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A SUBORDINATION PRINCIPLE. APPLICATIONS.

ERIC AMAR

RESUME. Ce principe de subordination dit grossiérement : si une propriété est vrai pour les espaces
de Hardy pour certains domaines de C™ alors elle vrai pour les espaces de Bergman pour les domaines
du méme genre de C" 1,

On donne des applications de ce principe aux mesures de Bergman-Carleson, aux suites d’interpolation
pour les espaces de Bergman, au théoréme de la couronne AP et a la caractérisation des zéros de la
classe de Bergman-Nevanlinna.

Ces applications donnent des résultats précis pour les domaines bornés strictement pseudo-
convexes et les domaines bornés convexes de type finis dans C™.

ABSTRACT. This subordination principle states roughly: if a property is true for Hardy spaces in
some kind of domains in C™ then it is also true for the Bergman spaces of the same kind of domains
in C*~ 1.

We give applications of this principle to Bergman-Carleson measures, interpolating sequences for
Bergman spaces, AP Corona theorem and characterization of the zeros set of Bergman-Nevanlinna
class.

These applications give precise results for bounded strictly-pseudo convex domains and bounded
convex domains of finite type in C™.
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1. INTRODUCTION.

Let us start with some definitions. In all the sequel, domain will mean bounded connected open
set in C™ with smooth C*> boundary defined by a real valued function r € C*>°(C"),
le. Q={z€C"::r(z) <0}, Yz € 09, gradr(z) # 0,
with the defining function r such that Vz € Q, —r(2) ~ d(z, Q¢) uniformly on Q. (See the beginning
of section 2 for the existence of such a function)

Associate to it the "lifted" domain Q in (z,w) € C*** with defining function
7z, w) == r(z) + |w|*.

Usually our defining functions will be pluri-sub-harmonic, p.s.h. or even strictly pluri-sub-harmonic,
s.p.s.h., in a neighborhood of Q.
This operation keeps the nature of the domain :

e if O is pseudo-convex defined by a r p.s.h.,  is still pseudo-convex defined by 7 p.s.h.;

o if (2 is strictly pseudo-convex defined by a r s.p.s.h., so is Q;

e if () is convex defined by a function r convex , so is Q;

e if O is convex of finite type m, defined by a function r convex, so is €.
Moreover we still have V(z,w) € Q, —(r(2) + |w|’) ~ d((z,w), Q°).

Let dm(z) be the Lebesgue measure in C* and do(z) be the Lebesgue measure on 0f2.

For z € Q, let §(z) := d(z,°) ~ —r(z) be the distance from z to the boundary of €.

For k € N, let v, be the volume of the unit ball in C* and set
Vz € Q, dmg(z) := dm(z),
Vk>1, V2 € Q, dmp(2) = (k+ Dogy1(—r(2))kdm(z)

a weighted Lebesgue measure in 2 suitable for our needs. Clearly we have that dmy(2) =~ §(2)kdm(z).

Let U be a neighbourhood of 92 in 2 such that the normal projection 7 onto 02 is a smooth
well defined application.
Define the Bergman, Hardy and Nevanlinna spaces as usual :

Definition 1.1. Let f be a holomorphic function in Q ; we say that f € AL (Q) if
11, = [ QI i) < oo,
We say that f € Ni(Q) if
Il = [ Tog" 1) dme(2) < .
We say that f € HP(Q2) if
I =sup [ U do(a) < oo,

>0 J{r()=—¢)
Finally we say that f € N(Q) if
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e>0

1l = SUP/{ - }10g+ |f(7(2))] do(z) < oc.

This is meaningful because, for e small enough, the set {r(z) = —e} is a smooth manifold in
contained in U.
Now we can state our subordination lemma:

Theorem 1.2. (Subordination lemma) Let Q be a domain in C*, Q its lift in C*** and F(z,w) €

HP(Q)), we have f(2) = F(2,0) € A7_ () and |[fllar_ (o) S IFll oy
if F(z,w) € N(Q), then f(2) := F(z,0) € Npx_1(Q) and 1) S I av@y-

A function f, holomorphic in Y, is in the Bergman space A () (resp. in the Nevanlinna Bergman

space Ni—1(2) ) if and only if the function F(z,w) := f(z) is in the Hardy space H?(Q) (resp. in
the Nevanlinna class N'(?) ) and we have HfHAZ_1 ~ | F oy (resp- 1 flln_ ) = 1F @y J-

In the section 2 we prove the subordination lemma as a consequence of a disintegration of Lebesgue
measure.

In the section 3 we introduce the notion of a "good" family of polydiscs P, directly inspired by
the work of Catlin [15] and introduced in [7] together with a homogeneous hypothesis, (Hg).
This notion allows us to define geometric Carleson measure, denoted as A(S2), for Hardy spaces
and denoted as Ay (f2), for Bergman spaces and to put it in relation with the Carleson embedding
theorem still for these two classes of spaces.

In subsection 3.1 we apply the subordination lemma to get a Bergman-Carleson embedding
theorem from a Hardy-Carleson embedding one.

The bounded strictly pseudo-convex domains have Hardy-Carleson embedding property by a
result of Hormander [21], hence they have the Bergman-Carleson embedding property by this result.
A direct application of it is the following

Corollary 1.3. A positive Borel measure i in a strictly pseudo-convex domain €2 in C" verifies
W21, € AL [ I dn Sl o
Va € Q, u(P,(2)) < 6(a)" ",
where P,(2) is the polydisc of the good family P centered at a and of "radius" 2.

This characterization was already proved by Cima and Mercer [16] even for the spaces AP ()
with a > 0. So, in the case where « is an integer we recover their characterization.

M. Abate and A. Saraco [1]| studied Carleson measures in strongly pseudo-convex domains but
with a different point of view : instead of using the family of polydiscs to characterize them they
use invariant balls.

We have also a characterization for convex domains of finite type, as shown in subsection 2.

Theorem 1.4. Let ) be a convex domain of finite type in C" ; the measure p verifies
(93> 136, > 0. V) € AL, [ 11V du < Ay o

(*%)3C > 0 ::Va € Q, p(2N P,(2)) < Cmy_1(QN P,(2)).

Hence if u verifies (*) for a p > 1, it verifies (*) for all ¢ > 1.



4 ERIC AMAR

Now let €2 be a domain in C". We say that the H? -Corona theorem is true for €2 if we have :
Vg1, G € HX(Q) V2 € Q, 700 [g5(2)[ 26 >0
then
Ve HP(Q), 3(fi, .., fn) € (HPQ)™ = f =310 fi95

In the same vein, we say that the A} () -Corona theorem is true for § if we have :

(1.1) Vg1, s gm € H®(Q) V2 €Q, ) |gi(2)] 26> 0
j=1

then
Vi€ AL (), (fr, s fi) € (AL(Q)" 5 f = T gy
In the subsection 5, we apply again the subordination principle, because the H? Corona theorem
is true in these cases, to get:

Corollary 1.5. We have the AY(SY) -Corona theorem in the following cases :
o with p =2 if Q) is a bounded weakly pseudo-convexr domain in C";
o with 1 < p < oo if ) is a bounded strictly pseudo-conver domain in C".

In section 4 we define and study the interpolating sequences in a domain 2. We also define the
notion of dual bounded sequences in H?(€2) and in A (€2), and applying the subordination principle
to the result we proved for HP(Q2) interpolating sequences [7]|, we get the following theorem.

Theorem 1.6. If Q is a strictly pseudo-convex domain, or a convex domain of finite type in C"
and if S C Q is a dual bounded sequence of points in A} () then, for any q < p, S is AL (Q)
interpolating with the linear extension property, provided that p = oo or p < 2.

In the unit ball of C", we have a better result :

Theorem 1.7. If B is the unit ball in C* and of S C B is a dual bounded sequence of points in
AY(B) then, for any q < p, S is AL(Q) interpolating with the linear extension property.

Finally in the section 6 we study zeros set for Nevanlinna Bergman functions.
Let © be a domain in C" and u a holomorphic function in 2. Set X := {z € Q :: u(z) = 0} the
zero set of u and Oy := 90 log |u| its associated (1,1) current of integration.

Definition 1.8. A zero set X of a holomorphic function u in the domain €2 is in the Blaschke class,
X € B(R2), if there is a constant C > 0 such that

VB e AY (Q),

n—1, n—1

< ClBllses

[ =rinexns
where A%°

21, no1(Q) is the space of (n —1,n—1) continuous form in Q, equipped with the sup norm
of the coefficients.

If w € N(Q) then it is well known [25] that X is in the Blaschke class of .
We do the analogue for the Bergman spaces :

Definition 1.9. A zero set X of a holomorphic function u in the domain ) is in the Bergman-
Blaschke class, X € Bi(Q2), if there is a constant C > 0 such that
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VB e AY (Q),

n—1, n—1

/Q (—r(2)0x A B < ClI5...
where A>

o, ._1(Q) is the space of (n —1,n — 1) continuous form in §2, equipped with the sup norm
of the coefficients.

If u € Np(Q) then X is in the Bergman-Blaschke class of 2 as can be seen again by use of the
subordination lemma.
Hence exactly as for the Corona theorem we can set the definitions :
we say that the Blaschke characterization is true for €2 if we have :
X € B(Q) = Ju € N(Q) such that X = {z € Q :: u(z) = 0}.
And the same for the Bergman spaces :
we say that the Bergman-Blaschke characterization is true for ) if we have :
X € Bi(Q2) = Fu € Ni(Q) such that X = {z € Q :: u(z) =0}.
We get, by use of the subordination lemma applied to the corresponding Nevanlinna Hardy
results,

Corollary 1.10. The Bergman-Blaschke characterization is true in the following cases :
e if Q) is a strictly pseudo-convexr domain in C" ;
e if () is a convexr domain of finite type in C".

We stated and proved the subordination lemma for the ball in C™ in 1978 [3|, and, since then, we
gave seminars and conferences about it in the general situation.
As we seen some applications to strictly pseudo-convex domains done here are already known.
The applications to the convex domains of finite type are new.
I am grateful to Marco Abate for an interesting discussion on Bergman-Carleson measures in
january 2010.

2. THE SUBORDINATION LEMMA.

Let Q :={z € C" :: p(z) < 0}, Ip(2) # 0 on IQ with p € C*(Q). Let
Q= {(z,w) € C"xC :: p(2) + |w|> < 0}
be the lift of Q in C"™!. We can always manage to have |gradp(z)| = 1 for z € 9Q by the well
known following lemma.

Lemma 2.1. Let Q2 be a domain in R™, we can always choose a defining function s for Q such that

Vz € 09, |grads(z)| = 1.

Proof.
1

Because grad r(z) # 0 on 0f2, we take any smooth strictly positive extension h of m in
gradr(z

Q) ; then set s(z) = h(z)r(z). We have that grads(z) = hgradr(z) + r(z)gradh(z) = hgradr on 99,
hence |grads| =1 on 02. Of course because h > 0, we have that Q ={z e R" : s < 0}. &
Lemma 2.2. Let ) be a domain in R™, defined by a function r € C* | i.e.

Q:={xeR":r(z) <0}, Vo € 09, grad r(z) = 1.
Then the Lebesgue measure o on 0S) is given by

1
Vg € C(09), / gdo = lim — g(x) dm(x),
0 =01 J{—n<r(z)<0}

where §(x) is any continuous extension of g near 0S2.
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Proof.
Because 052 is a codimension one manifold, Vo € 99, grad r(z) = 1 then {z € R" :: —n < r(x) < 0}
is "half" a tube of thickness ) around 052, hence we can apply corollary 6.9.12 in [12] or the original
work by H. Weyl [26]. W

Lemma 2.3. Let Q) be a domain in C". There is a defining function p for  and § > 0 such that
lgradp(z)|” — 4p(z) > min(44,1/4).

Proof.
Take a defining function p such that |gradp| =1 on 0. Then the set K := {z € Q :: |gradp(z)| <
1/2} is compact in € because |gradp(z)| is continuous. On this set K we have —p(z) > § > 0
because p(z) < 0 in Q by definition of €2, hence p(z) attains its maximum —¢é < 0 on the compact
K.

Then we have

VzeQ, |gradp(z)|® — 4p(z) > min(46,1/4),

because

oin K, —p(z) >80 = —4p(z) + |gradp(2)|* > —4p(z) > 40 ;

e outside K, |gradp(z)| > 1/2 = |gradp(z)|” > 1/4 = |gradp(z)|” — 4p(z) > 1/4.
Which completes the proof. B

~ Now back to the lifted domain Q. The boundary of Q is defined by p(z) + |w|* = 0, hence on
dQ we have |w|® = —p(2).
Lemma 2.4. Let Q) be a domain in C". There is a defining function p for © and > 0 such that
|grad(p(z) + \w|2)} > min(26,1/2).
Proof.
Let us compute
dp Op dp Op
d (=L L 22
grad(p(2) + ul’) = (5, 52 £ S
where z; = x; + iy; and w = u + 1v. Hence
2
lgrad(p(z) + [w]*)|” = |gradp(2)[* + 4 [w]*.
By lemma 2.3 we get on 02, replacing 6 by 62,
2
lgrad(p(=) + JwP)| = lgradp(=)[* — 4p(2) > min(46%,1/4).
Taking square root we get the lemma. H

2u, 2v) ;

Then we have the main lemma of this section on the disintegration of the Lebesgue measure
do on 0f) :

Lemma 2.5. (Main lemma) For any continuous function g on Q

Aﬂ@wﬁ®w:/¢ﬂ@+gg%ﬂ%/ﬁ4fWWWMWW%

0 0
where d|w| is the normalized Lebesque measure on the circle |w|° = —p(2) and dm(z) is the
Lebesgue measure on C".

Proof.

we want a defining function whose gradient has norm 1 on the boundary, hence we set

V(z,w) € 09, h(z,w) =

)

|grad(p(2) + w[*)
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because we have by lemma 2.4 that |grad(p(z) + \w|2)‘ > min(26,1/2) on 9Q ; by continuity we
1 ~
have ’grad(p(z) + |w|2)’ > ) min(24,1/2) in a neighborhood V' of 02 ;

as in lemma 2.1 we set

2

o) o DI
|grad(p(2) + |w]")
Then |gradj(z, w)| =1 on 9.

Fix n > 0 and set Q,, := {(z,w) € C"xC :: p(z,w) < —n} C Q ; let n be small enough such that

o\Q, C V.

the Lebesgue measure on the manifold 9Q can be defined by lemma 2.2 this way :

1
[ ::/ g(Z,U})dU(Z,UJ) = hm_/ g(zaw>dm(sz)'
a0 n=01 Q\Q,

, for (z,w) € V and we extend it to €.

Hence, by Fubini,
g(z,w)dm(z,w) = / { g(z,w)dm(w)}dm(z).

N\, Q J-n<p(z,w)<0

Fix z € ) and let us study
2
p(z) + |w|

< ‘grad(p(z) n \w|2)} <0=p(z)+ |w‘2 <0= ‘wﬁ < —p(2).

Recall that
|grad(p(z) + |w*)

2
* = laradp(2)+4 wf* = [grad(p(2) + )| = \/larado(=)[* + 4wl

The other side of the inequality gives

—y/leradp()[* + 4 ul? < p(z) + ol <0,
hence raising to the square
(p(2) + |w[*)? < n?(Jgradp(2)[* + 4 w]*).

Set
a:=—p(z) >0, b:=|gradp(z)|” > 0, X := |w|> >0,
then this inequality becomes
(X —a)?’ <n?*(b+4X) = X? —2(a+2n*)X +a* —n*b < 0.
This implies that X must be between the 2 roots :
A? = (a+2n*)? — (a* — n*b) = n*(4a + b+ 4n?) ;
hence the roots are
X':=(a+20*) —n4a +b+4n? ; X" = (a+21°) + n\/4a + b+ 4n2.
We already have that |w|* = X < a = —p(z), hence, setting ¢(n) := (a + 2n%) — ny/4a + b + 4n2.
—n < plz,w) <0 <= ¢(n) < |w]® < a.

Now, g being continuous on (2, we get, with w = re? in polar coordinates,

g(z,me”) = g(z,y/—p(2)e”) +i(n),
the i(n) being uniform with respect to z,w in V. So let

J = —/ g(z,w)dm(w)
n —n<p(z,w)<0
we have

1
J=- 9(z, w)dm(w) ;
M em)<iwf<a )
computing with polar coordinates,
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/ Nz / V=r(2)e”) +i(ﬁ))§}'rdr,

hence
7= [t v@e i [ v
o 20 St
but
LI e = Laen) = ol (0 2") 0T T DT EP) = a4
» c(n)rr—zna c(n _2na a-+2n°)—ny\/4a 7)) =(\fat 0
so we get

= (ot [ lolaV=@e +it)g

Hence, letting n — 0, we get

b [*" 0. db
J—=\ja+ 1/ g(z, \/—p(z)ele)%.
0

Putting it in [

1= [ ot S ot/ g,

-/ \/—p<z> ol '{/ L ot lul)n(s)

with d |w| the normalized Lebesgue measure on the circle {|w]> = —p(z)}. W

i.e.

Corollary 2.6. Setting h(z) :== | —p(2) + M
oVzeQ, a<h(z)<3;
o Vg € C(0), /8 ol w)dozw) = /Q W) /| L gl wdluljdn(z)

wl?=—p(2)

o Vf € C(@Q), fz,w)—do(z,w) = [ { f(z,w)d|w|}dm(z).
BY) h(z) Q Jw?=—p(2)

, we have that 3o > 0, B > 0 such that

Proof.
We have o = min(4, 1/16) by lemma 2.3 and 3 = ||h||, < co because h is continuous on ) and (2
is compact.
The second point is the main lemma.

So it remains to prove the last assertion and for it we set g(z,w) := € C(99) and we apply

the main lemma. B

Remark 2.7. In the case of the unit ball B in C* we get, with p(z) = |z|> — 1 as defining function,

22l

1 = 1, hence we have a disintegration of the Lebesque measure on OB without

that —
weight.

Now we can prove our subordination lemma 1.2 stated in the introduction.
We copy from [3], and adapt from the ball to this general case. We shall prove it with several steps.
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Proposition 2.8. Let Q be a domain in C* and Q its lift in C"*L. There are constants o > 0, § > 0
depending only on Q such that if F € HP(Q) then F(z,0) € AP(Q) and | F(, )l ape) < éHFHHp(Q)

Conversely if f € AP(QY), for (z,w) € € set F(z,w) := [(2), then we have |Fl|pyq) <
Bl v -

Proof. B
If F(z,w) € HP(2) we have
|FIP = sup IF(z,w)f d6 (2, w) < oo.

>0 Jrw=—a
Fix € > 0 and set Q = Q, := {(z,w) € C" :: #(z,w) < €} to apply what precede.
By corollary 2.6 the Lebesgue measure on <) is

Vg € C(ﬁ), /an(z,w)dEr(z,w) = /Qh(z){/ . g(z,w)d |w|}dm(z),

. w?=—p(2)
withVz € Q, 0 < a < h(z) < < 0.
So

L Gl duline) =PI < oo
w|*=—p(z
but F(z,w) is holomorphic in w for z fixed, hence |F(z,w)|” is sub harmonic in w which implies
|F(z,w)|" d |w| = [F(z,0)]".
w|*=—p(2)
[ 1 P07 dm(e) < 1P < oc,
Q

which implies, because h(z) is bounded below and above in 2, that

1
/ﬂp@ewwm@)g—wwg<m.
Q @]

Hence

Now apply this for Q. instead of € ; we have that F(z,w) is continuous up to 9. because
e > 0. So
\msz@QUJ>a/|Fzmwmu)
e
Hence by Fatou’s lemma with € — 0,

&P, 0) Ly < IF 12y
So we have the first part of the lemma.
Conversely if f € AP(Q), setting F'(z,w) := f(z) and reversing the previous computations, using
equalities this time,

JErds = [r@ [ FEwPdliane) = [5G e dn),

because / d|w| = 1. Hence
lw|"=—p(2)

[ 1vas < [ 1FOF ane) = 81 P, ®
The only thing we used was that |F'(z,w)[” is sub harmonic in w for z fixed. This being also true
for F(z,w) € N(Q), the very same proof gives

Proposition 2.9. Let (2 be a domain in C" and Q its lift in C"1. There are constants o > 0, 3 > 0
depending only on §) such that if F' € N'(Q), then F(z,0) € No(Q2) and [[F (-, 0)[ z0) < é”FHN(Q)
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Conversely if f € Ny(Q), for (z,w) € Q set F(z,w) = f(2), then we have 1 F Ny < Bl a0
Now if we start with a function F(z,w) € AP(Q) what happens ? We have

Proposition 2.10. Let Q be a domain in C* and Q its lift in C"1If F e AP(Q), then
F(,0) € AY(Q) and |[F (0l api0) < 7l1Fl|ance)

Conversely if f € AY(Q), for (z,w) € Q set F(z,w) := ( ), then we have ||F|| yoq) < 7| fllaz(q)
Proof.
By Fubini we have
LG dm(zw) = [ 4 F (. w) dm(w) ().
Q |w?<—r(z)

|’ is sub harmonic in w for z fixed hence

; /
|F (2, w)|” dm(w),
W(—T(Z)) lw|*<—r(z)
because the area of the disc {|w|” < —r(2)} is 7(—7r(z)). So

. /Q (2 0)? (—r(2))dm(z) < /Q (2, w)]? dm(z, w)

But again |F(z,w)
[F(z,0)f <

hence .
I Ollaze) = — I E M| ancey-
Conversely if F(z,w) = f(z) € A}(),
[P wrdnew = [ 1761 wldn(z) = [ 5GP r(=r(2)dm(:)
Q Q |w|2<—r(z)
hence
||F||Ap(§z) < 7T||f||A7;(Q)- u
We have the same results with the same proofs replacing Bergman classes by Nevanlinna ones.
Proposition 2.11. Let Q be a domain in C* and Q its lift in C**'. If F € Ny(Q), then
F(2,0) € Ni(Q) and [[F( 0l 0) < 71 Fllpp@)-
Conversely if f € Ni(Q), for (z,w) € Q set F(z,w) := f(2), then we have |[F||; ) < 7l flln; -
Proof of the subordination lemma.

We prove the subordination lemma for a one level lift. To get it for k levels lift, we just proceed by
induction remarking that

(Qkfl) = Qk
Let Q be a domain in C™ and set €, its k steps lift. Let F'(z, w1, ...,wx) € HP(Q4) then by the
one level lift, proposition 2.8 we have

- 1
F(z w1, e wi-1,0) € AP (), [FC Ollany ) < I lng)-
Now set Fy(z,wy, ..., wp_1) := F(z,wy, ..., wy_1,0) € AP(Q_1) and apply proposition 2.10, we get

~ 1 1
Fl(zv Wy, -y Wg—2, O) € AII)(Qk—Q)a ||F1('7 0)||A’1’(fzk_2) < ;HFlHAP(Qk_l) < %HFHHP(Q;C)'
And so on.
The converse is done the same way as for the Nevanlinna classes. Bl
Exactly the same induction gives the easy corollary :

Corollary 2.12. Let Q be a domain in C", Q its lift in C"* and F(z,w) € AY(Q), we have
F2) = F(2,0) € AL Q) and |l @) S 1P Ly
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if F(z,w) € Ni(Q), then f(2) i= F(2,0) € Nes(Q) and || [l ) S IF lny@y-
A function f, holomorphic in Q, is in the Bergman space A} (Q) (resp. in the Nevanlinna Bergman

space Ny+1(Q) ) if and only if the function F(z,w) := f(2) is in the Bergman space A7 () (resp.
in the Nevanlinna class Ni(?) ) and we have ||f||A£+l ~ HFHA?(Q) (resp- [ flln i) = IF ey /-

3. GEOMETRIC CARLESON MEASURES AND p -CARLESON MEASURES.

In order to define precisely the geometric Carleson measures, we need the notion of a "good" family
of polydiscs, directly inspired by the work of Catlin [15] and introduced in [7].

Let U be a neighbourhood of 92 in 2 such that the normal projection 7m onto 02 is a smooth
well defined application.

Let a € 09 and let b(«) = (Ly, Lo, ..., L) be an orthonormal basis of C" such that (Ls, ..., Ly)
is a basis of the tangent complex space T of 9 at « ; hence L; is the complex normal at o to O2.
Let m(a) = (my, ma, ..., my,) € N* be a multi-index at a with m; =1, Vj > 2, m; > 2.
For a € U and t > 0 set o = m(a) and P,(t) := [[;_, tD;, the polydisc such that ¢D; is the disc

centered at a, parallel to L; € b(«v), with radius t|r(a)["'™ (recall that we have |r(a)| ~ d(a) ).

Set b(a) := b(w(a)), m(a) :== m(w(a)), for a € U.

This way we have a family of polydiscs P := { P,(t) }acs defined by the family of basis {b(a)}acu,
the family of multi-indices {m(a)}.es and the number t. Notice that the polydisc P,(2) always
overflows the domain (2.

It will be useful to extend this family to the whole of €. In order to do so let (z1, ..., 2,) be the
canonical coordinates system in C" and for a € Q\U, let P,(t) be the polydisc of center a, of sides
parallel to the axis and radius t§(a) in the z; direction and t§(a)'/? in the other directions. So the
points a € Q\U have automatically a "minimal" multi-index m(a) = (1, 2, ..., 2).

Now we can set

Definition 3.1. We say that P is a "good family" of polydiscs for Q0 if the m;(a) are uniformly
bounded on Q and if it exists dg > 0 such that all the polydiscs P,(dy) of P are contained in Q. In
this case we call m(a) the multi-type at a of the family P.

We notice that, for a good family P, by definition the multi-type is always finite. Moreover there
is no regularity assumptions on the way that the basis b(a) varies with respect to a € Q.

We can see easily that there are always good families of polydiscs in a domain €2 in C* : for
a point a € (2, take any orthonormal basis b(a) = (L1, Ls,..., L), with L; the complex normal
direction, and the "minimal" multitype m(a) = (1, 2,..., 2). Then, because the level sets 0f2, are
uniformly of class C? and compact, we have the existence of a uniform &y, > 0 such that the family
P is a good one. As seen in [7], in the strictly pseudo-convex domains, this family with "minimal"
multi-type is the right one.

We can give the definitions relative to Carleson measures.

Definition 3.2. A positive borelian measure p on € is a geometric Carleson measure, pn € A(Q), if
AC=C,>0:VaeQ, p(QNP,(2)) <Co(02N FP,(2)).

Definition 3.3. A positive borelian measure i on ) is a p -Carleson measure in ) if
30> 039 € B, [ IFCF i) < Ol oy
Q

And analogously for the Bergman spaces.



12 ERIC AMAR

Definition 3.4. A positive borelian measure i on 2 is a k -geometric Bergman-Carleson measure,

AC=C,>0:VaeQ, p(QNP,(2) < Cmip_1(2N F,(2)).

Notice the gap k — k — 1.

Definition 3.5. A positive borelian measure ju is (p, k) -Bergman-Carleson measure in ) if

30> 0:Vf e AP (Q), /Q [FI" dp(z) < CPIf I ()

Definition 3.6. We shall say that the domain €2 has the p -Carleson embedding property, p -CEP,
of
Vpe A(Q), 3IC=C, >0:Vfe HP(Q), /Q|f|p dp < C||f||%p(ﬂ).

And the same for the Bergman spaces.

Definition 3.7. We shall say that the domain Q0 has the (p,k) -Bergman-Carleson embedding
property, (p, k) -BCEP, if

Vi€ Ay(Q), 3C =C,p > 01V € AL (), /Q P A < Oy

3.1. The subordination lemma applied to Carleson measures.

We shall fix k& € N and lift the measure on the domain Q := {7#(z,w) := r(z) + |w|* < 0}, with
w = (wy, ...,wy) € C*. We already know how to lift a function, the lifted measure i of a measure
is just

foi=p® 9,
with & the delta Dirac measure of the origin in C*. We shall need a lemma linking Bergman and
Hardy geometric Carleson measures.

Let Q be a domain in C*, Q be its lift in C"**, and suppose that Q is equipped with a good

family of polydiscs P, we have the definition :

!

Definition 3.8. We shall say that the good family of polydiscs P on the domain Q is "homogeneous '
of
(Hg) It >0, 3C >0:VaeQ, QNF,(2) #0, o
Vb e QN F,(2), B(t) D FPu(2) and 6(02N Fy(1)) < Ca (002N Fu(2)),
where Q@ = QN {w =0} C Q.

Naturally the domain €2 is equipped with the family P induced by P the following way
Va € Q, P,(u) := Py (u) N {w = 0},
which is easily seen to be a good family for (2.
As examples we have the strictly pseudo-convex domains and the convex domains of finite type,
because both are domains of homogeneous type in the sense of Coifman-Weiss [17].

Lemma 3.9. Let (Q, Q) be as above and suppose that Q is equipped with a good family of polydiscs
P which verifies the hypothesis (Hg). The measure p is a k -geometric Bergman-Carleson measure
i Q iff the measure i is a geometric Carleson measure in €.

Proof.
Suppose that u is a k -geometric Bergman-Carleson measure in §2, we want to show :
3C > 0:Y(a, b) € Q, (2N Py (2)) < Ca(9Q N Py (2)),
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with P, the polydisc of center ¢ = (a,b) € Q of the family P. Let us see first the case where b = 0,
i.e. (a,b) = (a,0) € Q C Q. Then, by definition of fi, we have
(2N Pla0) (2)) = p(QN Fu(2)).
On the other hand, we have, exactly as in the proof of the subordination lemma,
500N Pra(2)) = / Fon(—r(2))F dm(z) = my_y (21 Pa(2)).
QNP,(2)
But if p is a k -geometric Bergman-Carleson measure in {2, we have

AC>0:VaeQ, u(QNP,(2) < Cmyp—1(2N P,(2)),
SO
Q0 Plagy(2) = 1@ Pa(2) < Oy 1 (20 Paf2)) = CH001 o (2)).
Now take a general P, 3)(2). In order for fi(2 N Pap)(2)) to be non zero, we must have
P(a7b)(2) N {w = O} #* 0= H(C, 0) € P(a7b)(2) N iw = O} .
By the (Hg) hypothesis, this means that we have P ) (t) D Pap)(2) with the uniform control
5’(69 N P(qo) (t)) < 5’(69 N P(a,b)<2))-
We apply the above inequality o o
QN Play)(2)) < AN Py (t) < Cmu(QNFe(t)) = Co (0N Pepy(t) S 0(02N Py (2)),
hence i is a geometric Carleson measure on .
Conversely suppose that fi is a geometric Carleson measure on (), this means
V(a, b) € €, [L(Q N P(a,b)(z)) < C&(@Q N P(a7b)(2)),
hence, in particular for b = 0, 3
Va € Qa ﬂ(Q N P(a,O) (2)) < C&<Q N P(a,O) (2))7
but then, by definition of i and with the previous computation of &(Q N P0)(2)), we get
Va € Q, u(QNP,(2)) < Cmy_1(2N P,(2)),
hence the measure p is a k -geometric Bergman-Carleson measure in ). ll
Now we shall use the subordination lemma to get a Bergman-Carleson embedding theorem from
a Hardy-Carleson embedding one.

Theorem 3.10. Let (£, Q) be as usual and suppose that Q is equipped with a good family of

polydiscs P which verifies the hypotheses (Hg). If the lifted domain Q) has the p -CEP then Q has
the (p, k) -BCEP.

Proof.
Suppose the positive measure p is a k -geometric Bergman-Carleson measure ; by the previous
lemma, we have that the lifted measure 1 is a geometric Carleson measure in 2. By the p -CEP we
have

VF € HP(Q)’ fﬁ |F|p dﬁ < CﬁHFHZ[){p(Q)
Choose f(z) € A?_(Q) and set V(z,w) € Q, F(z,w) = f(2). By the subordination lemma we have
1 lLar @) = IE oy
and by definition of fi, we have

QwN@F[wv@s%mm@smew

Q 0
hence p is a (k,p) -Bergman-Carleson measure in 2. l

Theorem 3.11. Let (Q, Q) be as usual and suppose that Q is equipped with a good family of
polydiscs P which verifies the hypotheses (Hg). If p -Carleson implies geometric Carleson in €2,
then (p, k) -Bergman-Carleson implies geometric k -Bergman-Carleson in €.
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Proof.
If the positive measure p is (p, k) -Bergman-Carleson in © then f is a p -Carleson measure in Q
by lemma 3.9 hence a geometric Carleson measure in 2 by the assumption of the theorem. Then
applying lemma 3.9 we get that p is a k -geometric Carleson measure in €2 hence the theorem. W

Remark 3.12. The definition of geometric Carleson measures depends on the chosen good family
of polydiscs on the domain ; the theorem asserts the equivalence of properties between a domain 2
and its lift Q. The fact that a lifted domain Q equipped with a good family of polydiscs P has the
Carleson embedding property has to be proved directly but if it has the p -CEP then 2 equipped with
the induced family P has the (p, k) -BCEP without any further proof.

3.2. Application to strictly pseudo-convex domains.

Corollary 3.13. Let Q) be a strictly pseudo-convexr domain equipped with its minimal good family
of polydiscs, then Q2 has the (p, k) Bergman Carleson embedding property.

Proof.
The domain  equipped with its minimal good family has the p -CEP by Hoérmander [21], hence
we can apply theorem 3.11. B

This corollary gives a characterization of the (p, k) -Bergman-Carleson measures of the strictly
pseudo-convex domains. Let () be a strictly pseudo-convex domain and Q its lift in C"**. Let P be
its minimal good family of polydiscs in €) ; one can see easily that the induced family of polydiscs
P on  is again the minimal good family of polydiscs. Recall that Ya € Q, d§(a) = d(a, ) ; we
have this characterization :

Corollary 3.14. A positive Borel measure u in a strictly pseudo-conver domain in C" is a (p, k)
-Bergman-Carleson measure iff :

Va €, u(Pu(2)) S 8(a) .
This means that it is a characterization of the measures such that

Vp>1, Vf € AL (), [oIfIP du < ||f||A§_1(Q)-
In particular this characterization is independent of p > 1.

Proof.

Let Q be the lift of  in C"* and fi be the lift of z on Q.

Suppose that p is a (p, k) -Bergman Carleson measure in €2, then fi is a p -Carleson measure
in Q by lemma 3.9 then by a theorem of Hérmander [21] the p -Carleson measures are precisely the
geometric ones inNQ, hence we have

Va € Q, (2N Pa(2)) < 502N Py(2)).
Now let a € Q, @ = (a,0) € Q then a classical computation gives ¢(9Q N P5(2)) < §(a)"™* =
§(a)"**. By the definition of i we have

5(a)™ 2 H(QN Pa(2)) = u(Pa(2) N12) = pu(Pal(2) N Q).
soVa € Q, p(P,(2)NQ) < do(a) .

Now suppose that Va € Q, u(P,(2) N Q) < §(a)"** then we have, by the definition of ji, with
= (a,0) € Q,
AN Pa(2)) < 3(a)™ = 50900 Pa(2).

Doing exactly as in the proof of lemma 3.9 we have the same inequality with a bigger constant for
all @ € Q, hence [t is a geometric Carleson measure in Q. So by Hérmander [21], i is a p -Carleson

measure in ) hence we have the embedding
VE € H(Q), Jo|F dfi S 1F | oo
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Now we take f € AP () and we set V(z,w) € Q, F(z,w) := f(2) by the subordination lemma we
have 1P gy = /1Ly (@ and

Jo IFP dii = 1117 dimy S 11y = 171 o
Cima and Mercer [16] characterized the Carleson measures for the spaces AP () for  strictly
pseudo-convex, and with a > 0. In the case where « is an integer we recover their characterization,
because one has easily, when (Q is a strictly pseudo-convex domain, that P,(2)NQ ~ W(r(a), §(a))
where W((, h) is the classical Carleson window in 2.

Remark 3.15. In the case of the unit ball Q of C*, Q C C"*' N. Varopoulos indicated me an

alternative proof for the fact that F(z,w) € HP(Q}) = F(z,0) € A,(Q) : the Lebesque measure

on {w =0} N Q is easily seen to be a geometric Carleson measure in €, hence by the Carleson-
Hérmander embedding theorem [21] we have

|F(2,0)[" dm(2) < CIF || go(cy)-

and the asser?ion. Of course this is still valid in codimension k > 1, with the weighted Lebesgue
measure on §2, and for strictly pseudo-convex domains because the Carleson-Hdérmander embedding
theorem is still valid there. But this is just one direction of the lemma, it works only if there is a
Carleson embedding theorem and this proof is much less elementary than the previous one.

In fact we can reverse things and say that one part of the subordination lemma asserts that the
weighted Lebesque measure on  is always a Carleson measure in Q, Q strictly pseudo-convez or
not.

3.3. Application to convex domains of finite type in C".
In [7] we prove a Carleson embedding theorem for the convex domains of finite type in C".

Theorem 3.16. Let  be a convex domain of finite type in C" ; if the measure p is a geometric
Carleson measure we have
Vp>1, 3C, >0, Vf e H*(Q), [,|fI" du < CPI| f 15w
Conversely if the positive measure p is p -Carleson for a p € [1, oo[, then it is a geometric
Carleson measure, hence it is q -Carleson for any q €]1, ool.

We already know that if Q is a convex domain of finite type, so is 2 with the same type. Moreover
the hypothesis (Hg) is true for these domains equipped with a (slightly modified) McNeal family of
polydiscs, so we can apply what precedes in this case to get from the Carleson embedding theorem
the Bergman-Carleson embedding one.

Theorem 3.17. Let Q) be a convex domain of finite type in C" ; if the measure i is a k -geometric
Bergman-Carleson measure, i.e.
AC > 0:Va e, u(2N Py(2) < Cmi_1 (2N P,(2)),
we have
Wp > 1, 30, > 0, VF € AL (Q) folfIP du < CLIFIRy o

Conversely if the positive measure p is (p, k) -Bergman-Carleson for a p € [1, oo|, then it is a k
-geometric Bergman-Carleson measure, hence it is (q, k) -Bergman-Carleson for any q €]1, ool.

4. INTERPOLATING SEQUENCES FOR BERGMAN SPACES.

4.1. On Bergman and Szego6 projections.
Let 2 be a domain in C", recall the definition of its Szegd projection : this is the orthogonal
projection P from L*(0S2) onto H?(f2) ; we shall note its kernel by S(z, (), i.e.
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U € POR), PIE) = [ Saulf(Odoc)
The same way, recall the definition of the Bergman projection : this is the orthogonal projection

Py, from L?(Q, dmy,) onto A%(Q), the holomorphic functions on € still in L?(Q, dm;,). We shall note
its kernel by By(z, () i.e.

Ve LAQ, dmy), Pof(z) = / By (2, w) f(C)dmi(C).

Let € be the lifted domain of Q in C*+* - ; we shall use the notation
VzeQ, z:=(20) €Q.

Corollary 4.1. For any a € Q the Bergman kernel By_1(z,a) and the Szegé kernel S((z,w), @)
for the lifted domain Q, verify,

VaeQ, V2 eQ, Byi(z,a)=S5(3a).
Moreover we have

Va € Q, [[Beals a)llar_

k— 1

| Hé(-, i

HP(S)
Proof.
Let f € A(Q2) be a holomorphic function in {2, continuous up to 2. Let
V(z,w) € Q, F(z,w) := f(2).
We have _

Jo £(2) Br(2, @) dimg 1 (=) = f(a) = — [y F(z,0) (2, w), @) do(z,w),
by the reproducmg property of these kernels

But F does not depend on w and S((z,w), @) is anti-holomorphic in w for z fixed in Q, so

1

n Awe@k::nr(z)§|w|2<r(z)}

S((z,w), a)dm(w) — S((Z,O), d)vkk(—r(z))k_l,

by the proof of the subordination lemma, hence

/f YBi_1(z, a) dmy_( /f ), a)vgk(—r(z)) k Ldm(z /f ), a)dmy_1(2).

So we have

Vf € AQ / F(E((2,0), @) — Be (2, a)) dmgr(2) = 0,

hence S((2,0), @) — By_1(z,a) L A(Q) in A2_ (). But S((z,0), &) — Bi(z,a) is holomorphic in z,
hence ~

Vz € Q, S((2,0), a) = Br_1(z,a).
The second part is a direct application of the first part in the subordination lemma 1.2. B

4.2. Interpolating sequences.
For a € Q, let k,(z) := S(z,a) denotes the Szegd kernel of © at the point a. It is also the
reproducing kernel for H?(Q), i.e.

Va0, v € HHQ), f(a)= [ fEIRa(:)dolz) = (f, K
o0
Set [[kall, == llkal 20y and:
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Definition 4.2. We say that the sequence A of points in Q is HP(QY) interpolating if
VA€ (P(A), 3f € HP(Q) :Va € A, f(a) = Aallkall,,
1 1
with p' the conjugate exponent for p, —+ — = 1.
p D
We say that A has the linear extension property if A is H?({2) interpolating and if moreover there
is a bounded linear operator £ : (P(A) — HP?(Q2) making the interpolation, i.e.
VA e EP(A)a E(A) < HP(Q)v Va € Aa E(A)(a’) = )\dede"
A weaker notion is the dual boundedness:

Definition 4.3. We shall say that the sequence A of points in € is dual bounded in HP(Q) if there is
a bounded sequence of elements in HP(S2), {pa}aca C HP(SY) which dualizes the associated sequence
of reproducing kernels, i.e.

3C > 0:=Va €A, |pall, <C, Va,c € A, (pay ke) = dacllkell,,-

If A is HP(Q)) interpolating then it is dual bounded in H?()) : just interpolate the elements of
the basic sequence in P(A).
The converse is the crux of the characterization by Carleson [14] of H>°(D) interpolating sequences
and the same by Shapiro & Shields [24] for H?(D) interpolating sequences in D.
We do the same for the Bergman spaces.
For k € N and a € €, let by o(2) := Bi(z,a) denotes the Bergman kernel of © at the point a. It is
also the reproducing kernel for A%(Q), i.e.

Yo €0, ¥f € Q). £(0) = [ Fh ol2)dialz) = (1, b

Q
Now we set [[by, |, == [|bx, a||A£(Q) and:

Definition 4.4. We say that the sequence A of points in 2 is AY(Q) interpolating if
VA e P(A), 3f € AL(Q) =Va e A, f(a) = Aallbr,all,y
1 1
with p" the conjugate exponent for p, —+ — = 1.
p D
We say that A has the linear extension property if A is A} () interpolating and if moreover there
is a bounded linear operator E : (P(A) — A7(€2) making the interpolation.

Definition 4.5. We shall say that the sequence A of points in € is dual bounded in A} (Q) if there is
a bounded sequence of elements in A} (), {pataen C AR (Q) which dualizes the associated sequence
of reproducing kernels, i.e.

3C > 0:Va €A, [lpall, <C, Va,c €A, (pa, bie) = dacllbrall,-

Again if A is A} (§2) interpolating then it is dual bounded in A} (2) : just interpolate the elements
of the basic sequence in /7(A).

4.3. Case of the unit disc D in C..

In that case the interpolating sequences for H*(ID) where characterized by Carleson [14]| and for
H?(D) by Shapiro & Shields [24]. The interpolating sequences for the Bergman spaces A% (D) were
characterized by Seip [23].

In these cases it appears that dual boundedness implies interpolation. For Hardy spaces dual
boundedness is easily seen to be equivalent to the Carleson condition and for Bergman spaces, it is
proved by Schuster & Seip [22].
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4.4. General case.

We shall apply the subordination lemma to interpolating sequences in general domains 2.
Let ©Q be the lifted domain in C"* associated to €. Let A be the sequence A viewed in Q, A=
A C QC Q. Let us denote by ks(z,w) := S((z,w), @) the Szegd kernel of Q, for @ = (a,0).

Theorem 4.6. Let Q be a domain in C* and Q its lift to C***. If A C Q is a sequence of points
in Q, let A be the sequence A viewed in Q, A:=A C Q C Q. We have :
(z) A is dual bounded in A} () zﬁA is dual bounded in H(Q).

(ii) A is AP_(Q) interpolating iff A is HP(Q) interpolating.
(iii) A has the linear extension property in AY_ (Q) iff A has the linear extension property in
H?(Q).
Proof.
For the (i) : suppose that A is dual bounded A} [ (2) and let {p,}aen C AL _,(£2) be the dual
sequence to the sequence {by_1,}qen; extend it to Q-
Va € A, Tu(z,w) := pu(2),
then the subordination lemma gives us that |[|I'allgiq) = [pall ar_ () and we have, using corol-
lary 4.1,
Va,c € A, <Pa7 ké) = <Fa’ S((’ O) )> = <pa7 B(" )> = <paabk 1C> = 5ab||bk—170||p/’
Because A is dual bounded in A7 (). Then we have, by corollary 4.1,

(4.2) ve=(c,0), c€Q lberellar (@) = kel ooy

hence
VCL, S A7 <Fa7 ké) = 5achk71,ch/ ~ 5achEHp/
hence A is dual bounded in H?(Q).

Because we used only equivalences in this proof, it works also for the converse, hence if A is

dual bounded in H?(2) then A is dual bounded in AZ—1<Q)

For the (ii) : suppose that A is interpolating in H?(Q). We want to show that A is A?_ (Q)
interpolating, so let p = {1, }aen € P(A) the sequence to be interpolated. Set
kufl, a”Ag/_l(Q)

1Kall gor @y

A = {Nataen with Va € A, Az := o x

then A € ¢7(A), |[A[l, = [|ull, by (4.2).
Let FF € H? (Q) be the function making the interpolation of the sequence A, which exists because
A is HP(Q) interpolating. It means that
F(@) = Mallkall ) = tt0 Bscr, all
Set Vz € Q, f(z) := F(z,0) then we have
Vae A, f(a) = F(a,0) = F(@) = pa [lbx, all g (-
Hence A is A} ,(€2) interpolating.
Again the converse is straightforward because we use only equivalences.

For the~(1'1'1') : suppose that A has the bounded extension linear property, i.e. there is a linear
operator E : (P(A) — HP(Q2) such that F(z,w) := E(\)(z,w),
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Fre H7(Q), Ya € A, F(a) = pallkall g )0 [1F ey < lull,
With the same notations A and p as above, set f(z) := F(2,0) = E(u)(z,0) =1 E(M)(2), then
clearly E is linear in A and then still using the subordination lemma we have
I lLar_ ) S WE oy S Meell, = 1AL,

and o
Va € A, £(0) = pallbalmiay = Mallbs, ol o

Hence A\ — E()) is bounded from ?(A) in A} ,(2) and A is A} ,(Q) interpolating with the linear

extension.

Again the converse is straightforward. W

4.5. Application to strictly pseudo-convex domains.
In [5] we proved a general theorem on interpolating sequences in the spectrum of a uniform
algebra. In the case of strictly pseudo-convex domains, it says that :

Theorem 4.7. If Q is a strictly pseudo-convexr domain in C" and if A C Q is a dual bounded
sequence of points in HP(Q)), then, for any q < p, A is HY(QQ) interpolating with the linear extension
property, provided that p = oo or p < 2.

We have, as a consequence of the subordination lemma the following theorem.

Theorem 4.8. Let Q be a strictly pseudo-convex domain in C" and A C Q be a dual bounded
sequence of points in AY(Q), then, for any ¢ < p, A is A} (QY) interpolating with the linear extension
property, provided that p = 0o or p < 2.

Proof.
Let Q be the lift of Q in C*™**1 and A C Q the sequence A viewed in Q. We apply theorem 4.6
(i) to have that A is dual bounded in H?(Q) because A is dual bounded in A?(Q). Now we apply
theorem 4.7 to get that A is HY (Q) interpolating with ¢ < p, and has the bounded linear extension
property, provided that p = oo or p < 2. Then again theorem 4.6 (iii) to get the same for A in
AV(Q).

We have a better result for the unit ball in C" : in [6] we proved

Theorem 4.9. If A is a dual bounded sequence in the unit ball B of C™ for the Hardy space H?(B),
then for any q < p, A is H1(B) interpolating with the bounded linear extension property.

So copying the proof of theorem 4.8, just replacing theorem 4.7 by theorem 4.9 we get :

Theorem 4.10. Let A be a dual bounded sequence in the unit ball B of C" for the Bergman space
AY(B), then for any q < p, S is AL(B) interpolating with the bounded linear extension property.

Remark 4.11. If we apply this theorem in the unit disc D of C we get that if A is a dual bounded
sequence in AL (D) then it is interpolating in AL(D) for any q < p. In this particular case, one
variable, the Schuster-Seip theorem |22] says that we have the interpolation up to q¢ = p.

4.6. Application to convex domains of finite type.

To apply the general theorem on interpolating sequences in the spectrum of a uniform algebra
to the case of convex domains of finite type in C”, we need to have a precise knowledge of the good
family of polydiscs associated to the domain and in [7]|, we proved
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Theorem 4.12. If Q is a convex domain of finite type in C" and if A C Q is a dual bounded
sequence of points in HP(QY), then, for any q < p, A is HY(QY) interpolating with the linear extension
property, provided that p = 0o or p < 2.

Then, again, copying the proof of theorem 4.8, just replacing theorem 4.7 by theorem 4.12 we get

Theorem 4.13. If Q) is a convexr domain of finite type in C" and if A C Q is a dual bounded
sequence of points in AY_[(Q) then, for any ¢ < p, A is AY_|(Q) interpolating with the linear
extension property, provided that p = oo or p < 2.

Remark 4.14. We applied the subordination principle since 1978 |2|, [3| essentially in this case.
For instance in |2| we used it to show that the interpolating sequences for HP(B), with B the unit
ball in C™, n > 2, are different for different values of p, opposite to the one variable case of H?(D).

5. THE H? -CORONA THEOREM FOR BERGMAN SPACES.
Let €2 be a domain in C". We say that the H? -Corona theorem is true for € if we have :
Vg1, . gr € H*(Q) V2 €Q, 3770 1g;(2)| > 6 >0

Ve H'(Q), 3(f1,-s fm) € (HP(Q)™ = f = 3000 f95-

In the same vein, we say that the A7 | (€Q) -Corona theorem is true for § if we have :

then

(5.3) Y1, .., gm € HX(Q) =Vz € Q, Z\g] ) >8>0

then

Vfe A (Q), 3(fr, s fu) € (AL ()™ 2 f =200 figs
We then have

Theorem 5.1. Suppose that the H? -Corona is true for the domain Q, then the A?(Q) -Corona
theorem is also true for Q.

Proof.
Let © be the lifted domain ; then set
Vi=1,.,m, g; € H*(Q), [ € H(Q), G;(2,w) := g;(2), F(z,w) = f(2).
Clearly the G; are in H*°({2) and by the subordination lemma, F' € HP?({2). Moreover, if the

condition (5.3) is true, we have ¥(z,w) € Q, Z |Gj(z,w)| > 6 with the same J. So we can apply
j=1
the hypothesis : 3
(Fy, s Fn) € (HYQ)™ 5 F = S0 FiG,
Now set f;(z) = Fj(z,0) then applying again the subordination lemma, we have

Fo) = F(2.0) = S B2, 006 (,0) = S0 £y(-)ay(2). 727
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5.1. Application to pseudo-convex domains.

Corollary 5.2. We have the A} _,(Q2) -Corona theorem in the following cases :
o with p =2 if Q) is a bounded weakly pseudo-convexr domain in C";
o with 1 < p < oo if Q is a bounded strictly pseudo-conver domain in C".

The first case because Andersson [10] (with a preprint in 1990) proved the H? Corona theorem
for 2 bounded weakly pseudo-convex domain in C";

the last one for two generators because we proved [4] ( with [9] already in 1980) the H? Corona
theorem for two generators in the ball ; for any number of generators because Andersson & Carls-
son [11] (see also [8]) proved the HP Corona theorem in this case. H

6. ZEROS SET OF THE NEVANLINNA-BERGMAN CLASS.

Let © be a domain in C" and u a holomorphic function in 2. Set X := {z € Q :: u(z) = 0} the
zero set of u and Oy := 90 log |u| its associated (1,1) current of integration.

Definition 6.1. An analytic set X := u=(0), u € H(Q), in the domain 2 is in the Blaschke class,
X € B(R), if there is a constant C > 0 such that

VG € A% (),

n—1, n—1

< OBl oo

| =rinexns
where A2°

o1, ._1(Q) is the space of (n —1,n — 1) continuous form in §2, equipped with the sup norm
of the coefficients.

If u € N(Q) then it is well known [25] that X is in the Blaschke class of €.
We do the analogue for the Bergman spaces :

Definition 6.2. An analytic set X = u *(0), u € H(Q), in the domain Q) is in the Bergman-
Blaschke class, X € By_1(2), if there is a constant C' > 0 such that

VB € A® (),

n—1, n—1

/Q (—r(z))*'Ox A 8] < ClIB...
where A>°

21, no1(Q) is the space of (n —1,n—1) continuous form in Q, equipped with the sup norm
of the coefficients.

If u € Np1(R2) then X is in the Bergman-Blaschke class of , for instance again by use the
subordination lemma from the case N(€2).
Hence exactly as for the Corona theorem we can set the definitions :
we say that the Blaschke characterization is true for ) if we have :
X € B(Q) = Ju € N(Q) such that X = {z € Q :: u(z) = 0}.
And the same for the Bergman spaces :
we say that the Bergman-Blaschke characterization is true for ) if we have :

X € Bi(Q) = Fu € Ni(Q) such that X = {z € Q :: u(z) = 0}.

Theorem 6.3. Suppose that the Blaschke characterization is true for the lifted domain Q, then the
Bergman-Blaschke characterization is also true for 2.

Proof.
Let Q be the lifted domain in C*** of Q ; then set X = u~'(0), Oy its associated current and
suppose that X € Bi(Q).
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This means that

VG € A% (),

n—1, n—1

[ reesa 5\ <)l

Let
Yw € C*, U(z,w) = u(2), X = U='(0) NQcQ, 65 =0dlog|U| ;
we shall show that X € B(Q2). We have that © ¢ does not depend on w, hence

VB AT @), A= [ (rewpBgad= [oxen [ )+ i)

Because Ox is a (1, 1) current depending only on z, this means that in the integral in w we have
only the terms containing dw; A dw; A - - - A dwy, A\ dwg, the other terms being 0 against © x. So this
integral in w gives a (n — 1,n — 1) form in z.

Now set )
[w|

pe= [ i)

A= /Q@X<Z) A (=1(2))p1(2)
jwl?
—7(2)
151(2)] < QHBHOO/ dmy(w) < 2uy

w|*<—r(2)
because we get the volume in CF of the ball centered in 0 and of radius /—r(2).

Set Ba(2) := (—r(2))*B1(2), we have |||, < QUkHBHOO and
A= [ Ox() A =rEDAE) = [ Ox() A (=) Bulo)

We can apply the hypothesis X € By_1(Q2) to the integral A :
4] < 1)l S 23
hence X € B(1).
Now we apply the hypothesis of the theorem,
IV e N(Q) : X =V 10), 3
and clearly X = V-1(0) N {w = 0}, because if z € X then Yw :: |w|> < —r(2), (z,w) € X. Hence
we set

we have

< 21in {Jw]® < —r(2)}, we have

and, because 1+

Bl _(=r(2))",

o0

v(2) :=V(2,0) € Np_1(9Q),

by the subordination lemma, and we are done.

6.1. Application to pseudo-convex domains.

Corollary 6.4. The Bergman-Blaschke characterization is true in the following cases :
o if Q) is a strictly pseudo-convexr domain in C" ;
e if () is a conver domain of finite type in C".
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Proof.

The first case is true by the famous theorem proved by Henkin [20] and Skoda [25] which says that
the Blaschke characterization is true for strictly bounded pseudo-convex domain in C™.
The second one because the Blaschke characterization is true for convex domain of finite strict type

by a theorem of Bruna-Charpentier-Dupain [13] generalized to all convex domains of finite type by
Cumenge [18] and Diederich & Mazzilli [19]. W
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