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❆❜str❛❝t

❆ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♣r♦♣❡r ❡❞❣❡ ❝♦❧♦✉r✐♥❣ s✉❝❤ t❤❛t ❡✈❡r② ♣❛t❤ ♦❢
❧❡♥❣t❤ ✸ ✉s❡s t❤r❡❡ ❝♦❧♦✉rs✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❣✐✈❡ s♦♠❡ ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ♠✐♥✐♠✉♠
♥✉♠❜❡r ♦❢ ❝♦❧♦✉rs ✐♥ ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ s✉❜❝✉❜✐❝ ❣r❛♣❤s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛①✲
✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡ str♦♥❣ ❡❞❣❡ k✲❝♦❧♦✉r✐♥❣
♣r♦❜❧❡♠ ❢♦r s♦♠❡ r❡str✐❝t❡❞ ❝❧❛ss❡s ♦❢ s✉❜❝✉❜✐❝ ♣❧❛♥❛r ❣r❛♣❤s ✇❤❡♥ k = 4, 5, 6✳

❑❡②✇♦r❞s✿ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣✱ s✉❜❝✉❜✐❝ ❣r❛♣❤s✱ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡✱
◆P✲❝♦♠♣❧❡t❡♥❡ss✳

1 ❚❤✐s r❡s❡❛r❝❤ ✐s s✉♣♣♦rt❡❞ ❜② t❤❡ ❆◆❘✴◆❙❈ ●r❛❚❡❧ ❆◆❘✲✵✾✲❜❧❛♥✲✵✸✼✸✲✵✶ ❛♥❞ ◆❙❈✾✾✲✷✾✷✸✲▼✲
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4 ❊♠❛✐❧✿ ✈❛❧✐❝♦✈❅❧❛❜r✐✳❢r



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r t❤❡ ❣r❛♣❤s ✇❡ ❝♦♥s✐❞❡r ❛r❡ ✜♥✐t❡✱ ✇✐t❤♦✉t ♠✉❧t✐♣❧❡ ❡❞❣❡s ❛♥❞ ✇✐t❤♦✉t
❧♦♦♣s✳ ❆ ♣r♦♣❡r ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G = (V, E) ✐s ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ ❝♦❧♦✉rs t♦
t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ s✉❝❤ t❤❛t t✇♦ ❛❞❥❛❝❡♥t ❡❞❣❡s ❞♦ ♥♦t ✉s❡ t❤❡ s❛♠❡ ❝♦❧♦✉r✳ ❆
str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ✭❝❛❧❧❡❞ ❛❧s♦ ❞✐st❛♥❝❡ ✷ ❡❞❣❡ ❝♦❧♦✉r✐♥❣✮ ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♣r♦♣❡r
❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ G✱ s✉❝❤ t❤❛t ❡✈❡r② ❡❞❣❡ ♦❢ ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ ✸ uvxy ✉s❡s ❛ ❞✐✛❡r❡♥t
❝♦❧♦✉r✳ ❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ❣r❛♣❤ ✐s str♦♥❣❧② ❡❞❣❡ k✲❝♦❧♦✉r❛❜❧❡ ✐❢ ✐t ❛❞♠✐ts ❛ str♦♥❣
❡❞❣❡ ❝♦❧♦✉r✐♥❣ ✉s✐♥❣ ❛t ♠♦st k ❝♦❧♦✉rs✳ ❲❡ ❞❡♥♦t❡ ❜② χ′

s(G) t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝

✐♥❞❡① ♦❢ G ✇❤✐❝❤ ✐s t❤❡ s♠❛❧❧❡st ✐♥t❡❣❡r k s✉❝❤ t❤❛t G ❝❛♥ ❜❡ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r❡❞
✇✐t❤ k ❝♦❧♦✉rs✳ ❚❤❡ ❣✐rt❤ ♦❢ ❛ ❣r❛♣❤ ✐s t❤❡ s✐③❡ ♦❢ ❛ s❤♦rt❡st ❝②❝❧❡ ✐♥ t❤✐s ❣r❛♣❤✳ ❲❡
✇✐❧❧ s❛② t❤❛t t✇♦ ❡❞❣❡s uv ❛♥❞ xy ✭u 6= y✮ ❛r❡ ❛t ❞✐st❛♥❝❡ ✷ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ♦❢
❧❡♥❣t❤ ✸ uvxy✳

❚❤❡ ♥♦t✐♦♥ ♦❢ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ s❡❡♠s t♦ ❜❡ ✐♥tr♦❞✉❝❡❞ ❜② ❋♦✉q✉❡t ❛♥❞ ❏♦✲
❧✐✈❡t ✐♥ ❬✼✱✽❪✳ ❚❤✐s t②♣❡ ♦❢ ❝♦❧♦✉r✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦♥✢✐❝t✲❢r❡❡ ❝❤❛♥♥❡❧
❛ss✐❣♥♠❡♥t ✐♥ r❛❞✐♦ ♥❡t✇♦r❦s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❛ss✐❣♥ ❢r❡q✉❡♥❝✐❡s ✭❝♦❧♦✉rs✮ t♦ ❝❤❛♥♥❡❧s
✭❡❞❣❡s✮ ❜❡t✇❡❡♥ ❡✈❡r② ♣❛✐r ♦❢ tr❛♥s❝❡✐✈❡rs ✭✈❡rt✐❝❡s✮ ❝♦♠♠✉♥✐❝❛t✐♥❣ ❜❡t✇❡❡♥ ❡❛❝❤
♦t❤❡r✳ ❋r❡q✉❡♥❝✐❡s ❤❛✈❡ t♦ ❜❡ ❛ss✐❣♥❡❞ t♦ ❡❞❣❡s ❛❝❝♦r❞✐♥❣ t♦ ✐♥t❡r❢❡r❡♥❝❡ ❝♦♥str❛✐♥ts
❛♥❞ t❤✐s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥ t❡r♠s ♦❢ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ♦❢ t❤❡ ❣r❛♣❤ ♠♦❞❡❧❧✐♥❣
t❤❡ ♥❡t✇♦r❦✳ ❋♦r ❛ ❜r✐❡❢ s✉r✈❡②✱ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✹✱✻❪✳

▲❡t ∆ ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛ ❣r❛♣❤✳ ■♥ ✶✾✽✺✱ ❞✉r✐♥❣ ❛ s❡♠✐♥❛r ✐♥
Pr❛❣✉❡✱ ❊r❞➤s ❛♥❞ ◆❡➨❡t➦✐❧ ❣❛✈❡ ❛ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣r❛♣❤s ❤❛✈✐♥❣ str♦♥❣ ❝❤r♦♠❛t✐❝
✐♥❞❡① ❡q✉❛❧ t♦ 5

4
∆2 ✇❤❡♥ ∆ ✐s ❡✈❡♥ ❛♥❞ 1

4
(5∆2 − 2∆ + 1) ✇❤❡♥ ∆ ✐s ♦❞❞✳ ❚❤❡②

❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ✐s ❜♦✉♥❞❡❞ ❜② t❤❡s❡ ✈❛❧✉❡s ❛♥❞ ✐t ✇❛s
✈❡r✐✜❡❞ ❢♦r ∆ ≤ 3✳ ■t ✇❛s ❝♦♥❥❡❝t✉r❡❞ ❜② ❋❛✉❞r❡❡ ❡t ❛❧✳ ❬✶❪ t❤❛t ❡✈❡r② ❜✐♣❛rt✐t❡
❣r❛♣❤ ❤❛s ❛ str♦♥❣ ❡❞❣❡ ❝♦❧♦✉r✐♥❣ ✇✐t❤ ∆2 ❝♦❧♦✉rs✳ ■♥ ❬✷❪ t❤❡ s❛♠❡ ❛✉t❤♦rs st❛t❡❞ ❛
♥❡✇ ❝♦♥❥❡❝t✉r❡✱ ❝❧❛✐♠✐♥❣ t❤❛t t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❣r❛♣❤s
✐s ❛t ♠♦st ✾ ❛♥❞ ♣r♦✈❡❞ t❤❛t χ′

s(G) ≤ 4∆ + 4✱ ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ✇✐t❤ ♠❛①✐♠✉♠
❞❡❣r❡❡ ∆ ≥ 3✳ ▲❡t mad(G) ❜❡ t❤❡ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❣r❛♣❤ G ✐✳❡✳

mad(G) = max
{

2|E(H)|
|V (H)|

, H ⊆ G
}

✱ ✇❤❡r❡ V (H) ❛♥❞ E(H) t❤❡ s❡ts ♦❢ ✈❡rt✐❝❡s ❛♥❞

❡❞❣❡s ♦❢ H✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ str♦♥❣ ❝❤r♦♠❛t✐❝ ✐♥❞❡① ♦❢ s✉❜❝✉❜✐❝
❣r❛♣❤s ❝♦♥s✐❞❡r✐♥❣ t❤❡✐r ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡✳

▼❛❤❞✐❛♥ ♣r♦✈❡❞ ✐♥ ❬✺❪ t❤❛t ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ✇✐t❤ ❣✐rt❤ g✱
❢♦r ❛♥② ✜①❡❞ g✱ ✐s str♦♥❣❧② ❡❞❣❡ k✲❝♦❧♦✉r❛❜❧❡✱ ❢♦r ❛❧❧ k ≥ 4✱ ✐s ◆P✲❝♦♠♣❧❡t❡✱ t❤❡
❝❛s❡ ✇❤❡♥ k ≤ 3 ❜❡✐♥❣ tr✐✈✐❛❧✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦✈❡ t❤❡ ◆P✲❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡
♣r♦❜❧❡♠s ♦❢ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r ❛ ♣❧❛♥❛r s✉❜❝✉❜✐❝ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❝❛♥ ❜❡ str♦♥❣ ❡❞❣❡
❝♦❧♦✉r❡❞ ✇✐t❤ ❢♦✉r✱ ✜✈❡ ❛♥❞ s✐① ❝♦❧♦✉rs✱ ❢♦r s♦♠❡ ✈❛❧✉❡s ♦❢ t❤❡ ❣✐rt❤✳

✷ ❇♦✉♥❞s ♦❢ χ′
s(G) ✐♥ t❡r♠s ♦❢ mad(G)

❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

❚❤❡♦r❡♠ ✷✳✶ ▲❡t G ❜❡ ❛ s✉❜❝✉❜✐❝ ❣r❛♣❤✿

✶✳ ■❢ mad(G) < 15
7
✱ t❤❡♥ χ′

s(G) ≤ 6✳

✷✳ ■❢ mad(G) < 27
11
✱ t❤❡♥ χ′

s(G) ≤ 7✳



✸✳ ■❢ mad(G) < 13
5
✱ t❤❡♥ χ′

s(G) ≤ 8✳

✹✳ ■❢ mad(G) < 36
13
✱ t❤❡♥ χ′

s(G) ≤ 9✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ t✐❣❤t♥❡ss ♦❢ ♦✉r r❡s✉❧t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ f(n) =
inf{mad(G) | χ′

s(G) > n, ∆(G) ≤ 3}✳ ❖❜✈✐♦✉s❧②✱ f(5) = 2✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r
n = 6 ✭7, 8, 9 r❡s♣✳✮✿ 45

21
< f(6) ≤ 49

21
, 54

22
< f(7) ≤ 55

22
, 91

35
< f(8) ≤ 100

35
, 252

91
<

f(9) ≤ 260
91
✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶ ✐s ❞♦♥❡ ❜② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ r❡❞✉❝✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s
❛♥❞ t❤❡ ❞✐s❝❤❛r❣✐♥❣ t❡❝❤♥✐q✉❡✳ ❍❡r❡ ✐s t❤❡ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳ ■♥ ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s
✶✱ ✷✱ ✸ ❛♥❞ ✹✱ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ❝♦✉♥t❡r❡①❛♠♣❧❡ H✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡
r❡❞✉❝✐❜❧❡ ❝♦♥✜❣✉r❛t✐♦♥s ✐✳❡✳ ❛ s❡t S ♦❢ s✉❜❣r❛♣❤s ✇❤✐❝❤ ❝❛♥♥♦t ❛♣♣❡❛r ✐♥ H✳ ❖♥❝❡
t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ S ✐s ♣r♦✈❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω : V (H) → Q ✇✐t❤
ω(x) = d(x)−m ✭✇❤❡r❡ m = 15

7
✐♥ ❈❛s❡ ✶✱ 27

11
✐♥ ❈❛s❡ ✷✱ 13

5
✐♥ ❈❛s❡ ✸ ❛♥❞ 36

13
✐♥ ❈❛s❡

✹✮✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ♠❛①✐♠✉♠ ❛✈❡r❛❣❡ ❞❡❣r❡❡ t❤❛t t❤❡ t♦t❛❧
s✉♠ ♦❢ ✇❡✐❣❤ts ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✳ ■♥ t❤❡ ♥❡①t st❡♣✱ ✇❡ ❞❡✜♥❡ ❞✐s❝❤❛r❣✐♥❣ r✉❧❡s t♦
r❡❞✐str✐❜✉t❡ ✇❡✐❣❤ts ❛♥❞ ♦♥❝❡ t❤❡ ❞✐s❝❤❛r❣✐♥❣ ✐s ✜♥✐s❤❡❞✱ ❛ ♥❡✇ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ω∗

✇✐❧❧ ❜❡ ♣r♦❞✉❝❡❞✳ ❉✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣✐♥❣ ♣r♦❝❡ss t❤❡ t♦t❛❧ s✉♠ ♦❢ ✇❡✐❣❤ts ✐s ❦❡♣t
✜①❡❞✳ ◆❡✈❡rt❤❡❧❡ss✱ ❜② t❤❡ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ S✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ω∗(x) ≥ 0 ❢♦r ❛❧❧
x ∈ V (H)✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr❛❞✐❝t✐♦♥✿

0 ≤
∑

x∈V (H)

ω∗(x) =
∑

x∈V (H)

ω(x) < 0

❛♥❞ ❤❡♥❝❡✱ t❤✐s ❝♦✉♥t❡r❡①❛♠♣❧❡ ❝❛♥♥♦t ❡①✐st✳
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❡❞❣❡s xy, zt ♠✉st r❡❝❡✐✈❡ t❤❡ s❛♠❡ ❝♦❧♦✉rs✳ ❇② ❣❧✉❡✐♥❣ s❡✈❡r❛❧ ❝♦♣✐❡s ♦❢ t❤✐s ❣r❛♣❤
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♠✉st ❜❡ ❝♦❧♦✉r❡❞ t❤❡ s❛♠❡✳ ▼♦r❡♦✈❡r✱ ❜② ❝❤♦♦s✐♥❣ ❛♥ ♦❞❞ ♦r ❛♥ ❡✈❡♥ ♥✉♠❜❡r ♦❢
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❋✐❣✉r❡ ✸✳ ❙✉❜✲❣❛❞❣❡t M

◆♦✇✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❜✉✐❧❞ t❤❡ ❣❡♥❡r✐❝ s✉❜✲❣❛❞❣❡t M ✭❋✐❣✉r❡ ✸✮ ✇❤✐❝❤ ✇✐❧❧ ❜❡
✉s❡❞ ✐♥ ♦✉r r❡❞✉❝t✐♦♥✳ ■t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❝❛s❡ ❛♥❛❧②s✐s t❤❛t ✉♣ t♦ ♣❡r♠✉t❛t✐♦♥
♦❢ ❝♦❧♦✉rs✱ t❤❡ str♦♥❣ ❡❞❣❡ ✹✲❝♦❧♦✉r✐♥❣ ♦❢ M ✱ ❣✐✈❡♥ ✐♥ ❋✐❣✉r❡ ✸✱ ✐s ✉♥✐q✉❡✳ ❆❧s♦ M

✐s ❜✐♣❛rt✐t❡ ✭t❤❡ ❜✐♣❛rt✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♣✐❝t✉r❡ ❜② ❜✐❣ ❛♥❞ s♠❛❧❧ ✈❡rt✐❝❡s✮ ❛♥❞ ♦❢
❛r❜✐tr❛r✐❧② ❧❛r❣❡ ❣✐rt❤✳

●✐✈❡♥ ❛ ♣❧❛♥❛r ❣r❛♣❤ G ✇✐t❤ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✹✱ ✇❡ ❝♦♥str✉❝t ❛ ❣r❛♣❤ G′ ❛s
❢♦❧❧♦✇s✳ ❊✈❡r② ✈❡rt❡① v ♦❢ G ✐s r❡♣❧❛❝❡❞ ❜② ❛ ❝♦♣② Qv ♦❢ t❤❡ ❣r❛♣❤ Q ❞❡♣✐❝t❡❞ ✐♥
❋✐❣✉r❡ ✹✭❛✮ ✇❤✐❝❤ ❝♦♥t❛✐♥s t❤r❡❡ ❝♦♣✐❡s ♦❢ t❤❡ s✉❜✲❣❛❞❣❡t M ✳ ◆♦t❡ t❤❛t s✐♥❝❡ M

✐s ❜✐♣❛rt✐t❡ ❛♥❞ ♦❢ ❛r❜✐tr❛r✐❧② ❧❛r❣❡ ❣✐rt❤✱ Q ✐s ❛❧s♦ ❜✐♣❛rt✐t❡ ❛♥❞ ♦❢ ❛r❜✐tr❛r✐❧② ❧❛r❣❡
❣✐rt❤✳

❋♦r ❡✈❡r② ❡❞❣❡ uv ✐♥ G✱ ✇❡ ❝❤♦♦s❡ ❛♥ ✐♥❞❡① i ❢♦r Qu ❛♥❞ j ❢♦r Qv ❛♥❞ ❥♦✐♥ xi

♦❢ Qu ✇✐t❤ xj ♦❢ Qv ❛♥❞ ♦♥❡ ♦❢ t❤❡ ✈❡rt✐❝❡s y1
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✭❜✮ ❈♦♥♥❡❝t✐♥❣ t✇♦ ✈❡rt❡① ❣❛❞❣❡ts ✐♥ G′

❋✐❣✉r❡ ✹✳ ❱❡rt❡① ❛♥❞ ❡❞❣❡ ❣❛❞❣❡ts

❲❡ s❛② t❤❛t t❤❡ ❝♦❧♦✉r ♦❢ Q ✐s t❤❡ ❝♦❧♦✉r ♦❢ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ t❤❡ ✈❡rt✐❝❡s xi

✐♥ Q ✭❝♦❧♦✉r ✷ ✐♥ ❋✐❣✉r❡ ✹✭❛✮✮✳ ❆❧s♦✱ t❤❡ ❢♦r❜✐❞❞❡♥ ❝♦❧♦✉r ♦❢ Q ✐s t❤❡ ❝♦❧♦✉r ♦❢ t❤❡
❡❞❣❡s ✐♥❝✐❞❡♥t t♦ y1

i ❛♥❞ y2
i ✭❝♦❧♦✉r ✸ ✐♥ ❋✐❣✉r❡ ✹✭❛✮✮✳

❋✐❣✉r❡ ✹✭❜✮ s❤♦✇s t❤❛t ❢♦r ❡✈❡r② ❡❞❣❡ uv ∈ G✱ Qu ❛♥❞ Qv ❛r❡ ❛ss✐❣♥❡❞ ❞✐st✐♥❝t
❝♦❧♦✉rs ❛♥❞ t❤❡ s❛♠❡ ❢♦r❜✐❞❞❡♥ ❝♦❧♦✉r✳ ❙✐♥❝❡ G ✐s ❝♦♥♥❡❝t❡❞✱ ❛❧❧ ❝♦♣✐❡s ♦❢ Q ❤❛✈❡
s❛♠❡ ❢♦r❜✐❞❞❡♥ ❝♦❧♦✉r✱ s❛② ✸✱ ❛♥❞ t❤✉s ♥♦ ❝♦♣② ♦❢ Q ✐s ❝♦❧♦✉r❡❞ ✸✳

■❢ G ✐s ✸✲❝♦❧♦✉r❛❜❧❡✱ t❤❡♥ ❢♦r ❡✈❡r② ✈❡rt❡① v ∈ G✱ ✇❡ ❝❛♥ ❛ss✐❣♥ t❤❡ ❝♦❧♦✉r ♦❢ v

t♦ Qv ❛♥❞ ❡①t❡♥❞ t❤✐s t♦ ❛ str♦♥❣ ❡❞❣❡ ✹✲❝♦❧♦✉r✐♥❣ ♦❢ G′✳ ❈♦♥✈❡rs❡❧②✱ ❣✐✈❡♥ ❛ str♦♥❣
❡❞❣❡ ✹✲❝♦❧♦✉r✐♥❣ ♦❢ G′✱ ✇❡ ♦❜t❛✐♥ ❛ ✸✲❝♦❧♦✉r✐♥❣ ♦❢ G ❜② ❛ss✐❣♥✐♥❣ t❤❡ ❝♦❧♦✉r ♦❢ Qv

t♦ t❤❡ ✈❡rt❡① v✳ ❙♦ G′ ✐s str♦♥❣ ❡❞❣❡ ✹✲❝♦❧♦✉r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s ✸✲❝♦❧♦✉r❛❜❧❡✱
✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✷

✸✲❈❖▲❖❯❘■◆● ♦❢ ♣❧❛♥❛r ❣r❛♣❤s ♦❢ ❞❡❣r❡❡ ✹ ❝❛♥ ❛❧s♦ ❜❡ r❡❞✉❝❡❞ t♦ ❙❚❘❖◆●
❊❉●❊ k✲❈❖▲❖❯❘■◆● ♦❢ s✉❜❝✉❜✐❝ ♣❧❛♥❛r ❣r❛♣❤s ❢♦r t❤❡ ❝❛s❡s ✇❤❡♥ k = 5 ❛♥❞
k = 6✱ ✉s✐♥❣ s♦♠❡ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

❚❤❡♦r❡♠ ✸✳✷ ❙❚❘❖◆● ❊❉●❊ ✺✲❈❖▲❖❯❘■◆● ✐s ◆P✲❝♦♠♣❧❡t❡ ❢♦r ♣❧❛♥❛r ❜✐♣❛r✲

t✐t❡ ❣r❛♣❤s ♦❢ ❞❡❣r❡❡ ✸✱ ✇✐t❤ ❣✐rt❤ g = 8 ❛♥❞ ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✸

❛♥❞ ✇✐t❤ ❣✐rt❤ g = 9✳

❚❤❡♦r❡♠ ✸✳✸ ❙❚❘❖◆● ❊❉●❊ ✻✲❈❖▲❖❯❘■◆● ✐s ◆P✲❝♦♠♣❧❡t❡ ❢♦r ♣❧❛♥❛r ❜✐♣❛r✲

t✐t❡ ❣r❛♣❤s ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✸✱ ✇✐t❤ ❣✐rt❤ g = 4✳
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