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Abstract

We give a comprehensive presentation of the periodic unfolding method for
perforated domains, both when the unit hole is a compact subset of the open
unit cell and when this is impossible to achieve. In order to apply the method
to boundary-value problems with non homogeneous Neumann conditions on the
boundaries of the holes, the properties of the boundary unfolding operator are
also extensively studied. The paper concludes with applications to such problems
and examples of reiterated unfolding.

Keywords: Periodic homogenization, Periodic unfolding, perforated domains, bound-
ary unfolding

Introduction

The periodic unfolding method was introduced in [8] (see also [10]). It gives an
elementary proof for the classical periodic homogenization problem, including the case
with several micro-scales (a detailed account and proofs can be found in [10]).

It soon became apparent that in the case of periodic problems with holes (of the
same size as the period), adapting the method was a way to overcome one of the dif-
ficulties of perforated domains. This seemed to be a new point of view. The previous
approaches (with the notable exception of [3]) made use of extension operators into
the holes (therefore requiring a regularity of these holes and the fact that they are
isolated). The unfolding method replaces this by a Poincaré-Wirtinger hypothesis (in a



way similar to that of [3]). As it is, the unfolding operator maps functions defined on
the varying perforated domains into functions defined on a fixed domain (albeit of twice
the dimension).

The first such use was presented in [I3]-[14] and applied to elliptic equations with
linear or non linear non homogeneous Robin conditions on the boundaries of the holes.
The treatment of non homogeneous conditions on the boundaries of the holes was done
by introducing a boundary unfolding operator.

In the spirit of [I0], we give a comprehensive presentation of the method for perfo-
rated domains. It covers both the case when the unit hole is a compact subset of the
open unit cell (as in [13]-[14]), but also that when this is impossible to achieve (this can
occur in particular in dimensions larger than 2). The perforated domains we consider
here are described in the following manner: a fixed domain €2 is given in R", together
with a reference hole S and a basis of the R"™ whose vectors are a generator of the
macroscopic periods. The problem is then set in the domain (2!, obtained by removing
from  all the e-periodic translates of €S. The corresponding unfolding operator 7*
transforms functions defined on this oscillating domain €2 into functions defined on the
fixed domain 2 x Y*, where Y* is the reference perforated periodicity cell.

The first main result (see Theorem [3.12)) states that if, for every e, w. is a function
of WP(QF) satisfying
stHleP(Qg) S 07

then, up to a subsequence, there exist w in WHP(Q) and @ in LP(Q; W, 2(Y™)), such
that, when ¢ goes to 0,

T (w.) — w strongly in LY (; WP (Y™)),

loc

T (Vw:) = Vw+ V,w  weakly in LP(Q2 x V™).

This compactness result (originally proved in [I3]-[14] for isolated holes), is essential
for homogenization problems. It requires no extension operator so it does away with
the regularity hypothesis on the boundary of ¥, necessary for the existence of such
extensions. For instance, in the two-dimensional case, the reference hole can be of
snow-flake type (see [I3] and also [I8] and references therein). In this context, when
the unit hole is a compact subset of the open reference cell, the condition insuring the
existence of extension operators, is replaced by the weaker condition of existence of a
Poincaré-Wirtinger inequality in Y™*.

We are also interested in including cases such as Figure 3, where no choice of the
basis of periods gives a parallelotop Y satisfying Y* = Y \ S connected, a condition
which is necessary for the validity of the Poincaré-Wirtinger inequality in Y*. In such
situations, we show that the method still applies when there exists another reference
cell, not necessarily a parallelotop, having the paving property with respect to the period
basis and such that the part occupied by the material is connected (see Figure 6).

When S is not compact in Y (the case of non-isolated holes), an extra condition in
terms of a Poincaré-Wirtinger inequality is required for the union of the reference cell



and its translates by a period (hypothesis (Hp) of Section 4). This is similar to the
conclusion of Lemma 2.2 of [3], where, however, the boundary of Y* is assumed to be
Lipschitz. We stress the fact that the unfolding approach does not require this extra
regularity. It is enough to treat the case of homogeneous Neumann conditions on the
boundary of the small holes.

However, in order to treat non-homogeneous Neumann conditions on the boundaries
of the holes, the boundary of S has to be assumed Lipschitz (for the surface integrals
to make sense). In this case, we give detailed properties of the boundary unfolding
operator (which was also originally introduced in [13]-[14]), extending, in particular, the
results obtained via two-scale convergence in [2] and [24].

This method (without the boundary unfolding operator) was used (in a preliminary
version) for the Stokes problem in [9], for thin piezoelectric perforated shells in [20] and
for an elasticity problem related to catalyst supports (which are perforated domains)
in [22]. The boundary unfolding method was also used in a different setting for the
case of Neumann screens and sieves with perforations of size smaller than e distributed
e-periodically on a hyperplane ([25] and [IT]).

The plan of this paper is as follows:
e Section|1]is a summary of the unfolding method in a fixed domain (without holes);

e Section [2] introduces the notations and basic results for the unfolding method in
perforated domains for LP-functions;

e Section|3|is dedicated to the convergences for sequences of gradients. In Subsection
, the geometric condition (Hp) is introduced under which the separation of
scales can be carried out using the macro-micro decomposition. Subsection [3.2.2]
deals with the particular case where the periodicity cell is a parallelotop. In the
Appendix, we consider the general case, which is more involved due to geometric
considerations.

e Section 4| concerns the boundary unfolding operator and its properties.

e In Section [5] the previous results are applied to two new boundary-value problems
with non homogeneous Neumann condition on the boundaries of the holes. This
gives rise to new terms in the homogenized limit problems (see Theorems and

and Remark [5.14]). Finally, we briefly show how these tools are well adapted
to the multiscales setting.

The method presented here can be readily adapted to the case of small e-periodic
cracks. This will be presented in a forthcoming publication (see also [17]).

General notations.
In this work, € indicates the generic element of a bounded subset of R* in the closure



of which 0 lies. Convergence of € to 0 is understood in this set. Also, ¢ and C' denote
generic constants which do not depend upon e¢.

As usual, 1p denotes the characteristic function of the set D.

For a measurable set D in R", |D| denotes its Lebesgue measure.

For simplicity, the notation LP(O) will be used both for scalar and vector-valued func-
tions defined on the set O, since no ambiguity will arise.

1 A brief summary of the unfolding method in fixed
domains

Let b = (by,...,b,) be a basis in R”. Set
g:{feR”M:il@bi, (kj,...,kn)eﬂn}. (1.1)
i=1
By Y, we denote the open parallelotop generated by the basis b, i.e.,
{yeR"|y:iyibi, (yl,...,yn)E(O,Z)"}. (1.2)
i=1

In periodic homogenization, Y is often called the reference cell and b is the set of
the reference periods. However, the latter notation is better suited for G itself, since
any other free generator set of G can be used in place of b.

For z € R™, [z]y denotes the unique (up to a set of measure zero) integer combination
i1 kjbj of the periods such that z — [2]y belongs to Y (see Figure 1). Set now

{z}y=2-[zly €Y ae for zeR"

[/
1
e,

Figure 1. Definition of [z]y and {z}y



In particular, for positive €, one has

xr = 5([§]Y + {g}y) for all x € R™.

Let now 2 be an open subset (not necessarily bounded) of R”. We recall the notations

used in [10],

E.={eGe(+Y)CQ}, (1.3)
Q. = interior{ U e(€+Y) }, A =0\ Q.. (1.4)
§€=e

The set (). is the interior of the largest union of (6 +Y)) cells (¢ € G), such that e(€+Y)
are included in 2, while A, is the subset of {2 containing the parts from 5(5 + Y) cells
intersecting the boundary 0f2 (see Figure 2).

Figure 2. The sets Q. (in grey) and A, (in green)

By construction, A, is a kind of boundary layer near 02 and its limit is the empty
set, so that for every bounded open set w C R, the Lebesgue measure |A.Nw| converges
to 0.

Remark 1.1. The theory developed in [10)] can easily be applied with ﬁa replaced by any

subdomain Q’E of Q0 which is a union of e—cells included in 2 and which converges to €2,
1.e.,
Q= interior{ U e(&+ 7)} with =L C E,
§EEL

sup dist(x,082) — 0. (1.5)

x€00L
As a matter of fact, all the results in [10] are still true for any choice of ﬁ’g satisfying
(except for the quantitative corrector results which require sup, o0 dist(x, 002) =
O(e)). For the study of perforated domains in the Appendiz, we will have to use such a
generalized setup.



We start by recalling several results from [10], essential in periodic homogenization
problems. For other properties and related comments, we refer the reader to [§] and

[10].

Definition 1.2. For ¢ Lebesgue-measurable on €2, the unfolding operator T. is defined
as follows:

y) = ¢<5[§]y+5y> a.c. for (z,y) € Qe x Y,
0 a.e. for (w,y) € A. xY.

T:(9) (@, (1.6)

Note that if ¢ is Lebesgue-measurable on Qa, then for ¢ extended by zero in '\ SA)E,
definition makes sense. The operator 7. maps functions defined on €2 into functions
defined on the domain ©Q x Y (which are piece-wise constant with respect to x, more
precisely constant on each e—cell of QE)

Theorem 1.3. Let p belong to [1,400).
(i) T is linear continuous from LP(Q) to LP(Q2 x Y). Its norm is bounded by |Y|'/P.

(ii) Let {w.} be a sequence in LP(Q) such that

w. — w  strongly in LP($2).

Then
To(we) = w  strongly in LP(Q2 x Y).

(iii) Let {w.} be bounded in LP(Q2) and suppose that the corresponding T.(w.) (which
is bounded in LP(2 X Y')) converges weakly to w in LP(2 X Y'). Then

we =~ M_ (W) = i/ w(-,y) dy weakly in LP(Q).
Y Y1Jy

Theorem 1.4. Let {w.} be in W'P(Q) with p € (1,400), and assume that {w.} is a
bounded sequence in W'P(Q)). Then, there exist a subsequence (still denoted €), w in

WhP(Q) and @ in LP(Q; WLE(Y)), such that

per

T.(w.) = w  weakly in LP(Q; W'P(Y)),
T-(Vw.) = Vw+ V, @0 weakly in LP(Q2 x Y).

(1.7)

Here, WL?(Y) denotes the space of the functions in W,-”(R™) which are G-periodic.

per loc
It is a closed subspace of W'?(Y) and is endowed with the corresponding norm.

We end this section by recalling the notion of averaging operator U.. This operator
is the adjoint of 7 and maps LP(€2 x Y') into the space LP(£2).



Definition 1.5. For p in [1, 40|, the averaging operator U. : LP(Q2 x Y') — LP(Q) is
defined as follows:

1 T x ~
— | ®f¢ +ez,4— dz a.e. forxz € ).,
U(D)(z) = |Y|/Y Y {5}y> f
0

a.e. forx e A..
For ¢ € LP(Q) and ® € L¥ (2 x Y), one has

1
/Q U(®)(w) V) de = |

The operator U. is almost a left-inverse of T, as for ¢ in LP(Q)

(z,y) T-(¥)(z,y) dz dy. (1.8)

o(x) a.c. for z € .,
U (T - 1.9
( ((b))(:c) { 0 a.e. for x € A.. (1.9)
It is not a right-inverse, since for ® in LP(Q2 x Y'),
1 ~
m/ <I>(€ [gy + £Z,y> dz, ae. for (z,y) € Q. xY,
T-(U:(®)) (2, y) = v (1.10)

a.e. for (z,y) € A, x Y.

The main properties of U, are listed in the next proposition.

Proposition 1.6. (Properties of U.). Suppose that p is in [1,+00).
(i) The averaging operator is linear and continuous from LP(Q2 x Y') to LP(Q2) and

U4e (@) i@y < 1Y |77 1P| oy
(ii) If ¢ is independent of y and belongs to LP(S2), then
U-(p) = ¢ strongly in LP(Q).

(7ii) Let {P.} be a bounded sequence in LP(Q2xY") such that ®. — & weakly in LP(2xY").
Then

N p
Us(Pe) = M ( |Y| / y)dy weakly in LP(Q).
In particular, for every ® € LP(Q2 xY),
U(P) = M (D) weakly in LP(Q).

(iv)  Suppose that {w.} is a sequence in LP(S2). Then, the following assertions are
equivalent:

(a) To(w.) = @ strongly in LP(Q xY) and lw.|P dz — 0,
Ae

(b) w.—U(w) — 0 strongly in LP(Q).



We complete this section with a somewhat unusual convergence property involving
the averaging operator U. and which is applied in Theorem [5.9

Proposition 1.7. Forp € [1,400), suppose that o is in LP(2) and ( in L=(Q; LP(Y')).
Then, the product U-(a) U-(B) belongs to LP(SY) and

U-(af) — U (a)U(B) — O strongly in LP(Q). (1.11)

Proof. Tt suffices to prove (1.11]) and to do so, consider first the function U.(«) U-(5) in
the set e(§ +Y) x Y, £ € =.. Using the fact that on this set U.(«) is constant on the
cell (€ +Y), one has U.(o) U.(B) = U (U.(a) 3). Therefore,

/ Ue(0B) — Unl) Uo(B)|P d = / Ue (o — Uul)]B) P d.
e(e+Y) e(&+Y)

Summing over £ € =, gives

Ue(0B) — Ul U)oy = | 10 = Ue()5) P
1
< A ll(e = Ue(a)) BT, < o= U, ) 181 0 0,0
|Y| Lr(QxY) |Y| Lr(Q) Loo(Q;LP(Y)) "
The last expression goes to 0 by Proposition [1.6] (ii). O

2 The unfolding method in perforated domains: the
case of LP-functions

2.1 Definition and notations for perforated domains

In periodic homogenization, considering a problem posed in a fixed domain (with
no perforations), one can always choose the reference cell Y as a parallelotop (with
one vertex at the origin). It is dramatically different in presence of holes, where more
complex situations can occur.

In Section [3.2] we will see that in the case of periodically perforated domains, it is
essential that the perforated reference cell be connected. But for the domain depicted in
Figure 3, it is impossible to choose the reference cell Y as a parallelotop so that it remains
connected after perforation. Similar examples can be given in higher dimensions. The
presentation we give here is able to deal with such cases.

We use a setting which is well-adapted to perforated domains and for which results
similar to those of Section [I] still hold. It is based on the notion of a domain having
the paving property with respect to the group G in R” (up to null sets, it is the
same as the notion of fundamental domain under the action of the group G).
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Figure 3. An example of “strangely” perforated domain in two dimensions

Definition 2.1. The bounded open set Y has the paving property with respect to the
group G when it is connected, its boundary 0Y is the null set and

R" = U (E+Y), V(E,&) €@ G = (LG+Y)N(&L+Y)=0. (21)
£eg
Observe that any translate of Y satisfies the same property and that €Y has the same
paving property as Y but with G replaced by £3G.

From now on, we reserve the notation Y (the reference cell) for a bounded open set
having the paving property with respect to the group G. We use the notation P for the
open parallelotop generated by the basis b, which was denoted Y in section 1, i.e.,

=1

The parallelotop P plays an important role, in particular in the Appendix for the
definition of the macro-micro operators QF and R! (the analogues of Q. and R. of

[10]).

Remark 2.2. The parallelotop P has the same paving property as Y. Furthermore, the
spaces W)L(P) and W)(Y') are the same. Indeed, they are both obtained by restricting
to P and to Y, the elements of W,SP(R™) which are invariant under the action of G.

These functions have the same traces on the opposite faces of P (orY).

Now, let S be a closed strict subset of Y and denote by Y* the part occupied by the
material i.e. Y* =Y \ S (see Figure 4, where Y happens to be a parallelotop, but the
definition holds for a general Y'). From now on, the sets S and Y* will be the reference
hole and perforated cell respectively.

Concerning the domain of Figure 3, where no choice of parallelotop gives a connected
Y™, there are many possible Y’s that give a connected Y*. An example in dimension 2
is given in Figure 5. Similar situations can occur in higher dimensions.



Figure 4. Two versions of Y* =Y \ S (in blue) for the same perforations

Figure 5. An example of Y* (in dark blue); P in light beige.

Let now 2 be a given domain in R". The perforated domain 2 is obtained by
removing from €2 the set of holes S. (see Figure 5 for the two-dimensional case),

Qr=Q\S.,  where S.=|Je(¢+9). (2.3)
¢eg

The following notations will be used (see Figure 6):
Qr=0.\8.,  AI=@\Q,  05.=00:n05., (2.4)

where the set @E is defined, as before, by (1.4). The boundary of the set of holes in
is 0S5, N Q while S, denotes the boundary of the holes that are included in §2..
We will also use similar notations when applied to the whole of R™,

®") =R\ [JE+9),
geg (2.5)
(R"): =R"\ 5..

By this definition, (R™)* is nothing else than R"™ perforated G-periodically by S, while
(R™)f is the R™ perforated by eG-periodically by €S. Consequently, another equivalent
definition for €2} is

QO = (RM):NQ

10
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Figure 6. The sets €, (AZ: (in dark blue) and A (in light green)

2.2 The unfolding operator 7 in perforated domains

In this subsection, we define an unfolding operator 7_* specific to perforated domains,
following the ideas of the preceding section (see in particular, Definition . The first
characteristic of this operator is that it maps functions defined on the oscillating domain
2% to functions defined on the fixed domain 2 x Y™*.

The definitions used here differ slightly from those introduced originally in [13]-[14].
They follow the usage of [10] for fixed domains (as recalled in Section 1). This allows to
treat more general situations (such as in Section 5). The proofs of [13]-[14] carry over
in the present setting. For the sake of completeness, these proofs are included here.
Notation

1. Extensions by zero. If a function g is defined on a set O\ A, its extension by zero
in A will be denoted either by g, or by [g] .

2. Mean value. For any measurable set O of finite measure, My denotes the mean
value over the set O, i.e.,

M@@)(-):ﬁ/(g@(-,y) dy, Vo e LY(Qx O). (2.6)

Remark 2.3. With the above notations, it follows from (@ that

= ‘@'/\Ay(%)( D, VO eLYQx Y.

M, (®)(-)

11



Definition 2.4. For any function ¢ Lebesque-measurable on 2%, the unfolding operator
T is defined by

B gb(e[g]y—key) a.e. for (x,y) € Q. x Y™,
N 0 a.e. for (r,y) € Ao x Y™

T2 (0)(2,y) (2.7)

Obviously, for v,w € LP(Q), TX(vw) = T (v) T (w).

For ¢ Lebesgue-measurable on €2, we extend it by zero in Q:\ﬁ:, so the above definition
makes sense.

Remark 2.5. The relationship between T. and T is given for any w defined on €2, by

T (w) = Te(w) (2.8)

‘QXY*‘

Actually, the previous equality still holds with every extension of w from O into 2. In
particular, for w defined on (2,

T (g, ) = Te(w) (2.9)

|QXY*'

Because of relationship (12.8)), the operator 7* enjoys properties which follow directly
from those of 7; listed in Theorems [I.3] and [T.4]

Proposition 2.6. For p € [1,+00), the operator T is linear and continuous from
LP(Q2) to LP(Q2 x Y*). For every ¢ in LY(Q}) and w in LP(Q})

£

. 1 .

) ~ [ Ty dedy= | o) de = / o(2) de— [ d(x) de,
Y] Jaxy- Oz Q .

(#6) T2 () lmoorr = | Y [ w g, llonn) < [Y V7 wllisar)

Corollary 2.7. Let ¢. be in L' (2F) and satisfying

|| dz — 0. (2.10)
A
Then )
O dr — — T (¢e) dx dy — 0.
QFf |Y| QxYy*

As a consequence of Remark [2.3] Remark and Theorem the following results
hold.

12



Proposition 2.8. Let p belong to [1,+00).

(i) Forw e LP(Q),
T (w) = w  strongly in LP(Q2 x Y™).

(ii) Let w. € LP(S2) such that ||we||przy < C. If
T (we) = w  weakly in LP(2 x V™),

then - V¥

We —

_ o
V] M (@)  weakly in LP(1).

Remark 2.9. This last result (statement (ii) above) implies that for w. in LP(S2) such
that ||we|Lr(qx) is bounded, the following are equivalent:

a) There is w € LP(Q)) such that

Y]
. —\

We
Y

w  weakly in LP(2).

b) All the weak limit points W in LP(Q x Y*) of the sequence {T(w.)} have the same
average over Y* (this average My-(W') being just w).

2.3 The averaging operator U’ in perforated domains

We now determine the adjoint of 7*. To do so, let v be in LP(2 x Y*) and u in

LY (). Then, by (1.§) and (2.8),

1 ) . )
W o, @) vy dedy = | Te(@)(w.y) vlz.y) dedy
1 ~ ~
=97 | Ty ot y) dedy
_ / () U(9) () dz = / () Uu(5) (2) d.
Q Q

This gives the formula for the averaging operator U},

Uz (v) = U.(0) (2.11)

Q)
hence the following definition.

Definition 2.10. For p in [1,+0o0], the averaging operator U : LP(2 x Y*) — LP(2F)
is defined as

UH(D)(z) = |71|/yq)<8[§]y+€z’{§}y> dz a.e. forxeﬁ:,
0

€
a.e. forx € AL

13



Note that if ® belongs to LP(2 x Y'), then U (P, ,.) = U(P)

loz

Proposition 2.11. Let p be in [1,+00). Then, for any ¢ in LP($2),

[ = U (D) posy = O- (2.12)

Proof. Since U (¢p) = U-(¢) (2.12)) is immediate from Proposition (ii). O]

oz 2

As a consequence of (2.11]), we get

Proposition 2.12. Let p belong to [1,+00]. The averaging operator is linear and con-
tinuous from LP(2 x Y*) to LP(QF) and

£

||u:(¢’)||LP(Q;) <|Y |_1/p H(D“LP(QxY*)-

From (2.8)) and (2.11)) it follows that U is almost a left-inverse of 7. Indeed, for
every ¢ in LP(€)) one has

o(x) a.e. for x € @*,
5( € (gb))(a:) { 0 a.e. for xv € A, ( )
while, for every ® in LP(Q2 x Y™*),
1 ~
v /(I)(g[gy —|—az,y) dz a.e. for (z,y) € Q. x Y™,
T U @)y = Y (214
0 a.e. for (z,y) € A x Y™,

Proposition 2.13. (Properties of U*). Suppose that p is in [1,+00).
(i) Let {®.} be a bounded sequence in LP(Q2xY™) such that ®. — ® weakly in LP(QxY™).
Then v
Z//Z; (I)a JEE N B
() = M,

In particular, for every ® € LP(2 x Y*),

®)  weakly in LP(Q2).

N y*
U (d) — %MY*(CI)) weakly in LP(Q),

(contrary to the case without holes, this convergence is never strong for ® # 0, because
of the oscillations of Q). ).

(ii) Let {®.} be a sequence such that ®. — & strongly in LP(Q2 x Y*). Then
TXU(DP.)) — @ strongly in LP(2 X Y7™).

(iii) Let w. be in LP(Q2). Then, the following assertions are equivalent:

14



(a) TX(w.) = w strongly in LP(Q x Y™),
6) e~ U@y = 0.

(iv) Let w. be in LP(QE). Then, the following assertions are equivalent:

(¢) T (w.) = w strongly in LP(2 x Y™) and / |we|P dx — 0,

(d)  [Jwe —=U(W)]|zr(@2) = 0.
Proof. Using (2.11)) this proposition is a transcription of Proposition [1.6] ]
Remark 2.14. Assertions (iii)(b) and (iv)(d) are corrector—type results.

Corollary 2.15. Let w. be in LP(Q)f) and w in LP(Q2). Then the following assertions
are equivalent:

(a) T (w.) = w  strongly in LP(Q2 x Y™),
B) e =l — O

Furthermore, (a) together with | |w.|" dz — 0, is equivalent to ||[we —w||Lp(oz) — 0.
AZ

Proof. The first result follows from the inequality

< lw = Uz (w)] o 2),

e = wll o) = o = U @)l

together with Proposition and Propositionm (iii). The second equivalence follows
from the first one and Proposition (iv). O

3 The unfolding method in perforated domains: the
case of W'P-functions

In this section, we consider sequences {w.} such that for each e, w. belongs to
WhP(QF). Two cases are considered.

3.1 The first case: ||w.|zr(:) + ¢||Vwe| rr(o:) bounded

The main result of this subsection is the following theorem:
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Theorem 3.1. Let p be in (1,+00]. Let w. belong to W'P(QF) and satisfy
[wellzr(0z) + &l Ve Loz < C. (3.1)

Then, there exists some W € LP(€; Wple’f,f(Y*)), such that, up to a subsequence,

T (w.) =@ weakly in LP(Q; WHP(Y™)), (32)

T (Vw,) =V, weakly in LP(2 x Y™).

The delicate point in the proof is the Y-periodicity of w. If the reference cell Y is a
parallelotop and S C Y, one can simply argue as in the case without holes comparing
the traces on opposite faces of Y (see [10]). However, in the general case, Y is not a
parallelotop, the boundary of S may not be Lipschitz or the way 05 intersects dY can
be such that traces are not meaningful.

To circumvent this difficulty, we use an approach which avoids the use of traces: we
introduce an auxiliary bigger cell ) (the union of 2" contiguous copies of V) and use a
new operator 7. We stress the fact that this operator is not the unfolding operator
corresponding to unit cell Y, but is a “natural” way to extend 7_* to the set 2 x V*.

The formal definition of ) uses the notations

KC = the set of vertices of P = {f eER" | (= Zkibi, (kiy..., k) €10, 1}”},

=1 (3.3)
Yy = interior{ U (ﬁ + ?) }

ek

The corresponding sets ﬁg’ and AY are defined as before,

=Y = {g €= |e(¢+Y) C Q} (3.4)
QY = interior{ U 5(5+?)}, AV =\ O, (3.5)
gegY

This definition implies that if £ belongs to =Y then for all ¢ € K, é+¢ € =.. Consequently,
if a cell e(£ +Y) is included in (Alg), then, all its translates e(§ + ¢+ Y') with ¢ € K are
in Q. (sce Figure 7).

We also have the notation

Y =y[®R")" (3.6)

For ¢ Lebesgue-measurable on 0, T2 (¢) is defined as follows:

7?]*(¢)($,y) _ ¢<€E}Y —{—€y> a.e. for (x,y) € Qgi X V*.

(3.7)
0 a.e. for (z,y) € AY x Y*.
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Figure 7. The set ﬁg’ (in dark blue) and Y (in dark blue and green)

Due to the definition of @g’ given in (3.5)), formula 1) makes sense. Note here the use
of F] and not of [z}

ely ely

From ({3.7), it is easy to check that if w belongs to LP(Q), then 72 (w) is in the
space LP(§2 x Y*) and

1T (@)l zrxysy < @Y DYP w]lpoes)- (3.8)
The main properties relating 72" with 7* are that for x € Qg’ and every vector of
the basis b = (by,...,b,)

T2 (9)(x,y) = T (d)(z,y)  ae. for yeY™,

. 3.9
T (9)(z,y +by) = T2(¢)(x + eby,y)  ae for ye Y™ (3.9)

In particular, if w is a relatively compact open subset of §2, then for e sufficiently small,

T (¢)(z,y + bp) = T (0)(x + ebr,y)  ae. on w x Y™ (3.10)

Proof of Theorem [3.1. Consider a function w in WP(Q2?). As in the case without holes,
it is straightforward that

V(T (w)) =T (Vw), ae. for (r,y) € QxY™ (3.11)

This implies that 7* maps WP (Q7) into LP(2; WP(Y™*)). Obviously, a similar property
is also true for 72" with Y* instead of Y*.

Using ii) of Proposition (3.11)) and (3.1) it follows that {7*(w.)} is bounded in
LP(2; WHP(Y™)), so that convergences ([3.2) hold (up to a subsequence).
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It remains to prove that @ is periodic. To do so, consider the unfolded function
T2 (w.). By the same argument as just above, there exist a sequence (still denoted ¢)

and w in LP(Q; WHP(Y*)), such that
T (w.) = w  weakly in LP(Q; WP (Y*)), (3.12)

(or weak-* for p = +00).
Let w be an open bounded set whose closure is included in 2. From and
it follows that
w(z,y) = w(x,y) for a.e. (z,y) € w x Y™,

Now, let ® be in D(w x Y*). From (3.10) for ¢ small enough and for every k in

{1,...,n}, one has

T (wo) (2, y + by) @ (2, y) de dy = T (w.) (z + ebg, y)@(2, y) da dy

wxY* wxXY*

= T (we) (2, y)®(x — by, y) dv dy.

wxXY*
Passing to the limit gives

/ w(z,y + bp)P(2,y) de dy =/ w(z,y)®(z,y) dzdy.
wXxY*

wXY*
and using (3.2) and (3.12)) gives
w(z,y + by) = w(x,y) for a.e. (z,y) € w x Y™,

Since this holds for every w CC €2, it is also true in 2 x Y.

Therefore, w is actually b-periodic and can be extended by periodicity to the whole
of (]R”)* This shows that @ is the restriction of w to Y*, proving that it belongs to
LP(Q; WLp(Y)). m

per

Remark 3.2. Let p be in (1,+00], and some k in {1,...,n}. Suppose that w. belongs
to LP(QX) and its gradient is bounded only in the direction of a period, i.e. satisfies

”wEHLp(Qg) + €”VU)E : anLP(Qg) < C. (313)

Then, by similar arguments there ezist a sequence (still denoted £) and w in LP(2 x Y*)
with V,@ - b, in LP(Q2 x Y™*), such that

T (w.) = w  weakly in LP(Q x Y™), (3.14)
eT (Vw, - b,) = V(T (w,)) - by — V@ - by weakly in LP(Q2 x Y™),

weak-x for p = +00. Moreover, the limit function w is b,— periodic.
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3.2 The second case: ||w.||w1r:) or ||[Vw| ;) bounded

€

We consider the space Wh?(QF) or, for a given I'y open subset of 99, its subspace
denoted by W, (€2; Ty N 9Q) of functions vanishing on Ty N 9 . For such a case,
we assume that  has a Lipschitz boundary. If T'y is not empty, this regularity of 02
implies that for every €2’ open subset of R" such that Q C €' and 'y = 902 N 7,

Wor (@ Ton %) = {6 € W(Q2) | 3¢ € ()

L (3.15)
/ . 1\ * " Y
¢ =0in (V):\ 0 and gs_%}.
In order to use the macro-micro decomposition as in the case without holes, a geome-
tric condition is needed here, which will be expressed in terms of the Poincaré-Wirtinger
inequality.

3.2.1 The Poincaré-Wirtinger inequality: hypothesis (Hp)

Definition 3.3. A bounded open set O satisfies the Poincaré- Wirtinger inequality for
the exponent p € [1,+00] if there exists a constant C, such that

Yu e WH(0),  [lu— Mo(u)|rro) < Coll V| ooy

Obviously, for O to satisfy the above condition, it has to be connected. Conversely,
there are extra conditions for this property to hold (e.g. for John domains, see [1§]).
The simplest such condition is that the boundary of O be Lipschitz (by the compactness
of the Rellich theorem), but it is far from necessary.

Remark 3.4. It is also known that if two bounded open sets Oy and Oy satisfy the
Poincaré-Wirtinger inequality with the same exponent p, then O = interior (O; U Oy)
satisfies Definition [3.3 with the same exponent p if and only if O is connected.

We can now state the geometric condition.
The Geometrical hypothesis (Hp) is satisfied when the following hold: the open
set Y* satisfies the Poincaré-Wirtinger inequality for the exponent p (p € [1,400]) and
for every vector b;, i € {1,...,n}, of the basis of G, the interior of Y* U (b; + Y*)) is
connected.

Note that under hypothesis (H,) and owing to Remark the open set }* defined
by (B.6)), satisfies the Poincaré-Wirtinger inequality for the same exponent p as Y*.

Should Y *NAY be Lipschitz — so traces exist — one could use the approach of Section
3 of [10] with the relative compactness of the sequence of local averages obtained via
the Kolmogorov criterion (as in the proof of Lemma 2.3 of [3]), and the Y-periodicity
of the function w by comparing traces on opposite faces of Y*.

Here, we do not assume such regularity, allowing in particular 0.5 and dY to intersect
in an arbitrary fashion. We therefore use the approach of Section 4 of [10], i.e. the macro-
micro decomposition. To simplify the presentation, we consider first the case where Y
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is a parallelotop. The general case, where Y cannot be chosen as the parallelotop P,
exhibits extra geometric complexities and is presented in the Appendix.

3.2.2 The macro-micro operators Q: and R’ when the reference cell Y is a
parallelotop

As in the case without holes, the macro approximation will be defined by an average
at the points of =, (see (1.3)) and extended to the set Y by Q:-interpolation (contin-
uous and piece-wise polynomials of degree < 1 with respect to each coordinate). The
notations YV, KC, ..., are those of subsection |3.1]

Definition 3.5. The operator QF : LP(Q2) s WE(QY), for p € [1,+00], is defined as
follows:

Q" () (c6) = / (€ +£2) dz = Megsoy-(6) for all € in = + K,

Y|
and for every x € ﬁg’,

Q= (¢p)(x) is the Qi-interpolate of the values of QX(¢) at the vertices

3.16
of the cezzsm tev. (3.16)
ely

Proposition 3.6. (Properties of QF) For ¢ in LP(Q}), p € [1,+00], there exists con-
stants C depending on n, Y and Y™ only, such that

(1) QD) @y < n/p
(@) (D) Lo@y) < Clidllria

0]l vz,
(3.17)

Proof. By definition, the Q);-interpolate of a function ¢ defined on the vertices of Y is
a polynomial with degree less or equal to one with respect to each variable, hence it
is Lipschitz-continuous and reaches its maximum at some vertex. So, to estimate the
L>*—norm of Q¥(¢) in the cell e(¢ +Y) it suffices to estimate the maximum of the
|Q%(¢)(€)|. Indeed, by Jensen’s inequality,

1 1
QOEOP < o [ ot el de= o [ P ds (319)
[Y*[ Jy enyY| eb+eY*
and on the other hand
1
|9(@) P dr < ——= 119700
5n|Y*| e€+eY'* €n|Y*| Lr(e)
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1
|Y*|1/p'

The space Q1(Y) of all @; interpolates defined on Y is of dimension 2"; therefore all
its norms are equivalent. Thus, there is a constant ¢ such that for every ® € Q,(Y),

1P| ey <C(Z|<I> )

ek

Estimate (i) then follows with C' =

Rescaling this inequality for ®(y) = Q*(¢)(e€ + €y), gives

P\ /P
1926 oeeser) < cs (Z (e +<t)[)
Using (3.18) we immediately get (ii) by summation over ZY (after taking the p-th power).

O

In the remainder of this section we assume that hypothesis (H,) holds.

The following proposition is well-known from the Finite Elements Method.

Proposition 3.7. There is a constant C' independent of € such that for every ¢ €
WEP(Qr),
IV 1oy < CIVEl e

Proof. By a similar argument as above, but for the gradient of every function in the
space (Q1(Y), there is a constant ¢ such that

V| Lrvy < c( Z |®(0) — @(O)‘p> l/p.

ek

Rescaling this inequality for ®(y) = QX (¢)(e£ + y), gives

p\ /P
IV QX ()|t (eereyy < cel™n) (Z ’Q:(@ (e€ +el) — QX(o) (55)‘ > - (3.19)

ek

For ¢ € WhP(Y*), apply the Poincaré-Wirtinger inequality in the domain )* to obtain
[ = M, (@)llre) < CIVY e (3.20)

Integrating ¢ — ./\/ly* (1) over Y* and Y* + ¢ for £ in K, and using the above inequality

gives respectively

1
M, () =M (P)] < WIWJ =M (D)) < ClIVY e,
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and

1

M, @) =M (W) < WII@D =M D)[rr) < ClIVY ey

The constant C' depends on the Poincaré-Wirtinger constant in (3.20) and on |Y*|'/P.
Therefore, for every ¢ in K,

M., () = M (@) < O] o) (3.21)

For ¢ in W'P(Q*) and every £ € =Y, a scaling argument gives

|Q2(6) (e + 20) — Q:(8)(£6)| < % CUVSlecier)
which, in combination with (3.19)) yields
IVQI(D) || r(eetev+) < C||VO| Lr(cetey)-
Proposition [3.7] follows by summation over =Y. O

Now, every function ¢ in LP(Q) can be decomposed on the set Q:* =N Qg’ into

the sum of two terms as follows: R R
¢ = Qo) +Ri(p), ae inQF=0rNQY. (3.22)

Proposition 3.8. There is a constant C' independent of € such that for every ¢ in
Whe(Qz), . .

(@) R oy < €ClIVOlLrias),

(i) NVRUD oz < ClIIVlLrs).-

Proof. The second estimate is a simple consequence of Proposition

To prove inequality (i), consider first some ¢» € WHP(Y*), and apply the Poincaré-
Wirtinger inequality in Y* to obtain

[ = My~ (@)llrry < CUVE . (3.23)
For ¢ in W'P(QF) and every & € 2, from (3.23) by a scaling argument it follows that
¢ — QP () lLr(cerevs) < Cel| VO Lo(eerev).- (3.24)

On the other hand, using (3.20)) and the definition of Qf(¢), a similar scaling argu-

ment gives
|Q:(#) — Qi (D) (€& Lr(eeteyy < Cel| VP Lr(egrey=)-

The last two inequalities combine into

IRE(D) | Lo eerev=) < Cel[V Ol Lreereye),

from which inequality (i) follows by summation over =Z2. O
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As a corollary of Proposition [3.8] we obtain the following uniform Poincaré inequality
which is useful for applications. It is based on the micro-macro decomposition (carried
out here on a neighborhood of €2, which we may take to be the whole of R™). It extends
to the case of non-smooth holes the result of Lemma A4 of [3].

Theorem 3.9. Assume that ) is bounded in one direction and with Lipschitz boundary.
Then there exists a constant C' independent of € such that

Ve Wy (5000 09%), (6l < ClIVSlaar. (3.25)

Proof. We extend ¢ by zero to the whole of (R™)* (see (2.5])), extension still denoted ¢.

€

Then, for the macro and micro operators associated with R", Propositions and
apply and give

* 1 *
IVQ:()l|o ) + ZIR(D) [ Lo(@nyz) < CIVOllLey.
The domain 2 being bounded in one direction, the support of Q*(¢) is contained in the

1-neighborhood of 2, denoted V;(2) (for ¢ small enough!) and bounded in the same
direction. Hence, using the usual Poincaré inequality in V;(2), we have

1L | oy < CIV QD) r@ny < C[VOlLrior),
which gives (3.25), since ¢ = QX(¢) + R:(¢), a.e. in (R™). O

3.2.3 Convergence results

We suppose that p is in (1, +00), that Hypothesis (Hp) holds and consider sequences
such that
wellwiw@y <C or  ||Vwe| @ < C.

The main convergence results are Theorems and below.

Notation. For every w € LP(Q?), the function Q*(w) is defined on Q¥ (Subsection
or on (Alf (Appendix). Its extension by 0 to R™ is QE (w,) which is then restricted to
Q). For simplicity, this restriction is still denoted @;(ws). Similarly, the function R} (w),
defined on Q:* is extended by 0 to (R™)f and then restricted to 2%, this restriction is

still denoted ﬁg(wg). Also, we denote by [VQ!(w,.)] (resp. [VR!(w.)]) the extension
by 0 to R™ (or Q) of VO (w,) (resp. VR:(w:)).

We first prove a convergence result concerning the sequence {Q¥(w.)}. In Lemma

and Theorem the set I'y is a non-empty open subset of 9€2. Since Q*(w.) and
[VQ!(w.)] are defined on €, the original unfolding operator 7; is used.

Lemma 3.10. Let w. be in WHP(QF) satisfying

| we[wrpey < C. (3.26)
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Then, there exists a function w in WYP(Q) such that, up to a subsequence,

(1) ﬁ(/QE(wa)) —w  strongly in LY (Q; WHP(Y)),

loc
(i) TA(Q:(w.)) — w weakly in LP(S; W (Y)), (3.27)
(iii) T-([VQ:i(w.)] ) = Vw weakly in LP(Q2 x Y).
Moreover, assuming that € is with Lipschitz boundary, if for every € the function w,

belongs to Wy (5 ToN ), then w belongs to WP (Q;Ty) (i.e. the trace of w vanishes
onTy) .

Proof. All the convergences of this proof are up to a subsequence. From Propositions
(ii) and Proposition , both sequences { Q*(w.)} and {|[VQ:(w.)] |} are bounded
in LP(Q2). Then there exist w in LP(Q)) and F' € LP(Q)) such that

(1) @;(ws) — w strongly in L} (£2),

(17) é/g(wg) — w weakly in LP(Q), (3.28)
(i1i) [VQi(w.)] — F weakly in LP(Q).

Let w be a relatively compact open subset in © and let ® be in (D(w))™. For ¢
sufficiently small, the inclusions support(®) C w C QY hold. Therefore,

/Q[vgg(wa)f O dr = /WVQ:(wE) O dr = —/WQZ(wE) div(®) dz

_ /Q Or (w.) div(®) d.

Passing to the limit yields

/F-@dx:—/wdiv(q)) dz,
Q 0

so that F' = Vw and w belongs to W1P(Q).

Observe now that the restriction 72(Q*(w.))|oxy belongs to LP(w; W'?(Y)) and its
gradient with respect to the variable y is of order . Hence, with convergence (1)
we get (1) by the properties of 7.. Similarly, since w does not depend upon v,
convergence (3.28))(ii) implies (3.27)(ii).

To prove (3.27))(iii), consider the sequence {QZ(w.)|,}. It is uniformly bounded in
WhP(w). By Theorem |1.4 applied in w, there exists @, € LP(w; WLP(Y')) such that

per
T2, (V(Qi(w.)|w) = Vw + Vi,  weakly in LP(w x Y). (3.29)

Due to the definition of QF, for a.e. x € w, the function y — w,(x,y) is a polynomial
with degree less or equal to one with respect to each variable yy, ..., y,. This function
is also Y-periodic. Consequently, it does not depends on y. This implies

T-(VQ:i(w.)] ) = Vuw weakly in L} (€ LP(Y)).

loc
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Now, (3.27))(iii) follows since [VQ?(w.)] is bounded in LP(Q2), and so is 7z ([V Q% (w.)] )
in LP(Q2 xY).

If w, belongs to W, (Q Ty NIN), consider an open set ' containing Q and such that
Lo = Q' NN We extend w, by zero in (€)1 \ Q. This extension is still denoted w..
Due to convergences in the context of ' and , it follows that w vanishes
on I'y. O

We now prove a convergence result concerning the sequence {R}(w.)}.

Lemma 3.11. Let w. be in W'P(Q) and satisfy
vasHLP(Q;) S C (330)
Then, there exists W' in LP(Q; WLP(Y™*)) such that, up to a subsequence,

per

1~
27;* (Re(w.)) = @ weakly in LP(Q; WP (Y™)),

T-([VR:(w.)] ) = V@' weakly in LP(2 x Y*), (3.31)

T (73;; (we)) = 0 strongly in LP(; WHP(Y™)).

1~
Proof. Due to Proposition the sequence =7 (R%(w.)) is bounded in LP(€; W'P(Y*)).
£
So there exits @’ in LP(; WHP(Y™)) such that convergences ((3.31)) hold.
To show that @' is actually in LP(Q; WLE(Y*)), let w be any relatively compact open

per

subset of . The restriction of 2R*(¢) to w? belongs to WP(w?). Applying Theorem
to this restriction, we obtain that @[, belongs to L (w; WLP(Y*)). The conclusion
0

per
ows by varying w. O

We are now in a position to state the main results of this section.

Theorem 3.12. Suppose that w. in W'P(QF) satisfies

HwEHWLp(Q:) S C
Then, there exist w in WHP(Q) and @ in LP(Q; W) (Y*)) with My-(w) = 0, such that,
up to a subsequence,

. T (we) — w  strongly in L7, (Q; WP (Y™)),
i
T (w.) = w  weakly in LP(; WP (Y™)), (3.32)
(i7) TX(Vw:) = Vw+V, 0 weakly in LF(Q x Y™).
Moreover, assuming that ) is with Lipschitz boundary, if for every e the function w.

belongs to Wy (Q5;ToNIQ), then w belongs to Wy P (Q;Ty) (i.e. the trace of w vanishes
onTy) .

25



Proof. Convergences (3.32))(i) follow from ({3.27))(i) and (ii) making use of (3.31). Simi-
larly, convergence (ii) follows from (3.27))(iii) and (3.31)) with w = @' — My (w). O

Theorem 3.13. Let ) be bounded and with Lipschitz boundary. Suppose that w. belongs
to Wy P (QF; 00 N OSY) and satisfies

||Vw€ ||LP(Q;) S O

Then, there exist w in WyP(Q) and © in LP(Q; Wo(Y*)) with My (@) = 0, such that,
up to a subsequence,

(i) T2 (Vw.) = Vw + V,@  weakly in LP(Q x Y*),
(i1) T (w.) — w  strongly in LP(; WP(Y™)), (3.33)
(ZZZ) st — 'LUHLP(Q:) — 0)

Proof. By Theorem , it follows that estimate is satisfied. Convergence (i)
of follows by Theorem In order to obtain (ii) and (iii), without changing
notations, we extend w. by zero to the whole of (R"): (see (2.5). Using the unfold-
ing operator 7 g. associated with R", the first convergence result of Theorem
implies that 7 (w.) converges strongly in L}, (R™ W'?(Y*)). Note that T*(w.) =
Toen(we) 1g laxy+. This implies the (ii) (3.33). As for (iii), it follows by applying
Proposition El (in the setting of R™).

]

We complete this subsection with a convergence result concerning the unfolding of
the difference between the general term of a sequence and its local average.

Proposition 3.14. Suppose that w. in WP(QF) satisfies . Assume moreover that
there exist w in WIP(Q) and @ in LP(Q; WLP(Y™*)) such that,

per
TH(w.) — w  weakly in LP(; WP(Y™)),
T (Vw:) = Vw+ V, @0 weakly in LP(2 x Y™),

with M (w)(x) =0 a.e. v € Q.

1
Set z. = —(w. — MY*(ﬁ*(wg)lﬁ*. Then, z. converges weakly to 0 in LP(§2) and
8 €

Z. =T () = é(ﬁ*(we) - M, (72*(w5)> = ym-Vw+i  weakly in LP(Q; WP (YY),

where yyp =y — MY* (y).
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Proof. Since M_ (7. (w.)) does not depend on y, M (Z.) = 0.
On the other hand, V,(Z.) = 1V, T (w.) = T*(Vw,) converges weakly to Vw+V,©

in LP(Q x Y*). By the Poincaré—EWirtinger inequality in W1P(Y*), it follows that the
sequence {Z.} is bounded in LP(Q; W'?(Y*)). By the connectedness of Y*, there is
a unique element in this space with zero average on Y* whose gradient with respect
to y is Vw + V,w, namely yy - Vw + w. Consequently, {Z.} converges weakly in
LP(Q; WEP(Y™*)) to yar - Vw + w. By Proposition (ii), this implies that z- converges
weakly to 0 in LP(€2). O

4 The boundary unfolding operator

In this section, we suppose that p is in (1, +00), that 05 is Lipschitz and has a finite
number of connected components. The boundary of the set of holes in {2 is 95, N and
we denote by 0S. those that are included in €2..

For a well-defined trace operator to exist from W1P(Y*) to W'~1/P?(9S), we assume
that each component of 95 has a Lipschitz boundary. Then, a well-defined trace operator
exists from W1P(Q) to WI=1/rP(9S,).

The aim here is to give a meaning to the unfolding operator for such traces, and
to obtain estimates and convergences results for sequences of functions in W!'P—type
spaces. To do so, we extend the notion of boundary unfolding operator which was
introduced in a slightly different form in [13] and [14] .

Definition 4.1. For any function ¢ Lebesgue-measurable on 8@: N 0S¢, the boundary
unfolding operator T2 is defined by

r ~
o < O] o) aesor @y efeos
0 a.e. fO?” (x’y) c Az—: % aS

T (4.1)

Remark 4.2. If o € W'P(QF), T2(p) is just the trace on S of T*(p). In particular,
by the standard trace theorem in Y™, there is a constant C' such that

172 (D) Leoxasy < C(IITZ el r@xy) + IVy T @l Lo@xy=))- (4.2)

From the properties of T*, it follows that

IT2()|riaxos) < C(llellr@s) + el Vellr@s)- (4.3)

The operator T2 has similar properties as the boundary unfolding operators of [13]
and [I4]. In particular, the integration formula, which reads

/a () do(z) = — T2(9) (@) dz do(y), (4.4)

ASE B g‘Y‘ Qx9S
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transforms an integral on the rapidly oscillating set 5?95 into an integral on a fixed set
2 x 9S. The integration formula implies

I72(0)zosas) = € 71¥ 1Pl l] o (4.5)

The presence of the power of ¢ in (4.4) requires a normalization for boundary terms
which differs from that in the bulk. This induces some interesting effects for the con-
vergence of such boundary integrals (see Propositions and 4.10)).

Proposition 4.3. Suppose that v belongs to W'P(Q*) and that g is in LV (53’5) Then

£

1
| /aA gvdo(@)| < C (1Tl was IV las) + = Mos(T)]| gy I017@2))

C
| [ gvdo(@)| < 9l a5,y (Iolls + el Vellisar )
a5. evp

Proof. Applying (4.4)) to the product gv gives

/ gvdo(z) = — T2(9) (@, ) T2 (0) (2, y)da do(y). (4.6)
95, 5\Y\ OxdS
This can be written as
| gviote) = Tb<g><:c,y>(7;*<v>—MY*<7;*<U>>><x,y>dxda<y>
95, 5|Y| OxdS
N (4.7)
55 [ Mas(TH@) @M, (7 (0)(a) da

By the Holder inequality,
| [ g0do@)] < SIT0) v eas 1T ) = M, (T2 0) s
+ S Mas(T2@) M. (T ) 1o
On the one hand, due to the Poincaré-Wirtinger inequality in Y*,
172 (v) = M (TZ(0)| r(exas) < ClIVyTE (V)] raxy+) < Ce[[ V|| Loas)-
On the other hand, we have

M, (T (@Dlre) < CITE (V)| r@) < Cllvllzrs)-

The first inequality follows.
Since ||[Mas(T2(9))]] Lp @ < CIIT2(g)| v (0. xs): the second inequality follows from
the first one and from ([4.5)). O
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A simple consequence of formula (4.6]) is the following convergence result:
Proposition 4.4. Suppose w. is in W'P(QF), g. is in Lp'(gg'g) and

(1)  TX(w.) —=w weakly in LP(Q; WP (Y™)), (4.8)
(i1) TP(g.) = g strongly in L (Q x 9S). '
Then

5/ g-we do(x) — i g(z,y)w(z,y) dzdo(y). (4.9)

0S. |Y| Qx08

Remark 4.5.

(i) It is obvious that strong and weak convergences in Proposition can be inter-
changed.

(ii) For any g in L (Q x 0S), there is always a sequence {g.} satisfying (&.8) (i) (see
also Remar’k below for a more general statement).

(iii) In Proposition[4.4, if w is independent of y and Mas(g) = 0, then

5/ g-w. do(z) — 0.
d5.

The last result ((iii) of Remark [4.5)), for w independent of y and Myg(g) = 0, was
already observed in [I3]. One can obtain the limit of the integral | g.w.do(x) itself

5.
under some additional assumptions. This is given in the next result.

Proposition 4.6. Let w. be in W'P(QF). Suppose there exist w in WHP(Q) and w in
LP(Q; WLE(Y™)) such that,

per
T (we) = w  weakly in LP(; WHP(Y™)),

R (4.10)
T (Vw:) = Vw+ V, @0 weakly in LP(2 x Y™),

with My(@) (x) =0 for a.e. x € . Suppose also that the following two convergences
hold for g. in L¥ (53'5)

T2(9:) = g strongly in L” (2 x OS),

1 . - (4.11)
EMaSU; (9:)) = G strongly in LP ().
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Then,

05| 1951
gew.do(z) - — [ Gwdx + /./\/la ymg) - Vw dz
J Vi) |Y| o
05e ' (4.12)
+ = / g W dzdo(y),
Yl J
Qx0S

where ya = y — My(y).

Proof. Formula (4.7) gives

/ gw, do (s ’fyﬁ' / L Mos(T2 () (@) M, (T2 (w.)) () da

95

1 . . .
+ m / g<7; (we) — MY* (7: (ws)) (z,y) T2(9:) (2, y) dx do(y).

Qx908

Then convergence (4.12) is obtained from the fact that M (72 (w.)) converges weakly

in LP(Q) to w (since T*(w,) itself converges to w which is independent of y) for the first
term and from Proposition for the second term (which itself gives two terms in the
limit). O

Remark 4.7. Actually, Proposition [{.6 can be stated with the same conclusion with
four different sets of hypotheses by exchanging weak and strong convergences in
and . We will use the same reference for these alternate versions. An interesting
case is when convergences are both strong. Then convergence holds assuming

only weak convergences in .
Remark 4.8. Note that if g. in LV (5?95) is such that
T2(g.) = g weakly in LY (Q x 85),
“Mos(THg.)) = G weakly in 1(8),
it follows that

Moss(g) =0 a.e. forz € Q.

Conversely, for any g in LP (Q x 98) with Mas(g)(x) = 0 for a.e. © € Q, and G
in LY (Q), there always exists a sequence g. satisfying [A.11)). An example of such a
sequence s given by

g =U(g) + =M (T(G))

105:
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We now extend the result of Propositions[.3|and [4.6] to the case where w. belongs to
Wy (Q 90N Q) and g. to ch(65 ). Recall that V;(€2) denotes the 1-neighborhood
of (2.

Proposition 4.9. Assume that Q) is bounded with Lipschitz boundary. Let w belong to
Wy P(Q50Q N 0 and g to Lloc(aSE). Then, for e small enough

[ gwdo(@)| < CUT oy V0l
95NN
_HMBS Tb HLP Vi (Q HwHLP Q)

C
[ gwdo@)| < Splolvias. o (Il +euwumg>)-
88NN e/p

Proposition 4.10. Let € be a bounded domain with Lipschitz boundary and w. be in
Wolp(Q* oNNo8Y;), satisfying ||Vwe || rrx) < C. Suppose that there exist w in WyP(Q)
and @ in LP(Q; WLP(Y™*)) such that,

per

TH(w.) — w  weakly in LP(Q; WP(Y™)),

R (4.13)
S (Vw,) = Vw +V,w  weakly in LP(Q2 x Y™),
with M (0)(x) =0 a.e. v € Q.
Let g. € Lfoc((?SE) and suppose furthermore that
T2(g.) = g strongly in Lf;C(R” x 09),
1 (4.14)
—Mas(ﬁb(gg)) — G strongly in LIOC(R”)
(where T2 acts in (R™):; see (2.5)). Then we have
S S
/ 9 we do(z) — | |/Mas (Ym g)- VWd95+| | GUde
95.0 Y] Y|
, (4.15)
+ w g dxdo(y).
V1 a9 W)

Proof of Propositions[{.9 and[{.10. Extend w and w. by 0 to the whole (R")* to get

/ ge wedo(x) = / ge we do (), (4.16)
85.nQ (882)1

where (5:5})1 is the 0. associated with V() instead of © (with a similar relation
for w). The results then follow from Propositions and applied in the domain
Vi(Q). O
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Remark 4.11. In the literature, there are two standard examples of periodic functions
., deriving from a function g in L (DS).
For Hypothesis (4.14), g. is defined as

L. g.(z) =ecg({r/ely) if Moas(g) #0,
2. g:(x) = g({z/ety) if Moas(g)=0.

For Hypothesis (4.11)), since the functions g. have to vanish outside of(‘jSz, the formulas

are
3. ge(x) =eg({z/ely) g if Mos(g) #0,
4. ge(z) = g({z/ely)1g if Mas(g) =0.

At the limit, in cases 1 and 3, g = 0, G = Mys(g), while in cases 2 and 4, g = g and

G = 0. Note that there is no way to have both g and G non zero by simply using the
periodic approach.

Remark 4.12. The setting of [13] is restricted to the case 1 above. In particular, if
Moys(g) = 0, Proposition holds with G = 0. Moreover, by Proposition with

w. = w, one immediately has

/ gewdo(z) = 0,
05:NQ2

which should be compared with 5/ g-wdo(x) — 0 (see (iii) of Remark .
0Se

—

5 Application: homogenization in periodically per-
forated domains

We present two generalizations of classical homogenization problems in bounded
domains with holes. In the both cases, the boundary condition on the holes is of non
homogeneous Neumann type. In the first problem, the condition on the outer boundary
is homogeneous Dirichlet (Dirichlet-Neumann problem) while in the second problem it
is homogeneous Neumann.

Throughout this section, we assume that 2 is bounded with Lipschitz boundary
and that Hypothesis (Hz) holds.

Let f bein LQ(Q)H and A%(z) = (a;(7))1<i j<n be a matrix field in the set M («, 3, Q),
according to the standard definition below.

1One can as easily consider a sequence {f-} which converges weakly to f in L?(2). However, one
cannot choose a fixed f in H~1(Q), simply because it cannot be restricted QF in a meaningful way.
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Definition 5.1. Let a, 8 € R, such that 0 < o < . M(«, 3, 0) denotes the set of the
n xn matrices B = B(z), B = (b;j)1<ij<n € (L™ (0))"*" such that for any A € R"™ and
a.e. on O,

(Bx)AA) = afA%, JA(@)A < BIA.

The Dirichlet-Neumann problem is
—div (A°Vu.) = f in QF,
u. =0 on 00 N O, (5.1)
Au. -n. =¢g. ondS. N,
where g. is given in L*(0S. N Q).
The Neumann problem is
—div (A°Vu,) + bou. = [ in QF,
A*ue -ne. =0 on 00\ as., (5.2)
A%u. -n. =g. on 552,

where the function b. is measurable, positive a.e. in (2, essentially bounded as well as
its inverse, and g. is given in L?*(9S.) (see notation (2.4))).

Remark 5.2. As far as we know, there is no homogenization result for Problem [5.3 if
g- 1s defined on the whole of 0S. and does not vanish outside of 0S.. This is mainly
due to the lack of uniform bounds for solutions. In some papers, the holes in the zone
0S: \ 0S: (or in a similar boundary layer) are completely suppressed, in which case the
unfolding approach works as easily (since all unfolded functions always vanish in this
layer).

The variational formulation of (5.1)) is

Find u. € Hj (200 N 0QY) such that

/ A*Vu,. Vv dx = / fodx+ / gevdo(z), (5.3)
Q: Q: 85.nQ
Yo € Hy (05500 N0Q).
The variational formulation of (5.2)) is
Find u, € H'(€2?) such that
/ A*Vu, Vo dr + / bou. vdx = fudr+ /A g-vdo(z), (5.4)
Qr Qr 9% GER

Yo e HY().
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A major difficulty when considering and (5.4), is the strong dependence upon
e of the spaces Hy (200N 00N and H' ().

What kind of convergence can be expected for the sequence {u.}?
One approach is to use uniformly bounded extension operators P. from H'(Q) to H*(Q)
(respectively from Hg (500 N oQY) to HY(Q)). The weak convergence of {P.(u.)} in
the corresponding fixed space can then be proved. This is the case for sufficiently smooth
holes not intersecting the boundary of 2. Such extension operators are constructed on
the unit cell under restrictive conditions on the normalized hole S (for this approach,
we refer the reader to [4], [15], [16] and the references therein, [23], [5], [7], see also
[18]). The choice of the cell Y can be critical. For example, Figure 4 shows two possible
choices of unit cell, which differ only by the position of the cell with respect to the origin
of R™ (the hole S is the same in both cases). The problems are therefore identical. But
for the one on the left, provided the hole is with Lipschitz boundary, one can construct
such an extension operator. For the choice on the right no such extension operator can
be constructed!
Without such extension operators, even if ||uc|| g1 (qx) is uniformly bounded, one cannot
speak about “convergence” of u.. For homogeneous Neumann condition on the bound-
ary of the holes, a first attempt in this direction was made in [3] where the obtained
convergence was the following: ||u. — ul[z2(q:) — 0 for the Dirichlet-Neumann problem
(resp. Yw CC Q, |lue — ul|L2@wnox) — 0).

In contrast, in the unfolding method, the sequences {7*(u.)} and {T7*(Vu.)} are
bounded in the fixed spaces L?(2; H'(Y*)) and L?(Q x Y*), thereby allowing the use
of standard convergences. These convergences, in turn give information on the original

sequences as well as corrector results (see (5.9) and ((5.44))).

In the above variational formulations, the presence of integrals on the perforation
boundaries requires the existence of traces on 0.5 and is another difficulty because these
boundaries vary wildly with €. This is overcome by the use of the boundary unfolding
operator which rewrites them as integrals on the fixed set €2 x 9S. In the particular
case of periodic boundary data of the form g.(z) = g({z/e}y) for some g in L (dS),
this procedure was used in [I13]-[14] (see also Remark [4.11]).

In each problem, under strong convergence conditions on the data, we obtain a
corrector result which is new in this context.

5.1 Homogenization of the Dirichlet-Neumann problem

When studying the asymptotic behavior of , the first point is to obtain a uniform
bound for u, solution of . To do so, we first choose an extension of g. to dS.NV;(Q2)
(still using the notation g. for this extension).E] Then we choose u. as a test function in
(5.3). From the resulting formula, making use of Proposition and Theorem (for

2 Actually, any extension in L2(9S.NV;(Q2)) will do. We usually choose either the periodic extension
(if it is possible), or the extension by 0 . Recall that V;(€2) is the 1-neighborhood of €.
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p = 2), one can establish the uniform bound

[ellrr sy < O (I llee *fuw%mﬁ%mW()+‘WM% (T2 2 y@) - (5:5)
In view of this estimate, the natural condition on the function g. is that

1/2Hg€||L2 5.1 (2 —HMas b<g€))HL2(v1(Q)) is uniformly bounded, (5.6)

which gives a uniform bound for |lu.| g1 :). We can now state the homogenization
result.

Theorem 5.3. Let u. be the solution of problem . Suppose that
T2 (A°) = A ae inQxY* (or more generally, in measure in Q@ x Y*),  (5.7)
for some matriz A = A(x,y) such that
A = (aijhi<ijen € M(a, 5,2 X Y").

Suppose furthermore that g. satisfies (5.6) and that there exist g in L*(2 x 9S) and G
in L*(Q) satisfying

TX(g.) =g weakly in L*(2 x 95),

) (5.8)
g/\/las('ﬁb(ga)) — G weakly in L*(Q).
Then, there exist ug € H}(Q) and 1y € L*(Q; H;eT(Y*)) such that
(Z) ||u5 — uO”L?(Qg) — 0,
(i)  TX(u.) — ug  strongly in L*(; H(Y™)), (5.9)
(i3i) T (Vu.) — Vug + Vyiy  weakly in L*(Q x Y*),
and the pair (ug,0g) is the unique solution of the problem
(wo € Hy(Q), o € L*( H,,, (Y*) with M. (Up) =0 for a.e.x € Q,
1 ~
V] Az, y) [Vuo(z) + Vyio(z,y)] [VU(2) + V,®(z,y)] dedy
QxY*
_ Y / f(z)¥(z) dx |0 | /Mas ymg)(z) - V¥(z) dz (5.10)
Y] Ja T '
oS 1
2 [ e wyae+ = [ g0y dedoty),
|Y| V] Jaxos

| V0 e HI(Q), VPe L?(Q HL (Y")).

per
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Remark 5.4. As in the case of fived domains (see [10]), every matrixz field A belonging
to M(a, B,Q2xY™) can be approached (in the sense of (5.7)) ) by the sequence of matrices
A® in M(a, B, QF) with A® defined as follows:

s {Z/IE(A) in Q¢

. *
ady, in AL

Proof of Theorem [5.3. First, note that problem (5.10)) has a solution which is unique by
direct application of the Lax-Milgram theorem in the space Hy () x L*(; H),,.(Y*)/R)

(H! (Y*)/R) is identified with the closed subspace of H! (Y*) consisting of all its

per per
functions with mean value 0).

As seen above, (5.5)) and (5.6 imply that ||u.||g1(qz) is uniformly bounded. Then,
Theorems and imply convergences ([5.9), at least for a subsequence. The

uniqueness of the solution of the limit problem will eventually imply the convergence of
the whole sequence.

Let U and ¢ be in D(Q2) and ¢ = ¥(y) in H' (Y*) such that My-()) = 0. We

per

choose in (5.3)) the test function v° = ¥ + ep1). where ¢ (z) = Qﬁ(E) Since
€

Ve = V. 0(2) + et Vap + 9(V,0) (),

€
by Proposition [2.§8] (i),

TX(v°) = U strongly in L*(Q x Y*),
T (prb.) — @ strongly in L*(Q x Y*),  with ®(z,y) = ¢(z) ¥ (y), (5.11)
T (Vo) = VU 4+ V,®  strongly in L*(Q x V™).

Then, for e small enough, Proposition (i) and (5.9) allow passing to the limit to get

/ A*Vu, Vo de = 1 TX(AHTX (Vue) T2 (Vo©) dx dy
QF |Y| QXY™ (5 12)
] ~ :
=5 . A [Vuo(@) + V(e )] [VE (@) + 6(@)Vi(y)] dudy,
as well as
1 . P\ Y]
foide = — TX(H)TZ(v°) de dy — / flz)¥(z) du. (5.13)
o Y] Jaxy- Y] Jo

For € small enough, in view of the fact that the support of v. remains in a fixed
compact subset of (2, the surface integral in (5.3]) takes the form

/85509 ge ve do(z) = /A 9: Wdo(z) +e /A 9= - do(z).

0Se 0Se
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To pass to the limit here, we use the results of Section 6. In view of hypotheses (5.8))
and convergences (5.11)), we can apply Proposition in the form of Remark , to
the first integral in the right hand side to obtain

/ gEWda(x)%@/Mag(yMg) V\I/d:L‘—f-—’/G\I/d (5.14)
5. YT Ja Y]

For the second integral, Proposition and ([5.11)) again give

c /A 4o ot do(z) — 9(2) (2)i(y) drdo(y). (5.15)

|Y| Qx0S

Collecting (5.12)), (5.13), (5.14) and ( , and due to the density of D(Q) in H}(Q)
and that of the tensor product D(Q) ®H;GT(Y*) in L*(; H),,.(Y*)), we get the unfolded

limit formulation ([5.10)). O

We now turn to the “classical” formulation of the limit problem in terms of ug alone.
We begin by expressing U in terms of wuqg.

Proposition 5.5. The function uy in Theorem [5.3 is given in terms of ug by

N "L du
Uo(r,y) = a; (@)xi(z,y) + xo(z, y), (5.16)
:1 1

where the corrector functions x; € L>(Q; H,,.(Y*)) (j =1,...,n), are, for a.e. x in,
the solutions of the cell problems

ox;(x, o
_Z (azkwy(%—éﬂg)>:0 n YY",
i,k= 1
z i, 5.17
Z aix (T, y)(% 5jk) =0 ondS, ( )
ik=1
[ My-(x;)(z,-) = 0, Xj(z,-) Y-periodic,
and xo is the solution of
— Z (a,zk —(9)(0(:6,3/)): 0 mY",
i,k= 1 Yi ayk
- (5.18)

Ixo(,
Z @ik(%y)wni = g(x,y) on IS,
ik=1 Yk

[ My«(x0)(,-) = 0, Xo(x,+) Y-periodic.
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Proof. The proof is straightforward once the existence and uniqueness of the “correctors”
Xi, (i =1,...,n) and xo, is shown. For all of them, this follows from the Lax-Milgram
theorem. The case of system , which takes care of the non homogeneous Neumann
boundary condition, requires special attention, since to apply the Lax-Milgram theorem

a compatibility condition is needed. This condition is / g(z,y)do(y) = 0 for a.e.
s
z €, and it is satisfied due to convergences (5.8) and Remark [4.8] O

The classical homogenization result for problems with holes is recovered here (with-
out extension operators and with no condition that the holes do not intersect the outer
boundary).

Theorem 5.6. The homogenized formulation associated with Theorem is

(. Y+ oS oS
—div (A'Vu) = |\Y\‘f + l,y|’G ” ’|

Y .
|‘Y‘|d1V My (A(z, ) Vyxo(z, ) inQ,

uy =0 on 0, where xo is given by (5.18]).

div (Mas(yrg))
(5.19)

\

The homogenized matriz A® = (af;)1<i j<n is elliptic and defined by

CLZ] - My* (aij — ; [073% ayk> My* ((l@') — My* (; (4733 ayk> (520)
where x; (7 =1,...,n) is defined by (5.17).

Proof. Inserting formula (5.16)) into (5.10)), and taking ® = 0 gives the result. O

In the case of a periodic g. (see Remark for the notations), arising from g in
L?(9S), the two cases give different results. In case 1, g = 0, G = Mpyg(g), so that
Xo = 0 and the limit problem is

|05

—div(A°Vug) = Y |f v

Y]
ug =0 on €.

Mag() iIl Q,

In case 2, g = g and G = 0, so the limit problem is

|Y*|f—|— |Y*|d1v</\/ly*( Az ,-)Vyx()(a:,'))) in Q,

—div(A'Vug) = V] V]

up =0 on 09,

with xg given by associated with g.

One can remark that in the latter case, if A does not depend on x, xo itself is
independent of . Then, the second term in the right-hand side of the homogenized
problem vanishes and g does not contribute to the limit problem, i.e. the limit equation
is the same as that of the homogeneous Dirichlet-Neumann case.
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5.2 Convergence of the energy and correctors for the Dirichlet-
Neumann problem

Actually, a convergence result stronger than (5.9) (iii) holds for the sequences of
solutions {u.} of problem (.1)), under stronger assumptions on the data. It is based on
the convergence of the energy for this problem.

Proposition 5.7. Assume that hypotheses of Theorem are satisfied. Moreover,
assume that the convergences in (5.8)) are strong, i.e.,

T(g.) — g strongly in L*(92 x 9),

(5.21)
1
g/\/las(ﬂb(ge)) — G strongly in L*(V1(Q)).
Then
1 ~ ~
lim [ A*Vu.Vu. dv =— AVug + Vo] [Vuo + Vyi] dedy — (5.22)
e—0 Qr |Y| QxY™*
and the following strong convergence holds:
T (Vu.) — YVug + Vo strongly in L*(2 x Y™*). (5.23)
Moreover,
lim [ |Vu.|* dz = 0. (5.24)
e—0 Az

To prove this proposition, we will make use of the following classical result:

Lemma 5.8. Let {D.} be a sequence of n x n matriz fields in M(«, 3,0) for some
open set O, such that D. — D a.e. on O (or more generally, in measure in O). If the
sequence {(.} converges weakly to ¢ in L*(O)", then

lim inf/ D.(. (. dx > / D((dx. (5.25)
e—0 o 10
Furthermore, if
lim sup/ D.( Cdx < / D ((dx, (5.26)
e—0 6] O
then
/ D((dx = lir%/ D.(.C.dx and (. — ¢ strongly in L*(O)™. (5.27)
o =UJo
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Proof of Proposition [5.7. By Proposition (i) and the ellipticity of A®,

*

T2 (A%) T2 (V) T2 (V) ddy = /

Q*

£

A® Vu.Vu, dr — / A® Vu.Vu, dx
QxY*

§/ A® Vu.Vu, dx.

(5.28)
Going back to (5.3]), this gives successively

lim sup — T(A%) T (VUE)’Y;* (Vug) dzr dy < lim sup/ A® Vu.Vu, dx
e—0 |Y| QOxY* e—0 *
= lim sup ( fuedr + / Jelle da(x)).
£—0 Qr 85.NQ

But, by the three convergences of . 5.9) together with formula (4.15]) of Proposition |4.10],

it follows that fu.de — | / f ug dx, while

Q |Y|
|05]
geus do(x) — Mas (Ym 9) - Vug do
9S5.M0 v
|0S \
+ Gu dr + ~— Uy g dzdo(y).
V] Jo GO T s ™ A7)

Confronting this with (| - ) where ¥ = ug and ® = ug, proves (5.22). Applying Lemma

th D.=TX(A%), (¢ = (Vug) yields convergences (|5.22)) and (5.23]). Now, using
1-

) again, gives

lim A VuVu.dxr =0,

e—0 Az
hence ([5.24) by ellipticity. ]

x
We can now address the question of correctors. In the case where A®(x) = A(—),
€

by using extension operators and under the hypothesis that the holes do not intersect
09, the following corrector result was proved in [19] (Corollary 2.2):

Ve — Vg — Anl g—;“;’vyxi({é}y> (P (5.29)

Using the unfolding method, we now give a general corrector result, of which con-
vergence (5.29)) is a simple corollary. As in the case of fixed domains (cf. [10]), this
corrector result is a direct consequence of the strong convergence (|5.23]).
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Theorem 5.9. Under the hypotheses of Proposition[5.7, as € — 0, the following strong
convergence holds:

8“ * *
Ve — Vg — Zu ( “) U (Vyxs) — U (Voxo |z — 0. (5.30)

In the case where the matrix field A does not depend on x, the following corrector result
holds:

lue = o - EZ Qa(?éﬁ?) <{g}y> - 5X°<{§}y> 102y = 0- (5-31)

Proof. By construction, for i = 1,...,n, the function x; belongs to L>(Q; H'(Y*)).
Due to convergences (5.24) and (5.23)), Proposition [2.13] (iv) gives

HVUE — UJ(VUO + Vya(])HLQ(Q;) — 0. (532)

By Proposition and (5.16]) this implies

HVUE — VU/(] — ZZ/{E (a—xovyxz> - Z/{g (vaO)“L?(Q;‘) — 0, (533)
i=1 ¢

hence (5.30) follows directly from formula (2.11)) and Proposition (here, V,x; is
extended by 0 in §2 x 5).

Convergence (5.31)) is a consequence of ([5.30]), and of multiple applications of the
0
following lemma with o = 1, a_uo (extended by 0 outside ), 8 = x; and 8 = V,x;
x

%

(both extended by 0 in the holes). O

Lemma 5.10. There is a constant C such that, for o in L*(R™) and 3 in L*(Y),
< Ol 2@l Bl 2y, (5.34)

Je@3({21) e
feers({:},) - e@s({Z})]

Proof. For the proof of (5.34)), we refer the reader to [2I]. Convergence (|5.35) follows

from (5.10) and from Propositions (iv) and [L.7] using the strong convergence of
Q. (a) to a in L*(R") (see [10]). . O

and moreover,

— 0. (5.35)
L2(R)
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5.3 Homogenization of the Neumann problem

To homogenize the Neumann problem (5.2)), the same method applies. We state the
results without detailing the proofs. The condition on b, is the following:

{ There are two positive constants ¢y and Cp and b € L>(2 x Y*) such that, (5.36)

co < b.(x) < Cyae. xzeQ and 7(b.) — b in measure (or a.e.) in Q x Y™

By Corollary [2.15] the last condition of (5.36]) is equivalent to

[be = 0|l 1»@:) — O for some (or every!) p € [1,00).

Theorem 5.11. (Unfolded formulation for (5 ) Let u. be the solution of the problem

. Assume that - and - hold Assume furthermore that g. vanishes
outside of 8S.. Then, there exist u in H'Y(Q) and @ in L*(Q; H, (Y*)), such that

per

(1)  TX(u.) converges to u weakly in L*(Q; H*(Y*))and strongly in L. (S H(Y™))
(i3) TX(Vu.) — Vu+V,0  weakly in L*(Q x Y*),

(5.37)
and the pair (u,) is the unique solution of the problem
(uwe H'(Q), ue L*( H,,,(Y*)) with M (W) =0 forae xell
1 ~
v/, A(z,y) [Vu(z) + Vya(z,y)] [VE(2) + V,(2,y)] dedy
xXY*
Y*
+ ‘Y‘ /M (0)(x) u(z) V(x) dx
v Y1 Ja sl (5.38)
-7 [ 1@y i ,Y, / Mos(ag)(x) - V() da
|85| / 1
G(z)¥(z)dr + — g(x,y)®(x,y) dz do(y),
|Y| |Y| Qxas (.9)2(z.9) )
| VU € HY(Q), V& € L*(%; H;eT(Y*)).
Proof. The a priori estimate
e || 12y < C, (5.39)

follows directly from the variational formulation (5.4)) and Proposition The remain-
der of the proof is the exact analog of the proof of Theorem [5.3] making use of Theorem
[3.12 instead of Theorem B.13 O

The next results are the equivalent of Proposition [5.5/and Theorem [5.6| (with obvious
modifications in the proofs).
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Proposition 5.12. The function u in Theorem is given in terms of u by

"0
a;i- (z)xi(z,y) + Xo,

u(z,y) =
=1

where the corrector functions x;, (j = 0,...,n) are gwen, as before, by (5.17) and
G.19).

Theorem 5.13. (Standard homogenization for Neumann problem). Let u. be the so-
lution of problem (5.4)) and suppose that the hypotheses of Theorem are satisfied.
Then u is the solution in H*(Q2) of the homogenized problem

. Y™ \Y |
—div (A°Vu +’ M. (b)u

AVu-n=G-n on 09,

m 2,

where
05|
i

Y]
Y]

G(z) = (G 4+ Mos(ymg)(x)) — My« (A(z, ) Vyxolz,-)) in Q.

The matrix field A° is the same as that defined in Theorem [5.6

Remark 5.14. In this problem, a strange phenomenon occurs: the non homogeneous
Neumann conditions on the boundary of the holes inside Q) (actually supported inside
f\ls) contribute to a non homogeneous Neumann condition on the outer boundary 0S) in
the limit problem through the term G. This phenomenon was also observed in the context
of I'-convergence in [6].

In the case of periodic a g. derived from g be in L?*(9S), the two cases of Remark
4.11| give different results.

In case 3, the limit problem is (since g = 0, xo = 0 so G=0)

. YH| Y™ |65| .
—div (A°Vu) + |—./\/l b) u f+ = g) in €,
(AV0) + M, () = o+ S Mas(e)
AVu-n=0 on0f.
In case 4 of Remark [4.11] the limit problem is
: v _ Y :
—div (A°Vu) + | M_ (b u f—divG in Q,
AVu-n=G-n on o9,
) 05 Y= .

with 6(2) = 2 Mos(unig) @) = T My (40,99, 00,9) in 02,

In this last case, the holes induce a non homogeneous Neumann condition at the
limit.
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5.3.1 Convergence of the energy and correctors for the Neumann case
The following result is the equivalent of Proposition
Proposition 5.15. (Convergence of the energy for problem (5.4)). Assume also that

7?(95) — g strongly in L*(Q2 x 0S),

' (5.40)
gMas(ﬁb(gE)) — G strongly in L*(Q).
Then
1
lim [ (4°Vu Vi + b u?) do = A[Vu+ V] [Vu+ Vi da dy
=0 Jox YT Joxy- (5.41)

L / 2
./\/l ) u®dzx,
Y

and

lim</ |Vu.|* dz +/ u? d:c) =0. (5.42)
Az Az

e—0
Moreover, one has the following convergences:

T (us) — u  strongly in L*( x Y*),

~ , (5.43)
T (Vu.) = Vu+ V,u  strongly in (2 x Y™).

Proof. The proof of (5.41)) is similar to that in Proposition [5.7 For that of (5.43) and
(5.42), Lemma is applied to the (n+ 1) x (n+ 1) matrix D, and the n + 1 vector &,

(2
0 L1
b—| T P
0 § T <6u5>
0 0 7x(b.) In
A (ue)
O
As a consequence, we have
Theorem 5.16. As e — 0,
(1) ue = ullz2@z) — 0,
ug (5.44)

(#1)  [[Vue = Vug — ZU (691: )U (Vyxi) = U (Vxo)ll202) = 0
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In the case where the matriz field A does not depend on x, the following corrector result
holds:
8U0 . .
Hue Tt 62 Qe(@xz) ({_}Y> B 5X0({g}y) HHl(QZ) =0

Proof. Convergence (i) follows from Corollary (5.42)) and (5.43). The proof of the
other convergences is the same as that of Proposition n

5.4 Multiscales domains mixing composites and perforations

As shown in [10], the periodic unfolding method is particularly well-adapted to multi-
scales problems (as compared to the use of two-scale convergence in [1], where the scales
have to be well-separated). The unfolding methods for fixed domains and for perforated
domains, can be combined to consider mixed situations.

Let Y™ be a subset of Y for which Hypothesis (H,) (see Sectio is satisfied,
see Subsection Let Y5 be given an open subset of Y* with Lipschitz boundary
and denote Y* \ Yy by Y;. Let Z be another periodicity cell, and €,0 be two small
parameters.

For z in (R”) set A% be a matrix field defined by

a({z) e
o({(154)) e {2 en

where A; is in M(a, 8,Y7) and Ay in M(a, 8, 7).

With the notation from Section 3, the perforated domain 2} (see Figure 8) is defined
by , ie., QO = Q\S., where S, = Ugegs(f + E). So, 2 has e—periodic holes
(the set S.) and an e—periodic set of a composite material corresponding to the set
Yo, = Ugeg 5(5 +Y5).

|
H—/
>~<
m
i

Aeé(l’) —
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Figure 8. The perforated domain 27

Consider now the problem
/ A®VusVode = | foda, Vv € Hy (200N 00), (5.45)
Q: Qr

where f in L?(Q2). By the Lax-Milgram theorem, one has existence and uniqueness of
ues in HY(QF; 00 N OQY) satisfying the estimate

1
[ves |l 1) < EHfHL?(Q)-

Unfolding at the scale € as in Section 5, we have convergences (3.33)) for some u in
L*(Q; HY, (Y™), ie.,

per

T (ues) — uo  strongly in L*(; H'(Y™)),
T (Vues) — Vug + Vi weakly in L*(Q x Y*).

At this level, we do not see the oscillations at the scale €§. To capture them, we
unfold at the scale d, as in [I0], Section 7. To do so, consider the restrictions to the set
Q) x Y, defined by

ves(@,y) = g7; (RE(ues))laxys-
It is immediate that (up to a subsequence)
Ves = Ulaxy,  weakly in L*(Q; H'(Y3)).

We now apply to v.s the unfolding operator 7’ for the variable y, defined by

T (ves)(x,y, 2) = vag(x,é[%}z + 5,2') forx e, yeYyand z € Z,

adding so the new variable z.

Obviously, all the estimates and weak convergence properties which were shown for
the original unfolding 7 still hold for 7/ with = being a mere parameter. Therefore, by
simply adapting Theorems [1.3] and one has the convergences

7?(va55) — V,u+ V.,u; weakly in L*(Qx Yy x Z),
T(T2 (Vuas) ) = Vo + Vi + Vo weakly in L2(Q x Y3 x Z),

for some @y in L2(Q2 x Yo, HY (7).

per

In summary, we have the following homogenization result for problem ([5.45)):
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Theorem 5.17. The functions
wo € HY(Q), e L HL,(Y)/R), i € L% x Yo HL,(Z)/R),

per

are the unique solutions of the variational problem

( 1
—yYnzy// /Ag(z) Vuo+Vya+vzal}{w/+vycb+vz@} dx dy d=
Y

_ !/
|Y|//Y1A1 Vu0+Vyu}{V\IJ+V <I>} dedy =1 | Jw dr,
VU € HY(Q), Ve LXQ; HY, (Y*)/R), YO € [A(Q x Ya, HY (Z)/R).

per

\

For the proof, one introduces test functions of the form

v+ w90 (2) v (2], o421,

where W, Wy, W, are in D(Q), &1 in H),.(Y*), ®, in D(Yz) and O, in H),
proceed as in the preceding section.

(Z), and

Proposition extends without any difficulty to the multiscale case.

Proposition 5.18. The convergence for the energy holds true,

lim A*°VusVues de
6,5—}0 Q;‘
- L/ / / AQ(Z) Vo + Vi + vzal}{vuo +V,0+ vzal} dz dy dz
YZl Ja Jv, ! !

IYI// Ay Vuo—i—Vu}{Vuo—i—Vu} dz dy.

Moreover, one has the following strong convergences:

T (Vues) — Vug + V,a  strongly in L*(2 x Y7),

’7:;’(7;* (Vug(;)) — Vuy + V,u+ V., strongly in L*(QAx Yy x 7).
Remark 5.19. In the previous situation Z can be replaced by a perforated subset Z*,
leading to two levels of perforations in the domain 2. In Theorem supposing that

Z* also satisfies hypothesis (Hg), Uy and © belong to L?(Q x Ys, H;ET(Z*)/R) while in
the first integral, Z is replaced by Z*.

Remark 5.20. Theorem can be extended to the case of any finite number of distinct
scales, by a simple reiteration process.
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An example of application of Theorem [5.17]is the case of a reticulated structure with
all vertical bars made from a composite material (see Figures 9 and 10).

il - -~ -
pre=fepe>
pe—fipie
e fipre

Figure 9. The reticulated structure
In this example, the periodicity cell Y* is the union of Y7, the set of horizontal bars,
and Y5, the set of vertical bars, so that Y NY, =0 and Y* =Y, UY,.

Figure 10. The periodicity cell Y*

6 Appendix: The macro-micro operators Q! and R}
when the reference cell Y is not a parallelotop
In this Appendix, just as in Subsection the macro approximation at the points

of =, is constructed by an average and is then extended by (;-interpolation in the
parallelotops (¢ + P), £ € =Y. Consequently, the macro-approximation is naturally

defined on the set R
OF = interior{ | J =(¢+P)}, (6.1)

tez?

where P was introduced in (2.2) and =Y in (3.4). Note that QEP is not necessarily
included in Q) (for example, this can occur if Y is offset with respect to P).
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Definition 6.1. The operator Q7 : LP(2) s WE(QF), for p € [1,+00|, is defined as
follows

Q(9)(e€) =

7 / P(e& +e2) dz = Mogioy+(¢)  for all € in =Y + K,

and for every x € ﬁf,

QX (p)(x) is the Q1 interpolate of the values of QX (¢) at the vertices

6.2
of the parallelotop e [g . +eP. (62)

We can easily check that the results given in Propositions [3.6] and [3.7] are still valid
replacing Q¥ by QF.

However, the remainder RX(¢) = ¢ — Q(¢) is now defined only on Q2 N ﬁf

To go further, we need to estimate the LP—norm of R:(¢) only in terms of the
gradient of ¢. But this is not always possible on 2 N Qf (since this set is not always a
union of cells of the type (£ +Y™). We are therefore led to consider a subset of Q* N ﬁf
defined as a union of cells of the type (£ + Y*) included in Q. Since this subset will
play the same role as Q:* in the previous case (see ), we will still denote it Qj*

To give its new definition, we use the facts that the parallelotop P satisfies the paving
property and that Y is a bounded domain. Therefore, the latter can be covered
by a finite union of G-translates of P, more precisely, there exists some k£ > 0 and

b, b,,... b, inG

such that (see Figure Al)

k
1nter10r< U b; + P) ) is connected and Y C P. (6.3)
i=1
Now set
E’Ei{5655|5(§+b;+fuy)cﬂ, ijl,...,k:}, (6.4)
(AZ; = interior{ U e(€+Y) }, (6.5)
§EEL

and R R

QF=nQ. = interior{ U e(§+Y7) } (6.6)
€EEL

Since, by construction, KAZ; is included in Qf, one has @;* c N ﬁf
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’l_l‘ll‘ll‘ﬂ‘ﬂ‘

P P Y
Figure A1. The sets P,P,Y and Y

Note that this is a generalization of the situation of the previous section since for Y = P,
the three sets 0, QF and QY coincide. In general, the following inclusions hold:

QrccQl, QcPcaca

Usually, the open set Q7 is not included in QY or QY.

All the following numbers, which measure the width of the boundary layer for each
subset, are bounded above by a constant multiple of e:

sup dist(z,09), sup dist(z,09), sup dist(z,09), sup dist(x,0Q). (6.7)

€09, 2€d9Y 0P QR

They depend on €2, Y, P and on the k vectors introduced in . If w is a relatively
compact open subset of {2 then, for ¢ small enough, it is included in all the open sets
Q., QY, QF and Q..

As in (3.22), for ¢ in LP(Q}), p in [1, +o0] we write

¢ = Qo) + R:(9), ae. in Q¥ (6.8)

with @:* defined here by ([6.6). On this set, one can get the LP-estimate for R7(¢). The
result below is similar to Proposition [3.8]

Proposition 6.2. There is a constant C independent of € such that for every ¢ in
WEP(Q7),
@) NRAD oy < €ClIIVELr@y,

(@) VRO po@ey < ClIVOlLrias)-
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Proof. Inequality (ii) is immediate from Proposition [3.7]
To prove inequality (i), let ¢ be in W1P(QF). In this setting, inequality (3.24)) still
holds for every ¢ € Z. and implies for every j =1,... k,

16 — QL) (E€&) Lr(e(ervenp;+py) < CElVO| Loeeryy)- (6.9)

Y and such that (¢ +P) C , rescaling inequality (3.21]) and using

For every ¢ in =2

the definition of Q¥(¢) give

1Q2(¢p) — QD) (E€)|Lr(cever) < CelV O Loe(e v,

hence, for every £ in =. and for every j =1,...,k,

1Q2(¢) — Q) (€&l Lrc(e+vnw+py) < CeIVOllLo(e(esn;+37)), (6.10)
Combining (6.10) and and summing over j gives

16 = QD)o eervy = IR |reeryy < Ce Y IVOllioererye)-

J=1,...k

Finally, using definition of Q. inequality (i) follows by summation over Z.. [
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