generation over a growth-return cycle of MI are used to quantitatively test the theoretical results. In fact, with the excellent signal to noise ratio in our experiments, we can compare experiment and theory out to more than 10 spectral sidebands and over 30 dB dynamic range. To our knowledge this is the most complete characterization of MI dynamics in any NLSE-governed system, and significantly extends previous studies in either optics [3,11] or hydrodynamics [12,13] where only a greatly reduced number of harmonics (~ 3) could be measured.

Our analysis is based on the normalized NLSE:

ψ ξ + 1/2 β 2 ψ ττ + |ψ| 2 ψ = 0 where ψ (ξ,τ) is the field envelope.
The AB solution describes growth and decay of a harmonically-perturbed plane wave, and its temporal description in terms of localized compressed pulses is now well-known [6,7]. In addition to the time-domain description, expansion in a Fourier series and appropriate integration yields exact solutions for the pump and spectral harmonic amplitudes. Labelling the amplitudes of the pump and the n th sideband A 0 and A n respectively (n = ±1, ±2, etc), and ignoring factors of constant amplitude and phase, we derive the following results describing pump and sideband evolution with distance:
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The parameters a and b are the normalized perturbation frequency and instability growth rate, and in dimensional units (for dispersion β 2 and nonlinearity γ)

we have 2a = [1 -(ω mod / ω c ) 2 ] and b = [8a (1-2a)] 1/2 .
Here ω mod is the dimensional modulation frequency in the range 0< ω mod < ω c where ω c 2 = 4γ P 0 / |β 2 | for an initial plane wave power P 0 . The parameter p = 2 1/2 ω mod /ω c. The normalized distance is related to dimensional distance z via ξ = z / L NL with the nonlinear length L NL = (γP 0 ) -1 . We stress that this general result exactly predicts the dynamics of an arbitrary number of sidebands without any assumption of an undepleted pump [3][4][5].

The predictions of Eq (1) have been compared with simulations and experiment by considering induced MI in standard fiber around 1550 nm. Fig. 1(a) shows our experimental setup. A laser diode at 1550.08 nm passes through a 16 GHz intensity modulator (IM) to generate two equal amplitude sidebands at -15.6 dB relative to the pump. This weak modulation is that where the AB theory is expected to well-describe the propagation dynamics and a phase modulator (PM) is used for linewidth broadening to suppress Brillouin scattering. The power after modulation was adjusted using a low noise erbium doped fiber amplifier (EDFA). The use of standard SMF-28 fiber in our experiments allows fusion splicing to be performed with negligible loss, so that we could readily study the spectral evolution dynamics using cutback experiments, and so that we could also repeat experiments for a range of different conditions. The fiber parameters were β 2 = -21.4 ps 2 km -1 , β 3 = 0.012 ps 3 km -1 , γ = 1.2 W -1 km -1 and the linear loss was 0.19 dB km -1 . Here P 0 = 0.46 W so that the normalised modulation frequency a = 0.45 such that we are far from the MI gain peak and we perform a valid test of the generalised AB spectral result in Eq. (1). Fig. 1(b) shows typical results using a fiber length of 5 km and with the input power adjusted to generate a maximallybroadened spectrum. With the low noise levels in our experiment, we could resolve more than 14 sidebands on either side of the pump (solid line). The experimental results are compared with the predictions of Eq. (1) (the crosses) and we see very good agreement in predicting spectral decay over more than four orders of magnitude. The figure also shows results of numerical simulations which are also in good agreement. The simulations used an extended NLSE including third-order dispersion and Raman scattering, but we found that these additional effects have little effect at the point of maximum spectral broadening.

For the same parameters as above (16 GHz and a = 0.45) we then performed experiments to examine the evolution dynamics more fully. Specifically, the fiber length was changed over the range 0-8.5 km spectral measurements were made at ~250 m intervals. Fig. 2(a) plots these measurements. For visual clarity we plot only 9 sidebands and use a plotting floor at -30 dB, although the dynamic range of our measurements extended further as discussed above and shown in Fig. 1(b). These results are significant in clearly showing the full instability dynamics of multiple sideband generation, as well as the recovery back towards the initial state with propagation beyond 5 km. The experimental results in Fig. 2(a) were compared with both numerical simulations and the theoretical predictions from the spectral AB theory in Eq. ( 1). The simulation results (again using an extended NLSE) explicitly show that although propagation beyond 5 km sees the expected spectral compression as the sideband energy begins to be converted back to the pump, ideal FPU recurrence is not observed. Rather, after around 7 km, we see the onset of more complex dynamics. In this context, we note that we have been able to perform simulations with and without the higher-order terms in the NLSE, and this has allowed us to clarify that loss, third order dispersion and the Raman effect in fact have no influence on this deviation from ideal propagation behaviour. Rather, it is the non-ideal initial conditions (that do not correspond to the mathematical ideal case for a single AB cycle) that induce the deviation from recovery to the initial state.

A full quantitative comparison between experiment and the predictions of Eq. ( 1) is shown in Fig. 3. Here, we extract the experimental pump and sideband intensity for various sideband order n (circles) and compare the evolution as a function of distance with corresponding results from simulations (blue short dashes) and the AB spectral theory (black solid line). The spectral normalisation in all cases is relative to the total initial energy.

In addition for completeness, for the pump and n=1 sideband, the red long dashes show the predictions of the well-known truncated three wave (TW) model [4,5]. It is important to note that no free parameters were used in the comparison between experiment and simulation or the three wave theory. Also, only the distance offset for the AB theoretical curve was adjusted to match the position of maximum pump depletion; once this was fixed, no relative normalisation of pump or sideband intensity to experimental or simulation data was made.

The agreement between simulation and experiment is very good, but this of course might be expected given the fact that the simulation initial conditions were chosen to match exactly those used in experiment. We also note that the TW theory is accurate in predicting the distance to maximum compression and the extent of pump depletion. On the other hand, because it assumes that all the depleted energy is transferred only to the first sideband pair, the TW theory significantly overestimates the sideband amplitude.

What is particularly impressive, however, is the degree to which the AB theory describes both the dynamical evolution and the quantitative extent of pump depletion and sideband growth, even out to the n = 11 sideband. In fact, our ability to study dynamics to such a high sideband order reveal a previously uncommented feature of the dynamics where we see that the temporal compression is associated with an increased spatial localisation of the energy transfer to higher sideband orders.

Although the AB theory has been previously shown to describe field characteristics at the maximal spectral broadening, these results now confirm its validity in describing the dynamical evolution from growth to decay over an MI cycle. Realistic simulations using an extended NLSE identify that the primary physical factors that preclude perfect recurrence are due to imperfect initial conditions, specifically a non-zero relative phase between injected pump and sidebands. With suitable additional control of the injected field, we anticipate that creation of ideal nonlinear breather states should be possible. These results show how analytical breather solutions of the NLSE provide new insights into seemingly well-known processes such as fiber MI.
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 1 Fig. 1. (a) Experimental setup. Diagnostics recorded power and spectra. (b) Solid line shows measured spectral intensity at the point of maximum sideband generation. Circles and crosses show simulation and analytic results.

Fig. 2 .

 2 Fig. 2. Dynamics of multiple sideband generation. (a) Experimental results. (b) Results from numerical simulation using realistic NLSE model. The generation of multiple sidebands around 5 km and recovery back towards the initial state with further propagation is clearly seen
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 3 Fig. 3 Spectral dynamics for the pump and sideband orders as shown. Experiment (circles) is compared with simulation (blue dashed line), the exact AB result Eq. (1) (black line) and the truncated three wave (TW) model (red dot-dashed line).
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