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From invariance principles to a class of multifractional fields
related to fractional sheets

Céline Lacaux* and Renaud Marty'
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Abstract

In this paper, we study some invariance principles where the limits are Gaussian
random fields sharing many properties with multifractional Brownian sheets. In par-
ticular, they satisfy the same type of self-similarity and Holder regularity properties.
We also extend the invariance principles mentioned above in a stable setting.

Key-words: Multifractional anisotropic random fields, invariance principle,
local self-similarity, sample path properties.

MSC classification (2010): 60F17, 60G22, 60G17, 60G52, 60G60.

1 Introduction

Fractional Brownian motion has been extensively studied because it is a relevant model
for many problems where fractal properties occur, which is due in particular to its self-
similarity, the stationarity of its increments and its regularity properties. It is also universal
in the class of fractional processes because it satisfies the following invariance principle.
Consider X = {X,,,n € N} a centered, stationary and Gaussian sequence and the process

[Nt]
1
SN = ﬁZXM € [0, +00)
n=1
where H € (0,1) and [y] is the integer part of the real number y. Then, S& converges in
distribution to a fractional Brownian motion of Hurst index H (see Theorem 7.2.11 of [22])
as soon as one of the three following properties is fulfilled:

e If H € (1/2,1), there exists o > 0 such that E[XoX,] ~ ogn?7=2 as n — oo

e If H € (0,1/2), there exists o < 0 such that E[XoX,,] ~ ogn??~2 as n — co and
> E[XpX,] =0.

n=—0oo

o If H =1/2, 3" | [E[XoXn]| < 00 and S2°°__E[XoX,] > 0.
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The most famous generalization of the fractional Brownian motion is the fractional
Brownian field By = (Bg(u)),cga (see [17, 13]). This isotropic Gaussian random field By,
whose increments are stationary, is self-similar of order H, which means that

dist.

Ve € [0, +00), {BH(eu),u e Rd} = 5H{BH(u),u € Rd} (1)

dist.
where = stands for the equality of the finite-dimensional distributions. However, a draw-

back of the model By is the strong homogeneity of its properties. For instance, the self-
similarity property (1) is a global property, which is too restrictive for some applications,
and the pointwise Hoélder exponent of By at any point ¢ equals to its Hurst parameter H.
Thus, many generalizations of fractional Brownian fields have been introduced to model
phenomena whose Holder regularity may vary along the trajectories. The most famous of
them is the class of multifractional Brownian fields (see [4, 21]). Each of them is defined
from a Hurst function h instead of a Hurst index, and has locally but not globally (in
general) the same properties as a fractional Brownian motion.

Another drawback of fractional Brownian fields is their isotropy property, which is not
suitable for applications in medecin [8] or hydrology [5]. Thus, some fractional anisotropic
generalizations of the fractional Brownian motion have also been introduced. In par-
ticular, a fractional Brownian sheet (see [12, 1]), that we still denote by Bp, of order
H = (Hy,...,Hy) € (0,1)¢ exhibits different scaling properties in the d orthogonal direc-
tions, which is summarized in the following self-similarity property:

dist.

d
Ve € [0, +00)", {BH(slul, e EqUa),u € Rd} =11 5kH’“{BH(u),u e Rd}. (2)
=1

This property is more general than (1) but is still a global property. Moreover, the rect-
angular increments of By are stationnary and its pointwise Holder regularity may vary
with the direction but not along a trajectory (except on the axes). Then, to allow more
flexibility, a local version of the property (2) has been introduced in [16], following the
way [4] has introduced a local version of (1). As multifractional Brownian fields have been
defined, replacing H by a function ¢t — h(t) = (hi(t1),...,hq(tq)), multifractional Brown-
ian sheets have been defined and studied in [16, 11]. Their pointwise Holder exponent can
vary with the point ¢ and with the direction. Observe that multifractional Brownian fields
are not in general isotropic but their Holder regularity do not depend on the directions.

As mentioned previously for fractional processes, a question of interest is the exis-
tence of universal multifractional processes or, in other words, invariance principles for
multifractional processes. This question in the case of long-range dependence is ad-
dressed in [9] whose we describe the main result. We consider a centered Gaussian field
X ={X,(H),H € (1/2,1),n € N}, a continuous function h: R — [a,b] C (1/2,1) and for
every N € N,

[NY]
SN — Z;Wt € [0,400) p. (3)

As N goes to oo, under an assumption of long-range dependence, [9] proves that the finite-
dimensional distributions of S }ZLV converge to those of a multifractional Gaussian process S,
More precisely, Sy, is locally asymptotically self-similar in the sense of [4] and its pointwise



Holder exponent may vary along the trajectories. This theorem is a generalization of the
classical invariance principle ([22]) in a framework of long-range dependence.

In this paper we generalize to different directions the invariance principles we men-
tion above. Our main results deal a multidimensional version of the sequence (3). More
precisely, we consider a sequence of the form

[Ntl} [Ntd]

X (B
Sy=<>00) N(%V),te[o,—i-oo)d

ni=1 ng=1

where X = {X,,(H),n € N*, H € (0,1)?} is a Gaussian or an a-stable (0 < o < 2) ran-
dom field defined by a harmonizable integral representation. For suitable families (hnN )n N
and (r,]y )m n We prove the convergence in distribution of S,]lv to a multifractional field Sy
as N goes to oco. Moreover, in the Gaussian case, we study the local self-similarity and
the pointwise Holder regularity properties of the limit Sy. These properties are the same
as those satisfied by multifractional Brownian sheets. We also introduce pointwise multi-

Holder exponents which are related to the regularity of the rectangular increments.

The paper is organized as follows. Section 2 is devoted to establish the invariance
principle in the Gaussian case. We get limit fields whose we study local self-similarity and
regularity properties in Section 3. We extend the invariance principle in a stable setting
in Section 4. Some technical lemmas are postponed to the Appendix.

2 Invariance principle

Let {Wy(x),r € R4 H € (0,1)¢} be a real centered Gaussian field such that for every
H e (0,1)% K €(0,1)% ¢ € R? and € R,

d

E[WH (C)WK (77)] = C(H7 K) H inf(ij 771‘)7 (4)

with C : (0,1)4 x (0,1)% — R a symmetric and smooth function. Let us emphasize that
{(Wy(z),z € RY, H € (0,1)4} exists if and only if C is a covariance function. We also
remark that, if we fix H € (0,1)¢, then {Wg(x),z € R?} is a Brownian sheet.

Consider the set
F={f:RIoC feP®) VR, f(§) = F(-O)}

and for each H € (0,1)?, let Wu (dzx) be the Fourier transform of the real Gaussian random
measure associated with Wy (see [22] for example). Then, for each H, for any f,g € F,

E( (@)W (da) / g(m)%(cm):cm,m f(@)g(a)da. (5)
R4 R Rd

d
Let a : (0,1)% x R? — C be a measurable and bounded function satisfying

VH € (0,1)% a(H,-) € F. (6)



Then, the random field X = {X,,(H),n € N¢, H € (0,1)?} such that

d N1
X, (11) = [ ot a)exp(itn. o)) [T S0 W)

i £
is well-defined and is a centered real-valued Gaussian field. Using (5), the covariance

between X,,(H) and X,,,(K) is

z n—m,xr \exp Z‘TJ) 1|2 R _
C(H,K) /R Ja(H, z)a a(K, x)e H—’HH ——dr =1, (n—m).  (7)

Our aim is to consider a field S,]LV defined as a weighted sum of X which converges to
a random field sharing many properties with a multifractional Brownian sheet. Before we
introduce the weighted sum S}]LV , let us introduce several notations we use throughout the

paper.
Notation
e For any t = (t1,...,tq) € [0,4+00)? and N € N*, let

D{V:{k:(kl,...,kd)eNd/lgkjg[th],nggd}.

e For any integer 1 < j < d, let us consider a function h; : [0,00) — (0,1) and set
vt = (tla oo 7td) S [07 +Oo)d7 h(t) = (hl(t1)7 R hd(td>) (8)

e In the following, for k = (ki,...,kg), hi = (h,lxl,...,h,lc\fd) where for 1 < j < d,
hﬁj = hj(k;/N).

e In order to simplify some notation, for a = (aq,...,aq) € [0,4+00)%, we write

d
la| = Zj:l aj-

In this section, we study the behavior as N tends to +oc of the random field S,]lv =
{SN(t),t € [0,400)?} defined by

[Nt1] [Nta]  [Nt4]

-3y o)

ki=1ko=1  kg=1

X (Y

keDN N

We assume that the function a satisfies the following technical condition.
Condition (A). There exist two measurable functions ag : (0,1) — C and a; : (0,1)4
R? — C satisfying the following properties.

e For every (H,z) € (0,1)¢ x R, a(H,z) = ao(H) + a1(H,x) .

e The functions ag and a; are of class C¢ with respect to H.

e For every k = (k1,- -+ ,kq) € {0,1}¢ and every compact set K of (0,1)%,
lim sup {|0fa1(H,z)|} =0 and sup  {|0Fa1(H,x)|} < o0
=0 gek (H,z)eKxRa

with 9 = 95 ... 9.



These properties imply that for every x € {0,1}? and every compact set K of (0,1)%,

sup  {[0fa(H, )|} < occ.
(H,x)eXxR4

They also imply that ag is a real-valued function and that a;(H,-) € F for any H € (0,1)<.

Now we state the main result of this paper.

Theorem 1. Assume that for any 1 < j <d, h; is a C'-function and that Condition (A)
is fulfilled. Then, the finite-dimensional distributions of S,]lv converge to those of the real-
valued centered Gaussian field Sy, whose covariance is given, for all s and t € [0, +00)?, by

d
E[Sh(t)Sh(s)] = / dy / Co(h(0), h(e))e 0= TT |y;|* ") """ dpdo,  (10)
R4 D¢ xDs

j=1
with D, = Hle[o,uj] and
Co(H, K) = C(H, K)ag(H)ao(K). (11)
In the special case where C' =1,

d
58 [ Wedy) [ aolb@)e O [l Ot € o, +oc)' (12)
R4 D j=1

with W the Fourier transform of the real Gaussian measure associated with a Brownian
sheet.

Observe that Sy (t) = 0 if there exists j such that ¢; = 0. This is also true for multi-
fractional sheets.

Before we prove this theorem, let us relate it with some previous works [9, 22, 23].
Remark 1. Assume h = H € (0,1)%. Then according to Theorem 1, the random field

[Nt1] [Nt2]  [Ntg]

L 2D I SR

ki=1ko=1  ky=1

converges to a fractional Brownian sheet By of order H. If d = 1, this is the classical
principle invariance described in [22].

If h is not a constant function, the limit is not a multifractional Brownian sheet. For
instance, if d=2 and C =1,

Sp(t) = ao(h1(t1))ao(ha(t2))Br(t) — R(t)

where By, is the multifractional Brownian sheet defined by

- eitlwl -1 eitQmQ —1
Bh(t) = 2 W<dx) <Z$1|.’L’ |h1(t1 1/2) (ZZL‘2|$ |h2(t2 1/2)




and

R() = [ Wanpt om0 + [ Wanptonto - [ Wt

with

iteTr 1
fr(t, ) ZGO(hk(tk))< - s (t)— 1/2)

izg|Tg

and

t; ie-xj -1
gj(fﬂat):/o h}(9j)(06(hj(9j))—ao(hj(9j))1ﬂlﬂfj|)< 5= 1/2>d'9j-

EAEN

Remark 2. Assume that d = 1 and that Condition (A) is fulfilled. Let r, .. be defined
by (7). Then one can prove that for any compact set K of (1/2,1),

— 0.
]—>OO

sup
H,Kek

j2—H—KrH’K(j)_C(H’K)aO(H)ao(K)/ReXp(wj):p|1 H-K ..

Hence, the Gaussian process {Xg(t),t € R, H € (1/2,1)} satisfies the assumptions of [9],
in which h takes its values in a compact subset of (1/2,1). Theorem 1 is then a general-
ization of Theorem 1 of [9], with some restrictions on the form of X and the regularity of
h, to the case where h takes its values in (0,1).

Remark 3. Letd = 1. Assume thata =1 and Wy = W does not depend on H. Then un-
der the assumptions of Theorem 1, the finite-dimensional distributions of{S}JlV(t), t €10, +oo)}
converge to those of the process {Yy(t),t € [0,400)} defined by

t exp(iyf)
/W o |y|h® 1/2d6

with W the Fourier transform of a real Gaussian measure. This process, called integrated
fractional white noise, has first been introduced in [23] as an alternative to multifractional
Brownian motion because its magnitude is much less sensitive to the variations of the
Holder exponent. Here we give a new motivation to the introduction of the process Yy : it
18 the limit of an invariance principle, so it can be chosen as a universal multifractional
Gaussian model. Note that this has already been noticed in [9] in the case of a function h
with values in a compact set of (1/2,1).

Let us now conclude this section by proving Theorem 1.

Proof. Let t,s € [0,T]%. Then,

BSOS ()] = Z Z \hNI |n| E [Xi(h") X5 (hy)]
kepN iepy NIEIN
y N x)e exp(iz;) — 1]
[ 3 e f ot
keDN 1eDN NI 1R =1 ’wj‘1+hz,j+hk’j



where b(0,0,x) = C(h(0),h(c))a(h(0),z)a(h(c),x). Then, a change of variables leads to
E[S,]Lv(t)S,]lV(s)} = N (s,t,2)dx
R4
where
d | iz;/N _ —kj)z;/N
. o\ qh fel 1ot
N(s,t,z) = ZZb( N>H IETS
keDN 1eDN j=1 e
Let us define the function ¢ by
1—¢€
q(§) = g L€ R\{0}.
We can write
(Wl) [Nsil ity /N ( ) INtl - —ika /N

N (s,t,2)

Z ’$1|h1 ll/N 1/2 Z |$1|h1(k1/N 1/2

Wd %] eilara/N g (24) [ emihaza/N (l k x>

; 1|xd|hdld/N -1/2 N Z ’$d|hd(kd/N 1/2b N'N'N
d=

Because of the regularity of h, a and C, we can apply 2d times Lemma 3 (stated and
proved in the Appendix) with o = 2. This leads to

’@N(s, t, x)’ <  max sup
x€{0,1}2 (9 5)e[0,T)24

0"b (0, o, %)’ f[ g(z;)?
j=1

where 97b = 95 - - 93?05yt - - 9524b and

1 1
9(§) = ¢, ), (1 + [In[¢]]) <§‘H+—1/2H|5<1 + WHI»:IN) (13)

with Hi = maxj<j<q maxjq 7 hj, H_ = minj<;<q ming 77 h; and Cr, finite positive
constant. which only depends on 7" and the infinite norm of each A on [0, 7.
Since h is C!, C is smooth and since Condition (A) is fulfilled,

sup  sup  [0"b(0,0,y)| < +oo.
yER? (0,0)€[0,T]>4

The sequence of functions {x + ® (s, ¢, )} is then uniformly bounded by an L' (R%)—function.
In order to use the bounded convergence theorem, it remains to prove the convergence of
®N(s,t,z) for almost every x. We write

ON (s, t,x) = N (s,1,2)



where, for n € {0,1,2,3},

BN (5,1, ) %Z:Zb< ;;)H

I (%) |2l —kj)es /N

keDN 1eDN =1 el
with
bo(0,0,y) = C(h(0), h(o))ao(h(0))ao(h(a)) := Co(h(0), h(c)),
bi1(0,0,y) = C(h(0),h(o))ar(h(6),y)ao(h(c)),
by (0,0,y) = C(h(0),h(o))ao(h(6))ai(h(c),y),
and b3(9707y) = C(h(@),h(a))al(h(ﬁ),y)al(h(a),y)

For each n € {1,2,3}, using 2d times Lemma 3 as previously, we obtain that

0" b, <0, o, %) ’g(xj)z

with ¢ defined by (13). Thanks to Condition (A), for almost every z,

dN(s,t,z))] <  max sup
[ | k{0,132 (g.5)e[0,7]24

3
lim Z dN(s,t,x) = 0.

N—o0 —

Moreover, by the Riemann sum theorem, for almost every =z,

d
lim ®Y (s, t,x) = / de do Cy(h(0),h ) il |l hj(05)=hj(o5)
N—o00 0 ( ) Dy D. ]1;[1
Hence, by the bounded convergence theorem we get
d
iim Bl (05}(s)) = [ dy [ =) T s[4~ g
N—+4o00 [ h Rd DtXDS E[

Since S}]LV is a real-valued centered Gaussian random field, this proves the convergence
of the finite-dimensional distributions of S,le to those of a real-valued centered Gaussian
random field Sj, whose covariance is given by (10). Moreover, if C' = 1, the integral
representation (12) of Sj, is a direct consequence of the isometry property of W on the
space of square integrable functions. O

3 Sample path properties of the limit field

This section is devoted to the smoothness of the sample paths and the self-similarity
properties of the limit field Sy,. To this aim, let us first introduce and study some directional
increments of Sy,.



3.1 Covariance structure of directional increments

As usual, (eq,...,eq) denotes the canonical basis of R?. Let us consider a random field
Y = {Y(t),t € Rd} and § € R. Then for every k = 1,--- ,d and § € R, the directional

increment field {Agk)Y(t), te Rd} is defined by

APY (1) = Y (t + dex) — Y (1).
Then, the rectangular increment of Y at point ¢ in direction (ki,...,kp) of size § =

(01,...,0p) is defined by

Ak (36) = AP ALY ATy ().

1

Observe that the increment ALY (¢, s—t) is the classical rectangular increment between
t and s of the random field Y. For the sake of simplicity, we set

1 1
AY (t,s) = ALDy(ts—1) = Z Z(—nzii:lﬁlyam*(s—t))

where for a and b € R¥,
axb= (albl, a2b2 T ,akbk).

All the properties of S, we study are consequences of the Proposition 1 stated below,
which focuses on the behavior of the covariance

E(A(kl’""kp);s’h(t, V% U)A(khm’kp)sh(ta Vx u)) (14)

as v tends to ORzi for any (ki,...,kp). In particular, since S} is a real-valued Gaussian
random field, these behaviors are related to some local asymptotic self-similarity properties
and to some Holder smoothness properties, see Sections 3.2 to 3.5.

Proposition 1. Let p € {1,---,d} and k = (k1,...,ky,) € {1,--- ,d}? with k; # k; if
l# j. Then, for every T € Ry,

E[AFL k) Gy (8 v % u) ARL- k) G (£ v wv)] k
1 3 ) _ E' E =
u—gﬁp u, vil[lOpT] y2hk1 (tk1) ce I/thp (tkp) h,l(t’ v v) " (t) "
te(o, T] ! b
where
(ezy]uj _ 1)(6 Wivj 1)
E}fl(tuv):/ ay]] 2 (18)
, s Uy hp . )+1
Rp o |y]| kj (tk] )+
and

o) = [, [ T1 e ((E)(r) o

jeJ(k

with J(k) = {1,...,d}\{k1, ..., kp}, Df = TL;c 5[0, 5] and

(Ck’t>j _ { gj if j € J(k)

t; else.

Here, by convention, E\5 % (t) = Co(h(t), h(t)) = ao(h(t))*C(h(t), h(t)).



Remark 4. E}’f 1(t,-,) is the covariance function of the fractional Brownian sheet B(hk (thy )ity ()
’ 1 1/ "Fp P
defined by

p

Bl )0 = [, 11

. h
P =1 iy;ly;| "

eiyj uj 1

o1V (dy), ue RE. (17)
J

Moreover, if we denote J(k) = {kpt1,...ka} with k; < kiy1, then

E;’f’z(t) = V&I‘g(tkp+1, ce 7tkd) S R+
where S satisfies the same kind of invariance principle as Sy, (that is, which can be intro-
duced by Theorem 1 replacing d by d — p and with suitable functions C,a and h).

Let us now prove Proposition 1.

Proof. Let u,v € [0,T)P, t € [0,T]% and v € (0, 1]P. Because of the symmetry properties
of (10), we can assume without loss of generality that k = (1,...,p). Then, we study

E[A(l"" uP)Sh(t, Vx U)A(l"" 7P)Sh(t, vV *)]

Ill(t7 u, U) = I/2h1(t1) L. Vth(tp)
1 p

By definition of A(l?)S) and by (10), we have:

p ei0—0j)z;

d
—2h;(t) /
L,(t,u,v) dx dfdo Coﬁ@,ha
Hl R4 Dy V*’UXDt,V*U ]:1 ‘1'j‘h (0 )+h ( ) ( ( ) ( ))

where for all 6 € RY, Dy s = [[[_;[t;, t; + d;] x HJ —_p+110, ;] Some substitutions lead to

Litwo) = [y [ dgdn @y (€)@l € mCoh(EW 1) ha(E" )

where for all w € RY, w? = (wy, ... , Wp),

p (gj n5)Y; I/] hj(v€5+ts)+hi(vini+t;)—2h;(t;)

P10 (y,6m) = | '|hj(uj§j+t]~)+hj(w77]‘+tj)*1 ’
j=1 Yi
d (& —n5)y;
(1)2(%5777) H h (&) +h;(n;)—1

and
viG;i+19; if1<5<p
VI ERL, (C(W,v); =4
¢ ifp+1<j5<d.
Note that ®1,,(y,&,n) (respectively ®2(y, &, 1)) does not depend on (y;,&;,1;,t5)pri<ji<d
(respectively (y;,&5,m5,t5)1<j<p)-

Let us fix y € R? with y; # 0 for every j € {1,...,d}. First let us consider ¢, €
C(RP x RP,C) the function defined by

Q:y(197 §) = /D(1 ») ><D(1 ) dfp-{-l cee dgddnp-‘rl cee dnd(I)Q (y7 57 n)CO(h(g(ﬁa 0))7 h(77(§7 0)))

..........
t

10



with D" = [9_,.,[0,¢,].
Let j € {1, -+ ,p}. We define the operator Iﬁl from C([0, 2T x[0,2T}7~1,C) to C([0, 2T} !
0,271, C) by

Uuj p '(p0+tj) h'(tj)eiy]’0 '
/ d9 jy; o (PP ) =172 (0, + pb<) if p € (0,1]
17 . 0(09,¢) =
],1<P( * eti? etiuj _ 1 .
/ d6 (t)— 1/290( Uy ):m¢(ﬁ,tj,§) itp=0
" iyjly;|"

for any 9 € [0,2T)71, ¢ € [0,2T)~ and ¢ € C([0,2T)7 x [0,27)~%,C). For the sake of
simplicity, we do not emphasize the dependence of the operator I j/? L on (y,u).

We also define the operator %, from C([0,2T} x [0,2T)7,C) to C([0,2T) x [0,2T}'~*,C)
by

vj ph j(po+t;)—h;(t; )eflyj .
/0 do |y| PR o(V,5,t; + po) if p € (0,1]

I?.0(9.¢) =
oy [ i e = et it
790 S tj) = W, t) itp=0
0 fyllTI2 Tyl ’
for any ¥ € [0,27)7, ¢ € [0,27)~! and ¢ € C([0,27)7 x [0,2T)7,C). As for I, we do not
emphasize the dependence of the operator I z , on (y,v).
We also consider the operator I =1 Jp 1 ]p - Then the Fubini Theorem leads to
I,(t,u,v) :/ dyI}* - I,°C,.
Rd
By the Fubini Theorem, we also have
[ a1 1e, = Efy (w0 B (o)
Rd b b

with E,’f’l(t,u,v) defined by (15) and Eﬁg(t) by (16). Therefore

L(t,u,v) — Ef | (t,u, v)Eﬁg(t)’ = ‘/Rd dy(I7r - LP =17 - 1)) €,

= (L
+ [

Thanks to Lemma 5 we have the following properties for 1 j’i ;and I £ 5. Let y € Ri with
y; # 0 and p € (0,1].

(i) Let ¢ € C([0,27)7 x [0,2709~1,C). Then, for every ¥, € [0,27)7~1

IN

V1 Y,u,Vj—1 vj 0 0 70 0
It Iy (Ij,l—fj,l)szfﬁl“'fp z

e L (L = 1) 1y - 10,

)

P 0 .
(17, = 2209009 < el (oo s max 1o(0., 0.9l mae 10ul0,0.)])
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where ¢; = ¢1 (T, h) only depends on 7" and h and

1 1
g(r) = (Wlﬂzl + MH+—1/21’"|<1> (1+ [In|r]]) (18)
with Hy = max max hy and H_ = min min hy. Moreover,
1<k<d [0,2T] 1<k<d [0,27T]

14 .
‘Ij,1<a0(197§)) < c19(y;) max (w?ﬁf?ﬂ |s0(197w7<)|,wrer[l(§§ﬂ IBwsO(l?,w,g)l>

Let us remark that this last inequality also holds for p = 0 choosing ¢; > 1.

(ii) Let ¢ € C([0,27)9 x [0,2T}7,C). Then for every ¥ € [0,27) and ¢ € [0,27)771,

‘(If,z - fﬁz)@(vﬁ‘x)‘ < c1p|In(p)|g(y;) max (wg[l(gﬂ !w(ﬁ,c,w)!,wgﬁcﬂ |0 p (¥, <7w)\>

and

75000.6)] < cxglyp)mo (o o006, 0)l. o [0up(d.5.0)] ).

Let us remark that this last inequality also holds for p = 0.

Since 0y 1%, = I} 0wy (k € {1,2}), by applying (i) and (i), we obtain:

1, (t,u,0) = Bf (10, 0) Ef o(0)]

P p
<27 vy, / dylg(y;)* max sup
1;::1 il Inw;| e ]131 (5)

€1 Ep 9€p+1 €2p
i o5t - 0O - 00,
e€{0,1}?P y ce[0,2T)P

Moreover, applying Lemma 4, we obtain:

max sup

o ...32?551?“ ...af;p%
e€{0,1}2P y ce[0,2TP P

d
< ey || g(zp)? max =~ Sup
2
j=p+1 €{0,1}2% 9 ce0,271

1L 9ed gl L. gE2a
Ot OO - 9220y

where Cy(9,5) = Co(h(¥9), h(s)) and where the finite positive constant ¢y only depends on
(T, h). Therefore,

P
L(t,u,v) — E,]f71(t, u, v)E}]f’Q(t)‘ < c3 Z vj|Invj|
j=1

with c3 = 20]1302”9”%%(]1{) maX,c (124 SUPy c[0,2774 )8;11 e 5;‘;8;‘1“ - 8;246’0 . One can eas-
ily check that c3 < oo, which concludes the proof. ]
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3.2 Local asymptotic self-similarity properties

In general, a multifractional Brownian sheet satisfies neither a global self-similarity prop-
erty (1) or (2) nor a local asymptotically self-similarity property in the sense of [4]. How-
ever, restricted on a line directed by ey, it is locally self-similar. Moreover, it also satisfies
a local version, introduced in [16], of the self-similarity property (2). This local property,
which involves its rectangular increments, takes account of its local anisotropic behavior.
The next proposition proves, in particular, that all these self-similarity properties also
hold for the limit field Sy. Since S}, is a centered real-valued Gaussian random field, it is
a direct consequence of Proposition 1.

Proposition 2. Letp € {1,...,d} and k = (k1,...,kp) € {1,...,d} with k; # k; if | # j.
Then, for any t € [0, +00),

p dist.

—hy . .
T (1) A(kl""’kp)Sh(t,a*u),u €10,400)? 3 = {Thit(u),u € [0,+00)"}

E]
=1

lim
+
e—=0pp

where 1/
Thki(u) = (E'ﬁz(t)) B(hkl(tkl)v--whkp(tkp))(u)

with E,’fg(t) defined by (16) and B(h (

by (B )iy (1)) the fractional Brownian sheet defined
by (17).

Observe that the limit field 7j ¢ is non-degenerate if and only if Eﬁ 5(t) # 0. In the
following remark, we assume that 7j 1 ; is a non-degenerate random field.

Remark 5. Choosingp =1 and k € {1,--- ,d}, Proposition 2 can be written as
dist.

lim {E*h’“(t’“)(Sh(t + euey) — Sp(t)),u € [0, —l—oo)} = {Thii(u),ue0,400)}, (19)

e—0t

where the tangent process Tp ¢ is a fractional Brownian motion of order hi(ty). In other
words, Sy, is locally asymptotically self-similar with respect to k™ -component at point t with
tangent field a fractional Brownian motion.

3.3 Modulus of continuity and Holder exponents

Since Sy, is a centered real-valued Gaussian random field, its sample path properties are
related to the behavior of its variogram. Hence, we start by giving an upper bound this
variogram, that is we give a Kolmogorov-type estimate for the increments of S;, which
takes account of the anisotropic behavior of .Sp,.

Lemma 1. Let T € [0,4+00). There exists two finite positive constants ¢ > 0 and n > 0
such that, for every t and s in [0, T]% with ||t — s|| < n,

2

d
E[(Sh(t) = Sn(s)’] < e| D [tj — syftalmintasa) ) (20)
j=1

13



Proof. Let s,t € [0,T]%. Observe that we can assume without loss of generality that tj #s;
for all 1 < j < d. Otherwise Sy, (t) = Sp(s) and (20) holds for any ¢ € (0, +00).

Let us now consider the sequence (u(J ))0 <j<d of [0, T]¢ defined by

w(0) =t and u(j+1)=u(y)+ (sj41 — tjs1)ej+1-
Observe that u(d) = s and for any 0 < j < d—1, u(j+1) —u(j) = (sj41 — tj+1)ejt1-
Then using the Minkowski inequality, we have

2
1/2

d
E[(Sh(t) = Su(s)?] < [ SO [{8n (i) = Sh (u(i — 1)¥’]
j=1

Let 1 < j < d. By Proposition 1 (applied with p =1 and k = j), there exists r; such that
for all v € (0,r;),

sup [y 2SR (), (v) — S (v+ ve)))?| = By (0,5, 5) B y(0)] < 1.

vel0,T4

with EZJ apd Ei,2 defined by (15) and (16). Since for any 1 < j <d, v — E,il(v,ej,ej)
and v — EJ ,(v) are continuous on the compact set [0, T]%, there exists a finite positive
constant ¢ such that for all 1 < j <d, for all v € (0, min;<k<q7x) and for all v € [0, T4,

E[(Sh (v) = Sh (v + Vej))ﬂ < cp?hi(vi)
Applying this inequality with v = u(j — 1) and v = s; — ¢; (respectively v = u(j) and
v =t;—s;)if s; > t; (respectively if s; < t;), one obtains that there exists 7 € (0, 1) such

that i
E[(Sh (u(j)) = Sh (u(j = 1))?] < elt — sy (mnta)

for s,t € [0, T]¢ with ||t — s|| < n. This leads to the conclusion. O

Observe that, by Lemma 1, for any compact set K of R%, there exists a finite positive
constant ¢ = ¢(K') such that

Vst € K, E[(Sh(t) — Sn(5))?] < epy (5,1)2 (21)

with p,. the metric defined on R? by
d .
prc(s,t) = |s; —t;[""K" s ¢ € RY. (22)
j=1

Henceforth Sj, admits a continuous version on R¢, which we still denote by Sj,.

To conclude this section, we are interested in the modulus of continuity of the con-
tinuous Gaussian random field S,. Many authors have studied moduli of continuity in a
Gaussian setting, e.g. see [14, 20, 4, 2, 24, 19]. In particular, [2] establishes a sharp modu-
lus of continuity for fractional Brownian sheets using a wavelet expansion. Here, we cannot
follow the approach of [2] since it is based on an integral representation. Nevertheless, the
upper bound we give is sufficient to obtain the Holder regularity properties of Sj,.

14



Proposition 3. For any non-empty compact set K of R® and any n > 0,

[Sh(t) — Sn(s)]
)|1/2+n

lim sup

6—0 HEK 1
0<S\\f—es||§5 Py (s,t)[log py (st

=0 almost surely

where the metric p, is defined by (22).

Proof. Let K be a non-empty compact set of R and E be the diagonal matrix given by

1 1
FE =di .
1ag<minK hi’ " ming hd>

Since the eigenvalues of E are positive, according to Chapter 6 of [18], there exists an unit
sphere S, (for a suitable norm) such that we can write any ¢ € R%\{0} uniquely as

§= Tg (t)EgE (t)

with 7,(¢) > 0 and £, (t) € Sg. By convention 7,(0) = 0. Then, for any t,s € R? such
that t #£ s,

pK(t7 S) = Pk (Ovt - 3) = TE(t - 3)pK(O7€E(t - 3))

by definition of E and p,.. Therefore by continuity and positiveness of u +— p, (0,u) on
the compact set S, there exists two finite positive constants c¢; and ¢y such that

Vs, t € RY 17, (t — 5) < p,(t,8) < corp (t — 5). (23)

The upper bound in (23) and Lemma 1 prove that the centered Gaussian random field Sy,
satisfies the assumption of Proposition 5.3 of [6] (with 8 = 0). Both this proposition and
(23) lead to the conclusion. O

The following corollary is a direct consequence of the previous proposition.

Corollary 1. Let K = H?Zl[aj,bj] be a mon-empty compact set of RY. Let H; =

ming,, p.1 by for 1 < j < d and let H = mim<;j<q Hj.
1. Then for any € € (0, H), Sy, is Hélderian on K of order H — ¢.
2. Lett € K and Kj = {t+rej € K /r € R}. Then, for any € € (0, H;), Sy, is Holde-
rian on K; of order H; — ¢.
3.4 Multi-Holder continuity property

The notion of double Hélder continuity has been introduced in [10]. This property, which is
defined in the framework of functions of two variables, is related to rectangular increments
and can be readily extended to functions of d variables as follows.

Definition 1. Let U C R%. A function ¢ : U — R is said to be multi-Hélder continuous

on U of indexes (a1, ,aq) € (0,00)% if there exists a finite constant ¢ > 0 such that
d
Vs, t € U, [Ap(t,s)] <[] ls; —t;1*
j=1

where Ap(t,s) is the rectangular increment of ¢ between s and t (see Section 3.1).
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D. Feyel and A. De La Pradelle have also introduced in [10] a framework to study
double Holder continuity property for a two-variable random field Y. More precisely, they
prove a Kolmogorov-type lemma (Lemma 17 page 283 of [10]) by means of Liouville spaces.
By following the same lines as their proof, one obtains the lemma below.

Lemma 2. Let Y = (Y(t),t € [0,00)%) be a continuous real-valued random field and let
K C [0,00)? be a non-empty compact set. Assume that there exist ¢ € (0,00), q € (0,00),
n € (0,1] and a vector of indexes (B1,- -, Ba) € (0,00)¢ such that, for every (s,t) € K x K
satisfying ||t — s <mn,

d
E[(AY (5,1)7] < c [ 1t - 5,/"*. (24)

Then, for every (aq,---,aq) € H;-lzl[(),ﬁj/q), almost surely, Y is multi-Holder on K of
indezes (aq,- -+ ,aq).

We can now establish a multi-Holder continuity property for Sj,.

Proposition 4. Let K = H;lzl[aj,bj] be a non-empty compact set of [0,00)%. Then,
almost surely, the random field Sy, is multi-Holder on K of indexes (aq,--- ,aq) for every
(o1, orq) € [19—[0, ming, 5 By).
Proof. Let s,t € K. We can check that

|ASh(t’ 8)| = |ASh(min(Sa t)) max(s, t))‘

where min(s,t) = (min(t¢y, s1), ..., min(tg, s¢)) and max(s,t) = (max(t1, $1),. .., max(tq, sq)).
Hence, without loss of generality, we assume that ¢; > s; for each j =1,--- ,d.

Because of Lemma 1, there exists 1 € (0, 1] so that for every v € (0, 00)? with ||v|| < n and
every v € K

]E[(ASh('Ua v+ y))Q] < (1 + E}(:i,d) (U, T’ T)E}(LIé,d) (’U)) H y?hj (v;)

d
- 2miny, . .1 h;
< swp(L+ B, L ES ) [Ty,
ueK ’

where 1= (1,1,---,1) € R% Observe that C' = sup,c (1 + E}(:i“"d) (u, T, T)E,(:é”"d) (u)) <
0o. Then, choosing v = ¢ and v =t — s and since Sy, is Gaussian, Y = 5}, satisfies (24) on
K with f; = minj,, 51 h; — 1 /q. The conclusion follows from Lemma 2. O

3.5 Holder exponents

Let us first focus on the pointwise Holder exponent

Sp(t + reg) — Sa(t) }

H

Hg, i(t) :==sup {H > 0: lim
? r—0 |r‘

of Sp, at point ¢t on the direction e, and on the global pointwise Holder exponent

Hg, (t) := sup {H >0 : lim Sn(t + S); Sh(t)}
50 B
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of S} at point t. We briefly explain how to derive them from the previous sections. On one
hand, Corollary 1 gives a lower bound of these exponents, which is improved by applying
Proposition 4 when ¢ has at a least one null coordinate. On the other hand, the upper
bound is derived from Proposition 2 in which the limit field has to be non-degenerate.

Proposition 5. Let 1 <k <d, t = (t1,--- ,tq) eRi and Ny = {1 <1< d;t; = 0}.

1. (a) If N\{k} # 0, Hg, 1(t) = +00 almost surely.
(b) If N\{k} =0 and E,]iQ(t) # 0, then Hg, 1(t) = hi(tx) almost surely.

2. (a) Assume that hy(ty) = mini<j<qhj(t;). If E{;Q(t) # 0, then almost surely

Hg, (t) = hi(tx) = 1r<nji§d hj(t;).

b) Assume that Ny = {k1,...,k,} with1 <p <d. IfE(kl’“"kp) t) # 0, then almost
P h,2
surely

Hg, (t) =Y i (0) = > hu(ty).
j=1

lEN
Let us now comment the assumption of the previous proposition.

Remark 6. The condition
Ep5(t) #0. (25)
is equivalent to assuming that the tangent field Ty is non-degenerate. Then, in view

of (16), k has to be chosen (as done in the previous proposition) such that t; # 0 for
Jj ¢ {ki,...,kp}. Moreover, (25) also implies that there exist 6,0 € Dy, such that

ao(h(8))ao(h(0))C(h(8), h(a)) # 0. (26)

It would be interesting to exhibit necessary and sufficient conditions on t and the functions
C, a and h such that condition (25) holds. However, we have chosen not to focus on this
question. We can easily check that Eﬁa(t) # 0 in many cases, as for instance when (26)
holds for any 0,0 € Dy or when for t small enough if (26) holds for 6 = o = 0.

Before we prove the previous proposition, observe that the pointwise Holder exponents
may vary with the position and that the directional pointwise Holder exponent may also
depend on the direction as in the framework of multifractional Brownian sheets (see [16,
11]). Let us also mention that our proof holds for multifractional or fractional Brownian
sheets. The statements of Theorem 6.11 of [16] and Proposition 13 of [11] have to be
slightly rectified in the case where N; # ().

Proof. 1. If N\{k} # 0, then Sy(t + reg) = Si(t) = 0 for any r and Hg, x(t) = +oo.
Assume now that N \{k} = () and E,’f,z(t) # 0. By proposition 2

S, (t — Sp(t) i
n(t + eey) h(t) dist. Thit(1) #0 almost surely
ehr(t) e—=04 Y

since Th (1) = E],i; (t)Bh,(t,)(1) with By, .y the fractional Brownian motion
defined by (17). This implies that Hg, (t) < hg(t;) almost surely (see for example
the proof of Proposition 2.3 of [3]). We conclude the proof of assertion 1. by applying
Corollary 1.
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2. By deﬁnition, Hsh(t) < minlgjgd HSh,j(t)- Then if hk(tk) = minlgjgd hj(tj) and
E,’fg(t) # 0, assertion 2.(a) is a direct consequence of assertion 1. and of Corollary 1.

Let us now assume that Ny = {k1,...,k,} with 1 <p < d.
e Let us prove, using the multi-Hélder continuity property, that Hg, (t) > Z§=1 h; (0).
To this aim, observe that for any s,

Sp(t+s) = ASR(0,t + s)

since S}, vanishes on the axes. Then let 7" € (0,1). Applying Proposition 4, one can
find a finite positive random variable ¢(tp41,...,tq) such that

p
Vs € [0,T)% [Su(t + 5)] = [AS(0,¢ + 5)] < ¢ [ Is™=0m 2,
j=1

which proves that Hg, (t) Z _, minjy 7 by, — 2pe for € small enough. Therefore,
letting € and T tends to 0, by contmulty of each hj, we obtain that

p
Hg, (1) Z

e Since Sp, vanishes on the axes and ¢; = 0 for 1 < j < p, we have:

p
Vo € R, Akrk) gy (1.6) = S, [ t+ Y djer,
§=0

Then, since E(kl’ K

(t) # 0, Proposition 2 implies that
ki, k T
Sp(t +eu) Alkreko) g (t’ glR”) dist.

Sy b () S0t Py (t) =0y

E,(kl,...,kp),t(fugp> # 0 almost surely.

9 9

where we have set u = ?:0 ex;. Therefore, Hg, (t) < Z§:1 hu, (tkj) almost surely,
which concludes the proof.
]

One can also consider the local Holder exponent at point ¢, which is related to the
Holder property fulfilled around ¢. In our framework and under the assumptions of Propo-
sition 5, one can prove that it is equal to minj<j<qh;(t). Observe that the pointwise and
the local Holder exponent at point ¢ are different if ¢ = 0. This is also true for multifrac-
tional or fractional sheets.

Observe that pointwise and local exponents of S;, do not directly involve all the values
of hj(t;) with t; € [0,400) and 1 < j < d. However, the knowledge of all these values
is required to obtain pointwise multi-Holder exponents which are introduced below. This
proves that all the range of h is involved in the regularity of the sample paths.

Definition 2. Let us consider ¢ a real-valued function defined on a neighborhood U
of t. The pointwise multi-Holder exponent of ¢ at point t € Ri 1s the only multi-indexes
(Hi,...,Hy) such that
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(i) for any a € H?ZI(O,Hj) limgy — 2208

IT5-, |tj—s;]%9

(ii) and for any o € RL\ H;lzl((), Hjl, % does not converge when s — t.
j=11%7"5]

In our framework and also in the framework of multifractional sheets, this exponent is
given by the function h.

Proposition 6. Assume ag(h(t))C(h(t),h(t)) # 0. Then the pointwise multi-Hélder expo-
nent of S, at point t is almost surely equal to h(t).

Proof. Since ASy(t,t 4 ¢) = A9 G, (¢ ¢), by Proposition 2,

. ASK(t,t+€) aist.
timg 220D ity 4)) [ /OO, B D) B (L 1)
5—>0Rd Hj:l gj] J
where B,y is the fractional Brownian sheet defined by (17). Then, since By (1,...,1) # 0
almost surely, for any o € Ri\H?Zl(O, h;(t;)], there exists a sequence (™), en which

converges to Oﬁgd and such that

}ASh(t, t+ €(n))’
H?:1 (€§n)) j

almost surely. Therefore property (i¢) of the definition 2 holds with H; = h;(t;), 1 < j < d.
Then, one concludes applying Proposition 4. O

— 00

4 Extension to stable fields

Let 0 < a < 2 and W, (d€) be a complex isotropic a-stable random measure on R% with
Lebesgue control measure (see [22] p.281). If o = 2, W, (d§) is a complex isotropic Gaussian
random measure. We recall that, for any function g : R* — C in L%(dx),

Walo) = [ ae)Wada)

is well-defined and is an isotropic a-stable random variable. Moreover, if for any function
g :R? — C in L¥(dx), we have:

Vz eC, E(exp {i?ﬁ(z /Rd g(g)Wa(d5)>D = exp <—cg\z|°‘/Rd |g(x)\adx> (27)

1 e 1/a
with ¢, = (2/ |cos (x)\adx) .
T Jo

Let a : (0,1)¢ x R? — C be a measurable and bounded function. Then, the random field
Xo = {Xna(H),n € N¢ H € (0,1)4} such that

d .

. exp(iz;) — 1

a(H. a) explifn,a)) [ | S22 L
j=1

XpolH) =R / W (dz)

R4 ||
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is well-defined and is a real-valued symmetric a-stable random field. Observe that if a
satisfies (6) and if o = 2, then the field X, has the same distribution as the field defined
in Section 3 with C' = 1/2.

For any integer 1 < j < d, let us consider a function h; : [0,00) — (0,1). Then, let us
define h : [0,00)% — (0,1)% by (8). We now consider

Xp.a(hY)
Vt € [0,400)¢, SN (t) := Zhal k)
[ OO) h, () Z N|h£]|

keDN

where DY and hkN are defined in Section 2. The next theorem is the analogous of Theorem 1
for SNV .

Theorem 2. Assume that the function a satisfies Condition (A). Then, the finite dimen-

stonal distributions ofS ha converge to those of Sy defined by

d
Wt € [0,400)%, Sna(t) = R| [ Waldz) / ao(h(0))e" ™0 T T |ay| =1/ 2" Cae |,
Rd Dy 1

where Dy = 1‘[?:1[0,15]-].

Observe that if h = H, the limit field S}, , is a real harmonizable fractional stable field
of order H.

Proof. Let m, M € N\{0} and T > 0. For any [ = 1...m, let t() = (tgl), ce ()> [0, T4

and \; € R. In order to simplify the notation, we set DV := DY - Then, using the
linearity of the integral with respect to W, and (27), we obtain that

(exp ( Z)\ZSha M) )) =exp (—c514(N)) (28)

with
(e}

d .
exp (iz;) — 1
/ ZAZ Z (hyy , ) exp (i(k, x)) l:[ ks N g [/ s /) dz.

=1 keDN:!

The change of variables y = Nz leads to I,(N) = / }@g(y)‘ady with
R4

eWi/N — 1

d
ZAI > ahy Jyv) N — s

I=1 keDNil j=1 |y

As in the proof of Theorem 1, we apply d times Lemma 3 to each function @g (1< <m)

defined by .
k y o eiy]'/N ]_
N L Ny ikjy; /N
DoY) = E b<N, N) He 7 [/ i)
=1
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with b(0, ) = a(h(0),z). This leads to

}fbg(y)‘ < max sup
x€{0,1}% pe[0,T)4

m d
K Y ~
o50(0. % )| 3o InI T alws)
=1 j=1
where
- 1 1
Ga(§) = ¢z, (1 + [In|£]]) WHIEKI + WH\QZI

with H; = maxj<j<q maxjq, 7 hj, H_ = minj<;<q ming 7 h; and Cr, finite positive
constant which only depends on 7" and of each infinite norm of A} on [0,7]. Moreover,
using the smoothness of h and Condition (A), we see that

sup
6€[0,T)4

o5 (0. %)) < +o0.

The sequence of functions {z ‘@fx\[ (s,t, $)}‘a} ~ is then uniformly bounded by an
L'(R%)—function. Then, in order to obtain the convergence I, (N), it remains to prove the
convergence of each @g ;(y) for almost every y. To this aim, we write:

ON,(y) = BN o (y) + BN, 1 (v)

where

d ei/N _ 1

k )
N B ikjyi /N
(I)a,LO(y) = Z ag <h<N>) He ! ly |1/a+hj(kj/N)

j=1 J

and

d .

k Yy ik-vu: /N eZyJ/N —1
Po1(y) = a1 <h<>,> oikivs/ M
Z N/) N H ‘yj‘l/ +h; (ki /N)

keDN! Jj=1

As in the proof of Theorem 1, Lemma 3 and Condition (A) lead to lim @é\fu(y) =0.

N—+o0
Then, using Riemann sum,
iy;e¥i0i
1/a+h;(0;)

d
im @Y,y = lim ®Y,,(y) = / ao(h(9))
Notoo @ Notoo D) jl_[1|yj|

Hence, by the bounded convergence theorem we get the convergence of I,,(N), which leads
(combined with (28)) to

o

m m d 0.
. . N 0) _ o« eWiY;
and concludes the proof. O
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Let us mention that one can prove an analogous of Theorem 2 for the stable limit field
Sh.,a studying the characteristic function of each quantity of the form

Z )\ZA(kl""’kp)Sh@(t, €% ul).
=1

However, the arguments used in the Gaussian framework cannot be applied to study the
regularity of the limit field S} ,. Since this field is a-stable, such study can certainly be
done using a series representation (see [15, 6, 7] for example) but this is out of the scope
of this paper.

5 Technical lemmas

Lemma 3. Let ¢ : [0,T7] — C and h : [0,T] — (0,1) be two continuously differentiable
functions and o € (0,2]. Let Hy = maxqgrh and H_ = minjgmh. Then, for every
x € R\{0}, for every N € N\{0} and every t € [0,T],

1 — i/ ikz/N |1 1—1/a—h(k/N)
“1/a— /
Z¢>( ) Al < gy macx ([9] s [¢']]0) 90 (@)
where
1 1
ga(z) = (14 [In|z]) Wﬂma + Wﬂmzl (29)
and ¢, is a finite positive constant which only depends on T' and on max[ 1) |W].

Proof. Let z € R\{0}, N € N\{0} and ¢ € [0, T]. Let us now set

[N1]

1 _ o—iz/N V1] B oikz/N _ qi(k=1)z/N
ikx Ja—h(k/N) __
o ,2) = =55 o ) -3 o) G
iz|x|
Then,
B [Nt] i[Nt]:E/N
gN(t’J:) - ¢< N ZCC‘I| (INt]/N)—1+1/

I A WU R S
=gVt TAN )\ [ MRN) g (BN
[Nt] cik=1)z/N _ I P
" (o(x)-+("5))- 30)
Let us first remark that

[Nﬂ i[Nt]x/N 1
¢ N ) || INO/N) =141/

< max (2,79l 9o () (31)
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with g, defined by (29). Moreover, since h is continuously differentiable, by the mean
value theorem,

S () (e !
S g|a| Ve TAN ) g g DN

(N?]

(k — 1) Tn ||| 2[Nt]|In |x|]
S (b 0o h, Ha: T )
]l H Hoo | <1;N2|x’H+—l+l/a | \ZlN’x‘H,H/a

which implies that

(N i(k—1)z/N
e -1 (k 1 1 9 /
> Tt/ ¢<N> <|x|h(k/N) B ‘x|h((k1)/N)> < max (1%, 27) ||| _||¢l| o 9a (). (32)

x|z

Applying the mean value theorem to the continuously differentiable function ¢, we also
obtain

[Ni] i(k—1)z/N _ 1 k E—1
Z (§ )N /e <¢<N> - ¢<N>> max (T2’2T)H¢/Hooga(x) (33)

ok
i G|z («

Equations (30), (31), (32) and (33) lead to the conclusion. O

Lemma 4. Let ¢ : [0,7] — C and h : [0,T] — (0,1) be two continuously differentiable
functions. Let o € (0,2]. Then, for every x € R\{0} and every t € [0,T],

t .
/0 qb(ﬁ)eleﬂx\l_l/a_h(g)de' < Cp,y MAX (”quOO’ H¢,Hoo)go‘($)

with go defined by (29) and Cr, @ finite positive constant which only depends onT' and on
maX[O’T} |h/|

Proof. This is a direct consequence of Lemma 3 in which we make N go to infinity. O

Lemma 5. Let ¢ : [0,2T] — C and h : [0,2T] — (0,1) be two continuously differentiable
functions. Let Hy = maxjgor) h and H_ = ming o7 h. Then, for allu € [0,T], y € R\{0},
t €0, 7] and v € (0,1]

eu — 1

igly" 172

v +t)df — ¢(t)

u eiy@’V’h(V9+t)7h(t) ,
/ < ey vlin(e)] mas (|6l ] ) o) (30)

|y‘h(l/9+t)—1/2 QZS(

and

/u etyo ’V ’ h(v0+t)—h(t)
0

|y’h(l/9+t)*1/2 ¢(l/9 +t)d0

< cr,9(y)

with g = g2 defined by (29) and c,., is a finite positive constant which only depends on T
and on maxig o7y [I'|.
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Proof. Let u € [0,T], y € R\{0}, t € [0,7] and v € (0,1]. Let us consider

u iyl h(vO+t)—h(t)

Gl(tayau,y):/o | ’h(ya+t)*1/2 ¢(V9+t)d9
Yy

An integration by parts leads to

et — 1
G1<t7 Y, u, V) = gb(t)i_ - G?(ta Yy, u, V)
Zy\y]h(t) 1/2
with
u iyl Liyu h(v0+t)
Ga(t,y,u,v) = I/lh(t)\y|1/2/ SR, <¢>/(V¢9 +t)+h' (V0 +1t)In V‘d)(l/@ + t))d@.
0 1y Yy Y

Then,

u eiy(Hfu) -1
|Ga(t, y, u,v)| < max (1, ||B]| ) max ([|¢] . |¢' ) v/In V|/0 WVh(V9+t)_h(t)d9-

Let us remark that for every 0 € [0, u],
pHEOTN < exp (vnw| T[] ) < exp (T][H]| )
Moreover,
u ‘eiy(Q—u) _ ‘ )
with go defined by (29). Therefore,
|Ga(t,y,u,v)| < A(h, T) max (6]l ||¢']] o) vIn v]g2(y)

with A(h, T) = exp (T||I|| ) max (1, ||| ..) max (T2,2T). This is (34). Since

eu — 1
o) i1z | < [19lleg2(v);
iylyl
we have:
G1(t,y, u,v)| < A(th)< St(lopl]pllnp! + 1) max (||l ||| ) 92(%),

pe(0,
which concludes the proof. O
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