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HIGH-DIMENSIONAL INSTRUMENTAL VARIABLES REGRESSION AND
CONFIDENCE SETS

ERIC GAUTIER() AND CHRISTIERN ROSE®

ABSTRACT. This article considers inference in linear instrumental variables models with many
regressors, all of which could be endogenous. We propose the STIV estimator. Identification robust
confidence sets are derived by solving linear programs. We present results on rates of convergence,
variable selection, confidence sets which adapt to the sparsity, and analyze confidence bands for
vectors of linear functions using bias correction. We also provide solutions to some instruments
being endogenous. The application is to the EASI demand system.

1. INTRODUCTION

The high-dimensional paradigm concerns models in which the number of regressors dx is
large relative to the number of observations n but there is an unknown small set of relevant regres-
sors. This can happen for various reasons. Researchers increasingly have access to large datasets
and theory is often silent on the correct regressors. The number of observations can be limited be-
cause data is costly to obtain, because there simply exist few units (e.g., countries), or because the
researcher is interested in a stratified analysis. The usual fixed dx large n asymptotic framework
does not necessarily provide a good approximation when there is high-dimensionality. A challeng-
ing situation is when dx is much larger than n (dx > n). Comparing models for all subsets of
regressors is impossible when dx is even moderately large. The main focus of the high-dimensional
literature is therefore the analysis of computationally feasible methods. For high-dimensional re-
gression, the Lasso [38] involves an ('-penalty. The Dantzig Selector [19] is a linear program
(henceforth LP).

We study the high-dimensional linear instrumental variables (henceforth IVs) model where
all regressors can be endogenous but the parameter ( is sparse, meaning it has few nonzero entries,
or approrimately sparse, meaning it is well approximated by a sparse vector. Sparsity can arise
naturally when [ has an economic interpretation. Examples include social effects models with un-
observed networks, models with uncertain exclusion restrictions, and treatment models with group
heterogeneity in the treatment effect and many groups. Approximate sparsity is more appropriate
when a linear model is used to approximate a function and the regressors and IVs comprise func-
tions (e.g., splines) of baseline regressors and IVs. This can arise due to linearization or the use
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2 GAUTIER AND ROSE

of series. The latter is relevant if the structural model has a nonparametric component or such
components arise by including controls to justify IV exogeneity.

With many endogenous regressors the number of IVs, dz, can be large. We allow for d; > n
but of order less than exp(n). Strong IVs are often scarce, particularly when there are many en-
dogenous regressors. For these reasons, we pay attention to finite sample validity and robustness to
identification. Indeed, if there are weak and/or many IVs, inference based on standard asymptotic
approximations can fail even if dx is small. To achieve this, we use a /*°-norm statistic derived
from the moment condition. This is close in spirit to identification robust test inversion in which
the exogeneity is the null hypothesis and a confidence set is formed by parameters which are not
rejected. The Anderson-Rubin test is an example. In practice, such tests are conducted over a
grid, which is only feasible for small dx. To allow for large dx, we use convex relaxations (linear or
conic) instead. Our approach does not estimate reduced form equations and imposes no structure
on them (e.g., sparsity).

We propose the Self Tuning Instrumental Variables (henceforth STIV) estimator and es-
tablish its error bounds, which are used to obtain confidence sets for a vector of functions of
and rates of convergence. Some confidence sets are uniform over identifiable parameters and dis-
tributions of the data among classes which leave the dependence between the regressors and IVs
unrestricted, implying robustness to identification. Under stronger assumptions, including on the
joint distribution of the IVs and regressors, the STIV estimator can be a pilot estimator to perform
variable selection, obtain confidence sets which adapt to the sparsity, and conduct joint inference
on linear functions of # based on a data-driven bias correction. We also propose solutions to the
problem that, in this data rich environment, a few IVs can be endogenous. All of our methods are
pivotal because they jointly estimate standard deviations of structural errors or moments, making
the tuning parameters data-driven.

The application is to Engel curves in the EASI system of [33]. We show that the first-order
in prices approximation error can be large and propose a second order approximation leading to
a linear system with thousands of endogenous regressors. To achieve this, our theory allows for
empirically relevant specificities, including knowledge of the relevance of certain regressors (e.g.,
price and quadratic expenditure), parameter restrictions (e.g., symmetry of the Slutsky matrix),
approximation error, and systems of equations.

2. PRELIMINARIES

Notations. To simplify the exposition we consider an i.i.d. sample of size n. The population
model comprises an outcome Y, regressors X € R and IVs Z € R?% of joint distribution P. E
is the expectation under P. For a mean zero random variable A, o4 = E[A%]Y/2. We denote
stacked matrices in bold, e.g., X € M,, 4., where M, 4 is the set of d x d’ matrices. For d € N
and a random vector W € R? E,[W] is the sample mean, Dw is the diagonal matrix with
entries [, [W,f]_l/2 for k € [d] £ {1,2,...,d}, and Dy its population counterpart. For b € R%x,
Ub) £ Y — XTb, P(b) is the distribution of (X, Z,U(b)) implied by P, and 7(b)> £ E,[U(b)?].
We write U 2 DzE,[ZXT]Dx and ¥ 2 D4E[ZXT|Dx. The set S; C [dx] collects the indices
of the regressors which are also IVs and Sy C [dx] of size dg collects those of the regressors of
questionable relevance. When we make inference on a vector of functions, its dimension is dg.
Some results are asymptotic in n — oo in which case dz, dx, d¢ and dg can increase with n and
triangular arrays are permitted. Inequality between vectors is entrywise. M. (resp. M.j) is the
k™ row (resp. column) of M. 1 is the indicator function. For S C [d], |S] is its cardinality and S¢
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its complement. For A € R, S(A) £ {k € [d]: A, #0} and Ag = (AL I{k € SHie- 1Al is the

fP-norm of A or a vectorization if A is a matrix.
Baseline moments model. The linear IV model is
E[ZU(B)] =0, (1)
peB, PB)eP, (2)

where B C R%x accounts for restrictions on 3 and P is a nonparametric class, e.g.,

Class 1: Z;U(B) is symmetric for all | € [dz] and dz < 9a/ (4P (—/n))

where v € (0, 1) is a confidence level and ® the normal CDF. Other classes allow for non i.d. and
dependent data, and asymmetry (see Section . Their basic versions do not restrict the joint
distribution of Z and X. All but Class 4 allow for conditional heteroscedasticity. The set Z collects
the vectors which satisfy (I)-(2). Our results are for all 8 € Z, hence for the true 5*.

The /(*°-norm statistic. Our confidence sets and estimators use slack versions of
based on the statistic t(b) 2 |DgzE,[ZU(D)]|.. /5(b) for b € R¥. We use, for § € Z, the
event G = {tA(B) <7}. Taking 7 = r, ’DZZTim, the base choice in the main text, and r, =

~1 9/ (4dze®)) //n for Class 1]]yields P(G) > 1—a for all n and (3, P) such that 8 € Z. Such
a simple bound is possible due to the division by (). The set {b € B : #(b) < 7} is a confidence set
but it is infeasible because it is nonconvex and b is high-dimensional and (approximately) sparse.
Class 4 determines 7 by bootstrap under conditional homoscedasticity.

Sparsity certificate. A sparsity certificate is a bound s € [dg] on the sparsity and Z, =
INn{b e R¥x : |S(b) N Sg| < s} is the set of s-sparse identifiable parameters. For asymptotic results
and triangular arrays, s can depend on n. Z, can be a singleton when s +dx — dg < dz < dx and
sparsity implies exogenous regressors have a zero coefficient (i.e., they are excluded). This occurs
when exclusion restrictions are uncertain (see [32, BI]). When dg = dx, Z; is a singleton if there
is a solution for only one of the (d;‘ ) overdetermined systems based on - and it is unique.
Another condition (see [19]) is that all matrices formed from 2s columns of E[Z X '] have full rank.

Example SE. The outcome Y; of individual j € [m] depends on peer outcomes. When the
peers are unknown and there are endogenous peer effects, a linear model is Y; = ;" 2j PikYe +
A ]T 7 + Uj, where p;, is the effect of k£ on j and Z; are low-dimensional exogenous characteristics.
If we set 8 = (pj1,--s Pjj—1, Pjj+1s ...,pj7m,7ro)T and all peers are unknown then Sg = [m — 1],
Sp = 8§ and P; = S(B) N S is the set of j’s peers. If the network is sparse (e.g., due to costly
link formation) then |P;| < dx. A sparsity certificate is an upper bound on the number of peers.
The IVs are Z = (Z],Z; ,...,Z))7, so dz > dx. If there are also exogenous peer effects then Z;
is replaced by Z in the structural equation and dy < dx.

Example NP. The model is Y = f(X)+ U with a nonparametric f and an IV Z such that

E[U|Z] = 0. Assuming no  approximation error, which we cover in Section 1} (1) holds with
X, = gX(X) and Z, = gZ(Z) for approximating functions (g;¥ Jkeldy) and (gf )le[dz].

Roadmap. The paper is organized to progressively strengthen the assumptions. Here, we

summarize our methods with the simpliﬁcations dg = dx, and, for all § € Z, U(f)|Z is normally
distributed with mean 0 and known variance o2. The snnphﬁcations permit to replace o(b) by o

Iy < 2log (4dze?/(90)) /v/n, Yo € [0,1],dz > 1(because @~ (a) > 2log(a) if 0 < a < exp(—1/(4m))).
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and 7 by r, = —® Y« /(2dz))//n of order log(dz)/+/n.

A starting point is to find b € R% by minimizing |[Dx'b|; subject to ¢(b) < r,. A solution B
is obtained by solving a LP and is called the nonpivotal STIV estimator. STIV does not require a
known ¢ and is introduced in Section [3] To analyze the estimation error and construct confidence
sets, we 1ntroduce sensitivity characteristics in Section [3.1] To explaln their role, we now take a
B € T. Since B is a minimizer, on the event G we can use |Dx 1/B| < |DX Bli, t (3) < r, and
1(8) < rn. Letting A £ (B B), the first inequality 1mphes D! ,6’5 )i + D' BS p <
IDx'Bs(s)l1, hence | Dy (5 - 5)5(5)41 < |Dx'Bsia) i — |Dx 55 yl1, and by the triangle mequality
|35(5) 1 < |35(5)]1. The last two imply VA | < o([H(3)]e + \tA( B)|s) < 201,. For k € [dx], we
introduce a sensitivity

/"%@lms(ﬁ) = min |\IJA|O<>’ (3)
AERIX:|Ak|=1,|Ag(p)c[1<|Ag ()1

which gives |ﬁk| < |\TJ£|OO/7{%S(B) < 207y, /Ry, 58 The first inequality holds if ﬁk = 0 and
1 < |Ag(s|1, homogeneity, and

WA /| AL > min [WA[ /| Akl
A AF0,|Aggycl1<|Ag sl

Omitting the constraint [Agpg)e|i < |Ag|i from leads to a smaller &, g(s), hence wider
confidence sets below. We do not know S(3) but if we know |S(83)| < s, we replace Ky, g( by a

lower bound %y, (s) (see Section. Adding |35(5)]1 to |£S(ﬁ)c|1 < |35(5)]1 yields ]3|1 < 2|35(5)\1
and using [Agg)1 < 5|AsB)|oe < 5|A]s, We obtain

Ke,,s(3) > min min |\I/A|oo 2%, L (5). (4)
JE[AX] ApERIX :— < A<p<A pup=1,uT 1<2sp;

This vields the bounds 3y =+ 2E, [X2]7Y2071, /Ry, (s). Ko, (s) is obtained by solving dx LPs so this is
a computationally feasible confidence set. The coverage guarantee is uniform over (3, P) such that
B € I for P from Class 1. The set is robust to arbitrarily weak IVs because P does not restrict
the dependence between X and Z. Also, Z, need not be a singleton. In Section we obtain rates
of convergence for 8 (possibly to a set) by replacing sensitivities with population analogues. A
simple condition to analyze the rates is that, for every relevant regressor Xy, (i.e., k € S(/3)), there
is a linear combination A} Z of IVs, where |\;|; < 1, which has low correlation (if E[Z] = 0) with
the other regressors relative to Xj. This yields the rate

1/q 1-1/q
. S Tn|5(5)|1/q (max /\k\I/ k) (max )\k\IJ k) (5)

keS(B) keldx]

RREEY)

for all ¢ € [1,00]. Assuming the nonzero entries of § are sufficiently large relative to the ¢*°-rate,
we obtain S(3) C S(B), and if they are larger still, S(8) = S(B@) for a thresholded estimator 3.
We then build confidence sets based on //%gk(g ) for such an estimator S.

Our confidence sets need few assumptions, can be robust to identification, and are useful
for inference on a function of the entire parameter 3. However they may be conservative when
stronger assumptions can be maintained and the object of interest has dimension much smaller
than dx. In Section we present confidence bands for a vector of linear functions @¢3 based on
a bias correction of 5. A special case is a confidence interval. These are obtained by applying a
variant of STIV to estimate A satisfying AE[ZX "] = @, and then combining A with B
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In Section [5] we present a method to detect endogenous IVs. The basic idea is to use a
variant of STIV to estimate the correlation of the IVs with the residuals (i.e., U(B\)) from a first-
stage STIV estimator which uses only the IVs known to be exogenous.

In Section [6] we conduct simulations and apply STIV to build confidence bands around the
EASI Engel curves. This is similar in spirit to Example NP, but the approximation error arises
due to linearization rather than use of approximating functions. To make full use of economic
theory, we require Sp C [dx], a set B based on theory, and a minor modification of STIV to permit

approximation errors and systems of structural equations. Proofs are in the appendix.

References. High-dimensional estimation and inference has become an active field. To
name a few; [3] uses Lasso type methods to estimate the optimal IV and make inference on a low-
dimensional structural equation, [24] consider a nonconvex approach to IV estimation, [13, 14 20]
consider GMM with large dimensions but do not handle the high-dimensional regime. Inference
for subvectors in high-dimension is an active topic related to Section {4 (see [5, 29, 40, 12], but also
[27, 8L 10, [15] in the case of IVs. [7] reviews results based on the nonpivotal STIV and others. Our
results are applied to social effects models with unknown networks in [36, 26] and [2].

3. SELF-TUNING IV ESTIMATOR AND CONFIDENCE SETS

Definition 3.1. For ¢ > 0, a STIV estimator is any solution (5,0) of

i Dylbg | 4+ co), 6
bef(r%l?;l,aZO (‘ x SQ}I CU) (6)

where, forr,o >0,
I(r,0) £ {b € B,|DzE,[ZU (b)]|, < r0,5(b) < o} (7)

The ('-norm is a convex relaxation of |S(b) N Sg|. The term co favors small o, hence

increasing c tightens the set 7 (r,0). D' and Dz guarantee invariance to scale of the regressors
and IVs. If B comprises linear (in)equality restrictions, a STIV estimator is computed by solving
a convex (second-order) conic program, similarly to the Square-root Lasso of [4]. Linearity of

-~

in /3 is key to obtain such a simple program. () and & are estimators of the standard deviation
of the structural error which need not be known. Taking Z = X in the nonpivotal STIV estimator
gives the Dantzig Selector.

Minimizing O(b) £ max (G(b), |DzE,[ZU (b)]|.. /) trades-off least-squares and exogeneity
of the IVs, which is desirable in the presence of weak IVs (see [I]). STIV implements this in
high-dimension because

23\ € argmin, g (% ‘D;ng‘l - O(b)) , 0= O(Zi’\) (8)

If O were a differentiable and strictly convex function of Wb and the entries of W drawn from
a continuous distribution, minimizers of would be unique and one could obtain regularization
paths (see [39]) for ad hoc determination of the penalty level. Our analysis is valid for all minimizers
and determination of the penalty level is not an issue because STIV is pivotal. Non uniqueness
also occurs for LIML, which minimizes the Anderson-Rubin statistic.
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3.1. Sensitivity Characteristics. If Z = X, the minimal eigenvalue of E,[XX ] can be used
to obtain error bounds for quantities such as the mean squared error. It is the minimum of
b'E,[XXT]b/|b|3 over b € R and is equal to zero if dx > n. Under sparsity, R¥ can be
replaced by a subset in the case of the Dantzig Selector and Lasso. This is typically expressed via
the restricted eigenvalue condition of [I1]. The sensitivity characteristics introduced in this paper
are core elements to analyze STIV and provide sharpe£ results for theA Dantzig Selector and Lasso
(see Section . They are related to the action of ¥ on a subset Kg for S C [dx].

As in the Roadmap, we bound |\/I\f£|C>O on G. To bound 6(3) for a loss ¢, we use a sensitivity

Fes2  min |UA|.. (9)
A€eKg: E(A)Zl

When S = [dx] we use the shorthand k,. We require that ¢ € £, where £ are the continuous
functions from R to [0,00) which are homogeneous of degree 1. An important loss is (% (A) £
|Ag,|p for p € [1,00] and Sy C [dx]. For Sy = [dx] and Sy = {k} for k € [dx], we use the shorthand
notations ¢ and ¢;. The sensitivities for these losses can be related to one another as expressed in
Proposition Due to the £*°-norm in @, additional IVs can only increase |\/I}A\oo. Their cost
is mild because it appears only through the log(dz) factor in r,,.

The cone {A € R : |Agge|i < |Ages i} for the nonpivotal STIV is modified to be
Rs 2 {A€R™: Agrgie =0, |Asnsy], < [Asnsl, + @A)} (10)

g(A) £ min(7, 1)|Ag, |1 + ’AS;
St are used as Vs, a(8) —a(5) < g(A). g(A) = |A|; when all regressors are endogenous. Similarly
to the Roadmap, for every 8 € Z, on the event G, we have A € Kg(g). The error bounds for STIV

in Proposition are decreasing in the sensitivities, hence it is important that Kg be small so
that the sensitivities can be bounded away from zero. The researcher’s knowledge components
B, Si, and Sg serve this purpose. When, e.g., B comprises linear equalities {b : Mb = m}, we

| Is used because, by convexity and since the regressors of index in

add MDxA = 0 to Kg. Because 7 < 1 is typical, accounting for S; yields a smaller set. If we
omit ASCHS(E)C = 0, take dg = dx, B = R% and replace g(A) by |A]; we obtain the simple
cone of dominant coordinates {A € R : (1 — ¢)|Age|; < (1+ ¢)|As|i}, due to which A has most
of its /'-norm concentrated on the indices in S. This cone is R if ¢ > 1. Using the smaller
K s is empirically relevant because in practice we find that STIV performs better for ¢ > 1. The
constraint A sens(B)c = 0 can be removed to obtain rates of convergence, but is useful to construct
confidence sets which are as small as possible.

If 8 is not sparse, lA(S(B) can be large (e.g., R when S(3) = [dx]), so the sensitivities,

J.

Due to the additional terms on the right-hand side, K is larger than K s. However, in our analysis

denoted by % instead of &, are defined by replacing K s by

%s £ {A € R™ ¢ |Agens, |, <2 (|Asns, |, + cG(A)) + |Ase,

these sensitivities need not be computed at S = S(3). The slackness allows A€ K g on G provided
that ‘D;(IBSCQSQ ’1 is sufficiently small. The form of the additional terms is related to the factor 6
in the second inequality in Proposition 3.1}
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Our results involve the weakly increasing function
+(x) 2 1/ max(1 - x,0),

where by convention 1/0 = oco. It is close to 1 for small 2 and is co when x > 1. We also let

T2 (84—8(5))/2 and E(A) £ min(\ASQh, (3|AS[“|SQ|1 + C?|ASI|1 + C|As;‘1 + |Agé|1)/2)

Proposition 3.1. For all (6,P) such that € Z, any STIV estimator, { € L, q € [1,00], Sy, S C
ldx], and ¢ > 0, we have, on G,

N o7 A R »
€<D§<1 <5—5>) < = " min a7y (A i )70(5)7 A; :
Ke,s(8) Kg,5(8) c

K
t5)nsg S B)

2r . (_ T R 2 _
<max | =< min (o7 | =— | ,0(8)7 | = ,6 ‘Dxlﬂscmth .
q Keg, s Kg,s CKy s

The first term in the minimum in the first inequality is used for confidence sets, and the
second for rates of convergence. The second inequality is used when Z contains nonsparse vectors,
and is the basis of the sparsity oracle inequality in Theorem . To obtain a confidence set one
needs to circumvent the dependence of the sensitivities on the unknown S(f) in a computationally
feasible way. This is the focus of Section [3.2l For rates of convergence one requires population
analogues of the upper bounds. This is the focus of Section |3.3

’Dxl (5_ ﬁ)so

3.2. Computable Bounds on the Sensitivities and Confidence Sets. Confidence sets can
be obtained by using lower bounds on the sensitivities. To obtain in the Roadmap, we use a

sparsity certificate s. Alternatively, one replaces S(5) by S such that SO>S (B) with probability

converging to 1. We explain how STIV can be used to obtain such S in Section . We now
present our base result, which provides bounds through LPs.

Proposition 3.2. For all S C S cC dx], e L, |SNSg| <s, and c >0,

A

/I%g,g Z max </I%g <S> ,7%4(8)) 5 %573 Z max (%@ (§> ,%g(S)) s
where the quantities in the bounds and losses € are in Table[1]

Using a sparsity certificate s and

O(s) 2 {b €B:VleL¥e>0,( (D)‘(l (B— b)) < 2oy (/Rg(s)) } , (11)

Re(s)

the confidence set for @3, where & € My, 4., denoted Cols) 2 {Db: b e C(s)} verifies

min _ inf P (fﬁﬁ € @(s)) >1—a. (12)
s€ldg] (B,P):B€Ls

The set is robust to identification if, as for Class 1, P does not restrict the dependence between X

and Z. Though we do not make it explicit, the bound in depends on c. Increasing ¢ decreases

@ (by increasing the penalty on o in the STIV objective function) but increases v (¥/k5(s)) /Re(s)

(by enlarging K s). The set can be made computationally feasible with correct coverage by
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TABLE 1. Lower bounds on sensitivities

—~ YN N — A . N
Keo (S) Zmin  min v Kee ($) =min ~ min_ v
3 : ~ 3 : ~
’ J€S0 (A, uv)€B(S) ¢ €S (apuneB()
A, =Ly <l Aj=1us,<1
-~ o\ A . . ~ A . .
ke, (S) = min min v Ky, (s) = min min _ v
JEldx]  (A,pu,v)eB(S) Jjeldx]  (Aupv)eB®)
N=EL jy=1,Ap=n,u<A, n=EL e =1,Ap=n,u<A;
~ /AN A . . ~ A . .
Rg(S) = min min__ v kKgz(s) = min min v
J€ldx] (A,p,v)eB(S) JEldx] (A,p,v)€B(H)
2kes; ?ﬂk‘*‘Zkesg pe=1u<A; 2 okes; ﬂuﬁ-zkes? pre=1,u<A;
A <A< o pia o =0, -1 < DA <
B(S)é IU/—/\A—IU7/’LSCQS(B)C 07 Vl_‘IjA_Vl
(1 =) Yopes, e+ (1 =€) Dpege e < 2 ZkegmsQ ke + Zkesg? Pk

S va) <A< p,-vI<VA <V

(1= eT) Xes; e+ (1 =€) Xopesy ik < 25H; + X oyese, Mk
Notes: EKECO»S is also bounded by in Proposition Bounds for R g (resp.
Ke,,s) replace 3y g Tk + Zkesy pr =1 (resp. pr =1,Ar =7n) by 1T =1 (resp.

¢ " Dx'A =17) in the bounds for K5 s (resp. Ry,,s). Section gives sharper but
more computationally demanding bounds.

replacing V¢ € £, Ve > 0 with a finite intersection. If @ = I and = is a grid for ¢, we can define the
confidence set [Cy(s), Ci(s)] for k € [dx], with

~ ~ 2roy (T/Rs(s = . (= 2roy (T/Rs(s

G = (A= 2 T ) D= (A SRR 0

We can replace Ky, ($) by Ke(s) to obtain a larger but less computationally demanding set (i.e.,

with less LPs). If @ # I, we use the loss £, = [ Dx'A|, where o7 = &;. for f € [dg).

The above confidence sets are nonempty hyperrectangles, and are infinite if K5(s) < 7. This
is unavoidable for sets which are robust to weak IVs (see [22]). Section [6.1| provides a rule of thumb
to determine a single value of c. Even if ¢ is determined from the data, the set has coverage at
least 1 — a due to (11). Because the researcher may be unsure about an appropriate value of s,
the minimum over s in allows to construct nested sets over different values. This can be used
to assess the information content of progressively stronger sparsity assumptions.

Example SE continued. A sparsity certificate (upper bound on the number of peers)

yields a confidence set for the peer effects. By (12), the estimator ﬁj ={k € Sgp :0 ¢
[Qk(s),ak(s)]} of the peers satisfies minyeq,) inf(sp):pez, IP’(13] C Pj) > 1—a. A subset is un-

avoidable because the peer effects can be arbitrarily close to zero, an issue to which we return in
Section A confidence interval for the average peer effect uses P38 = (3_,.; pjx)/(m — 1).

3.3. Deterministic Error Bounds, Model Selection, and Refined Confidence Sets. We
give deterministic counterparts of the bounds in Proposition based on an event G471, on which
(T)nen € (0, 1)N controls the deviation of the sample from the population, where

log(max(dz, dy,dg))/(n72) — 0. (14)

On Ga, T can be replaced by a deterministic upper bound 7, (see (A.1]), which also defines Ga;)
and 7 (/3) and the sensitivities by population analogues oy gy and s and &, obtained by replacing ¥

by ¥ and K s, Ks by Kg, Kg (see LemmalA.2)). We restrict P using Assumption |A.1} which places
mild restrictions on second moments and the tails of the IVs so that P(Ga;) > 1 — a!, where

n
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adl — 0 is defined in (A.2). Asymptotic statements allow ¢ to depend on n. In the discussion of
orders below Theorem and in Section , Z and X are assumed uniformly bounded, so ol — 0
under and, for the choice of 7 using classes 1-3, r,, has same order as r,, (i.e., log(dz/a)/+/n).
Section presents the general case.

3.3.1. Deterministic Error Bounds and Rates of Convergence. The deterministic bounds below
hold without additional assumptions. We leave the dependence between Z and X unrestricted,
allow for partial identification, and ¢ > 1 when S; # (), which works well in practice. For the bounds
to be orders in probability, we replace the confidence level a used to set 7 by (ay)nen € (0, 1N
converging to 0, so

P(GNGa) >1—a, where a2 = a,, + ait — 0.

For a function w from R4 to R and given P, we set
T(w) 2 {beT:VkeSh),1L,EXHY?b| > wp(b)} and 1, 2 /(1 —7,)/(1 + 7).

Theorem 3.1. Let ¢ > 0 and P be such that Assumption[A.1] holds.
(i) For all (B,P) such that f € T and any STIV estimator, we have, on G N Gay, for all L € L,

(3t (3-5)) < oy s(0)),

where for S C [dx], Tx(S) £ (14 7)v(70/ke s + ra(1 + )/ (chey . 5))-
(i) For all (B8,P) such that § € I(w), where w;, : b€ R™ — 2r,00 )F (S(b))/Key,s), and any

STIV estimator, we have, on G N Gay, S(B) C S(B).
(#ii) For all (B,P) such that B € T and any STIV estimator, we have, on GNG a1, for all g € [1, 0]
and Sy C [dx],

. 27’nUU(B) 6 -1
S Slél[}ir)l(] max (mr ), ﬁ ‘DX BSCOSQM )

'D;& (3-5)
So
q
where I'z (resp. h) replaces kpg, Ky o s by R, Fns in Dy (resp. T by ry, in lAz)
Q’ b K

Theorem — provide a bound and a model selection result suited to the sparse case.
Result gives an alternative bound better suited to approximate sparsity. The dependence of
the bounds on the function v is unavoidable. It means that they can be infinite, and so hold with
high probability regardless of the dependence between Z and X. Bounds for ¢!-loss are used in the
next section, in which STIV is used as a pilot estimator. The loss (g for Sy C [dx] is used in (i
with Sy = {k}. It can be used to obtain uniform rates of convergence for the coefficients of index
in Sy (e.g., S(ﬁ)) The bona fide loss for model selection is £ (see [34]).

Result (i) means that, for all 5 € Z(w), STIV finds a superset of the regressors. The term
Wy, corresponds to the upper bound on 1 E[X2]1/2]Bk — ﬂk] Using ¢}, in its definition allows a larger

Z(w) than using . Due to (i), the confidence set Cp 2 {®b: b e C}, where

[ e 27 (7/7(S(B))
calp.wer <DX (5 - b)) < ~50) , (15)
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is such that

inf P(@ﬁe @) >1—a—all. (16)

(BP): BEL(w)

It is not robust to identification because w depends on the population sensitivities (which depend
on V), hence on the joint distribution of Z and X (recalling ¥ = DzE[ZX "]Dx). The condition
B € I(w) in Theorem is a beta-min condition. It requires that the nonzero entries of g be
large enough, and is interpretable if § is a structural parameter. It is not intended to be used if
the regressors are used to approximate a function as in Example NP.

Example SE continued. The beta-min condition means that the peer effects are suffi-
ciently large so as to be distinguishable from zero. It is reasonable because a typical parameteri-
zation when the social effect is via the mean (see [9]) is p;r = pljrep,}/|Pj| where p is a scalar, so
when the network is sparse the relevant effects are bounded away from zero. STIV finds a superset
of the peers with asymptotic (uniform) probability at least 1 — .

If B € T is sparse, the upper bound in Theorem (i), which holds for all S C [dx], also
applies to S = S(f3), for which the second term in the maximum is zero. We are then left with a
bound similar to the right-hand side of ({). When ¢ = 1 and Sy = Sg = [dx], it is 6 times the error

made when B = (s (estimating perfectly the components in S). In this sense the second term is
an approximation error. STIV performs a data-driven trade-off for nonsparse parameter vectors.
Result implies that, for an optimal set S, C [dx] (not necessarily S(f3)),

o9 (5-1)|

This allows us to define formally approximately sparse parameter vectors as vectors which are
sufficiently well approximated by a sparse vector so that the right-hand side of is small.

QTnUU(B)

e TR(S.) (17)

Remark 3.1. Theorem applies if T is not a singleton, in which case, for a given 3 one can
take the infimum over 3 € I on both sides of the inequality in . ) and . The left-hand side can

be viewed as the distance to a set, and the right-hand side defines the elements of T to which B 18
closest. The discussion below uses such 5. For a model which is not indexed by n, if theAre isBEeET
such that, for a constant C < oo, for n large enough, oypI'x(S(8)) < Ckys(a), then  converges
to such B € I. It will become apparent from the lower bounds on kg s) that these are usually
sparse vectors in L. When [ are coefficients of a function on a collection of simple functions and
dx increases with n, due to , B can converge to the coefficients of a smooth function and the
population sensitivities vary with n. It is typically the case in nonparametric IV that the coefficients
decay rapidly to zero (see Example NP continued below).

Remark 3.2. Deterministic bounds for E(B\) and o are given in Lemma . These can be used
to justify applying nonpivotal STIV in two-stages, or to obtain confidence bands such as those in
Section [4) under conditional homoskedasticity.

We now discuss rates of convergence based on the bounds in Theorem which depend
on the population sensitivities. For ease of exposition we focus on explaining (). Proposition
relates the population sensitivities to one another, so we start by considering the following
alternative expression for Kz s for all Sy, S C [dx],

Uk — Z LJRZAVAN
k' £k

(18)

K g = min min max
So k€S0 A€Ks:Ap=1,]Ag, | <1 l€[d]
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which has a natural interpretation as a measure of the strength of the IVs for the regressors in Sy.
If the IVs are centered, the second minimum in is a maximum absolute normalized partial
covariance between regressor k and the IVs, where the partialling-out of the other regressors is
restricted (i.e., A is constrained). Ignoring for the moment the constraints on A, the second
minimum in (18) is zero if DZE[Z(X Dx)r] € R% lies in a vector space of dimension at most
min(dy — 1,dz) of Lebesgue measure zero if dz > dx. The vector space has a smaller maximum
dimension min(n,dx — 1,dy) for k\gg%’s. This contrasts with the restricted and sparse eigen and

singular values (see [11], [3]) which can be zero even if |S| < min(n,dx —1, dz) (else are always zero)
and depend on S only via its size.

For simplicity of exposition we now use Condition IC (see the appendix for the general case),
under which we provide interpretable conditions to derive explicit rates.

Condition IC. dg = dx and c is a constant such that ¢ < 1,,.
Under Condition IC, by Proposition [A.2] we have, for all S C Sy C [dx] and ¢ € [1, o0],

ul SI" M g > Ky g > Ry s 2> ke s/ (min(u,| S|, |So]))*M4, (19)

Kg={A € R™: (1, — c)|Ase|1 < (1 +0)|Ag|i} = {A € R¥™ : |A|; < ueAg|i}, (20)

where u, £ 1 +1,)/(1, — ¢). Due to the form of I';(S(3)) and (19), the upper bound in Theorem

- . and (i) is finite if
Rl ) S(8) > Tnlls +ro.(l+7,)/c (~ry,/c). (21)

Sufficient conditions for consistency can be obtained based on the easier to interpret /fggom’s(g). If
S C Sy (as when both are S(8)), we can further interpret the expression of Rz s n due to

the constraints on A. The constraints (20]), Ay = 1, and |Ag, | < 1 imply that the subvector of A
appearing in ) _,, 2k U, Ap has £-norm m < u,|S | — 1. Also, if k € S, the subvector with indices

in S\ {k} has (*-norm larger than (m + 1)/u, + 1 and £*°-norm smaller than 1. This restricts the
set of vectors used to perform the partialling-out to have mass at most u,|S| — 1, predominantly
concentrated on S (e.g., S(5)). Moreover, by Proposition

VS C Sy, R s 2 > sup nminwg(S,n), (22)
n€(0,1) kESo

where S (S,n) = {)\ c R 1 |\ <1, (u.|S| — 1)maux|)\T <= n)/\T\If.7k},

L U, = T X :
k() £ ) A = 2 IO P2 XD

Assumption C(Sy,q,n,1). Condition IC holds, g € Z, P € P satisfies Assumption , a = Qy,
and

(i) for all k € Sy if ¢ > 1 (resp. for all k € S(B) if ¢ = 1), Sp(S(B),n) # 0,
(ii) enon mingess) wi(S(B),n) = 1,|S(B)] for n large enough,
<Hl> minkGS(ﬁ) wk(S<ﬂ)a U)/(rn|5(ﬁ)’) — oo if q= 17 else mink’GS’o wk<S(ﬁ)>n>/Tn — OQ.

By Theorem , , and Holder’s inequality, we obtain the following corollary.
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Corollary 3.1. Let Sy C [dx], q € [1,00], and (n,m0) € (0,1)%. For all (3,P) satisfying Assumption
C(So,q,m,m0), So 2 S(B), and any STIV estimator, we have, for n large enough,

e N N

¢ mingesg) wi(S(B), n)Y 9 mingeg, wi(S(B),n) 1/

Taking So = S(5) U {k} and ¢ = oo yields rates for the ¢;-loss and upper bounds on w;, in
Theorem (see also (A.7))). For simplicity, the discussion now uses the word ‘correlation’ as
if the IVs and/or regressors were mean zero. Assumption C(Sy, ¢, 7,70) (il) means that for regressor
k there exists a nonempty set of linear combinations of the IVs of small enough relative absolute
correlation with the other regressors. It is similar to the coherence condition for symmetric matrices
of [21], but more general because it allows for rectangular matrices and linear combinations of the
IVs (i.e., \TW . rather than |W; | for [ € [dz]). The coherence condition is used to study ¢>*°-norm
convergence rates and model selection in [34]. Item is introduced to guarantee and
for consistency. They require that for each regressor of index k£ € S() (but not for the other
regressors), there is a linear combination of the IVs, which does not need to be known, of large
enough absolute correlation with Xj. If ¢ = 1 then, by , holds for all ny for n large enough.
Consistency can hold with d; < dx.

Remark 3.3. Assume dx is fived, we add to Assumption C([dx],1,n,m0) that, for all k € S(p),
Sk(S(B),n) contains the vectors from the canonical basis of R with a 1 at the indices of the dr
largest entries in absolute value of V., and |V. x|y = ¢ where ¢ does not vary with n. STIV is
consistent when log(dz)?/(np?) — 0, where p, = mingesg) | V. kloo. Assume p, = ¥ /\/dg, so the
dr IVs are equally relevant. If dgr = dz/dx then STIV is consistent if dzlog(dz)?/n — 0. Like
2SLS, it may not be consistent if dz/n converges to a nonzero constant. When dz/n — 0 but
dzlog(dz)?/n # 0, 25LS is consistent (see [16]) but STIV may not be. If dr = 1 then, for each
relevant regressor, all but one of the IVs can be arbitrarily irrelevant and STIV is consistent when
dz < exp(yv/ney) with e, — 0.

n-

P (‘Dxl(g— B)so

Remarkably, for ¢ = 1, is not affected if all IVs are irrelevant for an irrelevant regressor.
This is important to handle ill-posed inverse problems such as the following.

_ Example NP continued. Assume the baseline endogenous regressor and IV are related
via X = 17+ 0V and the approximating functions are Xy = hy_1(X /vV/72 + 02) and Zj = hy_1(2)
for k € [dx], where hy, is the k" Hermite polynomial. If, for simplicity, (Z , V) follows a standard
normal distribution, ¥ is diagonal with W, ; = (1 + (o/7)?)17%/2 (see Section , so the ¢1-
rate depends on the exponentially small Wy, for the largest k € S(/5). Due to Theorem , a
bound on the ¢!-rate without sparsity is

s (S (o (2N )

Assumption C(Sy,q,1,70) (i) is in line with the common empirical practice of, for each
endogenous regressor, finding an IV which is correlated more specifically with that regressor, and
arises naturally in our application. To obtain adaptive nonparametric estimators in statistical
inverse problems using series, it is common to use basis functions adapted to the operator so that
U is (nearly) diagonal (see, e.g., [28] and [25] in conjunction with wavelet/needlet thresholding and
Galerkin approximation), and so Assumption C(Sp, q,7,70) (i) is not restrictive.

For the sake of comparison, we present an assumption similar to that in [3].
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Assumption SV(q, (0, )nen; (0n)nen; (In)nern; m0)-  Condition IC holds, 8 € Z, P € P satisfies
Assumption [A.1] o = «,, and

(i) 4|S(ﬁ)|giui/§i is an integer smaller than |S(8)|l, and

0, < min max omin(¥r x) < max max Omax(Vr x) < Ons (25)
KCldx]  LCldy) KCldx]  LCldy]
[K|<IS(B)|In [LIL[S(B)|in |KI<IS(B)|ln |LISIS(B)|in

where oyin(M) and oyay (M) are respectively the smallest and largest singular values of M
and M g is the submatrix obtained by extracting the rows in L and columns in K,

(i) emnd?/(4(1 + u,)ud,) > 1| S(8)].
(it}) 02/ (4(1 + w)u2dura|S(8)|/) = oc.

By adapting the proofs to apply to population sensitivities and all ¢ € (0,1,,), we obtain

Corollary 3.2. Let ¢ € {1,2}, (8, )nen, (0n)nen, (In)nen, and ng € (0,1). For all (3,P) satisfying
Assumption SV(q, (8, )nens (On)nes (In)nen, M0), and any STIV estimator, we have

(|psi@- 5)

2 8w SO+ RO+ 0/ G 1)) <ol (20

For ¢ = 1, 62 /§,, plays the same role as mingeg(g) wi(S(5),n) under C([dx], 1,7,1n0). Item
guarantees and gives consistency. Assumption SV(1, (8, )nen; (On )nens (In)nen,; 10) can be
more appealing than C([dx],1,7,m0) (). However, §,, can be small (even 0) due to one irrelevant
regressor. For example, suppose there is k € S(8)¢ such that ¥., = (r,,0,...,0)". Taking
K = {k} in the first inequality of (25)), 6, < r,, hence (unlike (23)) the upper bound in (26)
does not converge to 0. The fundamental issue is that Assumption SV provides a rate based on
the worst-case subset of regressors, regardless of their relevance. This is less costly for regression
(i.e., Z = X) than for IV because exogenous regressors have higher correlation with the IVs than
do endogenous regressors, and given many endogenous regressors it is likely that one is weakly
correlated with the I'Vs.

Example NP continued. The bound on the rate in is 7, |S(B) V(1 + (o /7)?)dx—1)/2
while dx is replaced by k = max{l: [ € S(f)} under Assumption C([dx], 1,7, o).

Assumption SV does not apply to £3’-losses, hence cannot be used for model selection. We
provide a more technical comparison with Assumption SV and the results of [3], and a sharper

condition in the same spirit in Section [0.1.2]

3.3.2. Selection of Variables and Confidence Sets with Estimated Support. Theorem provides
a superset of the relevant regressors. Under a stronger beta-min condition exact selection can be
performed. For this purpose, we use a purely data-driven thresholded STIV estimator B\a which
uses a sparsity certificate. It is defined by

o 2707 (7/7s))
/F:Zk (3) .

3 2 BB XE 218 > Guls) o) (27)

for k € [dx]. The following theorem shows that this estimator achieves sign consistency and
hence, S(3%) = S(B) for all B € T, NZ(2w(s)). It uses sign(b) = (sign(bk))epay): Where sign(?) =
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1{t > 0} — 1{t < 0}, and makes use of the population counterparts, for all k € [dx],

2rn 27, T (S (b
wk(s) - bhe Rdx . T JU(b)’y(T/ffg(S))m 14 T (S( )) 7

where g and r(s) are defined before (A.3) and in (A.5). Under Condition IC, k,4(s) = ke (s) (and
Rs(s) = Ren(s)).

Theorem 3.2. Let s € [dg| and P be such that Assumption holds. For all (B,P) such that
B €T,NI(2w(s)) and any STIV estimator, we have, on G N Gay, sign(3*) = sign(B).

Example SE continued. By Theorem [3.2] the peers are exactly recovered with asymptotic
probability at least 1 — « if the endogenous effects are suff/i\ciently large.

Theorem [3.2] yields a confidence set by replacing S(3) by S(/3%) in (15), which satisfies
with Z; N Z(2w(s)) in place of Z(w). The value of s can be large (possibly dx). The set’s width
matches the error bound in Proposition with respect to S(3), hence it adapts to the sparsity.
To achieve this we remove a small set from Z (vectors too close to |S(f)|-sparse vectors).

4. CONFIDENCE BANDS USING B1as CORRECTION

Confidence sets for @5, where & € Mg, 4., can be robust to identification and are particu-
larly useful when one is interested in a feature of the whole parameter vector such as the network
in Example SE. But they can be conservative when stronger assumptions on the data generating
process can be maintained and dg is small relative to dy. The confidence bands below address
this. Using dg = 1 yields a confidence interval (e.g., for the average peer effect in Example SE).
Using de > 1 one can build a confidence band for a structural function such as f in Example NP
or the Engel curves in Section A first estimator is the plug-in @3. Another uses

JA € My, a, : AEB[ZXT] = . (28)

Indeed, by (1)), for all 3 € Z and A which solves (28), &3 = AE[ZY]. is a system of equations
of the same form as the following equation derived from

B eR™ . BTE[ZXT]" =E[ZY]". (29)

A STIV estimator A is obtained by solving . For simplicity, we assume holds exactly but,
as in Section [6.2.1] one can handle an approximation error going to zero with n.

Using either plug-in strategy poses problems because STIV is "biased” towards zero and
can converge slowly. To deal with this we combine the two to form the bias corrected estimator

—_~ ~ 1 ~ Ea
DB E DB+ HAZTU(@) (30)
and build a confidence band around QEB .

Remark 4.1. is close in spirit to the bias correction in [29]. Another motivation for it is that
O: (bL) = &b+ L(E[ZTY] —E[ZTX]b) has zero partial derivatives at, respectively, identified A
and 8 (due to and [29)) and O(B,A) = @B. This is a type of double-robustness (see [LT]). In
this paper B appears in a structural equation and our analysis does not involve machine learning
for regressions.
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Definition 4.1. For A € (0,1), a BC-STIV estimator is any solution (K, V) of
Av

min - [LDg'[, + 52X (31)

Lely (rh ,v),v>0

where p?X & ,5[?2{] (see ([37)) and for r,v >0,
To(r,v) 2 {L € Muga, : |(®— LE,[ZXT]) Dx|_ <, S(L) < u},

« A ~ ~ 2 A T 2
S0 mac GL), G} £ E, (@ LZX ] (Dx},

To choose 1!, one uses one of classes 1-3, replacing a by «,, and dz by dedx. If & = I
and Z = X, A is an approxmiate inverse of E,,[X X '], which improves on the CLIME estimator
of [I2] by estimating standard errors. BC-STIV differs from STIV in that it is for a system of
dg (rather than 1) equations, each with dy (rather than 1) second-order cones, making it more
computationally intensive. We provide a computational solution and its analysis in Section [A.1.2]
The counterpart of 7 is Zp = {6 e€eZ,A\:AE [ZXT} O, P(B,A) € 7743}, where Pg is a class for
the distribution of (X, Z,U(B),® — AZXTAZU(B)). Asymptotically uniformly valid confidence
bands are obtained as

q a7 (1l —a) + 3¢,

A G@\F(ﬁ)AT( ) DflAA 1, (32)
N F(B)AT

where ¢, p@ir(1 — @) is the 1 — o quantile of Gg = |DF(§)KT/A\F(B\)TE\OO/\/H given F(B)AT

(obtained by simulation), F'(b) £ ZU(b), E € R" is a standard Gaussian vector independent of

F(B\)JA\T, and ((,)nen is a positive sequence.

Theorem 4.1. Let Py and ((,)nen be such that Assumption holds. Then, for a2 — 0 defined
in (A.8), for all (B, \,P) such that (5,\) € Iy,

Vn € N, P(@ﬁe@s) >1—a—al

Co2 [0B-G.0B+7], @

The sequence ((,)nen restricts Py and Zg on which uniformity over distributions and param-
eters holds. We denote by (v7),en (resp. (v29),cn) the deterministic upper bound on | D5 (B—8)|x

n
(resp. on |Dyp 5)(A A)D' 000U (s), See Proposition , where | - o000 1S the maximum row-

wise /!-norm. These bounds hold on an event of probabihty at least 1 — a2 — aP% where o8¢
is defined in Assumption | converging to one, and v}* and v? can depend on (3,A) € Zs.
Proposition [A.3]is the analogue of Theorem [3.1] It prov1des deterministic upper bounds for useful

losses and characterlzes the limit of A when there are multiple solutions to , as discussed for B
in Remark 3.1 R
For the discussion, we now take ¢, — 0 (e.g., log(n)™1), (8,A) € Zs to which (3,A)
converges, and assume X and Z are uniformly bounded. Assumption holds if
max(vy”, 7,) max(log(dz /an) log(n/ay), log(ds /c) = 0(Ga),
7' oo 0 108(da /) = 0(Ga)- (33)

The requirement on vﬁ’ﬂ is mild. It can be logarithmic if max(dz,ds) is of polynomial order

vﬁ | Dar(g)|oo max(log(dxds),

in n. When dy = 1 (i.e., a confidence interval) and we use |DAF(5)(K — M) D, oo 0e0u(s) <
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(A — A)Dgl|Oo’oo/(amin(DzE[ZZTU(6)2/05,(5)]DZ) mins [A;.D,'|5)), we can obtain similar up-
per bounds on v2* as on v? under Condition IC in Section because the set K used to analyze
A is equal to the set Kg in , replacing ¢ by A and dx by dz. The key difference is that
Z and X switch roles and V¥ is replaced by U' in assumptions C and SV for ¢ = 1. So S(A)
plays the role of S() under sparsity, and otherwise bounds in the spirit of can be derived
under approximate sparsity. The requirement on v? is also mild if the rows of A are (approxi-
mately) sparse. For example, if dg = 1, v?|Dap(s) oo |AD§1‘Oooolog(d¢/an) is of order at most
(V2 Jomin(DZE[ZZTU(B)%D2))\/|S(A)]log(dg /). Hence, if |S(A)| grows slowly the rate of esti-
mation of 8 could also be logarithmic. We provide alternative confidence bands under conditional
homoscedasticity and their analysis in Section [0.1.5]

5. ENDOGENOUS IVs

With many endogenous regressors and IVs, the exogeneity of some IVs could fail. We
now consider a high-dimensional framework for the problem of IV exogeneity (see, e.g., [37]).
Introducing 6 € R to account for the possible failure of , we replace — by

E[ZU(B) — 0] =0, (34)
(8,0) e Bx O, P(B,0) € Py, (35)

where 6; # 0 means that Z; is endogenous, IP (b, t) is the distribution of (X, Z, ZU(b) — t) implied by
P and © C R? encodes restrictions on #. For example, the sign of the correlation of a regressor and
the structural error could be known. Another restriction is 05, = 0 for S| C [dz] of cardinality d
which indexes the IVs known to be exogenous. The counterpart of Z,, denoted by Z, 3, collects the
vectors (b,t) € B x © which satisfy ([34)-(35), |S(b) N Sg| < s, and |S(¢)| < 5}, where 5 € [dy —d ]
is a sparsity certificate for the possibly endogenous IVs.

To detect endogenous Vs, we use a variant of STIV to estimate 6 by replacing U(3) by the
residuals U(3) from a pilot STIV estimator which uses only the IVs in S, and 7 (in place of 7)
based on G, which differs from G by using only d; moments and ot (in place of ). Based on
STIV, one then computes 5 and 6% such that for all (6,P) such that 5 € Z, on G|

1 loo
pZ¥ 2 max (Dg), (Dx),,Ea [Z2X2]". (37)

leS,ke(dx]

Though the analysis does not require the sparsity certificate approach, if § € Z, we can use
0 = 27Ty (7 /Rg(s)) /RY(s) and 6% = 27 p4N Ty (7 /Ry(s)) [Rer (s), (38)

where the lower bound %Y (s) on &%, the sensitivity for the loss in the first inequality of (36) [ is
obtained by linear programming. Unlike the Hansen-Sargan test, we can use a pilot STIV estimator
when s < d; < dz and with an approximately sparse reduced form.

Definition 5.1. For ¢ > 0, a NV-STIV estimator is any solution (5, g) of
o+ ’5&) , (39)

N min (‘thsi
teZy (ry ,5),5>0

2The sensitivities of the pilot STIV replace WA |y (resp. 7) by [($A)sg, |oo (resp. 71) in ([©) (resp. in g in (10)).
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where, forr,o >0,
. 1 .
Ix(’l“, 0') £ {t €0: ‘Dz (—ZTU( ) — t)
n
ST

Sy (bt) 2 max Gi(b,t),  Gi(b,t)* = (D2)i,Eal(ZU(b) — 11)7).

<ro+0, 5, (E,t> §a+8\2},

To set r* to control IP’(QL) (see (A.9))), we use one of classes 1-3, replacing dz by dz — d, and a by

at. Pyin combines the classes for 7+ and r#. For deterministic bounds, it is further restricted
using a minor modification of Assumption and we modify the event G4, of probability 1 — /!

accordingly (see Section . We still refer to them as Assumption and G4, in Theorem .
Also, for a function w from R¥ x R?% to RY and given P, we set Z, z(w) 2 {(bt) € I,5: V1 €

S(t), \tl] > wi(b, 1) ((1 + 7.)E[Z2])}/?}. The definitions of @ and @ used below are in Section
and o = (J + EX(/B, 6))/2.

Theorem 5.1. For all s € [dg| and s € [dz —d.], (8,6,P) such that (8,0) € I,5, ¢ € (O, 1/{,{)
and ¢ > 0 and any NV-STIV estimator, we have, on G, N Ql’

'Dz (9-0) | =7 eEED) (f (25 + L+ @pn@Ehe) +20) 25(). (40)

For fized ¢ € (0,1/r}), ¢, s € [dg] and § € [dz — d.], if we restrict Z, 5 so that Assumptz’on
holds, then, for all (8,0,P), if (5 ) € Zss(~( ,5)), then S(0) C S(0). If (8,0) € Ls5(2w(s,s)),
then s1gn(9°’) = sign(0), where 6° £ (6,1{|6,] > E,[Z2]"/? 2(A)}) ZyonGLNG, NGa. Setting
at =at to o, we haveP(gLﬂgjzﬂgm) >1—2a, —att = 1.

The first statement of Theorem |5 . 5.1 provides a 1 — a* — a* confidence band based on ([40)).
As for the STIV set in unlforrmty in ¢ and ¢ permits intersection over a grid. As in Example
SE in Section , it prov1des 5(9) such that minse(a,)ze(d,—d.] 10 (5,0,p):(8.0)ez, 5 IP(S(O) C S(0)) >
1 — at — a*. The second statement of Theorem concerns model selection. If the endogenous
IVs induce a large enough violation of (1)) then either superset or exact recovery of S(6) is achieved.
We provide NV-STIV rates of convergence in Section [A.1.3] The C-STIV in Section is an
extension estimating simultaneously (/3,6) and allowing for unknown S, .

6. INFERENCE IN PRACTICE

6.1. Monte-Carlo. We study model — with B = R and dg = dy, set 8* = (1,—2,-0.5,0.25,0, ...,

and let Z be a standard Gaussian vector in R%. The exogenous regressors are the first |S7| IVs.
For an endogenous X, we set X = Z'IL + Uy where IT € Mg, 5 and U € RISII, We let

(U(B*),UT)7T be a mean zero Gaussian vector in RIS with variance having entries .05 but in
the diagonal where the first entry is 1 and the others are 1 — 7. We set II so that |II. |3 = 7 for
k € [|59]] and m € {0.5,0.8}, hence all regressors have unit variance. Since the IVs are uncorre-
lated with one another, the concentration matrix II"Z"ZII/(1 — 7) has diagonal elements close to
nm/(1—7) and the degree of endogeneity is 0.05/1/1 — 7 (see [1]). In low dimensions the IVs could
be considered strong. However, the first-stage is not approximately sparse so even a first-stage
Lasso would not be consistent (so it is impossible to estimate the concentration matrix and apply

0)'
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a method akin to 2SLS) and most of the IVs are weakly correlated with the endogenous regressors.

GAUTIER AND ROSE

TABLE 2. STIV estimator

dz =1500,dx = 1750,n = 750, 7 = 0.8

cr = 0.95 cr=0.75 cr=20.5 cr=0.25

p2.5 pd0 p97.5 p2.5 pb0 p97.5 p2.5 pdO p97.5 p2.5 pdO0 p97.5
87 (=0.5) 0.8 088 095 0.74 082 091 0.67 078 0.88 0.27 055 0.78
Bi(=-2) -1.9 -183 -1.75 -19 -183 -1.75 -19 -1.82 -1.74 -1.89 -1.81 -1.73
B3 (= —0.5) -0.41 -0.33 -0.26 -0.41 -0.33 -0.26 -0.41 -0.33 -0.26 -0.41 -0.32 -0.25
Bi(=0.25) 0.01 0.08 0.16 0.01 0.08 0.16 0 0.08 0.16 0 0.08 0.16
Bx(=0) 0 0 0 0 0 0 0 0 0 0 0 0
BE(=0) 0 0 0 0 0 0 0 0 0 0 0 0
o*(=1) 1 1.05 1.1 1.01 106 1.12 1.02 1.07 1.13 1.06 1.12 1.2
‘(B\ — B%)s(8%) 0.15 0.2 025 0.16 021 027 0.17 023 033 023 045 0.73
‘(B\ — B*)s(8%)e 0 0 0.03 0 0 0 0 0 0.03 0 0.17 0.39
S(B8) 2 S(6%) 98 98 98 .96
S(B) = S(6%) .62 .95 91 .06

dz = 1500,dx = 1750,n = 750, 7 = 0.5

Bi(=0.5) 0 0.79 0.96 0 0.78 0.96 0 0.79 0.98 0 0.8 0.98
Bi(=—-2) -1.93 -1.83 -1.5 -1.91 -1.83 -1.48 -1.9 -1.83 -1.47 -1.93 -1.83 -1.49
B4 (= —0.5) -0.39 -032 O -04 -034 O -04 -034 O -04 -033 0
B3(=0.25) 0 0.08 0.18 0 0.07 0.18 0 0.08 0.16 0 0.07 0.15
BE(=0) 0 0 0 0 0 0 0 0 0 0 0 0
B&(=0) 0 0 0 0 0 0 0 0 0 0 0 0
o*(=1) 1 1.09 33 099 1.09 342 099 1.08 34 098 1.08 3.38
‘(B — B*)s(8) 015 024 1 015 023 1 015 023 1 015 024 1
‘(B\ — B*)s(8)e 0 0.02 042 0 0.02 0.43 0 0.02 0.45 0 0.02 043
S(B) 2 5(8*) 82 82 .80 78
S(B) =S(6%) .49 .45 A7 .46

Notes: 1000 replications. r,, = 0.16.

We take Iy, 1 =g, 12 = = Ilg, |s¢)41,55) = \/37/4. For the remaining entries we set

3This is possible under Assumption which permits 7 = r,,v/I+ 7,/(1 — 7,,) rather than 7 = r,|DzZ " |,

Hi7j - {

delivering a smaller value of 7, which we find works better in practice.

—/(@/8/(dz —1) iisodd and jis odd, or i is even and j > dy/2
+\/(7T/4)/(dz —1) otherwise

This means that there is one stronger IV and dz — 1 weaker IVs for each endogenous regressor.
Though each weaker IV accounts for a small fraction of their variance, collectively the weaker
IVs account for fraction /4. If dy < dx each IV has a stronger correlation with one regressor.
We construct 0.95 confidence sets and bands for 8*. For sets we use r, from Class 3 with
a = 0.05 and set 7 = 1-01&1]:_{]- We consider sparsity certificates 4,5, 6,7, 10. Z; is a singleton for each
sparsity certificate and dx, dz below. We construct the bounds in , replacing ¢ > 0 with a grid,
the construction of which is discussed below. For computational reasons (to allow sufficiently many
replications) we limit the grid to at most two points. Using more points (and/or loss functions)
could lead to narrower sets. We follow the same approach to construct the confidence set in (|15)



HIGH-DIMENSIONAL INSTRUMENTAL VARIABLES REGRESSION AND CONFIDENCE SETS

TABLE 3. 0.95 confidence sets and bands

dz = 2050,dx = 50,n = 2000, 7 = 0.8

STIV SC4 SC5 SC6 SC10 ES Bias-corrected STIV CB
p2.5 pb0 p97.5 Median width/2 p2.5 pb50  p97.5 Width/2
Br(=1) 09 095 099 08 1.02 132 6.07 033 094 1 1.06 0.1
Bi(= —2) -1.95 -1.9 -1.85 0.58 0.73 0.94 455 026 -2.04 -1.99 -1.95  0.07
Bi(=—0.5) -045 -04 -0.36 057 073 094 464 026 -0.54 -049 -0.45  0.07
Bi(=0.25) 011 015 0.19 057 073 095 465 0206 02 024 029 0.07
BE(=0) (O 0 0.8 102 1.31 6.03 0 -005 0  0.06 0.1
Bi(=0) 0 0 0 0.57 0.73 0.95 4.62 0 -004 0  0.04 0.07
S(B) 2 S(8*) 1 Cover 1 1 1 1 98 94
S(B) = S(8*) 98 (.996,1) (.97,.98) (.92,.95)
dz =49,dx = 50,n = 2000, 7 = 0.8
Br(=1) 084 09 096 oo oo oo oo 024 094 099 1.05 0.07
Bi(= —2) 1,96 -1.91 -187 o0 o0 o0 00 02 -204 -2 -195  0.07
Bi(=—0.5) -047 -043 -039 oo o0 o0 00 0.2 -0.54 -0.5 -0.46  0.07
Bi(=025) 013 018 023 oo o0 00 00 02 02 025 03 0.07
BE(=0) 0 0 0 s oo oo 00 0  -0.03 0.02 0.08 0.1
BE(=0) 0 0 0 o oo oo 00 0 -004 0 004 0.07
S(3) 2 S(6%) 1 Cover 1 11 1 1 93
S(B) = S(8") 96 (.996,1) (.91,.95)
dz = 2050, dx = 50,7 = 2000, 7 = 0.5
Br(=1) 098 1.02 107 155 231 378 oo 043 092 1 1.07 0.12
Bi(= —2) 1.95 -1.9 -1.86 0.85 1.26 2.08 oo 027 -2.04 -1.99 -1.95  0.07
Bi(=—0.5) -045 -04 -0.36 0.86 1.27 21 oo 027 -0.54 -049 -0.45  0.07
Bi (=025 011 016 02 085 1.26 208 oo 026 02 024 0.29 0.07
BE(=0) 0 0.03 007 156 232 378 oo 0 -007 0 007 0.12
Be(=0) 0 0 0 0.85 126 21 oo 0 -004 0  0.04 0.07
S(B) 2 S(8*) 1 Cover 1 1 1 1 75 95
S(B) = S(8*) 13 (.996,1) (.72,.77) (.93,.96)
dz =49,dx = 50,n = 2000, 7 = 0.5
Br(=1) I 105 1.09 oo oo oo oo 031 099 1.03 1.08 0.03
Bi(= —-2) 1.97 -1.93 -188 oo o0 o0 00 0.2 -2.04 -1.99 -1.95  0.07
Bi(=—0.5) -047 -042 -038 oo o0 00 00 0.2 -0.54 -0.49 -0.45  0.07
Bi(=025) 013 018 022 oo oo o0 o0 02 02 025 0.29 0.07
BE(=0) 0 005 009 o0 o0 o0 0  -0.03 0.03 0.09 0.1
Be(=0) 0 0 0 o o0 oo 00 0 -004 0 004 0.07
S(B) 2 S(8%) 1 Cover 1 1 1 1 1 .50
S(B) = S(B*) 02 (.996,1) (.47,.53)

Notes: 1000 replications. ‘SC s’ use sparsity certificate s. ‘ES’ use estimated support. ‘CB’
use @ = I. SC/ES use one grid point for ¢. For dz = 49 (resp. 2050) r,, = 0.074 (resp. 0.094).
‘STIV’ uses ¢ = 0.99/7. For SC/ES (resp. CB) ‘Cover’ is the frequency with which 8 lies in the
bounds defined in (resp. ) 0.95 confidence intervals for the coverage are in parentheses

(see [MI]).

based on an estimated support, taking ¢ equal to the first grid point and S(3) to be the indices of

19

the elements of D;cl B with absolute value larger than 10~*. For the confidence bands we use STIV
for the pilot and Class 4 to set 7. Since the IVs are uncorrelated, the values of 7 for classes 3 and
4 are nearly identical. We use the STIV estimator with ¢ = 0.99/7 for the pilot and set A = 0.99

and use Class 3 to estimate A.
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TABLE 4. 0.95 confidence sets with dx > n

dz = 4100, dx = 4100, = 4000, 7 = 0.8

STIV SC4 SC5 SC6 SC7 SC*7 SC10  ES
p2.5 p50 p97.5 Median width/2
Br(=1) 0.87 091 094 0.65 108 266 oof 977 oo 0.22
B3 (= —2) -1.96 -1.93 -1.90 0.40 059 1.29 oof 4284 oo 0.17
Bi(=—0.5) -0.46 -0.43 -0.39 040 0.60 129 oof 4251 oo 0.17
Bi(=025) 014 018 021 040 059 129 oof 4189 oo 0.17
BE(=0) 0 0 0 0.65 1.09 268 oof 9737 o 0
Bi(=0) 0 0 0 040 0.60 129 oof 4332 o 0
S(B) 2 S(6*) 1 Cover 1 1 1 1 1 1 97
S(B) = S(8%) 99 (.98,1) (.94,.99)
dz = 4100, dx = 4100, n = 4000, 7 = 0.5

Br(=1) 1.02 1.05 108 352 1864 oo o0 o0 o0 0.65
B5(=-2) -1.96 -1.93 -190 156 7.02 oo 00 e 00 0.4
Bi(=—05) -046 -043 -04 157 697 oo o0 o0 00 0.4
Bi(=0.25) 015 018 021 155 699 oo oo o0 00 0.4
BE(=0) 0.02 0.05 0.08 358 1918 oo oo oo 00 0
Bs(=0) 0 0 0 1.57  7.05 oo 00 00 00 0
S(B) 2 8(8%) 1 Cover 1 1 1 1 1 1 97
S(B) = S(8*) 01 (.98,1) (.94,.99)

Notes: 200 replications. ‘SC s’ use sparsity certificate s. ‘ES’ use estimated support.
‘CB’ use @ = I. SC/ES use one grid point for ¢. r, = 0.07.°'STIV’ uses ¢ = 0.99/7.
‘Cover’ is the frequency with which 8* lies in the bounds defined in . t: The
frequency of replications with sets of finite width is 0.03. *: Sets using two grid
points for c.

TABLE 5. 0.95 NV-STIV confidence sets for detection of endogenous IVs

dz =100,dx =90,n = 3000, 7 = 0.8

NV-STIV SC4,1 SC4,2 SC43 SC45 SC4,7 SC4,10
p2.5 pb0 p97.5 Median width/2
Os9(= 0.8) 0.55 0.6 0.65 0.53 0.53 0.53 0.53 0.54 0.54
B90(=0) 0 0 0 0.53 0.53 0.53 0.53 0.54 0.54
S(0) 2 S(6*) 1  Power .95 .94 .94 .93 .92 .91
S(0) = S(6%) 1 (.93,.96) (.92,.95) (.92,.95) (.91,94) (.9,.93) (.89,.92)

Notes: 1000 replications. ‘SC s, s’ use sparsity certificates s, 5. SC use one grid point
for ¢. r,, = 0.07 is from Class 3 with a = 0.025, and 71 = 1.01r, . r* = 0.06 is from

n

Class 3 with @ = 0.025. Confidence sets use a grid of 19 points for ¢. ‘NV-STIV’

uses ¢ = 0.99. ‘Power’ is the frequency with which the confidence sets do not include

989 =0.

Rule of Thumb for c. We apply STIV with ¢ = 7!, corresponding to the least shrinkage.

As ¢ decreases STIV is almost unchanged, until a point after which @ increases discontinuously.
We recommend this for a single value of ¢. As ¢ decreases further, STIV is almost unchanged until
a point after which there is another increase in . This gives a second grid point, and so on. This
rule means that we take the smallest ¢ (yielding the largest sensitivities) for each @.

Estimation. We consider the challenging setting with n < dz < dx. We set n = 750, dx =
1750 and dz = 1500 and S§ = {1,5,1503,...,1750}, hence there are 250 endogenous regressors.
Table |2l reports the results. For sufficiently large ¢, STIV performs well in terms of selecting nonzero
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entries, and does not select those with values of zero. Due to the shrinkage, STIV is biased towards
zero with bias decreasing in c.

Confidence Sets and Bands. We set n = 2000, dx = 50, dz € {2050,49}, S§ = {1,5}
and make inference on (*. This design is challenging since there are two endogenous regressors
and either dz < dx or n < dz. We limit dx so as to permit application of all of our methods to
the same design over 1000 replications. Below we modify the design to allow for dx > n.

Table (3| reports the results. Sets based on a sparsity certificate are nested. If dz = 2050,
they can be informative on the sign of the first three entries of 5*. Though robust to identification,
the sets can be conservative, are infinite if d; = 49 and have coverage close to 1 if dz; = 2050.
STIV performs well in selecting the nonzero parameters, resulting in less conservative sets based
on estimated support. These are narrower than with sparsity certificate s = |S(*)] = 4 as
they use information on both the number and identities of relevant regressors. Coverage is below
0.95 when dz; = 2050 and m = 0.5 because STIV using the rule of thumb value of ¢ can fail to
distinguish 35 = 0.25 from zero. In the other designs, the sets can be informative on the signs of
the first three entries of 8*. The bias correction reduces the shrinkage and centers STIV on (£*.
For d; = 2050, there exists a sparse A verifying (28), with |S;|+[S§|dz = 4148 nonzero entries out
of dxdz = 102500. The bands are narrower than the sets but have coverage slightly below 0.95
due to shrinkage when estimating A. For dz = 49, there does not exist A verifying , leading to
coverage below 0.95, significantly so for 7 = 0.5.

Confidence Sets with dx > n. We set n = 4000, dy = 4100, S§ = {1,5} and d; = 4100.

Bands are infeasible since A requires dxdy; = 4100? second-order cones. Table 4 reports the results.
If 7 = 0.8, sets using a small sparsity certificate are informative on the signs. For s = 7, the set
is infinite if one grid point over ¢ is used but finite with two. STIV performs well in terms of
selection, translating into narrower sets based on estimated support. Reducing the strength of the
IVs (m = 0.5) increases the width of the sets but coverage remains above 0.95.

Endogenous Instruments. We take n = 3000, dx = 90, S§ = {1,5} and dz = 100. There
are 10 possibly endogenous [Vs with indices S = {89, 90, ...,98} and Zgg = v/1 — 0.82E+0.8U(5*)
is endogenous, where E is an independent standard Gaussian. This preserves the variance of Z
but implies that §* has one nonzero entry given by 65, = 0.8. There are as many known exogenous
IVs as regressors. We apply the NV-STIV estimator, using STIV for the first stage and taking r,,
from Class 3 with a = 0.025 and 7, = 1.01r,,. For the NV-STIV estimator we take r# from Class 3
with o = 0.025. As both stages use o = 0.025 we construct 0.95 sets. We use sparsity certificates
s = 4 for f and 5 € [10] for 6. The sets are intersected over a grid of 19 points for ¢. Table
reports results. Due to shrinkage, NV-STIV is centred on 0.6. The endogenous IV is detected with
frequency 0.95 for s = 1 and 0.91 for s = 10.

6.2. EASI Demand System. The EASI demand system of [33] implies the vector of expenditure
shares S € R for dg goods consumed by a household satisfies

dR dH
S =Y bT +CiH+CHT + AP +»_ AyPH, + BPT + W, (41)
r=0 h=1

dg
o 1 _ pT T
(R (E PSP (Ao L3 Ahﬂh) P/z) , (42

h=1
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where £ € R is nominal expenditure, T' € R is deflated expenditure, P € R9 is log-prices, H € R
is household characteristics, and W € R are structural errors. Log-prices are normalized to be
zero for a subset of households. The parameters are b, € R% for r = 0,...,dg, C1,C5 € Mg dy
and Ao, ..., Ag,, B € Mag.a,- Theory imposes restrictions such as (1) expenditure shares sum to
one and (2) Slutsky symmetry, hence

Ao, ..., Ay, and B are symmetric; 17by=1,1"C; =1'Cy, =0,1"B = 0;

Vr € [dg],17b, = 0; Vh € [dy], 1T A, = 0. (43)
Because T depends on the parameters, the system is nonlinear, so difficult to estimate. [33]
propose an approximate system, replacing 7" with its first-order in prices approximation D =

E — P'S, which is nominal expenditure deflated by a Stone price index. To reduce approximation
error, we consider a second-order approximation and inject

dy
VreN, T" =D (D + gPT (Ao + ) AH, + BD) P) +O(|P]y) (44)
h=1

(derived from (42))) into . An approximation error arises due to the second term in , but
it is small due to the normalization on log-prices. Our approximation depends on products of
parameters, violating linearity. We replace each by a new parameter, restricted using .

6.2.1. Systems with Approximation Error. Our results can be applied to estimate the system one
equation at a time, ignoring cross-equation restrictions and approximation error. This does not
make proper use of the underlying economic theory and would not allow a comparison with [33]. For
this reason, we make some minor modifications to STIV. We allow for an approximation error by
adding an additional (unobserved) term V'(3) to the structural equation such that oy 5y < vg, — 0.
The practical implication is a minor modification to the IV-constraint, replacing 7o with ro+(1+47)v
in (7)), where v decays to zero with n. This allows for other models with approximation error
including nonparametric IV (e.g., Example NP with approximation error) or when a fraction of
the data is bracketed (in which case v is random). To allow for a system of dg equations, the
STIV objective function is summed and the IV-constraint is intersected over the equations, and «
is replaced by «a/dg. The latter allows the structural errors to be dependent across equations, and
de can depend on n. The bias correction and confidence bands are easily modified, and we also
allow for approximation error in @3 (i.e., the function of interest is approximately linear). Further

details and analysis are provided in Section [A.1.4]

6.2.2. Implementation and Results. We use the Canadian data of [33] for n = 4847 rental-tenure
single-member households with expenditure on rent, recreation and transportation. The dg = 9
goods are: food consumed at home, food consumed out, rent, clothing, household operation, house-
hold furnishing/equipment, transportation operation, recreation, and personal care. Individual
characteristics are: age, gender, a dummy for car nonownership equal to one if real gasoline ex-
penditure (at 1986 prices) is less than $50, a social assistance dummy equal to one if government
transfers are greater than 10 percent of gross income, and a linear time trend. Following [33],
we use dg = 5 for the degree of the expenditure polynomial. Each equation has dx = 1570 pa-
rameters. Log-prices are normalized to zero for residents of Ontario in 1986. The approximation
error from the second order approximation is likely small because E,[|P|3] = 0.0008. In contrast,
E,[|P|3] = 0.0268, and the mean share for 5 goods is less than 0.1, suggesting a large first-order
approximation error. Since D = E — PTS depends on W, the |S¢| = 963 regressors which depend
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F1GURE 1. Engel Curve for Rent

on D are endogenous. We construct d; = dx IVs by replacing D by D = E — P'E,[9] (i.e.,
replacing individual by average shares).

The IVs are strong and dz = dx and so we apply Section 4| to construct uniform 0.9 confi-
dence bands for the Engel curves based on dg = 9 grid points. In the first step, we apply STIV,
adjusting 7 according to Class 4, taking o = 0.05/d¢, ¢ = 0.99/7 and v, = 1/n for all g € [dg]. We
choose Sg to exempt the constant, linear, and quadratic parts of the Engel curves (bg, b1, b2) and
the linear price parameters (Ag) from the penalty. It is reasonable to expect that the rest of the
parameter be approximately sparse, pa}:ticularly for the second-order approximation terms.

For brevity, we do not present [ in full because it has 14,130 elements. Instead, we sum-
marize its support. Of 14,022 parameters in Sg, only 47 are estimated as nonzero, 22 of which are

due to the second-order approximation. To build confidence bands for Engel curves, we obtain A
using 7/, from Class 3 with o = 0.05 and A = 0.99. Figure [I| depicts the preliminary estimator for
rent, its bias corrected counterpart and confidence bands. The second-order approximation yields
a different curve to the that of [33], which peaks at a higher expenditure level. The bias correction
is large as the preliminary estimator lies outside the band. The band is wider at the end points,
most likely due to lack of data. Engel curves for the remaining goods are available on request.
The bias correction is large for household operation, clothing, personal care and transportation
operation. The bands are marginally wider than those of [33] because we construct uniform bands
rather than pointwise intervals and use a more flexible second-order approximation.

APPENDIX

A.1. Complements. The proofs of the results below are in Section . We denote by F(b) =
ZU(b), T(L) & & — LZX", and q4 (resp. qam) the quantile function of A (resp. of A given

~

M). When a random vector is a function of an estimator as in U(S), E, is still used to denote

-~

> iei Ui(B) /1.
A.1.1. Complements on Section[d Proposition [A.1]relates the sensitivities (see also Section[O.1.1)).
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Proposition A.1. Let S € [dx]|, ¢ >0, and 7 < 1. For all Sy C [dx], q € [1,0], and ¢ € L,

() [fS - So [dx], Re,s > Resys
Reg s 2 > Kpa,s;

i) K
(741) m ( L(S)™ 1/‘1@00
v)

0 |Sol ViR ) < Ry < ez 5. Oul(S) WRex 5 < s

5(s)’
Ko Minges, Ky, s = MiNgeg, MDA R A =1 Ay loe<1 \I/A’

where S( ) £ 5U(S§ N S(B)) and .(S) £ ~(c )(2]S N Sl + 155 N N(SUSB)|) if0<c<1 and

-~

else S(S) £ (SN S) U ((S5USH)N(SUS(B))) and &u(S) £ 7(c7)(2]S N Sol + 155 N (SUS(B B+
c(1 = min(7, 1))[S7 0 (S U S(B))])-

We emphasize 3 more baseline classes P which we further restrict when need be. Some
confidence sets require very mild assumptions on P while deterministic bounds require working
within subsets of these classes. The baseline classes are identification robust because they do
not restrict the joint distribution of (Z, X). Let, for b € Rdx D(b) be the diagonal matrix with
positive diagonal elements 1/3,(b) for I € [dy], where &,(b)? £ E,[Fi(b)?], t(b) £ [D(O)FT(b)|s/n,
G = {f(ﬂ) < r,}. The value of r,, for classes 1-3 is obtained using a union bound and the results
in [35, 8, B30].

Class 2: Jpy > 0 : maxjeq,) E[F1(8)(E[F1(8)%]) 2 < pa and dy < acexp (n/ps) /(2¢ +1). We set
r, = \/2/(n/log(dz(2¢ +1)/a) — ju).

Class 3: There exists 0 in (0, 1] and pors > 0 such that

S(S)us

—(2+6)/2
\@mmeﬂﬂmmwﬂ)“”) < piaes.
lE[dz] 0o
and dy < o) (2®(— 1/2*1/(2”);1_1/(2” ). We set r,, 1 (a/(2dz)) / /7.
Here P(G) > 1—a—af and af £ aClpugys (1 + \/_7’ ) _5/2 , where C] is an unknown universal

constant, is a finite sample bound on coverage error. For classes 1 and 2, P(G) > 1 — a, so we set
aB = 0. For classes 3-4, is modified to replace 1 —a by 1 —a — 5.

We use concentration arguments which involve Cx(m) = e(2log(m)—1) for m > 3 (Theorem
2.2 in [23]). For random A € R% and B € RY and sequences My, M, and M,z which can
depend respectively on d4(da + 1)/2, da, and dadg, denote by

Ex 2 {|DA(E, —E) [AAT] Da|_ > 7.}, Eapr 2 {|Da(E, —E) [ABT] Dy|_ > 7.},

S {min (D;I)u (Da)y; < V11—, or max (DKI)H (Da)yy = vV1+ Tn} ;

I€]d 4] le[da]

(N) E || Da (AAT —E[AAT]) D2, | < M,
(Nii) E ||Da (ABT —E[ABT]) Dy|" | < Mg,

(Niii) E ||(42/E[47] - 1),

2
< Mj,
00

an(A) 2 On(da(da+1)/2) M4/ (n72), an(A) = COx(da) M,/ (n7?), and o, (ABT) £ Ox(dadp) Mgt /(n72).
When A depends on # or A but we omit it from the definition of M, and a,,(A), it means that the

same sequence is used for all § € Z, hence restricting P. When A in (N. is a matrix, everything

holds for the vectorization.
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Lemma A.1. Under (N[l) for A and Ma, P(E4) < an(A), under (N[ird) for A and M, P(E),) <
an(A), and under (Nli1) for A and B and Mypt, P(Expt) < an(AB').

Taking ¥ =r, |DZZT‘OO yields G C G. Assumption permits to work with the smaller
r=r,v/1+ 7,/(1—7,). The union bound used for r, in classes 1-3 does not account for dependence
over | € [dz]| of Fi(8), and so I can be larger than necessary. To account for dependence, we
consider Class 4 presented in Section under which 7 = (ggz(1 — @) + 2¢,) /v/n, where G £
|VnDzE,[ZFE]|s and ¢, > 2max (7,/(1 — 7,), (1/y/1 =7, — 1)) log (2dz /cv,,). Section also
points to useful results for dependent data.

We now provide probabilistic conditions under which we can replace random quantities
appearing in the right-hand sides in Proposition by deterministic ones. These are 7, (/3), and
the sensitivities. For classes 1-3 we set

rn 2 1,Bz/V1I—1, and Gu £{F <1} NEFNEXNESr NEGp) (A1)
and, for Class 4, r, is defined in Section |O.1.1and Ga1 = {F < r,} NEGNELNEL N EGp)- for
alln € N, P(Gay) > 1 — a/tt. We further restrict the class P and add:

Assumption A.1. Let dx,dz > 3, a,, My, Myxt, My, M}, and By (that can depend on n
and dz) positive. P is such that (N[ii) holds for X and MY, (N[i) holds for Z and X and
Myxr. For P from class 1-3, we maintain (N[{) holds for U(B) and My, (N[id) Z and M, and
P (’DZZT‘OO > BZ) < a,. Moreover,

a2l L0 Lo, (X) +a,(ZXT) =0, (A.2)
where oS 2 oy, + o, (Z) + an(U) for classes 1-8 and is defined in Section for Class 4.

n

If D Z is sub-Gaussian, By can be proportional to /log(Cndyz/a,), where the constants C
and of proportionality depend on tail parameters of the sub-Gaussian distribution. Section
presents the adjustments for classes 1-3 with assumptions and

The population counterparts of K s and Kg replace 7 in § by 7, which we denote by ¢:

K¢ 2 {A eR¥™ .1, ’AScmSQh <2 (’ASNSQ|1 +CQ(A)) + ‘ASE? 1}’

Lemma A.2. On the event G4y, we have, for all ¢ > 0,
012](5)<1 —Ta) < 3(ﬁ)2 < UIZJ(B)(l + Tn),

. Ke,s n = K T
VS Cldx], (€ L, > — 1-— , > — 1- ; A4
C ldx] s =T ( /fgl,s) =T, ( Eflﬁ) A
FLO(S) T,
F1S NSl < 5, VL E L, Rels) > rgls) 2 in_(1-—" AD
Zf| Q| s S, - 5 K/Z(S) el RK(S> 1 + Tn S‘Slgl;'g|gs ( /{£17S> ’ ( )

where k)(s) is the population analogue of Re(s). Under Assumption for classes 1-4, we have
PFE<r,)>1-af.
Proposition A.2. We have, for all S, Sy C [dx], ¢ € [1,00], and k € [dx],

(1) Feg_ s 2 Kieas,

(i) maX(Cn(S)_l/qW%OUSO,S, \So|_1/q/wg<(>),s) < ket s S RS u(S) ez s < K s,
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(i) kgs,s < uelS|""V9kp g under Condition IC,
(i) ke s = minges), fe,,9,
(U) Iiggzﬁ Z minkego maX)\:‘)\hSl ()\T\I/.7k — (CH(S) — 1) maxk/# |>\T\I/.7k/|) ZfS Q So,
(UZ) Re,,.S Z maX,\:|,\h§1(/\T\If.,k—i—maxk/?gk |)\T\I/.7k/|)(1+CK(S) Hlan/7gk |>\T\I/.’k/|/lig%o,5)_l and Ry, S Z
I{égou{k} S5
where S £ (SN Se)USE and ¢o(S) £ (14 1,)[SNSq| + 1,]95])/ max(0,1, —¢) if 0 < ¢ < 1,,, else
S £ (SNS)USHUSS and c,.(S) £ ((1+1,)[SNSql + 1,|55] + ¢(1 — min(ry,, 1))[S§])/ max(0, 1,, —
cmin(ry,, 1)).
Moreover, if A € Kg then
Al < ¢x(9)]Agloo- (A.6)
The above statements hold if we replace k by & and ¢,(S) by cx(S), the definition of which is the
same but replacing (1+1,) by (24 1,,) and ¢ by 2c. We also have Rj.s > Rp .

By item in Proposition under Condition IC, we have

Kg,s > max [ sup 77 max A AT (A7)
ne(0,1)  A€Sk(Sm)

where, for all n € (0,1) and k € [dx],

Sk(S,n) = {)\ eR¥ ;|\, < 1,1 +rnax|)\T W /AT ) >0 (1 +Ig}2}k<‘AT\IJ.7k/| //@5175) }

A.1.2. Complements on Section[] Estimation of A is more computationally intensive than STIV
because there are dgdy second-order cones (STIV has 1). For STIV we use the MOSEK solver,
but if dp and dz are very large, MOSEK can fail. For this reason we use an iterative procedure,
which alternates between updating A and 7. Updating A is more Computatlonally demanding, so

we apply FISTA with partial smoothing (|1, 2]). Details are in Section [O.1.4]

We now analyze A, which is a special case of the C-STIV estimator presented in Section
0.1.4] applied to a system of dg equations. We also allow for approximation error, as in Section
A.1.4. We denote by G(b) = ZW (b) and

g & max [Ex [Tf’k<A)1|2 <71 -
= | seldslkeldx] B, [Ty (A)2)Y

The cones used to establish the rate of convergence of A are sets of A’ € M, a4, such that

K2 A 1,(1= V) [ Al € (14 V) AL}, K 2 {A: 1(1= A A%, < 2+ M) A%}

where |A%|; follows the obvious modification to our notation in which one sums the absolute values
of the entries (k,l) € S C [dg] X [dz] of A’. We use £’, F' to denote the population sensitivities using
the cones above defined identically to k, &, replacing |VA|, by |A'¥|,. Since A can have more
than one column, we use the operator norm from ¢” to (7 which we denote by |-|,,. We denote the
population sensitivities for those losses by &, 5 Foyp.0) 5+ We also define p?% as p?X replacing
Dy (resp. Dx) by Dy (resp. Dx) and P(3, A) the distribution of (X, Z,U(B), T(N),AZU(p)).
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Assumption A.2. Let M}, Mg, Mag, Mpzxt, g2 > 0, (By)nen such that B, > 1, (pZX)nen,
and j € [3] and a prior value of the parameter of Class j, such that, for all (8, A,P) such that
(B,A) €Zy : P(B,A) € Pp, 1 € 2] andn € N,

(i) Assumption holds and P (p?* > pZ*) < au,;

(i1) (Nliid) holds for T(A) and M

(i1i) (N{d) holds for G(B) and Mg;

(iv) (N{1) holds for AG(5) and Msq;

(v) ‘(max ( {((DAG(B)A)L. G(ﬁ))ﬂql} E [((DAG(ﬁ)A) 2+‘11D)

(o) mas (2 [(|DacnAG(S)] . /1) "] E [(IDrcnAGIEL, B)"]) <2
(vii) The distribution of T(A) belongs to Class j replacing o by au,;
(viii) (Nlid) holds for EZX T and 4M -+ ;
(iz) a2 — 0, where
ap® 220+ ¢ + o(dz, ) + 1(dg, n) + Ox(da(dg + 1) /2) My / (n7) + afy + )€, (A.8)

(Cn) :3an+an(ZXT)+an+afc+l’(d¢7n)7 Cllﬁan—i_a +05 +[’(d<157 )7
o(d,n) 2 Cy ((Bg (log(dn))" /n)""® + (B2(log(dn))*n~2/=)" 3) vd € N,
Yz € (0,1), p(d, ) £ Crz'/3 max (1,1og(2d/x))**, C\ is constant and Cy can depend on g,
=P(&%), E£G NG N{p?X < pZXINnéErEN Sg(ﬁ) NE&.

Prop051t10n A.3. When Py is such that Assumptwnm . . . and (N@) holds for Z and
My, then for all (8, A,P) such that (8,A) € To and all solution (A,7) of (31 (B1) with A € (0,1), w

have, on &,

B(h

(i) Porall ¢ € £, ¢ ((R =) D) < 2/HERSMLE),
nfy s(n)
V< (1+7,)2(A) 1+w
eg(A) S(A)
where T7.(S) = (14 7,)7 (rn//%m) G X (1 + Tn)/(A,@-'1 ));
(i) |(A=4) D2 < & minsciagcia maX( R EORE) 23 [Ase Dy )
1 " B R g

ZX 1 ZX
-~ pn : —npn (1 + Tn) Tn
< —
v<(1+m) (Z(A) + Jnin max <2E(A) (7 < s ol <_lgl S)) 1) :
3|AseD7',
2v1+T1, ’

where I'(S), given by replacing Ky .., 5 Zl by Fytoe.00) 55 Ky g

We denote by v2# and vn ) the upper bounds on the right of . and . (taking |DAG

|oo,000w (g) for £, |Dag - ]OO’OO in Sectlon . and multiplying both sides by |Dag ()|~ in case )
which can depend on (8, A). For coverage guarantees we use:

Assumption A.3. Py is such that Assumptz’on holds and, for all (5,\) € Zp, we have
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(i) 200 < 1;
(i) ¢, > max (20F, 207, 40P log (2de/cv,) /(1 — 200), vE);

wherev £ /nudPrEi(|Dag )AD YooooF O fav 8)) (V3T A/MrEugy ), v & /nodPr, /1 — 72,
= fff2log(2n/ozn) By\/1+ 1, 1 is obtained like 1, for Class 1 replacing o by o, and dz by
2dz, and

vy 2 0BV 1+ 70+ (|Daci)ADZ' | o+ va”/ows) (vipn™ + BzV1+ Tuvay) + T,
of 2 V([ Dacn]. SOV + [V (B)])
+ (\DAG(ﬁ)ADél\w,m - Uﬁ’ﬁ/UW@) vax V1 T”) /(1 =),

The coverage result that we obtain is more general than stated in Theorem 41 It is for
approximately linear functions @3 + V() for V(8) € R% and is stated as

P<¢5+V(6) e@) >1—a—atk

We provide analysis under conditional homoskedasticity in Section [O.1.5]

A.1.3. Complements on Section @ We denote by %y (3,0) = maxjese ((Dz)iom,50)), T(8,0) =

ZU(B) — 6, and
i {ZGSE E, [11(8.6)? }”2 S‘"}' )

We modify Assumptionby replacing {|DZZT|C>o > BZ} by {‘(DZZT)SL.}OO > BZ} and
adding P (ﬁg{( > P§?n> < ap, (N for (T'(3,0))iesc and My, and a,(T) — 0. Theorems
and use vectors of functions which have s, s as arguments and we denote the evaluation using

4 arguments. The population sensitivities and their lower bounds replace |WA|,, (resp. r,) by
|(WA)s, | (resp. 1), re(s) is defined in Lemma [A.2] and #¥(s) is defined similarly from 7Y (s).

Theorem A.l. Let s € [dg], § € [dz —d\], ¢ € (0,1/rf), and ¢ > 0. If P, is such that
Assumption holds then, for all (B3,6,P) such that (8,0) € Isz, and any NV-STIV estimator,
onGi NG, NG,

T+ 7@ (5,15 (0)],8,0), (A.10)

-9,
where @(s, s, 3,0) = 2y ([;f'sv/E) (7‘#21 (8,0) /1, + 6 (s, 6)), §Y(s,B) = (s, 8)/kY(s), and §(s, B) =
2ry (rﬁ/mg(s)) ou@V1+ (1 + QT#FH<S(ﬁ))/(CH%(B)nSQ 55)))-

By (Nli) for Z, X (which is part of Assumption [A.1)) and the computations in (O.27), on
Gar, £Y(s) > kn(s)(1 — 7,)/(|¥]e + 7). Recall also that k,(s) = rp(s) under Condition IC,
otherwise it depends on the LP used to compute K4(s). For the second statement in Theorem -

W (s,s,[,0) is obtained by replacing 5 and 0% in the definition of & (A) by their deterministic upper
bounds. For 6~ we use psff d(s,B)/ke(s). The deterministic upper bounds on § and 6% hold on

Gging 4N G and are obtained using Lemma .
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A.1.4. Systems of Equations with Approzimation Errors. To allow for approximation error we use
U(B) =W(B)+ V(B) and suppose that holds with W () in place of U(8) and V(p) is a small
approximation error, for which we assume that oy g < vy, for vy, decaying to zero with dx.
The assumptions previously made on (X, Z,U(f)) are made on (X, Z, W (f)) and Z is modified
accordingly and incorporates oy (g < v4,. The model with approximation errors allows for the
structural equation

Y = f(X)+W, E[W|Z] =0, (A.11)
where f € S, and for functions (g;\ )reny and a decreasing sequence (vgy )dyen,
dx 2
Vdx €N, f E X)=> "o (X))o <2 . A2
x € Noup ol (9() > o (%) ) (a12)

The rate of decay of (vqy )ayen is usually taken slow so S can be large. It corresponds to minimum
smoothness but f can lie in a class of smoother functions. The model with approximation error

involves X = (g (X),..., g (X)), V(8) = F(X) = T, g (X)Be, and 0y(s) < vay. V(8) is the

error made by approximating the function in the high-dimensional space, and vq, = o(n~"/?) for dx
large enough. For well chosen classes S and functions (g% )ren, the vector 3 € Z is approximately

sparse. We use IVs which are functions of Z.

We consider a system where Y, U(),V(8), W (8) € R, U,(b) £ Y, — X Tb.,, B € May ac,
Sq,S1 C ldx] x [dg], and ov,g) < vg.4y for all g € [dg]. This is the setup of Section [6.2 where X
is used in all equations. Else, a simple modification applies. We now define:

Definition A.1. For c,v > 0, the E-STIV estimator (3, 3) s any solution of

min  (|Dx'bs,|, + clol) (A.13)

belp (7,0),0>0
where, setting for allb € Mgy a4, and g € [dg], 7,(b)* = E,[U,(b)?],
Zg(7t) £ {b e B,VYg € [dc], DZE,[ZU,(b)]| , < Toy+ (F+ 1)0,,0,4(b) < 04} -

For a nonparametric model one can take v = /1 + 7,v4,. The E-STIV can also be
used when, for i € B C [n], the outcomes are bracketed. Then, we let for i € B¢ y; be the observed
outcome and v; = 0, while, for ¢ € B, y; is the midpoint of the bracket. One has |v;| < e;, where ¢;
are half-widths of the brackets and we let v =n"")",_pe? and v = E,E[1{i € B}ef]. With dg
equations, we allow for cross-equation restrictions, and the number of equations dg can depend on
n. The E-STIV estimator is used in Section [6.2]

To allow for approximation error, we modify P so that W (/) plays the role of U(8). For
simplicity we only analyze classes 1-3. We choose r,, and r,, as in Section replacing a by a/dg

and use G £ {maxge[dc] 1etaz) [En [ZW,4(B)]| E,, [ZQ] 2R, [W, (8)2]7* < r,} and Gy is defined
in Section replacing EU(B by 5\/( g N Evr )» where the probability a,(U) in the definition
of af is replaced by 2dga,(U). The population sensitivities are obtained replacing |WA| b
S06 (WA |, Ke and K by Ks 2 {A € R ¢ L|Agnsoh < [Asngyli + cg(A)} and K
where the right-hand side is 2(|Agnsgl1 + ¢g(A)) + |[Asg |1, 9(A) = ra(B)Ag 1 + |Ase

r(B) £ Maxge(dg] Min(ry, + (7, +1) max (0, 1L,ow,s)/Vg,ax — 1)~1 1) replaces r, in the sensitivities.

1, and
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Proposition A.4. For all (3,P) such that 8 € T, assuming as well E,[v2 ; ] <02 on Gar and all
solution ( ,0) of (A.13 -, the following hold on G N G4y

(i) For a sparse matriz 3, for all ¢ € L, we have

¢ (D;(l (3— B)) < 2 (Z ow,8) + (rn +2) vy, dx> L. (S(8));

IIRIE)

(i) For all S, Sy € [dx]%, and q € [1, 0], we have

R 6
’Dxl (5 — ﬁ)so . < max ( an (Z ow,(g) + (T +2) Ug,dx) I'=(9), 1, ‘DX1550059‘1> :

In a model with V,(5) = 0, we take v, = 0 and can derive the same results as for the STIV
estimator, including the confidence sets. The confidence bands of Secti/ozl [ are easily adapted. For
the equation g confidence band 64579, we use E-STIV for 3 and replace @3 by @3, , in equation (32)).
Assumption uses maXge(dg] |Dy! (B B). 41 < v? and replaces quantities on the right-hand side
which are spec1ﬁc to equation g by the maximum over SRS [dg]. Theorem u 4.1|is modified to replace

P(op € 045) >1—a—a? by P(®8.,+ V,(B) € C'q;g) >1—a—a2? Vg€ [dg]. The term
DB, + V,(B) for V,(B) € Rd¢ is the equation g approximately linear function (see the proof of
Theorem . The proof of Theorem allows for approximation error and extension to systems is
straightforward. Proposition considers losses useful for a system of nonparametric IV equations
and rates of estimation of oy, ) for the confidence bands under conditional homoskedasticity in

Section [O.1.51

A.2. Proofs of the Results in the Main Text. Proof of Proposition First prove the
first inequality. Take 8 € Z and set A 2 Dy'(8 — 3). By definition of Z and 7(8) = E,[U(B)?,
on G, we have g € Z(r,0(8)). Also, on G,

V3| < |DaE.[ZU(B))| + [DaB.[ZU(B)]l <75 +5(8). (A14)
Also, (B, 0) minimizes the criterion !Dil 5!1 + co. Thus, on G, we have
D! Bsq | + & < DX sl + (8). (A15)
This implies, on G,
lﬁsw)cmscg‘l = > ‘En[X;?]m@k‘ (A.16)
keS(8)°NSq
< > ([ £, (X725 ) + ¢ (3(8) - 9)
keS(B)NSq

< ’35(5)%@‘1 +c (8(5) -0 (3)) .
The last inequality holds because by construction 8(3) < . Since b — /d(b) is convex and
w, £ —E,[XU(B)IE[U(8)’] " *I{EA[U(5)*] # 0} € 95(-)(B).
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we have 5(8) — & (5) < w] (3 B) — (Dxw,)" Dy! (5 - B) — — (Dxw,)" A.
Now, for all k € S;, we have |(Dxw,),| < 7 on G. This is because these regressors serve as their
own IV and, on G, 8 € Z (r,,5(5)). Also, for all rows of index k in the set S¢,

(Dxw,),| < B [XoU(B)]| Ea[ X2 /2R, [U(B)2] /2 < 1
due to the Cauchy-Schwarz inequality. Finally, we obtain

5(8) -5 (B) <7 |8,
Combining (A.17) with , on G we have NS KS . Using (A.14) and (A.17), we find

)@B < ?(a+a (3) +38)-7(B)) < ?(%w‘AS,) + (Asf 1) . (A.18)

(A.17)

+ ‘35;

The definition of the sensitivities yield, on G, ‘\IJA’ <r <20 +7 AL ) hence

Kg,5(8)

74

S 2%’}/ (?//I%’g\75(5)) . (Alg)

A.19) and the definition of the sensitivities yield the first upper bound. For the second, we use
A.14) and item (i) in Lemma[O.1] We now prove the second inequality. Take § € Z and S C [dy].

Acting as in , on G,
> [BXR Y [Bx 6

kESCﬂSQ kGSCﬁSQ

< > ([EaXE 25 - [BaXE25) +2 Y [ElXE 2]+ (5(8) - 7 (B))
keSnSq keSenSq

< ‘ASHSQ . + 2 |D}_(155CHSQ|1 + cr 351 . +c ‘AS§ .

This yields |Agensy |1 < [Asnsgl1+2|Dx Bsensg |1+ | As, [1+c|Age
by considering two cases.
Case 1: 2|Dy' Bsensolt < [Asnsyli +cFlAs, |1 + c|Agey +[Agg |1, then A € K. From this and the

definition of /_f;gg g, we get the upper bound corresponding to the first term in the minimum. To
07

1. We show the first inequality

obtain the Asecond term we use the first upper bouAnd in item (i) in Lemma . R

Case 2: 2Dy Bsensg 1 > [Asnsg 1 + FlAs, |1 +c|Aseli + [Asg 1, 50 [Alr = [Asensy [1 + [Asnsg 1 +
A |1 < 6Dx Bsens, 1.

In conclusion, |Ag,|, is smaller than the maximum of the two bounds. O

Proof of Proposition 3.2. We use |Agns, |1 < min(s, 1SN SQ|)|A§05Q|OO' The last constraint

gives rise to the union of sets involving the linear constraint [Agns, |1 < min(s, |§ NSel)|Agl, hence
the second minimum. We conclude from the definition of the sensitivities, the cones K g, and the
fact that minimizing on a larger set yields lower bounds on the sensitivities. ([l
Proof of Theorem %and follow from the second bounds in Proposmon and Lemma
| Part (i) follows from ) and (i) with ¢;(A) and the fact that the assumption on || implies:
ﬁk 7§ 0 for k € S(f) (resp., S, as deﬁned at the end of Section . O
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Proof of Theorem Fix s and /8 in Z; and work on G N G4;. Using lemmas 7?7, and
(), we obtain @ (s) < w(s). The following two cases can occur.

First, if k € S(6)° (so that §; = 0) then, using the bound in (L1)) for ¢ defined by ((A) = |Ag| we
obtain E,, [X2]1/2|6k| < Wi (s), which implies 5k = 0.

Second, if k € S(B), then again by (L1]), we get 1BE| = 18]l < 1Bk — Be| < @i(s)//(A — 7)) E[X?] <

()/ /(L= m)EIXZ). Since |B] > 2wy(s)/y/(L— m)EIXF] for k € S(8), we obtain |3 >
/m>wk (5)/En[X2]"2, 50 that 32 = Bi. -

Proof of Theorem The elements relative to assumptions and estimation of A are in Appendix
A.1.2, some of which are used below. Take (8, A) € Zp and let

E2. 2 {VI € [dz], |Ea[GI(B)E| > r/Eal(GU(B)E)]?, [BalZ1V (B)E| > ryEal(ZiV (B)E)*])/?} .
We use max (v1+7,—1,1—y1—-7,) =1—+/1—7, <7, and, for all a € R, b € R,

E, [ (a"2X70)*] = (D;'a) "B, [D7ZX 0" XZ7 D7) Dy < | D al} | D[} (7¥)2,

ViDyyir (95— @8 = V(8)) = R+ viDy a3 AB,[G(8)],

R = \/iDg 3 ir (cp AR, [ZXT]DX)A ViDg5)3- V(8) + VDy 53+ AE, [ZV(8)]
VD 5ar AL G| . T 2 |ViaDagn AR, [G()]|
Too 2 [ViDac@AE. (G|, Gor 2 |[ViDacwAE, [FDE]| .
Gao £ [VnDac(s)AE, [G(B)E]|

We now work on G N & of probability at least 1 — o — a2¢. For all f € [dg], we have

1/2
(Dacs )f f

Ty =

~E[(AnG(8)*]

En [ F(3)]

<. |((Dacin), (R 2XT(B =54 V(8) + W) - Ar2w () )| T
= En [((DAG )ff (A Af,-)ZW(ﬁ))Q} 2
1/2

+En[((DAew>)ff<A — Ay, A2 <XT<6—B>+V<5>>)2} + 7 <op

We have obtained ‘DF(E)KTDXé(ﬁ)‘ < 1/(1 =vP). On GNE, |Rle < off and |Tp — Tpy| <

Tp1vP /(1 — 0P, | Tey — Taol < vk, so [Tp — Two| < (Teo + vi)vP /(1 —0P) + 0T
Also, on GNEN{|E|, < 210g(2n/an)}080E05}32XT of probability at least 1 — a2 —a?¢ —2q,, —
ozn(EZXT) |Gs — Gg1| < Gg1vP /(1 — vP) and by convexity

ViDsa (A= A) B, [ZW(B)E)|
+ |ViDacs (R = A+ A) (Ba [2XT] (8- B) + Ea [V(B)B]) | <of,

[e.9]

|Ge1 — Gaol <
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hence |Gy — Gaol < (Goo + 0502 /(1 — D) +0¢. By Assumption (i), we have (¢, —vl)(1—
vP) fvP — ol > ¢, (1 — 20P)/(20P) and the same replacing vl by v<.
Using and 21og (2dg /) > qng, (1—ay,) where Ngg = |DAC,~(5)AEG<5) ‘Oo and Fg(g) is a Gaussian
vector of covariance E[G(8)G(B)'], by (which hold with obvious modifications), we get
P(|Te — Too| > ¢n) < ¢ and P (IP <|G¢ — Ggo| > Cn|ZKT> > QA) < (},. The second inequality
uses the Markov inequality and the law of iterated expectations. We conclude like in Section

and the proof of Class 4 (see Section [0.1.1]). O
Proof of Theorem [5.1] It is given together with the proof of Theorem [A.T] O
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ONLINE APPENDIX
0O.1. Complements.

0.1.1. Complements on Section . The following propositions establish lower bounds on kg g
when Z = X, dg = dx, B=R¥. Let S C [dx] and ¢ < 1/7. We have
KsCCs2 {AeR™: (1—-cP)|Asch < (14 cF)|As|i}.
We define the following generalizations of the restricted eigenvalue (RE) constants
A ATIA s S| |ATTA|
FRE,S = AeRdX\I?O}: A€Cy W’ FRES = AERK\%{%{Z AeCy W
Proposition O.1. For any S C [dx], we have

>1—c? >(1—c?)2, >(1—c?)2

K —K — K ~——KRE.S-

n.Ss = 9 05,8 = 4|S| RE,S — 4|S| RE,S

Proof. For A such that [Age|; < 3% |Ag|; we have |A]; < 12-|Ag|y. Thus, one obtains

|AT@A|<]A|1]@A|OO< 2 @Aym< 4 VAl

Asli = [Asf T 1-a |Ash T (1—a)? |Al
Taking the infimum over A’s proves the first two inequalities of the proposition. The second
inequality uses the fact that from Holder’s inequality |A]? < |S]|Ag]3. O

We now obtain bounds for sensitivities kg g with 1 < ¢ < 2. For any s € [dx], we consider
the restricted eigenvalue constant: rrg(s) = minjsi<s ArRE,s-

Proposition O.2. For any s,m € [dx] such that s +m < dx and q € (1,2], we have

1/2—1/q
m> s Yikpp(s+m), V.S: |S|<s,

Rea s Z C(q) (1 + ;

- - -1
where C(q) = =< (1 + LT (g — 1)—1/(1) .

2 1—cr

Proof. For A € R%¥ and a set S C [dx], let S; be the subset of indices in [dx] corresponding to
the m largest in absolute value components of A outside of S. Define S, = S U S;. If S| < s we
have |S| < s+ m. It is easy to see that the k' largest absolute value of elements of Ag. satisfies

|Agc (k) S |Asc 1/]{? Thus,
asli= TIar= 3 lasly <lash 3 &< 05
S lq J Sel(k)y = 12511 kq—(q_l)sq—l'
JESE k>s+1 k>s+1
For A € Cjg, this implies
|Agc |q < |ASc|1 < CO|AS|1 < COlAS|q 7
+ (q — 1)1/‘131—1/‘1 (q — 1)1/q51—1/q (q — 1)1/q
where ¢y = iffg Therefore, using that |Ag|, < |Ag, |, we get, for A € Cyg,
|Alg < [|As, g + |A53r ¢ < (1+colg— 1>_1/q)|A5+|q
SO

Al < (1+colg = 1)) (s +m) V12| Ag, o, (0.1)
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< Qﬁ’ASb < 25

IATUA|  A[LTA| 25 WA my Ya—1/2 sV WA |
e (AL
A [As, 13 (1 —cr)|As, |2 s Clg)lAlg

Using |S;| < s+ m we have proved the result. O

Using (0.1) and |A[; < 2=

for A € Cg, we get

We conclude this section by mentioning that, without endogeneity, the sensitivity k. g shares
similarities with the characteristic introduced independently in [10]. It differs in the definitions of
Kg and U and in that it does not involve scaling by |S|*/. Moreover [7] shows that previously
introduced measures are computationally infeasible to verify but that the sensitivities that we
introduce in this paper have desirable average-case perspective relative to NP-hardness in addition
to them being weaker and more general than the others.

To tighten the bounds in Table [I| one can specify a small set U C [dx] and include the
additional constraint p; = n;A;, Vj € U in the LPs of Table [T, where 7; = *1 is the sign of
Aj;. Since the signs are unknown, one replaces minge(q,] by MiNge(dy ) y=+1vjer in Table . This
augments the number of LPs by a factor of 2/YI. In our simulations we take U = S¢ to construct
lower bounds based on a sparsity certificate. The deagn is such that |U| = 2. If constructing lower
bounds using S of small cardinality, we use U = S.

Other bounds can be derived from Proposmon and the following Proposition. Similar

bounds can be obtained for the sensitivities based on Kg (see [§]).

Proposition O.3. Let S € [dx], ¢ >0, and 7 < 1. We have

-1 -1
R 2 1 c . 2 1 c(1-7)
’LiEl,S Z max ~ + —I— o~ ) /y(clr) -~ —I— + )
/fzgmsQ S ’fz}gé s kgs KoL oS "W}gé S ’WSC,S
-1
2 1
v(e) | = + = ; (0.2)
KK.ISOSQ’S /{/Z,ISE?’S
—1 —1
. . 2r T 1-7 T 1 .
Rg,s = max [ | y(cr) | = = t= A= += s (0.3)
f’ve}mQ s fle%,s fﬂzgc,s ’izgl,s ’fegc,s
In the cases where S C § C S(B) which we consider, we can use ¢,(S, S(8 )) < H(S\ S(A))
and S(S,5(8)) € (SN Sq) U ((S§USH)NS(H)), when 1 < ¢ < min(7,1)7", and S(S,S(8)) C

(Sn Sq) U (S5 N S(B)), when ¢ < 1.
When |S N S| < s, we have ¢,(5, S(ﬁ)) < Cu(s) 2 min(cs (), c<x(5)), where

en(5) 2 () (2s+\SQ|+c (1-7) (|5mSQ{+mm(|smsQ| s+ SIﬂSQﬂS(B)D>>

and c..(s) = (25 + 1S§[)v(c) and §(S, S(a)) C S. To compute a lower bound on 7%51(3\), one
can rely on in Proposition [A.1] to obtain a lower bound on K, g and multiply it by
5(3,5(8))’

¢(S,5(8)). To compute a lower bound on %p (s), one can use ¢, (s) "Ry (s).

~

The lower bounds in Proposition can be adapted to the sensitivities ® using sets B
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instead of B involving the restrictions —p < A < i, —v1 < WA < v1 and (1=2¢7) > pes, e+ (1—
2¢) D kese Mk < 3D pegnsg Hr 2 Zkes& pu, for B(S) and (1 —2¢7) Y2, g, i+ (1 —2¢) > kess P <

3spy + 2 Zkesc pux for B(j).
We now present the adjustments for classes 1-3 with assumptions [A.T] and [0.I] under inde-
pendence between IVs and structural errors.

Assumption O.1. Let dx,dy; > 3, My > 0. For all (B,P) such that B € Z, (N[z]) holds for
U(B) and My and (NJii) holds for Z and M}, we have Z and U(fB) are independent, and

e (|6 / E B0 - 1|

] < Mgyr.

This is a condition of type (N.. Assumption permits to work with 7 =r, /1 + 7,/(1 —
Tn), which is smaller than 7 =r,, |DZZT ’oo as in the main text, and have

inf P(G)> inf P(G)—af,
(B,P): BeT (B,P): Bez

where a¢ = a,(U) + a,(Z) 4+ a,(ZUT), because

gn {max E. [(F1(8)°] ] (BalZPEA[U(B)]) < (1 +70) /(1 ~ Tn)Q} cg.

l€[dz]

Combining Assumption with any of classes 1-3 yields an upper bound on the coverage error,

also denoted by o, which is the one above plus af.

We now present Class 4.
Class 4: dy > 3, My, Mz, M}, q, > 0, and a sequence (By)nen such that B, > 1. For all (5,P):
B €T and q € (2],

(C4.d) E[U(B)? Z] = o4

(C4.1i) (N[) holds for U(B), Z and My, My;

(C.id) ‘(max <E[((Dz)uF’z(ﬁ)/ou(ﬁ))“@] E[((Dz”Zl 2+q1D>

(Cd.iv) max (E [(|DzF(B)|., /(Bnov))”] .E[(|DzZE|, /Bn)"

where E 1s standard normal independent of Z.

For the corresponding 7, for all n, we have P (G) > 1—a —a?, where af £ 2¢! + (C;)Q—i—go(dz, )+

W(dz,n) + an(Z2) + a,(U) and (')? & a, + t(dg,n) + an(Z). Also P(r <7, >1-af where
£ (2log(2dy/(a — ¢ — p(dz, 7)) + 3¢,) /v/n and af £ a,(Z)+ (.. Proof. Let 3 € Z. Define

Vi Vi

3(6) ou)

Ty, Go, and Ny = |DzEz|, where Ey is a Gaussian vector of covariance E[ZZ "], have same
covariance matrix, indeed

< Bui;

TA

DzEn[Fw)]\ T

[e.9]

DZEH[W)]\ | Go 2 |VAD/E,[ZE]| .

[e.9]

U(p)?
T(s)

E|D;ZZ"D;—; =E|D,ZZ"D,RE 7

= E[D;ZZ" Dy.

u(p)*

U8
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Let us show that, for all @ € (0,1), |P(T < qgz(@)) —a| < of. Using (C4., (C4liv) and

Proposition 2.1 in [6], we obtain

supmax (|[P(To <t) =P (No <1)],|P(Gy <t) —P(Ny <t)]) <i(dg,n). (0.4)

Indeed, by (C4, the law of iterated expectations, and independence between E and Z, for all
2 2
Vi € [dy], E {((DZ)I,ZFZ([B’)/UU(B)) } ~E ((DZ)U ZZE> 1 — 1, so Condition M1 in [6] holds.

By the arguments in the proof of lemmas [A.2] and Lemma 3.2 in [5], denoting by g, z(®) the «
quantile of G given Z,

min (P (qoo/2(0) < ax (@ + (dz, 7)) P (an, (@) < qyzla+ 9(dz ) = 1= an(2). (05)
For all o € (0, 1), we have, by (0.4)-(0.5),
a—pldz, 1) —a—udz,n)—a,(Z) <P (TO < qGO‘z(a)) -,
P (To < qaoz(a)) —a < a+¢(dz, 1) — o+ (dz,n) + o, (Z)
SO
‘IP) (Tg < qGO‘Z(Oz)) — Oz‘ < p(dz, )+ t(dz,n) + a,(Z2). (0.6)
On &%, we have |G — Go| < (1/v/T—17, — 1) Gy, hence, by the Markov inequality, the law of
iterated expectations, and the second bound in (O.4]),

PP (G = Gol > Gl Z) > ¢) < G (0.7)
On &% N &f, we have |T — Ty| < 7,,70/(1 — 7,,), hence, by the first bound in (0O.4)),
P (T —To| > Ga) < (G)* + an(U). (0.8)

Using Lemma 3.3 in [5] and (0O.7)) in the first display, and and in the second,
P (T -2 > qez(l — ) <P (T = (o > qeoz(l —a—¢)) + ¢,
< a+2G,+(G)" + e(dz, ) + 1(dz,n) + an(Z) + an(U).

The bound r, on 7 follows from Lemma 3.3 in [5], (O.5), and for all & € (0,1), qn,(a) <
2log (2dz /).

Other classes can also be used. To account for dependent data one can use [4] and [11] for
results involving respectively self-normalization and the bootstrap (see also the references therein).

0.1.2. Addz’tz’onal Material for Section E Hermite polynomials are orthonormal in L2(p) 2 {f:

Je f(@)?exp(—2?/2)dz < oo} equipped with (f,g)r2( = ([ f(2)g(z)exp(—2?/2)dz) /21 de-
fined for f,9 € L*(u1), hence Dy = Dy = I. Basic properties of these polynonnals yield for [ € [d]
and k € [dy]

Uy = E[h_y(Z)hypr (X /72 + 02)] = E[hy_1(Z2)Elhp— (X /V 7% + 02)| Z]]

—E |h1(2) (ﬁ)m hi(Z)] = (ﬁ)m 10 = k).

We now comment Assumption SV(q) and the results (Theorem 1 and 2 and Corollary 1

and 2) in [3]. [3] introduce the sparse singular values for the matrix ¥ and the bounds are for the
sensitivities rather than for the population ones as in this paper to obtain deterministic bounds.
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Assumption SV(q, (0,,)nen, (6n)nen, (In)nen, o) (i) is from Theorem 1. Choosing I, = 4giui/éi
(resp. 1, = log(n) and §, and 6, constant, in which case, for n large enough, I, > 4giui/§i)
corresponds to the choice made in Corollary 1 (resp. Corollary 2). As is apparent in Theorem 1
and Corollary 1, an unpleasant feature of Assumption SV(q, (8, )nen, (07 )nen; (In)nen, m0) (i) is that
én,gn depend on [,, which depends on én,gn. Theorem 2 gives yet another bound on the C-STIV
(see Section [0.1.4)), however it is neither a rate nor a result that can be used to form a confidence
set. It has a high-level assumption that a random counterpart of (a more complicated one due
to a maximum) is an event of probability converging to 1 while we use the function . In contrast
with G N GY, the probability of the event depends on the dependence between X and Z, and can
be close to zero. Condition IC is used because C-STIV does not allow ¢ > 1.

Using ideas in the proofs of Proposition and Theorem 1 in [3], and the notations in-
troduced for Assumption SV(q, (3, )nen, (90 )nen, (In )nen, 10), Proposition below gives a lower
bound on k1 g which is tighter than (but in the same spirit as) the one derived from SV(1, (8,,) nen, (6n)nen, (In),
(i). From it we can easily derived results on rates of convergence as in Corollary . The lower
bound depends explicitly on S beyond its cardinality. We can bound the other sensitivities from

it using (19). It yields

1
Kpg > SUp — = MAX ————— min (S, S1), 0.9
o n€(0,1) Uy | S| mem(n) L+m/|S| SICS ( 1) (0.9)

where, for all 5,5 € [dx] such that S; C S¢,

Umin(sa Sl) = m?dx] O-min(\PR,SUS&)a
zZ
|R|=|S|+51]
o S,51) = min max o W riss).s
max(5, 51) R(S,51)ER(S,51) S2C(SUS1)® max(Vr(s.50).52)
|S2|=|51]

R(S,S1) is the collection of sets R C [dz| which achieve the maximum in oy, (S, S1), and for all
n € (0,1), M(n) C [dx —|S]] is the set of m, such that, for all S; C 5S¢ with |S;| = m, there exists
R(S,S1) € R(S,S1) such that

IS
( - 1) | ’ max O-max(\I]R(S,SQ,SQ) S (1 - n)amin(87 Sl)

m S2C(SuUS;)©
|S2|=|51]

Proposition O.4. Under Condition IC, we have

1 1 . /15]
Kpg> ——— max ——————— min | oyuin(9,51) — (ux — 1)4/ —max (S, S .
S — uK’S‘ meldx—|S|] +/1 —i—m/]S] él%f; ( ( 1) ( ) m ( 1))

Proof. Take A € Kg, S; the set of m largest entries of A of index in S¢, Sy the subsequent m
largest in S¢, and so forth, U(S, S1) (resp. V(5,S1)) the matrix formed by stacking the left-singular
vectors (resp. the right-singular vectors), and A € RISI#™ such that U(S,S1)"TA = V (S, S1)  dsus,,
where dgus, is the restriction of A to SUS;. Let R(S, S1) € R(S, S1) which minimizes the expression
in the definition of 0y,.x(S,S1). By the inverse triangle inequality,

Tunin (S, S1)|Asus, 5 < [ATWrs 51,508, 0sUs, |
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<IN s s, 0s, |+ A PA

j>2
<IN Wresisn).8,0s, ]+ VIST+m|Asus, 2 [TA
j>2

For 7 > 2, we have
N Ures,sn) 5,08, < |/\T‘1’R ,51),5; 121 As; |2

< \/_EM Wr(s,50),9, 2| Qs 1 < (S, S1)|As,_, 1] Asus, |2,

1
~—7—0Omax
A/m
so, using A € Ky in the last inequality,

U — 1

;|AT\I}R(5751),SJ-5$]-| S~ Jm ——— Omax (5, 51)|As 1] Asus, |2
This yields
—1
Umln(s Sl)lASU51|2 - Umax<S Sl |AS’1 V ‘S| +m |\PA‘

\/ﬁ
and by |Ag|i//|S] < |Asle < |Asus, |2 and |A]; < uglAgly,

/151 o VA
Omin(S, S -1 Omax (9, S < x
u,£|S]\/1+m/|S ( ) = (= Dy oma( 5, 51) AL
We obtain the result because in the above expression S; depends on A and m is arbitrary. [l

O.1.3. Bounds for o(53), 3(3) and o and Nonparametric IV. We use Lemma to prove Propo-
sition and Lemma to prove Theorem
Lemma O.1. For all (8,P) such that 5 € Z, any STIV estimator and ¢ > 0, we have, on G,

(i) for sparse vectors

?
L 08) < 95
o+a(B) <20(8)y —/’%%(5)05@75(5) ,

(i) for arbitrary vectors

7 +5(8) <2 min max (aww ( < ) )+ IDxlﬁsms@}l) -

SCldx] CRj, g

Proof. By (A.15) and the definition of &k Ry, (s SB)

co < |AS(,8)OSQ|1 —|—60'( ) < |\I/A|oo//€€1

5(8)Nsq

S(8) + co(f), (0.10)

and, by adding ¢ (/) to both sides and (A.14]), we obtain the first term in the minimum.
To deal with approximately sparse vectors, we use that in Case 1 in Proposition

o1 - 15 ~
o< E <|Dx155‘@|1 - ’Dxl/BSQ 1) +U(5)

1 . ~ _ ~
< ~min (‘ASQ X T ‘DxlﬂscmSQh) +a(p) (0.11)

) ‘ASQSQ
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< Emln (‘ASQ . s 5 <3 ‘ASQSQ ) +cr ASI . +c AS; ) + ‘Asgg 1)) —|—O'(B) (012)
#3

< —=—>+0(P), (0.13)
CRE,S

which, with (A.14)) yields the first upper bound. We obtain the second one using the inequality in
Case 2 in Proposition and ((O.11]). O

Lemma O.2. We have 8(3) < 7 and, under the assumptions of Theorem on GNGas,

(i) for sparse vectors

HUU(B) (1 _ QT’nF,{(S(ﬁ))) < ZT\(B\) <5< mUU(B) 1+ frnrn(s(ﬁ)) :

Kg,5(8) Py ynsg S8

(i) for arbitrary vectors

2r,I'z(S) 2 _ o~
V1—1, (O’U(B) — min max (O’U(B) = S( )’ 2 |DX155mSQ|1>) <a(p)
g,

SCldx]
27‘nI‘,€ S _
( ),3|Dxlﬂ3cmsQ}1>)-

Proof. The first upper bound in (i) comes from (A.17) and Lemma The last one comes from

the first inequality in and Lemma
Similarly, the first upper bound in comes from , Lemma . and the fact that in Case

2 (see the proof of Proposition |3_1I) g(A) < 2|(D X ﬁ)gcmsQ| /c. The last one comes from the first
inequality in (0.10), (O.11)-(0.12), and Lemma
We now present the following complement to Proposition We use Ux = DxE[X X | Dx.

1
oc<V1+m, <O’U ® t-= m[m]max <UU(5)

Proposition O.5. For all (3,P) such that § € T, assuming as well Ey[v? ; ] <02 on Gar and all
solution <B, 0) of -, the following hold on GNGay (on GNGa1 NEY for the second inequality

of ()

(i) For a sparse matriz (3, for all ¢ € L, we have

[ 1)) < s (om0 s

5 (7 (Ba-5))]

In all cases, we have

< |05 (B = B) | VIWxTe + 7

1/2

~ ~ 2
154(B) — owy)| < En {(XT (Bo-84)) } + 0w, T + VI + Talgay- (0.14)
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0.1.4. C-STIV. The C-STIV estimator applies the self-tuning for every moment like the NV-
STIV estimator, but estimates ¢ and § simultaneously using all d; moments. This results in a
conic program with multiple conic constraints. The model, restrictions, and sets of s, s-identifiable
parameters considered in this section are defined in Section . We simply use Z for Zjg,) ja,—d,]-

We maintain either of class 1-3 replacing F(3) by T(3,0) = F(8) — 6.
Definition O.1. For c € (0,1), a C-STIV estimator (3, 5, o) is any solution of

min Dilbs + DZtSC
(b,t)Ef/Z-\C (Zn’0)7020 ’ X N ‘ ! | +

, T o,

where, forr,o >0,
To(r,0) 2 {(b,1) € BX O Dz (B,[ZUW)] - )|, <10, S (b1) <o},

S(b,t) & max au(b 1), 0y(b,1)* & (D)} Eal(ZU(b) — 1)

When d; = dz, C-STIV is an alternative to STIV, and its analysis is similar. The main
difference is that there are d; second-order conic constraints, whereas STIV has one. This makes
C-STIV harder to compute, especially when d is large. However, we use a smoothing approach to
approximate it which make its computation faster, as explained in Section [0.1.4f We use the same
procedure to compute the BC-STIV estimator defined in , which is a C-STIV estimator for a
system of dg equations, and involves dgdx second-order cones. The C-STIV in the formulation of
this paper imposes ¢ < 1.

To obtain rates of convergence, the class is restricted similarly to Assumption [A.T] replacing
P (‘DZZT‘OO > Bz) < ay, by P (p?* > pZ¥) < a,, where pZ* depends on n via dz and dy, and
(NI holds for U(B) and My by (Nii) for T'(3,6) and Mj.. The event G4; is modified accordingly.
For simplicity, we continue to refer to these as Assumption and G41 and use

¥ = a, + an(T) + an(Z2), o = (X)) + an(ZX ")+ af +af.

n

By Assumption , for all n € N, P(Gay) > 1 — a2t — 1. Table provides the C-STIV
analogues of STIV objects. The cones become IA(SE and FSE? where S C [dx] and S C [dz]. The

population sensitivities k and ® are obtained by replacing \TI, K 5 5 _S g by ¥, K¢z, and FS g in
the definition of the ® and %. The sensitivities, their population counterparts, and lower bounds
depend either on two sets S and S or on two sparsity certificates s and s. Computable lower

bounds on the sensitivities are obtained by LP using the sets B(k, 1) and B(S, S), and bounds on
the population sensitivities are obtained identically but replacing p?X by pZ¥.

Proposition O.6. On the event G41, we have, for all ¢ > 0,

(Dz)iions.0)ln < 01(b,t) < (Dz)iione)/1n, VI € [dz];
V(b,t) € R e £,\1— 1,0 (Dy'b, Dyt) < € (Dx'0,Dzt) < ¢ (Dy'b, Dyt) /V1—1;

VS C [dx], S C a1 € [ds), Rpgg > rpgs |1 - —2— | Lu:

K1 S
blax), o9
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Tn

%z,sj > Rys3 1— = ~ Ln;
11,0055
Zf|SmSQ’§S7|§|S§7 vge'cu E€(87§j2ﬁf<s7®éﬁé( N) min 1_7-—71 L.
S:SNSq|<s K 5.3
S:|S|<3 lax1.e

The results for C-STIV are the same as those for STIV using Table[0.]] for correspondance.

Proof. Take (3,0) € Z. Set A £ Dil(g— B) and A £ Dz(é\— ). We now work on G. Clearly
(8,0) belongs to Zx(r,,, % (5,60)) and by the arguments in the proof of Proposition

]@£+£m <r, (a+§(5,e)) (0.15)
+¢£ﬂ@L+c<igiw-i(ﬁé>>.

+@w>

)AS(ﬂ)cnsQ X < ‘AS(B)mSQ )

Each function o; is convex and

whé—(gz>HEJEWﬁVk#®€8aWﬁ%

where
0
= & Eu[XZTi(B,0)] =2 £, 11(50)
o ) = 1/2 1/2
E,[22)"* E, [T(8,0)2]"? ol A] " Enln 5071

By the Cauchy-Schwarz inequality, for all k € [dx], (Dx), |(@)x| < p?*. Taking w, =

(@', @")7 as one of the wy, for which 3,(8,6) = S(3,6) yields an element of 8% (8,6). By
definition of the subdifferential 9% (3, ), we have

S(3,0) -5 (Bﬁ) <w! ( g:g) < |Dxw|, ‘3‘1 + }Dilqﬂ\m ‘ﬁsi )

~ZX |'N A
<7 ‘A’ s | (0.16)
As a result, we have (A A) € KS(B) s(9)- Using (O.15) and - we find
HA+A‘§L&%+WX%L+% ank (0.17)
00 1

Using the definition of the sensitivities, we obtain
WA+A

’@3—1—&’ <r,|204+——""=] <2 a”y(t—")
& 8),5(0) S(B),5(6)

ﬁ£+5

co < |£S(B)mSQ|1+‘£s(9)‘l+ci (8,0) < ~— 00 + 5 (8,0).
s(pynsg,s(e)S(B).S(0)
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For nonsparse vectors, S C [dy] and S C [dz], we obtain

sl +e (7 [B], .
1 1

+2|Dx' Bsensy |, + 2| Db,

Age

+ ‘&c
o 1

< ‘ASnSQ

y

Age +
)SQSQI 1

We again consider two cases.
FiI‘St, if 2|D)_(1BSCQSQ|1 + 2|Dze§C 1 S

(A A) € %sﬁ- Also, we have

[Asnsolt + 185k + (P |Al + 1, Ase 1) + [Asg 1, then

-~ 1 _ 1N ~ ~
< (\DxlﬁsQ\l - ‘DXIBSQL + |Dgbs: |, - ’Dzesi 1) +5(8,0)
‘\Tfﬁ+£’ R
< —=—=+3%(8,0).
CRh.8.5

Second, if 2|Dx' Bsensy 1 + 2IDz0g. )1 > |Asnsy i + [Agh + c(B?X Al + 1, Ase 1) + |Asg |1, then
we have

‘Agc 1 +

3], +[3s: 34,

= ‘KSCHSQ‘ + ’35@9@‘ + ‘356 +
1 1 1 1
S 6 (|D;(1/BSCQSQ‘1 + |DZ9§C 1) :

For the deterministic lower bounds on the sensitivities we use that, on Gy, denoting by A =
D;(IDXA and A = D;D,'A, we have

[WA+A| > min (DzD;"),, | DsE, [2XT] DxA + A

oo le[dz}
1 e —
> —(’DZE pd DXA+A‘ —|Dy(E, —E) [2XT]| DxA )
—(|psefzx] - 2XT] DB,
>—(‘\IIA+A’ A1)
Vg — |8l
The remaining arguments are similar to those already seen. 0

FISTA with Partial Smoothing. The C-STIV estimator (B , @\, 0) is a solution to a conic program

with dz cones, and the BC-STIV estimator (/A\, U) in (31]) is a solution of a conic program with dgd
cones. If dz is large, conic programs are not computationally tractable, so we apply an iterative
procedure based on partial smoothing. We present the algorithm for C-STIV, though it can be
applied to BC-STIV with minor modifications. Start by noting

L . 1, ~
(8,0) € argmin, yepyeo (E (IDx'bsg 11 + [Dztss ) + O(b, t)) ,0=0(,1),

where O(b, 1)? £ maxe(q,] <DZ)12,1 max (3;(b, )2, (E, [Z,U(b)] — t)? Jr2 ). We now use ideas from [9]

t
and [12]. Because 2u = ming~ {0 + u%/c}, (3,0) can be obtained by solving

(‘D lbth + ‘thsc ‘ ) + o0+

ol \(b)

O(b, t)2) |

(ﬁa 07 8) S argmin(b,t,a)EBX@x(O 00) (

The objective function is convex because f(z,y) = 2z%/y is convex on R x (0,00). Hence, when
B x © is a product, a solution of C-STIV can be obtained by the following iterations
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TABLE O.1. Table of correspondence for the results on the C-STIV

STIV C-STIV
o, 7,y E:(8+E(Ba ))/27 TnsIn
Ks  Rog2{ (8D8): Mg =0 850500 = 0 Asensgl + A5l < [Asnsgli + A5k + (A, 4)
Ks Kos2 {(88): |Asensol + 185.1 < 2(1Asnsli + [Bgh + (A, B) + |Ass |1 |
Ks Kog2 { (AR): (1 - 70— pf)[AL + (=7 — 1) Bsc b < 21Asnseh + s +21A50 }
Ks Kgg { (A, A) 1 (1= 70— 26pZ%) A1 + (1= 7 — 1) A5 [1 < 3|Asnsg i +2Asg [1 + 31250 }
WA TA + Al
IDx' Bsense 1 IDx'Bsense |1 + [Dzbg. 1
IDx" Bsensglr/1n (IDx'Bsensq i + Dz 11) /(1 = 72)
9(a) o (A, R) £ 57X | Al + 1, Ase |+ .
h(A) WA, A) £ min(|As, |1 + |Ass |1, (3|ASmsQ|1 +3|Agh +cg(A, A) +[Asg [1)/2)
4, 4, 5,8 2 dsl, + 35, o
r R =2 min \IIA+AOO, = min UA + Al
b8 €:,0,5,5 (A,E)EIA(SS:A\JAH:l | | O*Z"’S’S (AA)eR 5 |A|=1 |~ |
~ A -~ —u<A<pu —p<A<U UG crzme =0, =0, vI<UVA+A<v]
B BE.S2Y e e s sy
(1—cp )(ZJGSI pi) + (1 — )(Zzgsc ) < 2(ZJGSOSQ My + Zleg* ) + Z]GS“ H
—pu <A<y, _N<A</~L —V1<\I/A+A<l/l
B(k) Bk, 1) 2{ (1=0)(X es, 1) + (1= PN e ) + (1= 1) (Cege i)
< 2(spk + Spu) + X jese M
L' (S) (8, 8) = 'V(Tn/”z[ldx] 55,8 +£n/(01n”zls - g’sﬁ))/(lnv 1—m)
. ) al Q>
FE(S) FE(Sv S) = ’Y(Tn/gg[ldx] 18,8 + En/(61ngh757§))/(1nv 1- Tn)
ouU(p) 2(8,0) £ max (Dz)1107,(5.6)
leldz]
g 72 B {18l > o5 3)/ELXY2 ), BF 2 01{ (B > Buls, DEA[27])V2
@k(s) Qk(svg) £ 2£n57(£n//’%§(87g)//’%ék,o(s7g> &l(sa ‘AS’) = 2En6’7(£n/k\§(87 79')///%0’@[ (87 §>
o (b, t o T,.(S(b), S(t
wk(s) wk(&g) é T ( ) )’Y(Kn/’%g(s’g)) 1+ T ( ( ) ())
1"'%6’“’0(5’;) Cliels(bmsQ,s(z)vs(b)»s(t)

wi(s,S) obtained by replacing k¢, o(s,S) by ko, ($,5)

Algorithm O.1. Initialize at (6 ,00) 5 ). At iteration m, solve

28_(m—1) B
(ﬁ(m m) e argming, ;)3 (T (‘DXIbSQ‘l + |th5i 1) + O(b, t)2> 7

5m) _ 0 (gon), §<m>> 7

then replace m by m + 1, and iterate until convergence.

Step 1 can be computationally intensive, whereas Step 2 is trivial. To solve Step 1, we use
FISTA with partial smoothing ([1, 2]). Both terms in the minimization problem are convex but
nonsmooth; the first involves an ¢!-norm, and the second a maximum. The smoothing is partial
because, following [2], we smooth only the maximum, for which we use log-sum-exp smoothing,
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TABLE O.2. 0.95 C-STIV confidence sets for detection of endogenous IVs

dz = 50,dx = 6,n = 2000, 7 = 0.8

C-STIV SC4,1 SC42 SC43 SC44 SC45 ES
p2.5 ps0 p97.5 Median width/2
0:(=0.8) 0.66 0.71 0.77 0.69 0.71 0.73 0.76 0.78 0.25
05(=0) 0 0 0 0.69 0.71 0.74 0.76 0.78 0
S(8) 2 S(6%) 1 Power .74 51 26 11 .04 1
S(0) = S(6) 1 (71,.77) (48,.54) (.23,.29) (.09,.13) (.03,.05) (.996,1)

Notes: 1000 replications. ‘SC s,3” use sparsity certificates s, 5. ‘ES’ use estimated
support. SC/ES use one grid point for c. r,, = 0.07. ‘C-STIV’ uses ¢ = 0.99. ‘Power’
is the frequency with which the confidence sets do not include 05 = 0.

replacing it by

9u(0:) & pulog | ) exp (@) + exp (M% ((D2),, (E.ZU®)] - tl))Q)

leldz] -

Based on Proposition 4.1 and Theorem 3.1 of [2], in practice we take u = ¢/(2log2dz) and € = 0.1.
Smaller values of € improve the approximation of the maximum but increase the computational
burden. After smoothing we are left with the sum of an ¢*-norm and a smooth function, to which
we apply FISTA.

Monte-Carlo for C-STIV.. We modify the design in Section to allow for endogenous IVs and
apply C-STIV. We take n = 2000, dx = 6, S§ = {1,5} and dz = 50. We consider a problem
with smaller dimensions than for the NV-STIV experiment for computational reasons. Though
it is possible to use FISTA to compute C-STIV in applications, in our experiment we need to
compute the estimator hundreds of times. The 45 IVs with indices S = {5,6, ...,49} are possibly
endogenous. We modify the design by setting Z5 = v/1 — 0.82F 4 0.8U (5*) with E an independent
standard Gaussian. This preserves the variance matrix of Z as the identity but implies that
E[ZU(5*)] = 0* has one nonzero entry given by 6 = 0.8. This is a challenging design since
there are fewer IVs known to be exogenous than there are regressors. Table reports C-STIV
confidence sets over 1000 replications. The C-STIV estimator detects the endogenous IV, though
is downwards biased due to the shrinkage. The confidence sets using a sparsity certificate correctly
detect the endogenous IV with frequency 0.74 for s = 1, which decreases as s increases. The
confidence sets based on estimated support detect the endogenous IV in every replication.

0.1.5. Confidence Bands under Conditional Homoskedasticity. Let us consider confidence bands
when we maintain (C4. We present these for a structural model with approximation errors, as

in the proof of Theorem The confidence bands are @ = [qu, 545} where

_p GgzaT(l— @) +3G,_ ~
78 = 7D 1,

Go = \/ﬁ|D2XTlAXEn[ZE]|OO, and E € R" is a standard Gaussian vector independent of ZAT. For
the analysis, we introduce the deterministic upper bound vy, such that on G NGy of probability

at least 1 — o, |8(§) — ows)| < va"®, which is obtained from (O.14). We also replace (ii)-(vi)
in Assumption by (Nfi) holds for Z and M, and

Q@é@_/q\7a¢éé\ﬁ+zﬁ
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v’) (NJ]) holds for AZ and My y;
<max (IE [((DAZA)f,.G(ﬁ>/UW(ﬁD 2+ﬂ E [<(DAZA)f,.G(5)E/o—W(5)> 2+q1D) - o,

(v))
=1

(vi")max (E [(| DazAG(B)]oo/(Buow)) ] . E [(|DazAG(B)E| /(Buows) "] ) <2.
The loss |Dag(g) - oo, is Teplaced by [Daz - |so,00-

dg

A

The coverage is guaranteed, with coverage error o2 = 2(" + C” + ¢(dg, ) + t(dg,n) +
an(AZ)+as +aB% where (¢))? £ 3a,+an(ZE) +aB%+1(dg,n) and ! £ a,+aBC+ad+u(dg, n),
if we assume:

Assumption O.2. For all (5,\) € Zp, we have

(1) max(v:P By 4 7, 02" P, 200) < 1;

(ii) ¢, > max (2¢/nvdPrk, 2\/_11” Orn /1, 402 log (2de /o) /(1 — 200),05);
where

vy = (03 By 4 1) (1= 0" 7) 40",
vB 2 /(| Do (Koi ™08 + 1V (B)|oo) + vax VI+Ta) /(ows) (1 — vD)),
ry, 2 1y 2log (2n/o,) V147,

and r¥ is obtained like r, for Class 1 replacing a by au,.

The main arguments of the proof are detailed for Class 4 later in this appendix. The specific
elements are the following. On & £ G' N Gy N EE N ES of probability 1 — aZ¢, we have

)

ZATDAZ| ow )/ (B B) < 1/(1—vP). We now use

1/2

5 [(82)]" -y 271"

< (Daz)s s <En |:(<Kf — Af,.) Z) 2} 1/2 N

< vﬁ’ﬂBz + 7, < UD,

(DAZ)ﬂf

1/2

E, [(Ar.2)2]"* —~E[(A.2)]

SO |DzKTDXé‘ <1/(1—0P)

VD (8- 05 - V(ﬁ)) Rt 2 i Dz RE(G(3)]
a(B)
R2 %Dzﬁ (® ~ RE.[ZXT]) DxA - G\(/Z)DZATV(ﬁ) + %Dzmmn[zwﬁ)].
On £ NG of probability 1 — (o + a2%), we have |R|, < vE. Define
> = %DZKTK]EH[G(/B)] » Ty = UW\CZ) DuzAE,[G(B)]|, Tao = UX(Z) DazAE,[G(B)]],

Go1 = ‘\/EDAZZ\\En[ZE]‘ » Gaoo = |VnDazANE[ZE]|

On €& ﬁg ’T@ — T@l‘ < T@l’UD/(l — U, ) and |T¢1 T@O‘ < ’UA’ﬂ\/_’l“n/ln, SO
T — Tao| < (Tao + v/, /1,)02 /(1 — oP) + vl /nr, /1,
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Let & 5 = {VI € [dz], [En[Z,E]| > rPE,[(ZE)?*"Y?}. On EN&Eyp NESE N{|E|w < 2log(2n/ay)},
|Gq§ — G@l‘ S Gq;ll)g/(l — Uq?) and |G@1 — G450| S \/ﬁvé\’ﬁrf, SO

|G — Gao| < (Gao + Vo Pry) vy [(1 = v?) + Vnwy Py
By Assumption (i), we have
(G = Vrup P r7) (1 = v)) fol — Vo "rl > G(1 = 207)/(207),
(G = Vg rn 1) (1= 0)) Jv) = /noyPry [1, > G(1 = 207) /(20)).

By and 2log (2dg /o) > Gng, (1 — ), where Ngg £ |DazAEz| and Ey is a Gaussian vector
of covariance E[ZZT], we get

P(|Tp — Too| > G) < ¢ and P (JP (|G¢ — Gao| > mzfﬁ) > g;) <

This yields, as in the proof of Class 4, P <T¢ > qG¢|sz(1 —a)+ 2§n> <a+2¢ + '+ o(de, ) +
t(dg,n) + a,(AZ), hence the result.

O.1.6. Results in Previous Versions of this Paper: [§]. The interested reader can find results for
STIV confidence sets with a high-dimensional version of 2SLS and its failure in various situations.
There are results for other approaches than the one based on sparsity certificates for NV-STIV.
The C-STIV is a simple modification of the NV-STIV and was introduced to answer a referee’s
comment in 2011 on ways to avoid loosing ‘DZZT|OO when setting 7 = r,, ‘DZZT}OO. It was the
STIV estimator in the revision of this paper between 2012 and 2014 (first revision (2012)). In
the previous versions we also propose an assumption which allows to obtain tighter bounds in
the same spirit as the treatment of the regressors in S; for the C-STIV. We propose confidence
bands with bias correction using sample splitting. We also study the combination of the confidence
bands with an upper bound on the bias obtained from the identification robust confidence sets
in case we suspect the "bias” of the debiased estimator might not be negligible. An alternative
identification robust confidence set, also not involving test inversion, called SNIV set, relies on
semidefinite relaxations and can deliver tight sets when dz < dx and when there are endogenous
IVs but S, is not available.

0O.2. Proofs of Results in the Appendix. Proof of Proposition [A.1] and [0.3] We prove

the bounds for the sensitivities based on K. s, those for the sensitivities based on K g are obtained
similarly. Parts ({il) and are easy.

The upper bound in the first display in follows from |Ag,|, > |Ag,|eo- We obtain the lower
bound as follows. Because |Ag, |, < |As |1/ Ag, |5 /9, we get that, for A # 0,

(0.18)

AL B agle)
002 oo( So 00)
|A5'o|q |ASO|OO |A5'0|1

and use |Ag|i < [So||As|o. Furthermore, for A € Kg, by definition of the set, we have
[Asensglt < [Asnsgli + Al + ¢(1 — 7)[Age|1, which, by adding |A(SQSQ)U% 1 on both sides,
gives

1+ C(l - ?)|As§

‘A|1 S ’Y(C:/’\) (2|A505Q|1 + |Asgg 1) . (019)
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From (0.19) and the fact that Ag.gz. = 0, we deduce

Al <) (21N Sl + |5 1 (SUSA)) ] 4ol —7)

S;m(Sus )D ‘A SS@)‘

Let us obtain an alternative lower bound for the case ¢ € (0,1). The condition A € K can be
written as ‘ASCOSQ‘l < ‘ASQSQ‘l —|—C(?— 1)’Asl‘1 —|—C|A|1 which implies ’ASCQSQh < ’ASOSQh —|—C|A‘1
and, by adding |A(SnsQ)u35 1 on both sides, if ¢ € (0,1), we have

1Al < 7(0) (218snsglr + [Asg ) (0.21)

Using A sens@e = O this yields
1AL < ~(c) (2|s N Sol + 155 N (s U 5(5)) D ‘Ag(svs@) Lo . (0.22)
Combining (0.20)) and - 0.22)) yields
Al (9| Age| - (0.23)
This yields the second display in ({iii). The first lower bound in the first display in (iii)) uses
~ ~ ~ 1/q
oAl [oal N Al (|Bsusissal,
A > >
| SO|q ‘Asou§(s,5(A)) . ‘ASOUS(S S(B) ‘ )Asous 55(,3))‘
and |Ag 551 < C(9)|Ag5(s)lec Which can be deduced fromA.
To prove ((O.2)) it suffices to note that, by definition of the set Kg,
2 1 ~
N = bt — ‘\I!A) , (0.24)
Flhnsg S W}qé 5 g >
by (O.19),
. 2 1 1-—
Al () | =2+ ——+ =D ) [
’lesmsQ,s ’iegé S ’fel
and, by (021),
2
AL <A(e) | = - ‘\I!A’

K K
Z.%'DSQ’S el

The bound (O.3) is obtained by rewriting A € Kg as (1 — ¢7)|Ag, |1 + (1 — )| Ase|1 < 2|Asns, |1 +

Age |1, which yields
5 y
N PPN 1—-7
Al + 18sih < P2(e) (28snsghs + 185yl + -5 1A ) (0.25)
S 2 1 1-7
S‘\IIA‘ ™y (cr) | = + — 4+ — "
o Keyog .8 ke, s Thel s
Q I

SNSq?
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The second upper bound follows from noticing that, if k5 ¢ > 0, we have

1 ~
— = sup (T |AS1|1 + |AS;

Kkg,s  AcRs: |wa|_=1

1) < sup 7|As |+ sup |Ase L

A€Sg: |\TJA|OO=1 AeKg: |®A|w=1

Let us now prove (iv). Since for all k in Sy, [Agy|oe > |Ag|, for all k in Sp,

o4 oA
R = min 2 < min 0 — :
Z S AEKSO |ASO|OO AEKS |Ak‘| o
Thus /K\Jggz’s < mingeg, ke, s- But one also has
R s = min min \/I;A‘ >min  min (I\JA’ O
So k€S0 AeKs: |Ag|=]As,loo=1 k€So AeRg: |Ak|=1 00
Proof of Lemma [A.T We prove the middle statement:
A2
P(&,) =P (En {—1—1D > 7,
E[A7] lefda]
1 A? ?
< T_E]E lem[daiﬁ E, LE [;112] — 1} (by the Chebyshev inequality)
< CN(dA)IE max A -1 2 (by the Nemirovski inequality)
= Tnrz ik |\E[A7] Y Aaney
< a,(A).
The proof of the remaining statements is the same. 0J
Proof of lemmas [A.2] Clearly, on £¥, the following holds
Vb e R™, (€ L, V1—1,0(Dx'b) <0 (Dx'd) <1+ 7,0 (Dx'D),. (0.26)

Assume now that we work on the event G4;. Let S C [dx],/ € £, and A & Dy'DxA. Due to
(0.26), we have /T — 7,,0(A) < U(A) < /T+ 7,£(A). This, the fact that 7 < r, and manipulations

on the ¢'-norm of subvectors used previously, yield A € Kg if A € K sand A € Kgif A € Kg.
Now, because Ga1 C % N &y, +, we obtain

WA = min (DzD;"),, |D2E., [ZX"] DxDy'DxA|

1€[dz]
> (|VA| -7 |A) /VI+ T (0.27)
(A.4) is obtained from the definition of rp 5 and Fp g and that, on Gar, ((A) < T+ 7,4(A).O
Proof of Propositio , the first identity in , and are obtained like the similar

results in Proposition [A.1} By Hoélder’s inequality, Condition IC, for all A € Kg and ¢ € [1, 0],
Al < uelAsly < uel SV Aglg,

from which we deduce (fii). A similar result also holds for the sensitivities (see [8]). We obtain
(A.6) by similar arguments as those used for (O.23]). This yields the second identity in ({ii). To
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prove ([v)), let A € R% such that |A|; < 1, k € [dx], and A € Kg. By the inverse triangle inequality

‘)\T\I/A — /\T\If’kAk’ S (Z |Ak/|) max |/\ v, K

k/./
K #k

+|

which ylelds ‘)\T\I/ng |Ak| S <Zk’7£k |Ak/|) Il’lan/?gk |/\T\I/’k/

<|>\T\If.,k\ + max AW > Ak < JA]; max (AT | + WA, (0.28)
k'#k k'#k

.
< cx(9) max YR AFUSo‘oo + WA

The last display uses |A]; < ¢x(S)[Agle- For k such that [Ax| = [Ag s, oo

max ({/\T\I/.JC‘ — (¢x(S) — 1) max PR ) |A§U50|oo < |PA| (0.29)
AeR?Z: |A[1<1 k'#k

and we conclude by taking the minimum over k € SU Sy and the deﬁnltlon of the (3 DS sensitivity.

We can remove the first absolute value by changing A in —A. To prove we start from (0.2§)).
By definition of the ¢! population sensitivity we have

e AT,
y ) 1A < (max’“ 2 AT + 1) (WA

Rpl s

(‘)\T\D.ﬂ + max })\T\IJ
k' 4k

We conclude by setting A, = 1. The other items are proved similarly to Proposition [A 1] O

Proof of Proposition |[A.3, Take (8,A) € Zp. Set A’ £ (A — A)D,', and A2 A’DzDgl.
Clearly, on G', A belongs to qu (E%, i(A) We now work on the event in the statement of the

theorem. We start by proving ({i). The arguments in the proof of Proposition yield

‘&@T) < (a+ 5 (A)) (0.30)
Rin| < [Ban| + ﬁLX (£ -5(R))

and, by those of the proof of Proposition [0.6] S(A) — S(A) < pZX|A’];. As a result, Ae K C
and of the objective function in in the first display

K’ S(A) and, usmg the definition of %/
and ( in the second display,

fl

Sy S

pZX )A’(I\/T‘ N R ! 57X
< = =4+EW), 7+5W) <Ay | Z— |
S(A) S(A) Hﬁls(A),S(A)
1 ~ZX
NSV P
% FeL )5
Let us now show the results of item (ii). Take S C [dg] X [dz]. We have
|Al.|; < (ﬁg +2|ASCD21|1+>\‘3’
1 1
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and distinguish the two cases
Case 1: 2|AgD,'|; < ]A |1 for which the rest is usual,
Case 2: 2|Ag-D,'|; > |AS|1 for which we have

<2ﬂ |AseDZ',

(&

+ ’E’
1 S

hence 531
< £ +

-1, 1—\
Proof of theorems 5.1/ and |A.1l We work on G, NG, and denote by A 2Dy -0).
First, we show that 0 € Zy(r#,3,(8,0)) by the following computations

s (B, [20(3)] - ) (#x (3-5))

1 loo

&

{ASCD Y, O

< |Da(B.[2U(B) - )| +

S¢ 0o

The second constraint in the definition of Z l(f#,i 1(B,0)) is satisfied because, by convexity,
il(ﬁ,Q) < iﬁ (8,0) + 6*. Now, because 0 € zz(ff, iz(ﬂ,ﬁ)) and (6, ) minimizes (39),

[Bsior (S,(8.0)-5). (0.31)

Similar to the proof of (0.16), using the second constraint in the definition of Z y(rf, g),

Sy (B.0) -7 <Ey(B.0) -5y (6 «9) < 26% 41t (0.32)
This and (0.31)) yield
‘85(9)6 . S ‘35(9)‘1 + EZ# ‘ASE ) + QEBE
and, equivalently,
< 1+erf |« 20
A < — 1A + 0=, 0.33
35 et Oh T gt (0-33)

Next, using the first constraint in the definition of fx (r#, 0) and I,K (rf, il(ﬂ, 0)), we find

'Dz (67— 9) | < ‘DZ (En[ZU(E)] - 5)

+ ‘Dz (En[ZU(B)] - 9)

S oo 51 oo
<t (§ +5, (8, 9)) + 25, (0.34)
This and yield
Age < rt (2§+ r ‘&gi 1 +@2> +20. (0.35)

On the other hand, (0.33)) implies

~ 215 (0)| |~ 2e0>
A | < ‘ 0.36
’ SLl_l—EmK "1 oo 1—ary ( )

follows by simple manipulations of ((0.35] -—. As before, we obtain
G < |As)l1/E+Ey(8,0) <|S(0)]|As: |o/E+ 5, (B,6), (0.37)



HIGH-DIMENSIONAL INSTRUMENTAL VARIABLES REGRESSION AND CONFIDENCE SETS 0-19

which, together with ((0.34)), yield the following bound used to obtain Theorem

‘DZ<§—6)SC < 2y (r£15(0) |/‘)(lzl +S>.

The rest is as before. 0

Proof of propositions and . Take 5 in Z, set A2 Dy! (B\—B), and work on GNG 4. We
have, for g € [dg], using the triangle inequality in the second and fourth display, and the definition
of G and the Cauchy-Schwartz inequality in the third,

IDZEA[ZUy(B)]], < [DzE[ZW,(B)]] ., + [DzE.[ZV,(8)]l,
< B [Wy(8)*]'2 + En [V, (8)%)'2
< 1rp04(8) + (rn + 1)En[vg(ﬁ)2]l/2 < rpoy(B) + (rn + 1)1,

Hence, 8 € Zg (rn, () and
VA,

<1 (g +74(8)) +2(rn + 1)V1+ Thvgay. (0.38)
Moreover, by the inverse triangle inequality, we have

54(8) 2 Ea[Wy(8)*]? = EalV, ()2 2 VI = Tuow,(s) — V1 + Tutgax-

Hence, by convexity, we have

a,(8) — o, (B) < min (Tn + (rn + DVI 4 Thvgayy (\/1 — TaOw,3) — V1 + Tnvgydx) , 1) |£51|1

3,
< min <rn + (r, + 1) max (0, 1nUUV:gd(ﬁ) _ 1)_1 ’ 1> <351).g + <33§>_g
;X 1 1
< ra(B) ‘(ﬁs,).ﬂ . ‘(ﬁs;),)g 1 (0.39)

Hence we obtain the first inequality in . Denoting by T ¥ = DxE,[XXT"]Dx, the second
inequality comes from En[(XT(B.Vg —B.4))% < |\T/XA9|OO AV S

The third inequality comes from |5,(3) — ow, )] < Eu[(XT(B.g — B.9))2"2 + |ow, s — 5,(8)| and
max (vI+ 7, —1,1—+/1—7,) < 7,. By definition of the estimator, we have

< ‘ASmSQ

Asens, + 2|Dx' Bsens,
1 1 1

1, ! ~
+c Z min | r, + (r, + 1) max (0, ZnOWelh) _ 1) 1 ‘ <A51>
] Vg,dx 9

g€lda

1

< ‘ﬁsmsQ’l +2|Dx' Bsensy |, + ¢ (Tn(ﬁ) ‘351 )
dag da

da
<t Y (G +56(B) + 20 + DVI T 70 Y Vg
g=1

g=1 g=1

+ ‘356

.
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dag da
Tn _ i~ R
S? ({DX165Q|1 - ‘DXIﬂSQ ’1> + 2Tn Zag(,@) + 2(Tn + 1)\/ 1 —+ Tn ngadX’
g=1 g=1

The second inequality from is obtained in a similar manner as in the proof of Proposition .
The last statement is obtained using that, by similar arguments as those leading to ((0.27]),

E, [(XT (Bg _ @g))Q] < ‘D)—{l <§g _ 5,&) ‘? U v oo. O
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