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❆ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♣r♦♣❡r ❡❞❣❡ ❝♦❧♦✉r✐♥❣ s✉❝❤ t❤❛t ❡✈❡r② ♣❛t❤ ♦❢ ❧❡♥❣t❤
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❆ ♣r♦♣❡r ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G = (V,E) ✐s ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ ❝♦❧♦✉rs t♦ t❤❡ ❡❞❣❡s ♦❢ t❤❡
❣r❛♣❤ s✉❝❤ t❤❛t t✇♦ ❛❞❥❛❝❡♥t ❡❞❣❡s ❞♦ ♥♦t ✉s❡ t❤❡ s❛♠❡ ❝♦❧♦✉r✳ ❆ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤
G ✐s ❛ ♣r♦♣❡r ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ G✱ s✉❝❤ t❤❛t ❛♥② ❡❞❣❡ ♦❢ ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ ✭♥✉♠❜❡r ♦❢ ❡❞❣❡s✮ ✸ ✉s❡s
t❤r❡❡ ❞✐✛❡r❡♥t ❝♦❧♦✉rs✳ ❲❡ ❞❡♥♦t❡ ❜② χ′

s(G) t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ G ✇❤✐❝❤ ✐s t❤❡ s♠❛❧❧❡st
✐♥t❡❣❡r k s✉❝❤ t❤❛t G ❝❛♥ ❜❡ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❡❞ ✇✐t❤ k ❝♦❧♦✉rs✳

❙tr♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦♥✢✐❝t✲❢r❡❡ ❝❤❛♥♥❡❧ ❛ss✐❣♥♠❡♥t ✐♥ r❛❞✐♦
♥❡t✇♦r❦s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❛ss✐❣♥ ❢r❡q✉❡♥❝✐❡s t♦ ❡✈❡r② ♣❛✐r ♦❢ tr❛♥s❝❡✐✈❡rs ❝♦♠♠✉♥✐❝❛t✐♥❣ ❜❡t✇❡❡♥
❡❛❝❤ ♦t❤❡r✳ ■♥ ❛ ♠♦❞❡❧ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣r❛♣❤✱ ♦♥❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ tr❛♥s❝❡✐✈❡rs ❜② t❤❡ ✈❡rt❡① s❡t
❛♥❞ t❤❡ ❝❤❛♥♥❡❧s ❜② t❤❡ ❡❞❣❡ s❡t✳ ❋r❡q✉❡♥❝✐❡s ♠✉st ❜❡ ❛ss✐❣♥❡❞ t♦ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ ✐♥t❡r❢❡r❡♥❝❡
❝♦♥str❛✐♥ts✳ ❚❤❡ ✜rst t②♣❡ ♦❢ ✐♥t❡r❢❡r❡♥❝❡ t♦ ❛✈♦✐❞ ♦❝❝✉rs ✇❤❡♥ t✇♦ tr❛♥s❝❡✐✈❡rs ✭✈❡rt✐❝❡s✮ tr❛♥s♠✐t
✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ s❛♠❡ tr❛♥s❝❡✐✈❡r ✉s✐♥❣ t❤❡ s❛♠❡ ❝❤❛♥♥❡❧✳ ■♥ ♦t❤❡r ✇♦r❞s t❤❡ t✇♦ ✐♥❝✐❞❡♥t ❡❞❣❡s
❤❛✈❡ t❤❡ s❛♠❡ ❛ss✐❣♥❡❞ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ ✐♥t❡r❢❡r❡♥❝❡ ♦❝❝✉rs ✇❤❡♥ ✐♥ ❛ ♣❛t❤ ♦❢
❧❡♥❣t❤ t❤r❡❡ uvwx✱ u tr❛♥s♠✐ts t♦ v ❛♥❞ w tr❛♥s♠✐ts t♦ x✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ w ✐s ❛❞❥❛❝❡♥t ❛❧s♦
t♦ v✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡r❢❡r❡♥❝❡ ✐♥ v✿ ✐t ✇✐❧❧ r❡❝❡✐✈❡ t❤❡ ♠❡ss❛❣❡ ❢r♦♠ w ❛♥❞ u ♦♥ t❤❡ s❛♠❡ ❝❤❛♥♥❡❧✳
■♥ ❝❛s❡ ♦❢ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣✱ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❝♦❧♦✉rs ❛ss✐❣♥❡❞ t♦ ❡❞❣❡s✳ ❋♦r ❛ ❜r✐❡❢ s✉r✈❡②✱ ✇❡
r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✸✱ ✹❪✳ ❚❤❡ ♦t❤❡r ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ t❡r♠s ♦❢ ✐♥❞✉❝❡❞
♠❛t❝❤✐♥❣s✿ ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ♣❛rt✐t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ ❡❞❣❡s ✐♥t♦
❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ✐♥❞✉❝❡❞ ♠❛t❝❤✐♥❣s✳

▲❡t ∆ ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛ ❣r❛♣❤✳ ■t ✇❛s ❝♦♥❥❡❝t✉r❡❞ ❜② ❋❛✉❞r❡❡ ❡t ❛❧✳ ❬✶❪✱ t❤❛t
❡✈❡r② ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❤❛s ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ✇✐t❤ ∆2 ❝♦❧♦✉rs✳ ■♥ ✶✾✽✺✱ ❊r❞➤s ❛♥❞ ◆❡➨❡t➦✐❧
❞✉r✐♥❣ ❛ s❡♠✐♥❛r ✐♥ Pr❛❣✉❡✱ ❣❛✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣r❛♣❤s ❤❛✈✐♥❣ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ❡q✉❛❧
t♦ 5

4∆2 ✇❤❡♥ ∆ ✐s ❡✈❡♥ ❛♥❞ 1
4 (5∆2 − 2∆ + 1) ✇❤❡♥ ∆ ✐s ♦❞❞✳ ❚❤❡② ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ str♦♥❣

❝❤r♦♠❛t✐❝ ✐♥❞❡① ✐s ❜♦✉♥❞❡❞ ❜② t❤✐s ✈❛❧✉❡s ❛♥❞ ✐t ✇❛s ✈❡r✐✜❡❞ ❢♦r ∆ ≤ 3 ✭s❡❡ ❋✐❣✉r❡ ✶✮✳

❋✐❣✉r❡ ✶✿ ❆ ❣r❛♣❤ G ♣r♦♣♦s❡❞ ❜② ❊r❞➤s ❛♥❞ ◆❡➨❡t➦✐❧ ✇✐t❤ χ′

s
(G) = 10✳

✩❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆◆❘ ●r❛❚❡❧ ❆◆❘✲❜❧❛♥✲✵✾✲❜❧❛♥✲✵✸✼✸✲✵✶ ❛♥❞ ◆❙❈✾✾✲✷✾✷✸✲▼✲✶✶✵✲✵✵✶✲▼❨✸✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❆♣r✐❧ ✷✼✱ ✷✵✶✶



■♥ ❬✷❪ ✐t ✇❛s ❝♦♥❥❡❝t✉r❡❞ t❤❛t ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ✇✐t❤ ∆ ≤ 3✱ χ′
s(G) ≤ 9✱ ✇❤✐❝❤ ✐❢ tr✉❡✱ ✐s t❤❡

❜❡st ♣♦ss✐❜❧❡ ❜♦✉♥❞ ✭s❡❡ ❋✐❣✉r❡ ✷✮✳

❋✐❣✉r❡ ✷✿ ❚❤❡ ♣r✐s♠ P ✇✐t❤ χ′

s
(P ) = 9

▲❡t mad(G) ❜❡ t❤❡ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❣r❛♣❤ G ✐✳❡✳ mad(G) = max
{

2|E(H)|
|V (H)| , H ⊆ G

}

✱

✇❤❡r❡ V (H) ❛♥❞ E(H) ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s ♦❢ H✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ♥♦t❡✱ ✇❡ ♣r♦✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

❚❤❡♦r❡♠ ✶✳ ▲❡t G ❜❡ ❛ s✉❜❝✉❜✐❝ ❣r❛♣❤✿

✭✐✮ ■❢ mad(G) < 15
7 ✱ t❤❡♥ χ′

s(G) ≤ 6✳

✭✐✐✮ ■❢ mad(G) < 27
11 ✱ t❤❡♥ χ′

s(G) ≤ 7✳

✭✐✐✐✮ ■❢ mad(G) < 13
5 ✱ t❤❡♥ χ′

s(G) ≤ 8✳

✭✐✈✮ ■❢ mad(G) < 36
13 ✱ t❤❡♥ χ′

s(G) ≤ 9✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t❤❛t ❜❡❧♦♥❣s t♦ ❢♦❧❦❧♦r❡ ❣✐✈❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠
❛✈❡r❛❣❡ ❞❡❣r❡❡ ❛♥❞ t❤❡ ❣✐rt❤ ♦❢ ❛ ♣❧❛♥❛r ❣r❛♣❤✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❣✐rt❤ ♦❢ ❛ ❣r❛♣❤ G ✐s t❤❡ ❧❡♥❣t❤ ♦❢
❛ s❤♦rt❡st ❝②❝❧❡ ✐♥ G✳

▲❡♠♠❛ ✷✳ ▲❡t G ❜❡ ❛ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ ❛t ❧❡❛st g✳ ❚❤❡♥✱ mad(G) < 2g

g−2 ✳

Pr♦♦❢
▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ g✳ ❆ss✉♠❡ g ✐s ✜♥✐t❡✱ ♦t❤❡r✇✐s❡✱ G ✐s ❛ tr❡❡ ❛♥❞ t❤❡
r❡s✉❧t ❤♦❧❞s✳ ▲❡t H ❜❡ ❛ s✉❜❣r❛♣❤ ♦❢ G✳ ◆♦t❡ t❤❛t H ✐s ♣❧❛♥❛r ❛♥❞ ❤❛s ❣✐rt❤ ❛t ❧❡❛st g✳ ❍❡♥❝❡✱
g|F (H)| ≤ 2|E(H)|✱ ✇❤❡r❡ F (H) ✐s t❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ H✳ ❆❝❝♦r❞✐♥❣ t♦ ❊✉❧❡r✬s ❋♦r♠✉❧❛✱ ✇❡ ♦❜t❛✐♥✿

2g − g|V (H)| + g|E(H)| = g|F (H)| ≤ 2|E(H)|

❍❡♥❝❡✱
2g + (g − 2)|E(H)| ≤ g|V (H)|

2|E(H)|(2g + (g − 2)|E(H)|) ≤ 2|E(H)|g|V (H)|

2|E(H)|

|V (H)|
≤

2g|E(H)|

2g + (g − 2)|E(H)|
<

2g

g − 2

❢♦r ❡✈❡r② s✉❜❣r❛♣❤ H ♦❢ G✳ �

❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✶✱ ♦♥❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❈♦r♦❧❧❛r② ✸✳ ▲❡t G ❜❡ ❛ ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ g✿

✶✳ ■❢ g ≥ 30✱ t❤❡♥ χ′
s(G) ≤ 6✳

✷✳ ■❢ g ≥ 11✱ t❤❡♥ χ′
s(G) ≤ 7✳

✸✳ ■❢ g ≥ 9✱ t❤❡♥ χ′
s(G) ≤ 8✳

✹✳ ■❢ g ≥ 8✱ t❤❡♥ χ′
s(G) ≤ 9✳

P❛rt ✶ ♦❢ t❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ✐♠♣r♦✈❡❞ ❧❛t❡r ✭s❡❡ ▲❡♠♠❛ ✹✮✳

✷



◆♦t❛t✐♦♥s✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ▲❡t d(v) ❞❡♥♦t❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❛ ✈❡rt❡① v ✐♥ G✳ ❆ ✈❡rt❡① ♦❢ ❞❡❣r❡❡
k ✭r❡s♣✳ ❛t ♠♦st k✮ ✐s ❝❛❧❧❡❞ ❛ k✲✈❡rt❡① ✭r❡s♣✳ k−✲✈❡rt❡①✮✳ ❆ ❣♦♦❞ 2✲✈❡rt❡① ✐s ❛ ✈❡rt❡① ♦❢ ❞❡❣r❡❡ ✷
❜❡✐♥❣ ❛❞❥❛❝❡♥t t♦ t✇♦ 3✲✈❡rt✐❝❡s✱ ♦t❤❡r✇✐s❡ ✐t ✐s ❛ ❜❛❞ 2✲✈❡rt❡①✳ ❆ 3k✲✈❡rt❡① ✐s ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t
t♦ ❡①❛❝t❧② k 2✲✈❡rt✐❝❡s✳ ❚✇♦ ❡❞❣❡s ❛r❡ ❛t ❞✐st❛♥❝❡ ✶ ✐❢ t❤❡② s❤❛r❡ ♦♥❡ ♦❢ t❤❡✐r ❡♥❞s ❛♥❞ t❤❡② ❛r❡
❛t ❞✐st❛♥❝❡ ✷ ✐❢ t❤❡② ❛r❡ ♥♦t ❛t ❞✐st❛♥❝❡ ✶ ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ ❛❞❥❛❝❡♥t t♦ ❜♦t❤ ♦❢ t❤❡♠✳
❲❡ ❞❡✜♥❡ N2(uv) ❛s t❤❡ s❡t ♦❢ ❡❞❣❡s ❛t ❞✐st❛♥❝❡ ❛t ♠♦st ✷ ❢r♦♠ t❤❡ ❡❞❣❡ uv ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜②
SC(N2(uv)) t❤❡ s❡t ♦❢ ❝♦❧♦✉rs ✉s❡❞ ❜② ❡❞❣❡s ✐♥ N2(uv)✳ N(v) ✐s t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ t❤❡ ✈❡rt❡①
v ✐✳❡✳ t❤❡ s❡t ♦❢ ✐ts ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s✳ ❋✐♥❛❧❧②✱ ✇❡ ✉s❡ J1;nK t♦ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ✐♥t❡❣❡rs {1, 2, . . . , n}✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t tr❡❡s ❤❛✈✐♥❣ t✇♦ ❛❞❥❛❝❡♥t 3✲✈❡rt✐❝❡s ♥❡❡❞ ❛t ❧❡❛st ✜✈❡ ❝♦❧♦✉rs t♦ ❜❡ str♦♥❣
❡❞❣❡ ❝♦❧♦✉r❛❜❧❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ tr❡❡s ❛r❡ ❡①❛❝t❧② t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛✈✐♥❣ t❤❡ ♠❛①✐♠✉♠
❛✈❡r❛❣❡ ❞❡❣r❡❡ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ ✷✳ ❚❤❡ ❣r❛♣❤ G ♦❢ ❋✐❣✉r❡ ✸ ✐s ❡①❛❝t❧② s✐① str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡
❛♥❞ mad(G) = 2✳

❋✐❣✉r❡ ✸✿ ❆ ❣r❛♣❤ G ✇✐t❤ mad(G) = 2 ❛♥❞ χ′

s
(G) = 6

■♥ ❙❡❝t✐♦♥s ✷✲✺✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶ ❜② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ r❡❞✉❝✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s
❛♥❞ t❤❡ ❞✐s❝❤❛r❣✐♥❣ t❡❝❤♥✐q✉❡✳ ❚❤❡ ♣r♦♦❢ ✐s ❞♦♥❡ ❜② ♠✐♥✐♠✉♠ ❝♦✉♥t❡r❡①❛♠♣❧❡✳ ■♥ ❡❛❝❤ ♦❢ t❤❡
❝❛s❡s✱ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ❝♦✉♥t❡r❡①❛♠♣❧❡ H✱ ✇❡ ♣r♦✈❡ t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ s♦♠❡ ❝♦♥✜❣✉r❛t✐♦♥s ✐✳❡✳
❛ s❡t S ♦❢ s✉❜❣r❛♣❤s ✇❤✐❝❤ ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ H✳ ❲❡ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω : V (H) → R

✇✐t❤ ω(x) = d(x) − m ✭m ∈ R✱ s✉❝❤ t❤❛t mad(H) < m✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡
♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡ t❤❛t t❤❡ t♦t❛❧ s✉♠ ♦❢ ✇❡✐❣❤ts ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ■♥ t❤❡ ♥❡①t st❡♣✱ ✇❡
❞❡✜♥❡ ❞✐s❝❤❛r❣✐♥❣ r✉❧❡s t♦ r❡❞✐str✐❜✉t❡ ✇❡✐❣❤ts ❛♥❞ ♦♥❝❡ t❤❡ ❞✐s❝❤❛r❣✐♥❣ ✐s ✜♥✐s❤❡❞✱ ❛ ♥❡✇ ✇❡✐❣❤t
❢✉♥❝t✐♦♥ ω∗ ✇✐❧❧ ❜❡ ♣r♦❞✉❝❡❞✳ ❉✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣✐♥❣ ♣r♦❝❡ss t❤❡ t♦t❛❧ s✉♠ ♦❢ ✇❡✐❣❤ts ✐s ❦❡♣t ✜①❡❞✳
◆❡✈❡rt❤❡❧❡ss✱ ❜② t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ S✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ω∗(x) ≥ 0 ❢♦r ❛❧❧ x ∈ V (H)✳ ❚❤✐s ❧❡❛❞s
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr❛❞✐❝t✐♦♥✿

0 ≤
∑

x∈V (H)

ω∗(x) =
∑

x∈V (H)

ω(x) < 0

❛♥❞ ❤❡♥❝❡✱ t❤✐s ❝♦✉♥t❡r❡①❛♠♣❧❡ ❝❛♥♥♦t ❡①✐st✳

✷✳ Pr♦♦❢ ♦❢ ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t H ❜❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ♣❛rt ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✶ ♠✐♥✐♠✐③✐♥❣ |E(H)| + |V (H)|✿ H ✐s ♥♦t
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s✐① ❝♦❧♦✉rs✱ mad(H) < 15

7 ❛♥❞ ❢♦r ❛♥② ❡❞❣❡ e✱ χ′
s(H − e) ≤ 6✳ ❘❡❝❛❧❧

t❤❛t ω(x) = d(x) − 15
7 ✳ ❖♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t H ✐s ❝♦♥♥❡❝t❡❞❀ ♦t❤❡r✇✐s❡✱ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ H✱ ✇❡

❝❛♥ ❝♦❧♦r ✐♥❞❡♣❡♥❞❡♥t❧② ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ❆ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ ❛ 1✲✈❡rt❡① ✐s ❛ ❧✐❣❤t
3✲✈❡rt❡①✳ ❖t❤❡r✇✐s❡ ✐t ✐s ❛ ❤❡❛✈② 3✲✈❡rt❡①✳

❈❧❛✐♠ ✶✳ ❚❤❡ ♠✐♥✐♠❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡ H t♦ ♣❛rt ✭✐✮ ❚❤❡♦r❡♠ ✶ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✶✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 1✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ ❛ 2✲✈❡rt❡①✳

✷✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ ❛ 1✲✈❡rt❡① ❛♥❞ ❛ 2✲✈❡rt❡①✳

✸



✸✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ t✇♦ 1✲✈❡rt✐❝❡s✳

✹✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ♣❛t❤ uvw ✇❤❡r❡ u✱ v ❛♥❞ w ❛r❡ 2✲✈❡rt✐❝❡s✳

✺✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ♣❛t❤ uvw ✇❤❡r❡ u✱ v ❛♥❞ w ❛r❡ t❤r❡❡ ❧✐❣❤t 3✲✈❡rt✐❝❡s✳

Pr♦♦❢
❲❡ ❞❡♥♦t❡ ❜② L t❤❡ s❡t ♦❢ ❝♦❧♦✉rs L = J1; 6K✳

✶✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ 1✲✈❡rt❡① u ❛❞❥❛❝❡♥t t♦ ❛ 2✲✈❡rt❡① v✳ ▲❡t ✉s ❝♦♥s✐❞❡r H ′ = H \ {uv}✱
✇❤✐❝❤ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ H ✐s str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s✐① ❝♦❧♦✉rs✳ ❇② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦❧♦✉rs t♦ ❡①t❡♥❞ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ H ′ t♦ H✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ❛t ❧❡❛st
t❤r❡❡ ❝♦❧♦✉rs ❧❡❢t ❢♦r uv✳

✷✲✸✳ ❚r✐✈✐❛❧ ❜② ❛ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✳

✹✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ ♣❛t❤ uvw ✇❤❡r❡ u✱ v ❛♥❞ w ❛r❡ 2✲✈❡rt✐❝❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r H ′ =
H \ {uv, vw}✱ ✇❤✐❝❤ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ H ✐s str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s✐① ❝♦❧♦✉rs✳ ❇②
❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦❧♦✉rs t♦ ❡①t❡♥❞ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ H ′ t♦ H✱ ✐t ✐s ❡❛s② t♦ s❡❡
t❤❛t ✇❡ ❤❛✈❡ ❛t ❧❡❛st t✇♦ ❝♦❧♦✉rs ❧❡❢t ❢♦r uv ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❝♦❧♦✉r ❧❡❢t ❢♦r vw ✭❛❢t❡r t❤❡
❝♦❧♦✉r✐♥❣ ♦❢ uv✮✳

✺✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ ♣❛t❤ xuvwy ✇❤❡r❡ u✱ v ❛♥❞ w ❛r❡ t❤r❡❡ ❧✐❣❤t 3✲✈❡rt✐❝❡s✳ ❈❛❧❧ u1 ✭r❡s♣✳
v1✱ w1✮ t❤❡ ♥❡✐❣❤❜♦✉r ♦❢ u ✭r❡s♣✳ v✱ w✮ ♦❢ ❞❡❣r❡❡ ✶✳ ❆ss✉♠❡ N(x) = {u, x1, x2}, N(u) =
{x, u1, v}, N(v) = {u, v1, w}, N(w) = {v, w1, y}, N(y) = {w, y1, y2} ✭s❡❡ ❋✐❣✉r❡ ✹✮✳ ▲❡t
✉s ❝♦♥s✐❞❡r H ′ = H \ {uu1, uv, vv1, vw,ww1}✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ H✱ t❤❡r❡ ❡①✐sts ❛ str♦♥❣
❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′✱ ✉s✐♥❣ s✐① ❝♦❧♦✉rs✳ ❲❡ ✇✐❧❧ ❡①t❡♥❞ t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ❙✉♣♣♦s❡ ✜rst✱
c(ux) = c(wy)✳ ❲❡ ❝♦❧♦✉r uv✱ vw✱ uu1✱ ww1 ❛♥❞ vv1 ✐♥ t❤✐s ♦r❞❡r✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ❜②
❝♦✉♥t✐♥❣ ❢♦r ❡❛❝❤ ❡❞❣❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦❧♦✉rs t♦ ❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣✳ ❙✉♣♣♦s❡
♥♦✇✱ c(ux) 6= c(wy)✳ ❲✳❧✳♦✳❣✳ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t c(ux) = 5 ❛♥❞ c(wy) = 6✳ ❋✐rst✱ ✇❡ tr② t♦
❝♦❧♦✉r t❤❡ ❡❞❣❡ uu1 ✇✐t❤ t❤❡ ❝♦❧♦✉r 6✳ ■❢ ✐t ✐s ♣♦ss✐❜❧❡✱ t❤❡♥ ✇❡ ❛ss✐❣♥ t❤❡ ❝♦❧♦✉r 6 t♦ uu1

❛♥❞ ✇❡ ❝♦❧♦✉r uv✱ vw✱ ww1 ❛♥❞ vv1 ✐♥ t❤✐s ♦r❞❡r✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r
♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦❧♦✉rs t♦ ❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣✳ ■❢ ✇❡ ❝❛♥♥♦t ❝♦❧♦✉r uu1 ✇✐t❤ t❤❡ ❝♦❧♦✉r 6✱ ✇❡
❛r❡ s✉r❡ t❤❛t t❤❡ ❝♦❧♦✉r 6 ❛♣♣❡❛rs ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x✳ ❲✳❧✳♦✳❣✳ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
c(xx1) = 6✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ♦♥ ww1✱ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✳❧✳♦✳❣✳ t❤❛t c(yy1) = 5✳
❲❡ ❛ss✐❣♥ ♥♦✇ t❤❡ s❛♠❡ ❝♦❧♦✉r α t♦ uu1 ❛♥❞ ww1✱ ✇✐t❤ α ∈ L\{c(xx2), 5, 6, c(yy2)}✳ ❋✐♥❛❧❧②✱
✇❡ ❝♦❧♦✉r uv✱ vw ❛♥❞ vv1 ✐♥ t❤✐s ♦r❞❡r✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡
❝♦❧♦✉rs t♦ ❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣✳ ■♥ ❡❛❝❤ ❝❛s❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ c t♦ H ✐s ♣♦ss✐❜❧❡ ✇❤✐❝❤ ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

x1

x2

x u v w

u1 v1 w1

y

y1

y2

❋✐❣✉r❡ ✹✿ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❈❧❛✐♠ ✶✳✺

�

❲❡ ❝❛rr② ♦✉t t❤❡ ❞✐s❝❤❛r❣✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ t✇♦ st❡♣s✿
❙t❡♣ ✶✳ ❊✈❡r② ❤❡❛✈② 3✲✈❡rt❡① ❣✐✈❡s 2

7 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t ❧✐❣❤t 3✲✈❡rt❡① ❛♥❞ 1
7 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t

2✲✈❡rt❡①✳
❲❤❡♥ ❙t❡♣ ✶ ✐s ✜♥✐s❤❡❞✱ ❛ ♥❡✇ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω′ ✐s ♣r♦❞✉❝❡❞✳ ❲❡ ♣r♦❝❡❡❞ t❤❡♥ ✇✐t❤ ❙t❡♣ ✷✿
❙t❡♣ ✷✳ ❊✈❡r② ❧✐❣❤t 3✲✈❡rt❡① ❣✐✈❡s 8

7 t♦ ✐ts ✉♥✐q✉❡ ❛❞❥❛❝❡♥t 1✲✈❡rt❡①✳

▲❡t v ∈ V (H) ❜❡ ❛ k✲✈❡rt❡①✳ ◆♦t❡ t❤❛t k ≥ 1✳

✹



❈❛s❡ k = 1. ❖❜s❡r✈❡ t❤❛t ω(v) = − 8
7 ✳ ❇② ❈❧❛✐♠s ✶✳✶ ❛♥❞ ✶✳✷✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛ 3✲✈❡rt❡① u

✇❤✐❝❤ ✐s ❛ ❧✐❣❤t 3✲✈❡rt❡① ❜② ❞❡✜♥✐t✐♦♥✳ ❍❡♥❝❡✱ v r❡❝❡✐✈❡s 8
7 ❢r♦♠ u ❞✉r✐♥❣ ❙t❡♣ ✷✳ ■t ❢♦❧❧♦✇s

t❤❛t ω∗(v) = − 8
7 + 8

7 = 0✳

❈❛s❡ k = 2. ❖❜s❡r✈❡ t❤❛t ω(v) = − 1
7 ✳ ❇② ❈❧❛✐♠s ✶✳✶✱ ✶✳✷ ❛♥❞ ✶✳✹✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ❧❡❛st

♦♥❡ ❤❡❛✈② 3✲✈❡rt❡①✳ ❍❡♥❝❡✱ ❜② ❙t❡♣ ✶✱ ω∗(v) ≥ −1
7 + 1

7 = 0✳

❈❛s❡ k = 3. ❖❜s❡r✈❡ t❤❛t ω(v) = 6
7 ✳ ❙✉♣♣♦s❡ v ✐s ❛ ❤❡❛✈② 3✲✈❡rt❡①✳ ❲❡ ❞❡♥♦t❡ ❜② nb(v)

t❤❡ ♥✉♠❜❡r ♦❢ ❧✐❣❤t 3✲✈❡rt✐❝❡s ✐♥ t❤❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ v✳ ◆♦t❡ t❤❛t 0 ≤ nb(v) ≤ 3✳ ❍❡♥❝❡✱
❜② ❙t❡♣ ✶✱ ω∗(v) ≥ 6

7 − nb(v) × 2
7 − (3 − nb(v)) × 1

7 ≥ 0✱ ❢♦r ❛❧❧ 0 ≤ nb(v) ≤ 3✳ ❙✉♣♣♦s❡ ♥♦✇
t❤❛t v ✐s ❛ ❧✐❣❤t 3✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✶✳✸✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛ ✉♥✐q✉❡ 1✲✈❡rt❡① ❛♥❞ ❜② ❈❧❛✐♠ ✶✳✷✱
v ✐s ♥♦t ❛❞❥❛❝❡♥t t♦ ❛ 2✲✈❡rt❡①✳ ❋✐♥❛❧❧②✱ ❜② ❈❧❛✐♠ ✶✳✺✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ❧❡❛st ♦♥❡ ❤❡❛✈②
3✲✈❡rt❡①✳ ❍❡♥❝❡✱ ❜② ❙t❡♣s ✶ ❛♥❞ ✷✱ ω∗(v) ≥ 6

7 + 2
7 − 8

7 = 0✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❣r❛♣❤ G ✇✐t❤ mad(G) = 7
3 ✇❤✐❝❤ ✐s ♥♦t str♦♥❣ ❡❞❣❡

❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s✐① ❝♦❧♦✉rs✱ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✺✳

❋✐❣✉r❡ ✺✿ ❆ ❣r❛♣❤ G ✇✐t❤ mad(G) = 7

3
❛♥❞ χ′

s
(G) > 6

❇② ♣❛rt ✶ ♦❢ ❈♦r♦❧❧❛r② ✸✱ ✐t ❢♦❧❧♦✇s t❤❛t ❡✈❡r② ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ ❛t ❧❡❛st 30 ✐s
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ ❛t ♠♦st s✐① ❝♦❧♦✉rs✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ str❡♥❣t❤❡♥s t❤✐s r❡s✉❧t✿

▲❡♠♠❛ ✹✳ ■❢ G ✐s ❛ ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ ❛t ❧❡❛st ✶✻✱ t❤❡♥ χ′
s(G) ≤ 6✳

Pr♦♦❢
■t ✐s ❛ ❢♦❧❦❧♦r❡ ❢❛❝t t❤❛t ❡✈❡r② ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ ❛t ❧❡❛st 5d + 1 ❛♥❞ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ❛t ❧❡❛st
✷✱ ❝♦♥t❛✐♥s ❛ ♣❛t❤ ✇✐t❤ d ❝♦♥s❡❝✉t✐✈❡ 2✲✈❡rt✐❝❡s✳

❙✉♣♣♦s❡ H ✐s ❛ ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ 16 ✇❤✐❝❤ ✐s ♥♦t str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s✐①
❝♦❧♦✉rs ❛♥❞ ❤❛✈✐♥❣ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✳ ❈♦♥s✐❞❡r H ′ t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② r❡♠♦✈✐♥❣
❡✈❡r② 1✲✈❡rt❡① ❢r♦♠ H✳ ❇② ❝❧❛✐♠s ✶✳✶ ❛♥❞ ✶✳✸✱ H ′ ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✷✳ ❙✐♥❝❡ H ′ ✐s ♣❧❛♥❛r ✇✐t❤
❣✐rt❤ ✶✻✱ ✐t ❝♦♥t❛✐♥s ❛ ♣❛t❤ ✇✐t❤ ❛t ❧❡❛st t❤r❡❡ ❝♦♥s❡❝✉t✐✈❡s 2✲✈❡rt✐❝❡s✳ ▲❡t uvw ❜❡ s✉❝❤ ❛ ♣❛t❤✳
❇② ❈❧❛✐♠s ✶✳✷ ❛♥❞ ✶✳✺✱ ♥❡✐t❤❡r ♦❢ u, v, w ✐s ❛ ❧✐❣❤t 3✲✈❡rt❡① ✐♥ H✳ ❇② ❈❧❛✐♠ ✶✳✹✱ ✐♥ H✱ u, v, w ❛r❡
♥♦t ❛❧❧ 2✲✈❡rt✐❝❡s✳ ■♥ ❜♦t❤ ❝❛s❡s ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

�

✸✳ Pr♦♦❢ ♦❢ ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t H ❜❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ♣❛rt ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶ ♠✐♥✐♠✐③✐♥❣ |E(H)| + |V (H)|✿ H ✐s ♥♦t
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s❡✈❡♥ ❝♦❧♦✉rs✱ mad(H) < 27

11 ❛♥❞ ❢♦r ❛♥② ❡❞❣❡ e✱ χ′
s(H −e) ≤ 7✳ ❘❡❝❛❧❧

t❤❛t ω(x) = d(x) − 27
11 ✳

❈❧❛✐♠ ✷✳ ❚❤❡ ♠✐♥✐♠❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡ H t♦ ♣❛rt ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡r✲
t✐❡s✿

✶✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ 1−✲✈❡rt✐❝❡s✳

✷✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ♣❛t❤ uvw ✇❤❡r❡ u✱ v ❛♥❞ w ❛r❡ 2✲✈❡rt✐❝❡s✳

✸✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ t✇♦ 2✲✈❡rt✐❝❡s ♦♥❡ ♦❢ t❤❡♠ ❜❡✐♥❣ ❜❛❞✳

✺



✹✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t✇♦ 33✲✈❡rt✐❝❡s ❤❛✈✐♥❣ ❛ 2✲✈❡rt❡① ❛s ❛ ❝♦♠♠♦♥ ♥❡✐❣❤❜♦✉r✳

Pr♦♦❢
❲❡ ❞❡♥♦t❡ ❜② L t❤❡ s❡t ♦❢ ❝♦❧♦✉rs L = J1; 7K✳

✶✲✷✳ ❚r✐✈✐❛❧✳

✸✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ 32✲✈❡rt❡① u ❤❛✈✐♥❣ ❛ ❜❛❞ 2✲✈❡rt❡① v ❛s ❛ ♥❡✐❣❤❜♦✉r✳ ❈❛❧❧ w✱ t❤❡ ❜❛❞
2✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ v✳ ▲❡t ✉s ❝♦♥s✐❞❡r H ′ = H \ {uv, vw}✱ ✇❤✐❝❤ ❜② ♠✐♥✐♠❛❧✐t② ♦❢ H ✐s
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s❡✈❡♥ ❝♦❧♦✉rs✳ ❇② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡ ❝♦❧♦✉rs t♦
❡①t❡♥❞ ❛ ❝♦❧♦✉r✐♥❣ ♦❢ H ′ t♦ H✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❡ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ❝♦❧♦✉r ❧❡❢t ❢♦r uv

❛♥❞ ❛t ❧❡❛st ♦♥❡ ❝♦❧♦✉r ❧❡❢t ❢♦r vw ✭❛❢t❡r t❤❡ ❝♦❧♦✉r✐♥❣ ♦❢ uv✮✳

✹✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s t✇♦ 33✲✈❡rt✐❝❡s u ❛♥❞ w ❤❛✈✐♥❣ ❛ 2✲✈❡rt❡① v ❛s ❛ ❝♦♠♠♦♥ ♥❡✐❣❤❜♦✉r✳
N(u) = {u1, u2, v}, N(w) = {w1, w2, v}, N(u1) = {u, x}, N(u2) = {u, y}, N(x) =
{u1, x1, x2}, N(y) = {u2, y1, y2}, N(w1) = {w, t}, N(w2) = {w, z}, N(t) = {w1, t1, t2}, N(z) =
{w2, z1, z2} ✭s❡❡ ❋✐❣✉r❡ ✻✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r H ′ = H \ {uv, vw}✳ ❙✐♥❝❡ H ✐s ❛ ♠✐♥✐♠❛❧
❝♦✉♥t❡r❡①❛♠♣❧❡✱ χ′

s(H
′) ≤ 7 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ H ′✱ c ✉s✐♥❣ s❡✈❡♥

❝♦❧♦✉rs✳ ❲❡ ✇✐❧❧ ❡①t❡♥❞ t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ❋✐rst✱ ✇❡ ✇❛♥t t♦ ❝♦❧♦✉r vw✳ ❖❜s❡r✈❡ t❤❛t
|L \ SC(N2(vw))| ≥ 1✱ s♦ ✇❡ ♣✐❝❦ t❤❡ ❝♦❧♦✉r ❧❡❢t ❛♥❞ ✇❡ ❝♦❧♦✉r vw✳ ◆❡①t✱ ✐❢ ✇❡ ❝❛♥ ♥♦t
❝♦❧♦✉r uv✱ t❤❡♥ |L \ SC(N2(uv))| = 0 ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t
c(vw) = 1, c(ww1) = 2, c(ww2) = 3, c(uu1) = 4, c(uu2) = 5, c(u1x) = 6, c(u2y) = 7✳
■♥ t❤✐s ❝❛s❡ ✇❡ tr② t♦ r❡❝♦❧♦✉r vw✳ ■❢ ✇❡ ❝❛♥♥♦t✱ t❤❡♥ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② c(w1t) =
6, c(w2z) = 7✱ s♦ ✇❡ tr② t♦ r❡❝♦❧♦✉r ww1✳ ■❢ ✇❡ ❝❛♥♥♦t✱ t❤❡♥ ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t
c(tt1) = 5, c(tt2) = 4✱ ❛♥❞ ✇❡ tr② t♦ r❡❝♦❧♦✉r ww2✳ ❲❡ ❝♦♥t✐♥✉❡ t♦ tr② t♦ r❡❝♦❧♦✉r ✐♥ t❤❡
s❛♠❡ ♠❛♥♥❡r t❤❡ r❡♠❛✐♥✐♥❣ ❡❞❣❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❞❡r✿ ww2, uu1, uu2✳ ■❢ ✐♥ ♦♥❡ ♦❢ t❤❡
st❡♣s✱ t❤❡ r❡❝♦❧♦✉r✐♥❣ ✐s ♣♦ss✐❜❧❡✱ t❤❡♥ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛ ❝♦❧♦✉r ❢r❡❡ t♦ ✉s❡ ❢♦r uv✳ ■❢ ✐t ✐s ♥♦t
♣♦ss✐❜❧❡✱ t❤❡♥ ❜② t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡✱ ✇❡ ♦❜t❛✐♥ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦❧♦✉rs✿ c(zz1) = 4, c(zz2) = 5, c(xx1) = 2, c(xx2) = 3, c(yy1) = 3, c(yy2) = 2✳ ◆❡①t✱
❤❛✈✐♥❣ t❤✐s ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❝♦❧♦✉rs ♦❢ t❤❡ ❡❞❣❡s✱ ✇❡ ❝❛♥ r❡❝♦❧♦✉r s♦♠❡ ♦❢ t❤❡ ❡❞❣❡s✿
c(uu2) = c(ww1) = 1, c(vw) = 5, c(ww2) = 2❀ ❛♥❞ st✐❧❧ ❤❛✈❡ ♥♦ ✧❝♦♥✢✐❝ts✧ ❜❡t✇❡❡♥ t❤❡
❝♦❧♦✉rs✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ♦♥❡ ❝♦❧♦✉r ❧❡❢t ❢♦r uv✱ ✇❤✐❝❤ ✐s t❤❡ ❝♦❧♦✉r ✸✳ ❚❤❡ ❡①t❡♥s✐♦♥ ♦❢ c t♦
H ✐s ♣♦ss✐❜❧❡ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

xx1

x2

y

y1

y2

u1

u2

u v w

w1

w2

t t1

t2

z

z1

z2

❋✐❣✉r❡ ✻✿ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ❈❧❛✐♠ ✷✳✹✳

�

❚❤❡ ❞✐s❝❤❛r❣✐♥❣ r✉❧❡s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✭❘✶✮ ❊✈❡r② 33✲✈❡rt❡① ❣✐✈❡s 2
11 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t ❣♦♦❞ 2✲✈❡rt❡①✳

✭❘✷✮ ❊✈❡r② 31✲✈❡rt❡① ❛♥❞ ❡✈❡r② 32✲✈❡rt❡① ❣✐✈❡s 3
11 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t ❣♦♦❞ 2✲✈❡rt❡①✳

✭❘✸✮ ❊✈❡r② 3✲✈❡rt❡① ❣✐✈❡s 5
11 t♦ ✐ts ❛❞❥❛❝❡♥t ❜❛❞ 2✲✈❡rt❡①✳

▲❡t v ∈ V (H) ❜❡ ❛ k✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✷✳✶✱ k ≥ 2✳

❈❛s❡ k = 2. ❖❜s❡r✈❡ t❤❛t ω(v) = − 5
11 ✳ ❙✉♣♣♦s❡ v ✐s ❛ ❣♦♦❞ 2✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✷✳✹✱ v ✐s

❛❞❥❛❝❡♥t t♦ ❛t ♠♦st ♦♥❡ 33✲✈❡rt❡①✳ ❍❡♥❝❡✱ ❜② ✭❘✶✮ ❛♥❞ ✭❘✷✮✱ ω∗(v) ≥ − 5
11 +1× 2

11 +1× 3
11 = 0✳

❙✉♣♣♦s❡ v ✐s ❜❛❞✳ ❇② ❈❧❛✐♠ ✷✳✷✱ v ✐s ❛❞❥❛❝❡♥t t♦ ♦♥❡ 3✲✈❡rt❡① u✳ ❍❡♥❝❡✱ ❜② ✭❘✸✮✱ ω∗(v) =
− 5

11 + 1 × 5
11 = 0✳

✻



❈❛s❡ k = 3. ❖❜s❡r✈❡ t❤❛t ω(v) = 6
11 ✳ ❇② ❈❧❛✐♠s ✷✳✸ ❛♥❞ ✷✳✹✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s

❢♦r v✿

• v ✐s ❛❞❥❛❝❡♥t t♦ t❤r❡❡ ❣♦♦❞ 2✲✈❡rt✐❝❡s ❛♥❞ ❜② ✭❘✶✮✱ ω∗(v) = 6
11 − 3 × 2

11 = 0✳

• v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ♠♦st t✇♦ ❣♦♦❞ 2✲✈❡rt✐❝❡s✳ ❍❡♥❝❡✱ ❜② ✭❘✷✮✱ ω∗(v) ≥ 6
11 − 2 × 3

11 = 0✳

• v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ♠♦st ❛ ❜❛❞ 2✲✈❡rt❡① ❛♥❞ ❜② ✭❘✸✮✱ ω∗(v) ≥ 6
11 − 1 × 5

11 ≥ 0✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❣r❛♣❤ G ✇✐t❤ mad(G) = 5
2 ✇❤✐❝❤ ✐s ♥♦t str♦♥❣ ❡❞❣❡

❝♦❧♦✉r❛❜❧❡ ✇✐t❤ s❡✈❡♥ ❝♦❧♦✉rs✱ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✼✳

❋✐❣✉r❡ ✼✿ ❆ ❣r❛♣❤ G ✇✐t❤ mad(G) = 5

2
❛♥❞ χ′

s
(G) > 7

✹✳ Pr♦♦❢ ♦❢ ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t H ❜❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ♣❛rt ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶ ♠✐♥✐♠✐③✐♥❣ |E(H)| + |V (H)|✿ H ✐s ♥♦t
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ ❡✐❣❤t ❝♦❧♦✉rs✱ mad(H) < 13

5 ❛♥❞ ❢♦r ❛♥② ❡❞❣❡ e✱ χ′
s(H − e) ≤ 8✳ ❘❡❝❛❧❧

t❤❛t ω(x) = d(x) − 13
5 ✳

❈❧❛✐♠ ✸✳ ❚❤❡ ♠✐♥✐♠❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡ H t♦ ♣❛rt ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✶ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣✲
❡rt✐❡s✿

✶✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ 1−✲✈❡rt✐❝❡s✳

✷✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t✇♦ ❛❞❥❛❝❡♥t 2✲✈❡rt✐❝❡s✳

✸✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ t❤r❡❡ 2✲✈❡rt✐❝❡s✳

✹✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 2✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ t✇♦ 32✲✈❡rt✐❝❡s✳

Pr♦♦❢
❲❡ ❞❡♥♦t❡ ❜② L t❤❡ s❡t ♦❢ ❝♦❧♦✉rs L = J1; 8K✳

✶✳ ❚r✐✈✐❛❧✳

✷✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ 2✲✈❡rt❡① u ❛❞❥❛❝❡♥t t♦ ❛ 2✲✈❡rt❡① v✳ ▲❡t t ❛♥❞ w ❜❡ t❤❡ ♦t❤❡r ♥❡✐❣❤❜♦✉rs
♦❢ u ❛♥❞ v r❡s♣❡❝t✐✈❡❧②✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ H✱ t❤❡ ❣r❛♣❤ H ′ = H \ {tu, uv, vw} ✐s str♦♥❣ ❡❞❣❡
❝♦❧♦✉r❛❜❧❡ ✇✐t❤ ❡✐❣❤t ❝♦❧♦✉rs✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′

✇✐t❤ ❡✐❣❤t ❝♦❧♦✉rs✳ ❲❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
|L \ SC(N2(tu))| ≥ 2✱ |L \ SC(N2(uv))| ≥ 4 ❛♥❞ |L \ SC(N2(vw))| ≥ 2✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❝❛♥
❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣ c t♦ H✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✸✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ 3✲✈❡rt❡① v ❛❞❥❛❝❡♥t t♦ t❤r❡❡ 2✲✈❡rt✐❝❡s u, w ❛♥❞ t✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢
H✱ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′ = H \ {vt, vu, vw} ✇✐t❤ ❡✐❣❤t ❝♦❧♦✉rs✳ ❲❡
s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t |L \ SC(N2(vt))| ≥ 3✱
|L \ SC(N2(vu))| ≥ 3 ❛♥❞ |L \ SC(N2(vw))| ≥ 3✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣ c

t♦ H✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✼



✹✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s t✇♦ 32✲✈❡rt✐❝❡s ❤❛✈✐♥❣ ❛ 2✲✈❡rt❡① ❛s ❛ ❝♦♠♠♦♥ ♥❡✐❣❤❜♦✉r✳ ❍❡♥❝❡✱ t❤❡r❡
❡①✐sts ❛ ♣❛t❤ ♦❢ ✜✈❡ ✈❡rt✐❝❡s ✐♥ H✱ uvwxy s✉❝❤ t❤❛t u✱ w ❛♥❞ y ❛r❡ ✷✲✈❡rt✐❝❡s ❛♥❞ v✱ x ❛r❡ 32✲
✈❡rt✐❝❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r H ′ = H \ {uv, vw, wx, xy}✳ ❙✐♥❝❡ H ✐s ❛ ♠✐♥✐♠✉♠ ❝♦✉♥t❡r❡①❛♠♣❧❡✱
χ′

s(H
′) ≤ 8 ❛♥❞ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′✱ ✉s✐♥❣ ❡✐❣❤t ❝♦❧♦✉rs✳ ❲❡ ❡①t❡♥❞

t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ▲❡t ✉s ✜rst ❝♦❧♦✉r t❤❡ ❡❞❣❡s uv ❛♥❞ xy✳ ❊❛❝❤ ♦❢ t❤❡s❡ ❡❞❣❡s ❤❛s t✇♦
❝♦❧♦✉rs ❧❡❢t t♦ ✉s❡✿ c1

uv✱ c2
uv ❢♦r uv ❛♥❞ c1

xy✱ c2
xy ❢♦r xy✳ ❙✉♣♣♦s❡✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡

❝♦❧♦✉r ✐♥ ❝♦♠♠♦♥✿ c1
uv = c1

xy✳ ❲❡ ❝❤♦♦s❡ t❤❡s❡ ❝♦❧♦✉rs t♦ ❝♦❧♦✉r uv ❛♥❞ xy✳ ❆❢t❡r t❤❡
❝♦❧♦✉r✐♥❣ ♦❢ t❤❡s❡ ❡❞❣❡s✱ vw ❛♥❞ wx ❤❛✈❡ ❡❛❝❤ ❛t ❧❡❛st t✇♦ ❝♦❧♦✉rs ❧❡❢t ❛♥❞ ✇❡ ❝❛♥ ❝♦❧♦✉r
t❤❡♠ ❡❛s✐❧②✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t c1

uv✱ c2
uv✱ c1

xy ❛♥❞ c2
xy ❛r❡ ❛❧❧ ❞✐✛❡r❡♥t✳ ▲❡t ✉s ❝♦❧♦✉r uv ✇✐t❤

c1
uv ❛♥❞ xy ✇✐t❤ c1

xy✳ ❙✐♥❝❡ vw ❤❛s t❤r❡❡ ❝♦❧♦✉rs ❧❡❢t t♦ ✉s❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦❝❡ss✱
✐♥ t❤❡ ✇♦rst ❝❛s❡ t❤❡r❡ ❡①✐sts ♦♥❡ ❝♦❧♦✉r ♥♦♥ ✉s❡❞✱ cvw✳ ❙♦✱ ✇❡ ❝♦❧♦✉r vw ✇✐t❤ t❤✐s ❝♦❧♦✉r✳
❆t t❤❡ ❧❛st st❡♣ ✇❡ ♥❡❡❞ t♦ ❝♦❧♦✉r wx✳ ■❢ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡✱ t❤❡♥ ❛❧❧ t❤r❡❡ ❝♦❧♦✉rs ❧❡❢t t♦ ✉s❡
❢♦r t❤✐s ❡❞❣❡ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦❝❡ss ♦❢ ❡①t❡♥s✐♦♥ ♦❢ c t♦ H✱ ✇❡r❡ ✉s❡❞ ❜② uv✱ vw ❛♥❞
xy✳ ■♥ t❤✐s ❝❛s❡ ✐❢ c2

uv 6= cvw✱ t❤❡♥ ✇❡ ❝❤❛♥❣❡ t❤❡ ❝♦❧♦✉r ♦❢ uv t♦ c2
uv✳ ❖t❤❡r✇✐s❡ ✇❡ ❝❤❛♥❣❡

t❤❡ ❝♦❧♦✉r ♦❢ xy t♦ c2
xy ✭✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ c1

uv✱ c2
uv✱ c1

xy ❛♥❞ c2
xy ❛r❡ ❛❧❧ ❞✐✛❡r❡♥t✮✳ ❍❡♥❝❡✱

✇❡ ❤❛✈❡ ❛ ❝♦❧♦✉r ❧❡❢t ❢♦r wx✱ t♦ ❝♦♠♣❧❡t❡ t❤❡ ❝♦❧♦✉r✐♥❣ ♦❢ H✳

�

❚❤❡ ❞✐s❝❤❛r❣✐♥❣ r✉❧❡s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ✿

✭❘✶✮ ❊✈❡r② 31✲✈❡rt❡① ❣✐✈❡s 2
5 t♦ ✐ts ✉♥✐q✉❡ ❛❞❥❛❝❡♥t 2✲✈❡rt❡①✳

✭❘✷✮ ❊✈❡r② 32✲✈❡rt❡① ❣✐✈❡s 1
5 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t 2✲✈❡rt❡①✳

▲❡t v ∈ V (H) ❜❡ ❛ k✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✸✳✶✱ k ≥ 2✳

❈❛s❡ k = 2. ❖❜s❡r✈❡ t❤❛t ω(v) = − 3
5 ✳ ❇② ❈❧❛✐♠s ✸✳✷ ❛♥❞ ✸✳✹✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ❧❡❛st ♦♥❡

31✲✈❡rt❡①✳ ❇② ❈❧❛✐♠s ✸✳✷ ❛♥❞ ✸✳✸✱ t❤❡ s❡❝♦♥❞ ♥❡✐❣❤❜♦✉r ♦❢ v ✐s ❛ 32✲✈❡rt❡① ♦r ❛ 31✲✈❡rt❡①✳
❍❡♥❝❡✱ ❜② ✭❘✶✮ ❛♥❞ ✭❘✷✮✱ ω∗(v) ≥ −3

5 + 1 × 2
5 + 1 × 1

5 = 0✳

❈❛s❡ k = 3. ❖❜s❡r✈❡ t❤❛t ω(v) = 2
5 ✳ ❇② ❈❧❛✐♠ ✸✳✸✱ v ✐s ❛❞❥❛❝❡♥t t♦ ❛t ♠♦st t✇♦ 2✲✈❡rt✐❝❡s✳

■❢ ✐t ✐s ❛ 31✲✈❡rt❡①✱ t❤❡♥ ❜② ✭❘✶✮✱ ω∗(v) ≥ 2
5 − 1 × 2

5 = 0✳ ■❢ ✐t ✐s ❛ 32✲✈❡rt❡①✱ t❤❡♥ ❜② ✭❘✷✮✱
ω∗(v) ≥ 2

5 − 2 × 1
5 = 0✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✺✳ Pr♦♦❢ ♦❢ ✭✐✈✮ ♦❢ ❚❤❡♦r❡♠ ✶

▲❡t H ❜❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ♣❛rt ✭✐✈✮ ♦❢ ❚❤❡♦r❡♠ ✶ ♠✐♥✐♠✐③✐♥❣ |E(H)| + |V (H)|✿ H ✐s ♥♦t
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❛❜❧❡ ✇✐t❤ ♥✐♥❡ ❝♦❧♦✉rs✱ mad(H) < 36

13 ❛♥❞ ❢♦r ❛♥② ❡❞❣❡ e✱ χ′
s(H − e) ≤ 9✳ ❘❡❝❛❧❧

t❤❛t ω(x) = d(x) − 36
13 ✳

❈❧❛✐♠ ✹✳ ❚❤❡ ♠✐♥✐♠❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡ H t♦ ♣❛rt ✭✐✈✮ ♦❢ ❚❤❡♦r❡♠ ✶ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣✲
❡rt✐❡s✿

✶✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ 1−✲✈❡rt✐❝❡s✳

✷✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t✇♦ ❛❞❥❛❝❡♥t 2✲✈❡rt✐❝❡s✳

✸✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ t✇♦ 2✲✈❡rt✐❝❡s✳

✹✳ H ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t✇♦ ❛❞❥❛❝❡♥t 31✲✈❡rt✐❝❡s✳

Pr♦♦❢
❲❡ ❞❡♥♦t❡ ❜② L t❤❡ s❡t ♦❢ ❝♦❧♦✉rs L = J1; 9K✳

✶✳ ❚r✐✈✐❛❧✳

✷✳ ❈❧❛✐♠ ✹✳✷ ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ❜② ✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✸✳✷✳

✽



✸✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s ❛ 3✲✈❡rt❡① v ❛❞❥❛❝❡♥t t♦ t✇♦ 2✲✈❡rt✐❝❡s u ❛♥❞ w✳ ❈❛❧❧ t t❤❡ t❤✐r❞ ♥❡✐❣❤❜♦✉r
♦❢ v✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ H✱ t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′ = H \ {vt, vu, vw}
✇✐t❤ ♥✐♥❡ ❝♦❧♦✉rs✳ ❲❡ s❤♦✇ t❤❛t ✇❡ ❝❛♥ ❡①t❡♥❞ t❤✐s ❝♦❧♦✉r✐♥❣ t♦ H✳ ❖♥❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t
|L \ SC(N2(vt))| ≥ 3✱ |L \ SC(N2(vu))| ≥ 3 ❛♥❞ |L \ SC(N2(vw))| ≥ 3✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❝❛♥
❡①t❡♥❞ t❤❡ ❝♦❧♦✉r✐♥❣ c t♦ H✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✹✳ ❙✉♣♣♦s❡ H ❝♦♥t❛✐♥s t✇♦ ❛❞❥❛❝❡♥t 31✲✈❡rt✐❝❡s✳ ▲❡t u ❛♥❞ v ❜❡ t❤❡s❡ 31✲✈❡rt✐❝❡s ❛♥❞ x ❛♥❞ y

r❡s♣❡❝t✐✈❡❧②✱ t❤❡✐r ❛❞❥❛❝❡♥t 2✲✈❡rt✐❝❡s✳

■❢ x = y t❤❡♥✱ ❧❡t z ❜❡ t❤❡ t❤✐r❞ ❛❞❥❛❝❡♥t ✈❡rt❡① ♦❢ u✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ H✱ t❤❡r❡ ❡①✐sts ❛
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′ = H \ {zu, ux, xv, vu}✳ ❇② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❛✈❛✐❧❛❜❧❡
❝♦❧♦✉rs ❢♦r ❡❛❝❤ ♦❢ t❤❡ ❡❞❣❡s zu, ux, xv, vu✱ ♦♥❡ ❝❛♥❞ ❡❛s✐❧② ❡①t❡♥❞ c t♦ H✳

■❢ x 6= y✱ ❧❡t t ❜❡ t❤❡ 3✲✈❡rt❡① ❛❞❥❛❝❡♥t t♦ x✳ ❈♦♥s✐❞❡r t❤❡ ♣❛t❤ txuvy✳ ❇② ♠✐♥✐♠❛❧✐t② ♦❢ H✱
t❤❡r❡ ❡①✐sts ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ c ♦❢ H ′ = H \ {tx, xu, uv, vy}✳ ❲❡ ✇✐❧❧ ❡①t❡♥❞ c t♦ H✳
❚❤❡ ❡❞❣❡s tx ❛♥❞ vy ❤❛✈❡ ❡❛❝❤ t✇♦ ❝♦❧♦✉rs ❧❡❢t t♦ ✉s❡✿ c1

tx✱ c2
tx ❛♥❞ c1

vy✱ c2
vy✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡

❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿

✹✳✶ ❚❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ❝♦❧♦✉r ✐♥ ❝♦♠♠♦♥✿ c1
tx = c1

vy✳ ❲❡ ❝♦❧♦✉r tx ❛♥❞ vy ✇✐t❤ c1
tx

✭s✐♥❝❡ t❤❡s❡ ❡❞❣❡s ❛r❡ ❛t ❞✐st❛♥❝❡ ✹✱ t❤❡② ❝❛♥ ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❧♦✉r✮✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❛t
❧❡❛st ♦♥❡ ❝♦❧♦✉r ❧❡❢t ❢♦r uv ❛♥❞ ✇❡ ❝♦❧♦✉r t❤✐s ❡❞❣❡ ✇✐t❤ t❤✐s ❝♦❧♦✉r✳ ❚❤❡ ❡❞❣❡ xu ✐♥✐t✐❛❧❧②
❤❛❞ t❤r❡❡ ❝♦❧♦✉rs t♦ ❝❤♦♦s❡✱ ❤❡♥❝❡✱ ✐t ❤❛s ❛t ❧❡❛st ♦♥❡ ❝♦❧♦✉r ❧❡❢t t♦ ✉s❡ ❛♥❞ ✇❡ ❝❤♦♦s❡ ✐t✳

✹✳✷ ❆❧❧ t❤❡ ❢♦✉r ❝♦❧♦✉rs ❛r❡ ❞✐✛❡r❡♥t✳ ▲❡t ✉s ❝♦❧♦✉r tx ❛♥❞ vy ✇✐t❤ c1
tx ❛♥❞ c1

vy✱ r❡s♣❡❝t✐✈❡❧②✳
◆❡①t ✇❡ ❝♦❧♦✉r t❤❡ ❡❞❣❡ uv✱ ❤❛✈✐♥❣ t✇♦ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r ❝♦❧♦✉rs t♦ ✉s❡✳ ■❢ ✐ts ❝♦❧♦✉r✐♥❣
✐s ♥♦t ♣♦ss✐❜❧❡ t❤❡♥ t❤❡ t✇♦ ❝♦❧♦✉rs ❧❡❢t ❢♦r uv ✇❡r❡ c1

tx ❛♥❞ c1
vy ❛♥❞ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❝❤❛♥❣❡

t❤❡ ❝♦❧♦✉r ♦❢ vy t♦ c2
vy ❛♥❞ ✇❡ ❝♦❧♦✉r uv ✇✐t❤ c1

vy✳ ❆t t❤❡ ❧❛st st❡♣ ✇❡ ❝♦❧♦✉r t❤❡ ❡❞❣❡ xu✱
❤❛✈✐♥❣ ✐♥✐t✐❛❧❧② t❤r❡❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r ❝♦❧♦✉rs t♦ ✉s❡✳ ■❢ ✐ts ❝♦❧♦✉r✐♥❣ ✐s ♥♦t ♣♦ss✐❜❧❡✱
t❤❡♥ t❤❡s❡ t❤r❡❡ ❝♦❧♦✉rs ❛r❡✿ c1

tx✱ c1
vy ❛♥❞ c2

vy✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❝❤❛♥❣❡ t❤❡ ❝♦❧♦✉r ♦❢ tx t♦
c2
tx ❛♥❞ ✇❡ ❝♦❧♦✉r xu ✇✐t❤ c1

tx✳ ■t ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ❛❧❧ t❤❡ ❝♦❧♦✉rs c1
tx✱ c2

tx✱ c1
vy ❛♥❞ c2

vy ❛r❡
❞✐✛❡r❡♥t✳

�

❲❡ ❝❛rr② ♦✉t t❤❡ ❞✐s❝❤❛r❣✐♥❣ ♣r♦❝❡❞✉r❡ ✐♥ t✇♦ st❡♣s✿
❙t❡♣ ✶✳ ❊✈❡r② 30✲✈❡rt❡① ❛t ❞✐st❛♥❝❡ t✇♦ ❢r♦♠ ❛ ✷✲✈❡rt❡① ❣✐✈❡s 1

13 t♦ ❡❛❝❤ ❛❞❥❛❝❡♥t 31✲✈❡rt❡①✳
❲❤❡♥ ❙t❡♣ ✶ ✐s ✜♥✐s❤❡❞✱ ❛ ♥❡✇ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω′ ✐s ♣r♦❞✉❝❡❞ ♦♥ 31✲✈❡rt✐❝❡s✱ ❤❡♥❝❡✱ ✇❡ ♣r♦❝❡❡❞

✇✐t❤ ❙t❡♣ ✷✿
❙t❡♣ ✷✳ ❊✈❡r② 3✲✈❡rt❡① ❣✐✈❡s 5

13 t♦ ✐ts ✉♥✐q✉❡ ❛❞❥❛❝❡♥t 2✲✈❡rt❡①✳

▲❡t v ∈ V (H) ❜❡ ❛ k✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✹✳✶✱ k ≥ 2✳

❈❛s❡ k = 2. ❖❜s❡r✈❡ t❤❛t ω(v) = − 10
13 ✳ ❇② ❈❧❛✐♠ ✹✳✷✱ v ✐s ❛❞❥❛❝❡♥t t♦ t✇♦ 31✲✈❡rt✐❝❡s✳

❍❡♥❝❡✱ ❜② ❙t❡♣ ✷✱ ω∗(v) = − 10
13 + 2 × 5

13 = 0✳

❈❛s❡ k = 3. ❖❜s❡r✈❡ t❤❛t ω(v) = 3
13 ✳ ❇② ❈❧❛✐♠ ✹✳✸ v ❝❛♥ ❜❡ ❛ 31✲✈❡rt❡① ♦r ❛ 30✲✈❡rt❡①✳

❙✉♣♣♦s❡✱ v ✐s ❛ 31✲✈❡rt❡①✳ ❇② ❈❧❛✐♠ ✹✳✹ ❛♥❞ ❛❢t❡r ❙t❡♣ ✶✱ ω′(v) = 3
13 + 2× 1

13 ✱ t❤❡♥✱ ❜② ❙t❡♣
✷✱ ω∗(v) ≥ 0✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t v ✐s ❛ 30✲✈❡rt❡①✳ ❇② ❙t❡♣ ✶✱ ω∗(v) ≥ 3

13 − 3 × 1
13 = 0✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❣r❛♣❤ G ✇✐t❤ mad(G) = 20
7 ✇❤✐❝❤ ✐s ♥♦t str♦♥❣ ❡❞❣❡

❝♦❧♦✉r❛❜❧❡ ✇✐t❤ ♥✐♥❡ ❝♦❧♦✉rs✱ ✐s ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✶✳

✻✳ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞✐❡❞ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ s✉❜❝✉❜✐❝ ❣r❛♣❤s ❝♦♥s✐❞❡r✐♥❣
t❤❡✐r ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ t✐❣❤t♥❡ss ♦❢ ♦✉r r❡s✉❧t✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡
❢✉♥❝t✐♦♥ f(n) = inf{mad(G) | χ′

s(G) > n}✳ ❖❜✈✐♦✉s❧②✱ f(5) = 2✱ ❛♥❞ ✇❡ ♣r♦✈❡❞ t❤❛t ❢♦r n = 6
✭7, 8, 9 r❡s♣✳✮✿

✾



45
21 = 15

7 < f(6) ≤ 7
3 = 49

21

54
22 = 27

11 < f(7) ≤ 5
2 = 55

22

252
91 = 36

13 < f(9) ≤ 20
7 = 260

91

❲❡ ❞✐❞ ♥♦t ✜♥❞ ❛ ❜❡tt❡r ❜♦✉♥❞ t❤❛♥ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r f(9) t♦ ❡st✐♠❛t❡ f(8)✳ ❚❤✐s q✉❡st✐♦♥
s❡❡♠s t♦ ❜❡ ♠♦r❡ ✐♥tr✐❣✉✐♥❣✱ s✐♥❝❡ ❛s ✇❡ r❡♠❛r❦❡❞ s♦ ❢❛r✱ t❤❡ ❣r❛♣❤ ❤❛✈✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡
❞❡❣r❡❡ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ 20

7 ❛♥❞ ♥❡❡❞✐♥❣ ♥✐♥❡ ❝♦❧♦✉rs t♦ ❜❡ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❡❞✱ ❛♣♣❛r❡♥t❧②
❤❛s ♠♦r❡ t❤❛♥ ✶✷ ✈❡rt✐❝❡s ❛♥❞ s✐①t❡❡♥ ❡❞❣❡s ✲ ❛♥ ♦r❞❡r ✇❤✐❝❤ ✐s ♠✉❝❤ ❜✐❣❣❡r t❤❛♥ t❤❡ ♦r❞❡r ♦❢ t❤❡
❣r❛♣❤s ✇❡ ❢♦✉♥❞ ❢♦r ♦t❤❡r ✈❛❧✉❡s ♦❢ f ✳

❙♣❡❛❦✐♥❣ ❛❜♦✉t ♣❧❛♥❛r ❣r❛♣❤s✱ ❛s ❛ ❝♦r♦❧❧❛r②✱ ✇❡ ♠❛♥❛❣❡❞ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛ ❣✐rt❤ g ≥ 8✱ t❤❡
❝♦♥❥❡❝t✉r❡ st❛t❡❞ ✐♥ ❬✷❪✱ ❤♦❧❞s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❘✳❏✳ ❋❛✉❞r❡❡✱ ❆✳ ●②ár❢❛s✱ ❘✳❍✳ ❙❝❤❡❧♣✱ ❩s✳ ❚✉③❛✱ ■♥❞✉❝❡❞ ♠❛t❝❤✐♥❣s ✐♥ ❜✐♣❛rt✐t❡ ❣r❛♣❤s✱
❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s ✼✽✿✽✸✲✽✼✱ ✶✾✽✾✳

❬✷❪ ❘✳❏✳ ❋❛✉❞r❡❡✱ ❆✳ ●②ár❢❛s✱ ❘✳❍✳ ❙❝❤❡❧♣✱ ❩s✳ ❚✉③❛✱ ❚❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ ❣r❛♣❤s✱ ❆rs
❈♦♠❜✐♥❛t♦r✐❛✱ ✷✾❇✿✷✵✺✲✷✶✶✱ ✶✾✾✵✳

❬✸❪ ❉✳❇✳ ❲❡st✱ ❙tr♦♥❣ ❡❞❣❡✲❝♦❧♦r✐♥❣✱ ❖♣❡♥ Pr♦❜❧❡♠s ✲ ●r❛♣❤ ❚❤❡♦r② ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s✱ ❤tt♣✿
✴✴✇✇✇✳♠❛t❤✳✉✐✉❝✳❡❞✉✴⑦✇❡st✴♦♣❡♥♣✴str♦♥❣❡❞❣❡✳❤t♠❧

❬✹❪ ▼✳ ▼❛❤❞✐❛♥✱ ❚❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ ❣r❛♣❤s✱ ▼✳❙❝✳ ❚❤❡s✐s✱ ❉❡♣❛rt♠❡♥t ♦❢ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❚♦r♦♥t♦✱ ✷✵✵✵✳

✶✵


