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Abstract. Limiting laws, as t — oo, for Brownian motion penalised by the longest length of excursions up to ¢, or up to the last
zero before ¢, or again, up to the first zero after ¢, are shown to exist, and are characterized.

Résumé. 11 est prouvé que les lois limites, lorsque ¢ — 0o, du mouvement brownien pénalisé par la plus grande longueur des
excursions jusqu’en ¢, ou bien jusqu’au dernier z€ro avant ¢, ou encore jusqu’au premier zéro apres ¢, existent. Ces lois limites sont
décrites en détail.

MSC: 60F17; 60F99; 60G17; 60G40; 60G44; 60H10; 60H20; 60J25; 60J55; 60J60; 60J65
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1. Introduction

(a) Let (82, (X;,t > 0), (F;,t > 0), (Py, x € R)) denote the canonical realisation of the Wiener process, i.e. £2 =
C([0, 00), R); (X;,t > 0) is the coordinate process on §2; (F;, t > 0) denotes its natural filtration, and Fo, = \/z>0 Fi.
(Py, x € R) is the family of Wiener measures such that P, (Xo = x) = 1, for every x € R. We write simply P for Pp.

(b) Let (17, t = 0) denote an R -valued, (F;) adapted process defined on §2, which satisfies: 0 < Ex(I}) < oo for
every t > 0, and every x € R. With the help of this process I" — which we call the penalisation process — we define the
family of probabilities P)Et) by:

_Ec(I14,17)

PO(A,) = “Einy (e, (1.1)
X t

In several preceding papers ([11-13,15-17], see also [14] for a survey), we have shown that for many penalisation
processes (I3, t > 0), the following holds:

(i) lim,_ o P (Ay) exists, for every fixed s > 0, and A € F. (1.2)

(i1) This limit is of the form E, (14, MSF), where (MSF, s > 0) is a (Fy, Py) positive martingale. (1.3)

Here is our main tool to prove (1.2) and (1.3).

Theorem 1.1. Assume that:

E(I;
(1) MHMX a.s.,
E(]",) t—00
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(i) EMs)=1, foreverys=>0.

Then,

E(1a 1)

1) Vs>0, VA, € F;,
(1) s = s s ET)

—> E(14, M),
11— 00 h
2) (M;,s =0)isa (Fs, P) positive martingale.

The proof of this Theorem 1.1 is quite elementary. It hinges on Scheffé’s lemma (see [9], p. 37, Theorem 21).
(c) Assume that the hypotheses of Theorem 1.1 are satisfied, and define, for s > 0, and A € F;:

Q(Ay) := E(14,My). (1.4)

Then, (1.4) induces a probability Q on (£2, F). In [11-13,15-17], we have described precisely the main properties
of the canonical process (X;, ¢ > 0) under Q.

(d) The aim of the present paper is to show the existence of the limit P(’)(A s), as t — 00, s being fixed, and to
study the canonical process (X;, ¢ > 0) under Q — the Wiener measure P penalized by the process ({7, > 0) — when
(I3, t = 0) is defined in terms of lengths of excursions. Let us be more precise and fix notation: For ¢ > 0, we denote
by g; (resp. d;) the last zero of (X,,, u > 0) before time ¢, resp.: the first zero after time ¢:

g =sup{s <t; X; =0}, (1.5)
d; =inf{s > t; X, =0}. (1.6)

Hence, (d; — g;) is the length of the excursion which straddles 7. We also introduce:

X=Xy, =sup{dy — gs;dy < t}, (L.7)

X=Xy, =sup{dy — gs; 85 <1t} (1.8)

Thus, X; is the length of the longest excursion before g;, whereas X" is the length of the longest excursion before d;.
Consequently:

2r=%v(d — g). (1.9)
We denote by (A, t > 0) the so-called age process:

Ar:=t—g and Af:=supA;.

s<t

Hence:

The aim of this article is to study the effects on Brownian motion of penalisations induced by the following processes
(I3,t=0):

(i) I} :=1(x,<x) (x >0, fixed). This is studied in Section 2.
(i) Iy := h(X;), where h is an “integrable function.” This study extends that made in (i), and is developed in
Section 3;
(iii) I :=lar<yy (x >0, fixed), and I = I{5x<yy (x > 0, fixed). This is studied in Section 4.
However, in this case, we have not been able to obtain a full proof of the existence of the penalised measure; we
present a conjecture (4.5) upon which the existence rests.
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(e) Some prerequisites relative to the Brownian meander.

As X, is Fg,-measurable, it turns out that certain features of the part of the trajectory of our Brownian motion
(X5, s > 0) between times g; and ¢ play some important role throughout the discussion. We now gather a few useful
facts about the Brownian meander:

- 1
<m1(4t) = F— o, 7 th+u(f*g1)’ O<u< 1)’

which is a well-defined process, whose law, thanks to the scaling property of Brownian motion does not depend on
t > 0. (Here, we slightly depart from the classical Brownian terminology, for which it is m) = (|n~1,(f)|, u < 1) which
is called the Brownian meander.)

The simple fact, obtained by Brownian scaling, that the law of 7") does not depend on 7, can be further extended
as follows.

Proposition 1.2. Let T be a finite {Fg,} stopping time, such that: P(X1 = 0) = 0. Then:

(i) the process (ﬁz,(lT), u < 1) is independent from Fg ., and its law does not depend on T ;

(ii) for any Borel function f:R — Ry, one has:
E[f(X1)|Fer] = Kf(Ar), (1.10)
where K denotes the Markov kernel defined by:

e 2
Kf(y)=§/ I§]—|é‘Xp{—é—y}f(z)dz (v eRy).

—00

In particular, if T = TaA =inf{t: A; > a}, for a > 0, then XTaA and ngA are independent; hence, XTaA and TaA are
independent, and: ‘

P(X edz)—ﬁex —i dz (1.11)
7 =2 P 2 ' '

(iii) Let Y1 x(2) = th—x|z| and ¥ (z) = CD(%)for some x > 0, and b > 0, where

(b()/)=\/§/ due_”2/2=P(|G| > y), (1.12)

for G a standard Gaussian variable. Then,

y [y
Kll’l,x(y)=\/§, K‘I’2,b()’)=1— m

We note that:
KU x(y)+ KW y(y)=1 forally<x. (1.13)

Proof.

e Points (i) and (ii) are very classical; they are proven and applied in [1-3,10].
e Point (iii) follows from elementary computations. Indeed:

12 /1 © 2
KW . (y) = E(E)/‘ ;e z2/(2y)dz=\/§
—0Q
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whilst:

KW p(y) = 2/ |§)| Z2/(2y)¢<5|5> dz
[ / —zz/(ZY) / = g,
NG
o0 M\/E
- _\/Z / e "2 du / 2e=/®) 4z (by Fubini)
[ / e (1 — /@Y g,

=1-
b+y |

2. Penalisation induced by I; =15, <y)
Here, x > 0 is fixed.

Theorem 2.1.
(1) For every s > 0, and A5 € Fy,

E(1a,1{z,<x}))

exists. 2.1
—oo E(liz<x))

Q(4y) = lim

(2) This limit induces a probability Q on (£2, Foo) such that:
Q(Ay) = E(14, My 1(z,<x)) = E(14,M,). (2.2)
where:

= M1 (5,<v), (2.3)

M, = |X; |,/ +<1§( >1(A <x) (2.4)

with @ given by (1.12). Moreover, (Mg, s > 0) is a continuous, positive martingale, such that My = 1.
(3) Under Q, the process (X;, t > 0) satisfies:

(@) Yoo <xa.s.,and ./ Ex—f’o is uniformly distributed on [0,1]; 2.5)
(b) A%, =oc0a.s.; (2.6)

(c) Let g = sup{t: X; =0}. Then, Q(0 < g < o0) =1, and the law of g is given by:

X

A, 1A
0(g>1)= E[ I } @2.7)

where TA :=inf{t > 0: A; = x}.
(d) Let 0 < y < x, and denote T} :=inf{t > 0: A; =y}. Then:
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(1) The process (Ay,u < TA) is identically distributed under P and Q;
(i) (Ay,u< TA) and XTA are independent under either P or Q;
(iii) The density of the dzstrlbutzon of X T under Q equals:

0 - Blo—en(, |2 2]
7@ =g ('Zh/nx ro 2= 2.8)

() 0(g>TH=1-/%

(v) The process (Ay,u < TyA) and the event (g > TyA) are independent under Q.

(4) Moreover, under Q:

(a) The processes (X,,u < g) and (Xg4,,u > 0) are independent;

(b) The process (Xgyu,u > 0) is positive, resp.: negative, with probability % and (| Xg+ul,u > 0) is a BES(3)
process,

(c) Denoting by (L¢,t > 0) the local time process of X at level 0, then:

° ./ %Loo is exponentially distributed, with mean 1;
e Conditionally on Lo, = £, the process (Xy,u < g) is a Brownian motion B stopped at 7, :=inf{t: L; > £}, and
conditioned on { X7, < x}.

Remark 2.2. Obviously, the probability measure Q defined by (2.1) and the martingale (M) depend on the parame-
ter x. In this section, since x is fixed, there is no ambiguity. A generalisation of Theorem 2.1 will be given in Section 3
and we shall denote Q(") (resp. M}) the p.m. (resp. the martingale) defined by (2.1) (resp. (2.3)).

Proof of Theorem 2.1.
(1) We begin with the following lemma.

Lemma 2.3.

P(Etsx)=P<xls§) ~ ] (2.9)

t—00 t
(the equality in (2.9) follows from the scaling property).

Proof. We might use the computation in Exercise 4.19 of [10], p. 507, which discusses a result of Knight [7], but we
shall proceed from scratch by showing that:
(a) if Sg denotes an independent exponential time, with parameter 8, then:

00 E[sinh(/2B8]|X1al)]
—pt _ _ ¥
'8/0 e TP =x)di=P(Zs =x) = E[cosh(\/ﬁXTXA)] . @10

Let us admit this result for one moment; then, as 8 — 0, we obtain:

P(Zs, <x) ~/2BE[|X14l].

Using (1.11), we have

1 00 ZZ ZZ Tx
E[|XTXA|]=§/ ;exp<—a>dz= 5
—00
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Thus, we have obtained:

0 —pBt X
e P p(x, §x)dtﬂ~0 5 (2.11)
0 —

(b) We now prove formula (2.10): we first note that:
{Zs, <x}={gs, < T} =1{Sp <dga), (2.12)
hence:
P(Zs, <x)=1—E[e 7).
Let (6,) denote the usual family of time-translation operators:
X500, =Xs4+y (s,u>0). (2.13)

Since: dya = TA +Too O74, we obtain:
—BTA —BT,
P(Zsy <x)=1—E[e Pl Ex,, [e=FT]].
P(Xsy <x)=1- E[e*ﬁTXAeimlexAl].

Next, we use the independence of TxA and X TAS recalled in Proposition 1.2(ii), which yields:

P(Zgy<x)=1-— E[e—ﬂTxA]E[e—«/ﬁlan\].
Formula (2.10) now follows from Wald’s identity:
P e (2.14)

(where we have used again the independence of TxA and X TXA) together with the symmetry of the distribution of
XTA . I:l

(2) We now show relations (2.1) and (2.3).
Let Ty = inf{s > 0; X, =0} and ¢t > s > 0. First, we observe:

(B <x)={Z <x}N({ds > 1) U{dy <t A (s — Ay +x), Zi_g, 064, < x}). (2.15)
Hence:

P(Z: <x|F5) =)+ (2),
where

(1) = 15, <xy P(1ds > 1} F5),
2) = I{ESSX}P({ds <tA(G—Ag+x), X4, Oeds < x}|.7:s).

We now study the asymptotic behavior of (1), then (2), as t — co.
As is well known:

1yl 2 1
Py<Tozr)=Po(|G| < %)t;oo\/;ﬂ% (2.16)
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where G denotes a standard A/(0, 1) Gaussian variable.

Since d; = s 4 T o b5, the equivalence (2.16) implies:

2 1
(D) =1z Px,(To>1—5) ~ (\/gp(x'l{z‘ssx}) 7 (2.17)

As for the term (2), we apply both the strong Markov property at time dy and Lemma 2.3:

(2) ~ 1{2v<x}\/7 ({ds <S—A +X}|f5)

From the Markov property at time s, together with (1.12) and (2.16) we deduce:

2) ~ lz,<x) fl{A<}€Z5 ﬁ .
e T X — Ag

Finally
P =x|Fy) —\/—(|X W +¢< )1{As<x}>1{23<x}
ey VX
t—00 fM shiZesn = ﬁMS

It is clear that (2.9) implies that:

P(Xy < x|Fy) M, .
P(X, <x) t>x E[M,]

S

since E[M;] = 1 follows from the next point.
(3.a) We begin with the following lemma.

Lemma 2.4.
(1) Let f:(y,a) — f(y,a) be a ny’}a) function, from R x R, to R. Then, (f(X;,A;),t > 0) is a ((F), P)

semi-martingale, which decomposes as:

°f L Af
f(Xi, Ap) = f(0, 0)+/ —— (X, Ag) dX +/ (§ﬁ+ >(X;,A)ds

+3(£0. 49 = £(0. A.)).

s<t

In particular, if:
(1) f(0,a) does not depend on a > 0;
10%f  of

() 357 + 50 =0

then, (f(Xt, Ap),t = 0)isa ((F;), P) local martingale, with It6 representation:
f (X1, A0 = £(0,0) +f O (x,, Ay dX,.

(2) Likewise, let f:(y,a) > f(y,a) bea Ci;}a)function defined on Ry x R;.
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Then, (f(|1X:|, As),t >0) is a (F;), P) semimartingale, which decomposes as:
t 8f
dy

af ! 182f af
+—(0,0)L; + ——= 4+ — (| X;], As)d
By( )L /0(2 8y2 da (| s| 5) s

F(IX01. Ar) = £(0.0) +/O (1X,]. Ay) sgn(Xy) dX,

+ Y (£(0. Ap) = £(0, As)),

s<t

where (L;,t > 0) denotes the local time of (X;,t > 0) at level 0.
In particular, if f satisfies (i) and (ii) above, as well as:

... Of
(i) -=(0,0)=0,
dy
then (f(|X¢l, Ar),t > 0) is a ((F;), P) local martingale, with It6 representation:

af

t
f(|xt|,Az)=f(o,0)+/0 S (X,1. A sen(X) X

Proof.
(a) Since the process (A, ¢ > 0) has bounded variation, we may apply 1t6’s formula to f(X;, A;) to obtain:

t 2
1Ay = 0.0+ [ (%m, Apdx, + 25k, As>ds) + 7
0o \dy 2 dy
where
t af
yi = /0 g U 4085+ (70,40 = £0.400)

since the continuous part (A{) of (A,) is equal to ¢, and moreover if AA, # 0, then X; =0, and A; =0.
(b) We use similar arguments, together with the Tanaka decomposition:

t
|Xt|:/ sgn(Xy)dXs + Ly, 120,
0

where (L;,t > 0) denotes the local time of X at 0.
We then use the fact that the support of dL; is {s: X = 0}, and if s is a zero of X then: A; = 0.
Thus:

19 d
/ _f(|Xs|’ As)dLs = _f(o’ O)Lt
0 dy dy

(3.b) We now show that (M, s > 0) is a local martingale.
We define:
T} :=inf(t >0: A, >y} and T, :=inf{t >0: X, =y} (y>0).

Clearly, one has:

T> =dpa =T/ +Toobra.
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We denote:

s:_l{sw}(IX |\/>+¢< X, ))

(2.18)
[ 2
+ 1{S>TXA} E(SanTtA)XS
Then, clearly:
My = M 15, <) = Ml ypz) = M, 7. (2.19)

Thus, it remains to prove that (A’/j s, § > 0) is a local martingale, and, for this purpose, it suffices to apply point (2) of
Lemma 2.4 to the function:

2
f(y,a)=y\/;+<1><\/%) (y=0,x>a>0).

We note that (i), (ii) and (iii) of Lemma 2.4 hold:

(@) fO,a)=20)=1 (hence, (i) is satisﬁed).

2
rf _ |2 Y ea-a,
B) 3y 2()’7 a)= \/gme Y )

3f ! \/7 Y P ea-a)
(y’ )_ 2 T[(_x—a)S/2e ’

19%f f
so that: 292 + — =0 (hence, (ii) is satisfied).

of |2 \/7 I —/ee—ay
) 8y(y,a)— - o e ;

of e
so that: 8—(0, 0)=0 (hence, (iii) is satlsﬁed).
y

Finally, one has:

M —1+/MTXZ ,/i+ ! <1>’< Xl ) sgn(X,)dX (2.20)
* 0 X \/(x — A+ \/(x — Aw)+ ! " '

with the natural convention:

Y\ L. (y _ E
P=)=0 and -@'|=)=0, ifz=0andy>0. (2.21)
z z z

(3.c) We now show that (My, s > 0) is a true martingale.

Since TXE is a finite stopping time, the identity (2.19) and Doob’s optional stopping theorem imply that (M, s > 0)
is a martingale as soon as (MS, s > 0) is a martingale.

Due to (2.21), we have:

— X, |f ( | X ) (2.22)
Vi — A9+
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From the preceding (3.b), since (MS, s > 0) is a positive local martingale, in order to prove that it is a true martin-
gale, it suffices to show: E[M = 1. One has: E(M )=()+ (2), with:

IX |
(1) = E| Lyapp (1X:]y) = + @ :
2) =,/ 2 en X, )X
( = E [{S>TXA}(SgH TXA) s]‘

Since T/ is a (Fg,) stopping time, {s < T} belongs to Fg,. Using now Proposition 1.2, we get:

_ |X |
() =E 1{5<TA}E Xl =+ ’fgr

= E[I{KTA}(K%,)C(A.;) + KW, 4, (As>)]
=E 1{S<TA}<,/ +1-—,/= ):| S<TA)

As for (2), we use again Proposition 1.2:

[2
Q) = E[ (s>7A) (52 X74) (X 74 4+ X5 — X7)]

[ 2
= aE[l{S>T¥A}|XTXA|]

2
=\ Pl> TAE[IX7al]

=P(s>THKW (x) = P(s > TJ).
Finally:
E(M)=P(s<T})+P(s >T)=1. (2.23)

This ends the proof of point (2) in Theorem 2.1.
(4) We now show that, under Q, ,/ is uniformly distributed on [0, 1].
(4.a) We have:
P(Xy<x,X <x) . P(X; <x) _
P(Z <x)  P(Zi<x)

Q(Xs; <x)= lim
t—00

Thus:
O0Xx<x)=1. (2.24)

(4.b) Proof of point (3.a) (of Theorem 2.1).
Let y € [0, x], and s > 0. According to (2.2) and Doob’s optional stopping theorem, we have:

QX >y)=0(T <s5)= Ellirz gMs] = Ellzs .y Mrz].
Consequently:

Q(Zoo > y) = Q(T} < 00) = E[Myz]. (2.25)
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However:

1, if the length of the Ist excursion of length > y is smaller than x,

MT.v)r - {0, otherwise. (2.26)

To compute E (MTy):), we use the excursions theory for Brownian motion (see, for instance, [10], Chapter XII). Let

e = (eg, s > 0) be the excursion process related to (X;) under P. We introduce, for any excursion ¢, its duration ¢ (¢),
and let

U={sit@=y), TI={sy<¢@=<x} (y<» (2.27)

and N,U the number of excursions starting before time ¢, and belonging to the set U:

NY =" e,eny.

s<t

We now consider the (Fz,) stopping time S”:
§¥ =inf{l > 0; () > y} = inf{t > 0; NV > 0},

where 7; =inf{r > 0; L, > [}.

From [10], Lemma 1.13, Chapter XII and (2.25), one has:
n(I")
nU)’

ElMrz]=P(s(es) €U) =

with n denoting It6’s excursion measure.
It is easy to compute n(I”) and n(U):

n(p)_L xd_r_i(i_i) n(U)—iL
CV2ndy Vi V2e\yy o VR IRV ENGE
Consequently:
Q(Z‘oo>y):1—\/§. (2.28)

This ends the proof of point (3.a) in Theorem 2.1.
(4.c) We determine the density function of L~ under Q.
Let a > 0. We have:

O(Loo > a) = Q(ta <00) = lim Q(r4 <1),

where 7, = inf{s; Ly > a}.
According to (2.2), (2.3) and the optimal stopping theorem, we get:

O(tg <t) = E[l{ra<t}Mt] = E[l{r,,<t}Mra] =P(r, <t, DI Xx).
Consequently, using notation introduced in (4.b) above, we obtain:

O(Loo > a) = P(Xy, <x) =exp(—an({ > x)).

Since:
n > x) /OO dr 2
ZX)= = >
x 273 X
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we get:

O(Loo >a)= exp{—a,/ i} (a >0). (2.29)
X

This proves the first part of point (4.c) in Theorem 2.1.
(5) We show that, for any y < x, E[MTVA] =1.
According to identity (2.3), we have:

1 X7l
Mz =1Xr4l ( ) (2.30)

From Proposition 1.2, we deduce:

E[MT}4]=le,x<y>+sz,xy<y)=\/§+ 1 —\/gz 1. 2.31)

We note that the preceding computation yields another proof of (2.28).
(6) We now show: Q(A%, =o00) =1.
Let 0 < n < 1. We will prove that Q (A}, = 0o0) > /1 —n, which will yield the result.
Similarly to the proof of point (4.b) one has: Q(TyA <00) = E[MTVA], for any y € [0, x[. Identity (2.31) implies

that Q(T;} < 00) = 1.
From point (3.a) of Theorem 2.1:

O <x—2xn)=+1-—n.
Consequently:
0({Z <x—xn}ﬁ{TyA <oo})=y/1—n, wherex —xn<y<x.

Let us observe that on the set { X < x(1 —n}N {TyA < o0}, X; does not vanish after time TVA In particular, one has:

A}, =o00. Consequently Q(A%, =00) > /1—1n.
We also observe that Yo, < 00 and A% < 0o, Q a.s. imply that:

Q(g <o0)=1, (2.32)
where
g =sup{r: X, =0}. (2.33)

(7) We then prove simultaneously that the process (Ay,u < T}A) has the same distribution under P and Q, and
that it is independent from the r.v. X T under Q (and under P ), and we compute the density of X TA under Q.

(7.a) From the definition (2.2) of Q, for every positive functional F, and every Borel functlon h:R— Ry, we
have:

Eo[F(Au u < T )h(Xrp)] = E[F(Au.u < Ty )h(X7p) Mrp]. (2.34)

Note that MTVA is a function of X s and recall that from Proposition 1.2, X T and (A,,u < T;‘) are P-independent.
Thus: V

Eo[F(Au,u < T )h(X72)] = E[F(Ay,u < TyA)]E[h(XT‘A)MT;x]. (2.35)
(7.b) Now, taking & = 1, and using (2.31), we obtain:

Eg[F(Au.u<T)]=E[F(Ayu<T}')]
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thus proving the first point announced in (7).
(7.c) We may now write (2.35) as follows:

Eo[F(Au,u < TyA)h(XT}A)] = Eg[F(Au,u < Tf)]E[h(XTy,e,)MTF]
= Eg[F(Au,u < T}")|Eg[h(X7p)],

thus proving the independence of (A, u < TyA) and X A under Q.
(7.d) We now compute the density of X TA under Q.
One has: ”

Eo[h(X7p)] = E[h(X72)Mys]. (2.36)

Hence, from formulae (2.30) and (1.11) we get:

O(Xpp € d) = %e_zz/(%’) <|z|,/ % +o (%)) dz. 2.37)

(8) We show the independence under Q of (Ay,u < TyA) and of the set {g > TyA}, and we compute Q(g > TyA).
For every positive functional F', one has:

EQ[I{PT)A}F(A,,, u<TM)]=Eg[F(Awnu<T})0(g > TyA|.7-'T}A)].

We now admit for an instant the result of Lemma 2.5, which will be proved below:

X 1
0(g > 11F) = eb(#)—lm;ﬂgx}. (2.38)

Vx—A)+ M;

Replacing 7 by the (F;)-stopping time T4, we get:

TA|F @ Xy ! 2.39
Q0(s > T Frp) = <—T—y)M_TA (2.39)

Since the right-hand side of (2.39) only depends on X TA> W deduce from the above point (7) that:

Eo[1(gorpy F(Auu < T)] = 0(g > T Eo[ F(Au,u < T}1)].

Hence the desired independence property.
Also, from (2.39), (2.34) and Proposition 1.2, we deduce:

oo ()] (R

(9) To end the proof of Theorem 2.1, we shall now use the technique of progressive enlargement of filtration
(see [6]). We have proven (see point (6) above) that Q(g < co) = 1, where g is defined by (2.33). We denote by
(Gt, t = 0) the smallest filtration which contains (F;,t > 0), and which makes g a (G;, t > 0) stopping time. In order
to use the technique of enlargement of filtration, we need the following lemma.

Lemma 2.5. (i) For any t > 0, we have:

X 1
Zi = 0(g > t|Fy) =®<\/)|67_t—|At)ﬁt1{Ai‘<x}‘ (2.40)
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(ii) Let (k) be a predictable and non-negative process; then

2 o0

Proof.

(1) Forevery A; € F;, one has:

(A N{g>1})=0(A N{d; <o0}) =E[14,Mg]=P(A; N{Zg, <x,Ag <x}).
Observe that:

(X4 <x,Aqg fx}z{A;‘fx,dt—tfx—At}z{A;"fx,TOOO,§x—At}.

Applying the Markov property at time ¢ and identity (2.16) leads to:

(AN (g>n)= El:lArl{A*q}@(L)]
1= X_At

| X | ) 1
=Eg|laliprcn@®| ——=)— |-
Q[ A tiAr=n) (./x —A, ) M,
(ii) Replacing ¢ in (2.40) by any (F;) finite stopping time 7', taking the expectation, and using (2.3), we get:

X7
0@ =<T)=Ep[lpn®]=1-E Loz <n@| ——=

Jx —Ar
,/2E[|X ] ,/ZE/ool 1 dL
— - = e S s |-
X TATA X 0 [0,7] {s<TA) Gl
Point (ii) now follows by an application of the monotone class theorem. (]

‘We now indicate how to make use of Lemma 2.5.
Our study in (3.c) and in particular (2.20) imply that:

t 1 t
M, =E), = exp{/ JodX, — 5/ J? ds}, t<TZ, (2.42)
0 0
with
2 1 | X5 sgn X s
Jo=,— @’ , T>. 243
s (V Y («/x—AX>> M, o ST (2.43)

From Girsanov’s theorem, there exists a ((F;, ¢ > 0), Q) Brownian motion (8;, ¢ > 0) such that:

X, =B, +ft [2 . ! q>/< | X ) SenXs i (2.44)
0 X AY (x — As)+ AY (x — As)+ M;

and the enlargement formulae imply that there exists a ((G;);>0, Q) Brownian motion (,g,, t > 0) such that:

o N8 A(Z, By " d(Z, B
ﬂ,—ﬂr+/0 o _/Mg S (2.45)

Once we shall have computed explicitly d(Z, B8),, these formulae (2.44) and (2.45) will help us to describe the process
(X¢,t > 0) under Q (see points (11) and (12) below).
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(10) We compute the law of g under Q.
Note that from our convention (2.21) we have:

[ X¢ [ X¢]
O ——— | =P —— ) L4, <x1 2.46
(\/(X_At)+> (\/X—At) (=) (2:40)

Since {A} < x} = {Azt <x,t— g <x}, from (2.40), we have:

X |
Q(g>1)= E[l{A;q@(w—j—Atﬂ

_ E[l{Af<x}E{¢<%) ‘f‘g’ ”

Using Proposition 1.2 we get:

0(g=1)=E[ljar<}K¥2:_a,(A)] = E|:1{A;k<x}<1 - —)i|

This yields formula (2.7).

(11) We now show that, under Q, (|Xg1yl, u > 0) is a three-dimensional Bessel process, which is independent from
(Xu ’ u S g)

From formulae (2.44) and (2.45), we have, for t > g:

= "d(Z, B)u
X [ 4
t t \ -2,

+/t (=R @/( [l )Sgnxudu (2.47)
o \Vr — Jr—A)y \VGa—-Any/) My '

However, due to Itd’s formula, (2.20), (2.3) and Lemma 2.5, the martingale part ZofZ , satisfies:

5 1 |X:|
A T
M12 v (x—A)y
| X/ |

2 1
— o’ X,)dX
g {V nx = Ay <\/<x - Az)+) }(Sgn Ve

1 1 , 1X|
+— o (sgn X,)dX;

M, V& —A)+ V& —A)+

1 /2 | X , | X
= —./— X (0]
A ’){ JG— Ay (J(x = A,>+>
1X/| )}
— & ——— ) } dX,. (2.48)
(\/(x —Ans )]

Hence, with the help of (2.44):

12 X0 IXi
d({(Z, = —./— X 0]
VPl = g e ’){\/(x—Am <\/(x—At)+>
[ X: ] )}
— Q| ———— ) ¢ dr. (2.49)
(\/(X_At)+
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On the other hand, from Lemma 2.5, (2.3) and (2.4), we have:

1 . Mt N X Mt
=2 M —o(X/|/y&x=4AD0) V 2 1XI
Since X, =0, plugging now (2.49) and (2.50) into (2.47) leads, after simplification:
~ ~ PsgnXgpof [ 2 1 ( [ Xs4gl )
Xevg=PBryg =B+ | ———/—+ b : ds
1+g t+g g 0 Mg x| Xsygl V& —Asig) 4

~ ~ "'sgn X
= Br+g — By +/ 580 Rty ds
0 |1 Xs+gl

(from (2.3) and (2.4)).
It now remains to note that sgn(X;4) is constant under Q, and that:

1
O(sgn(Xs4g) =1,Vs > 0) = O(sgn(Xs4g) = —1,Vs > 0) = 5

(2.50)

(2.51)

We also note that the independence of (X,,u < g) and (X;1,t > 0) follows classically from the fact that the modi-

fication of equation (2.51) written for | X, |, t > 0, admits only one strong solution.
(12) We now describe the law of (X, u < g) under Q.

From (2.41), we deduce that for any R -valued predictable process (F (X, u <s),s > 0), and any Borel function

h>0:

Eg[F(Xy.u < g)h(Ly)]

2 00
- —E[/ F(Xu,ugs)h(Ls)l{A§§x}dLs}
X 0

D) o0
= —E|:/ F(Xy,u <to)h(€)1ax <x}d€j|
X 0 e

with ty = inf{s > 0: Ly > ¢}.

Taking F' =1 in (2.52), we deduce that the density function of L, = Lo, under Q is

2

Consequently:

EQ[F(Xu.u < gh(Ly)] =/0 E[F(X,,u < 10)|(A}, < x)][h() Q(Loo € db).

(2.52)

Thus, the law under Q of (X,,u < g), conditioned on {L,, = ¢}, is that of Brownian motion stopped at 7, and

conditioned by the event {A7, <x}={X7, <x}.
This ends up the proof of Theorem 2.1.

O

Remark 2.6. The technique of enlargement of filtration, applied before g (see (2.44) and (2.45), with t < g), yields:

X =B+

- /é’“ &(Z, B
0 Zy

+/gAt /i_'_ 1 q)’( | X, ) sgn X, du
0 X v (x — Au)+ v (x — Au)+ M,
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Hence with (2.49) and (2.3)—(2.4), we obtain:

X;=B;+

S @’( | Xal

— sgn X, du. (2.53)
0 Ja—An; @ ¢(x—Au>+> SR At

We note that, in this equation, the drift term tends to —oo (resp: +00) when u — TxA, with X, > 0 (resp: X, <0).

(2.53) shows that ((X;, Ay), t < g) is Markov. We would like to point out that the theory of enlargement of filtrations
is very helpful here since it permits to determine the law of (X;, A;), t < g) —as expressed in Theorem 2.1, point (4.c)
— although it seems rather difficult to do it only from (2.53).

3. Penalisation with a function of X;
The aim of this section is to extend the results of the preceding section, by replacing the penalisation functional

1{5,<x} by a functional of the form /(X;). We shall use the following notation: let v : Ry — R be a function which
is almost surely differentiable and such that:

/Oolﬁ(x)dxz 1.
0

In particular, v is a probability density on R. We also introduce:

h(x) :=2/xy(x) (x=0), (3.1
nw= [ vma @20, (32)
hh) =2xyx)+1-vi(x) (x=>0). 3.3)

‘We assume that:

Xy (x) x—_)(>)0 (3.4)
as well as:

XY () — 0 (3.5)
and

/Ooox}l/f’(x)|dx < 00. (3.6)

We shall now take i(X;) as our penalisation functional. Note that Theorem 2.1 corresponds to the following choice

of y:

1
V) = 5=l fixed). (3.7)

Remark 3.1. We note that the definition and assumptions (3.1) to (3.6) imply that:

fooo Vx|h'(x)] dx < oo, (3.8)

) = — / SR () dy (3.9)
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and
h1(0) = 1.
Indeed:
- / N VIR ) dy = =2y D] + / N ¥ (y)dy
=2xy(x) + 1 — ¥ (x).
Theorem 3.2.

1. Forany s >0, and every As € Fy:

E[14,h(X)]

im exists.
i~ E[h(%)]

2. This limit is equal to:
0V (As) == E[14,M!]
with:
2 | X
M‘ﬁz\/jhz Xs|+h x)qb(i
K T ( s)| s| l( K m

2 ‘Xsl/\/ (ES_AS)+ X2 5 5
+ _/ I’ll(As“f‘ —;)e”/ dv;
T Jo v

Yor

the function ® has been defined by (1.12) and the convention (2.21) holds.

Moreover, (M;// , 8 > 0) is a continuous positive martingale such that M, V1.

3. The formula (3.12) induces a probability on (2, Fxo).
4. Under Q‘/’, the canonical process (X;,t > 0) satisfies:

(a) XYoo is finite a.s., and admits  as its density.
(b) A} is a.s. infinite.

(c) Let g :=sup{s: X; =0}. Then: Q¥ (0 < g < 00) = 1, and for every t > 0:

0% (g>1 = —fo WO EL[A, ],

(d) The processes (X;,t < g) and (Xg4;,t > 0) are independent.

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

(e) With probability 1/2, (Xg1.,t > 0) is positive (resp. negative), and (|X¢4|,t > 0) is the 3-dimensional Bessel

process starting from 0.

(f) Conditionally on Loo(= Lg) = £, and Xy, < x, the law of (X, u < g) is that of Brownian motion B considered

until t¢, i.e.: (B,,u < 1¢), and conditioned on X, < x.

Remark 3.3. It seems, when first looking at the definition of M;// (see (3.13)) that there might be some ambiguity
concerning the definition of M;’[/ at the times s, which are ends of excursions; but, a careful inspection shows that

there is no ambiguity.

Remark 3.4. (1) The martingale (M;”, s > 0) defined by (3.13) is equal to:

o
MY = —/ VX (x)M? dx,
0

(3.15)
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where (M7, s > 0) is the martingale defined in Theorem 2.1 by (2.3) (see also Remark 2.2).
Indeed, we have:

—foo Vxh' (OMF dx = (1) + (2), (3.16)
0

with:

2 o 2
(1):—\/;|Xs|f h(x)dxz\/gh(zs)|Xs| (from (3.5)) (3.17)

and.:

o X, ,
@ = /,: A_ 1{AS<X}¢(T__AS>\/% (x) dx

2 [ © 2
- _\/j/ dx/xh (x) e V2 du
Bl EXVAS |Xs|/\/x_As
2 o0
- _\/j f e V' dy f VxR (x)dx  (by Fubini)
T Jo ZV(As+X2/0?)
2 [ X2
= \/j/ e 2 dvhy <25 v {As + —g}) dv  (from (3.9))
T Jo v
— 2 [T —i/24
=Va ), MOz /Emmne v

+ 2 oohl A -|-X—S2 1 eV /2 dy
T Jo $ U2 {U<|Xs|/V(E.V—As)+}

| X
=h (Es)cb(i)
: AY% (Es - AS)+

2 ‘Xxl/\/ (ES_A5)+ X2 5
+ —f h1<AS + —;>e“ /2 dv. (3.18)
T Jo v

Thus, the validity of relation (3.15) now follows immediately from the conjunction of (3.17) and (3.18).
(2) From (3.15), we get:

Q‘/’(A)z—f O (A)/xh (x)dx (A€ Fao) (3.19)

with QW (A) the probability measure defined via (2.2) (see Remark 2.2). The reader may have been surprised to find
that, in the disintegration formula (3.15) of the martingale MV , the representing measure (—/xh’(x)dx) is not in
general positive; nonetheless, it has total integral equal to 1, i.e.:

- foo Jxh (x)dx = 1. (3.20)
0

We shall discuss the positivity of Q%) (A) and the martingale MV in Theorem 3.5 below.

Proof of Theorem 3.2. (1) To prove this theorem, it suffices, thanks to Remark 3.4, to prove point (1) of the the-
orem (which we shall do in the second step in this proof). From now, we use the representation (3.19) to compute
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0V (Zoo > a):

0V (Ze >a)=— / ” VIR () QW (Zog > a) dx
0

=- fo " VR W (F f )

= _/0 Jxh (x)l{a<x}< )dx (3.21)
(from point (3.a) in Theorem 2. 1
= —/ B (x)(vx — Va)dx. (3.22)
a
Hence, Y« is a finite r.v. under Q‘/’ with density function:
o0 , 1
- h dx =——=h(a) = , 3.23
2/ ), () 2\/L—l(a) V(a) (3.23)
|

from (3.5) and (3.1).

(2) We now show point (1) in Theorem 3.2.
(a) We first estimate E[h(X;)]. We have:

E[h(Z)] = —E[/wh/(u) du] (since h(00) = 0)
b
= —/Ooh’(u)P(Z‘l <u)du
0

= —/Ooh'(u)P(tZ‘l <u)du
0

u
=—— h’(u)p — Judu, (3.24)
f t
P <y) .
where p(y) = ?, y > 0, and we have used the scaling property:
y

I @ tX1; (under P).

From (2.9), limy_, o(y) =1 and p is bounded on ]0, oo[. The dominated convergence theorem implies that:

E[h(Z)] o % OOO K (u)A/udu = hiﬁg) = % (from (3.10)). (3.25)
(b) We now write:
E[1a,h(Z)] = E[14,E(h(Z)|Fs)].
In order to estimate:
A:=E[h(Z)|F] (s<1) (3.26)

two cases need to be studied:

(bi): dy=s+Tpobs>t and (bii): s+ Tpobs <t.
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We then write: A = A; + A, with:
Ap= E[h(zt)l{s+T009Jv>t}|-7:s]v Ay = E[h(zt)l{s+T000S<t}|]:s]a

which we study separately.
(b.i) On the set: {s + Ty o 05 > t}, one has: Xy = X;; hence relation (2.16) implies:

21X,
A =h(25>P|XS|<To>z—s>t;wh<xs>\/;'w'.

(b.ii) On {s + Ty o 65 < t} = {dy; < t}, the r.v. X; may be decomposed as follows: X, =

YV (As+ds—s)and X=X,y 00y,.
We first take the conditional expectation with respect to Fy, :

E[M(Z) gy <t)|Fa, ] = H(E t —dy) g, <n)
with
Hu,v)= E[h(u \Y Z‘U)], u,v>0.

Let E(y) :=h(uVy),y>0with u > 0 fixed. Then
~ oo ~ o
hi(x) := —/ VY (y)dy = —/ VIR (y)dy.
X xVu

Using (3.25) we get, with the help of (3.9):

hi(u)
7

1 ~
H(u,v)v_”:ooﬁhl(o) _ﬁ ﬁh’(y)dy=

Then we have successively:

1(2)
Leo \/— {d-<t}7

A, t:ij[hl(E sV (Ag +ds — 9)) Lg, <ty Fs ]

1
= EE[hl(Es V(As+Too G‘Y))l{S+T0095<t}|-F\“]-

According to the well-known identity:

E[h(Z) (g, <i)| Fa, ]

y
273

2
Py(Tp € du) = exp{—;—u}l{uw}du,

we deduce:

| X5 X/
A / h(Zs v (Ag +u) ACON
t—>oo f )‘/23-[”3

We then write the integral on the RHS, as:

(Zs—As)+ |X | 2 o0 |X | 2
hi(Zg) —— e~ X5/ gy +f hi(Ag + u)————e~X:/C1 gy
/0 RNGETE Ti—Ag)+ ~27u3

X, 1Xs1/A/(Zs A>+ X2 2
=h1(zs)q>< ) +./= / (As—i——;)e_“/ dv
V(Z— Ay v

441

(3.27)

>v Y, with ¥ =

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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2
(after the change of variables X v2).
u

Thus, we finally obtain:

E[R(Z)IF] _ At 4sr Y
E[h(XZ))] E[h(Z,)] t—>o0 5’

from (3.13), (3.27), (3.32), (3.33) and (3.25).

(3) End of the proof of Theorem 3.2.

We observe that identity (3.15) of Remark 3.4 and (3.12) imply item (3) of Theorem 3.2. We claim that point (4)
of Theorem 3.2 may be directly deduced from this property and Theorem 2.1. Indeed as an illustration we prove that
(X;,t <g)and (Xg4,,t > 0) are independent under Qw.

Let F; and F> denote two positive functionals. Then:

Egv [Fl Xi,t <g)F2(Xgyr, 1 = 0)]

o0
= —/0 VxR () dXE oo [Fi(X;, 1 < @) F2(Xg 1,1 2 0)]

oo
= —/0 VAR (x) dxE goo [ Fi (X1, 1 < @)|E g [F2(Xgis, 1 = 0)]

from Theorem 2.1, (4.a).

But, from Theorem 2.1, (4.b), the law of (X4, ¢ > 0), under Q("), does not depend on x, hence it is equal to its
law under QV since —./xh’(x) dx is a finite measure on [0, o0), whose integral is equal to 1.

Consequently, we deduce from the preceding identity that:

Egu[Fi(Xi,1 < @) F2(Xg4r,1 > 0)]
= Egv[Fi(X1,1 <@)]Egv[P2(Xgir, 1 2 0)].

We now take care of the drawback of positivity of Q¥ and MY by “changing the parametrisation.” Indeed, as in
the proof of Theorem 3.5 below, it is more convenient to write the penalisation process 7(X;) as ho(+/X;). Note that
in the context of Theorem 2.1, which is a particular case of Theorem 3.2, the distribution of </ ¥, is simpler than that
of Yo, since it is equal to a uniform distribution.

This leads us to present more naturally point (3) of Theorem 3.2.

Theorem 3.5. The hypotheses and notation are those found in Theorem 3.2. Consider, for any probability density
on R, the disintegration of QV with respect to the random variable X, which admits the density V-

Q"’(A)=/O 0V (AlZw = YNy (A€ Foo). (3.34)

Then: dy a.e., QY (A| 2o = y) does not depend on .
Thus, if one defines, for y > 0,

0 (A) 1= QY (A|Zoo = y) (3.35)
for some probability density Yyo(y) > 0 everywhere, one obtains:
o0
oV (A) = fo OV (MY (ydy (A€ Fx), (3.36)
0V(Zu=y)=1 Vy=>0, (3.37)

and, furthermore:

(3.38)
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Proof. (1) In order to take into account the penalisation by /X, we set:

Consequently the penalisation process h(X;) equals ho(v/ Xy).
It is clear that our assumptions and notation related to 2 and ¥ may be interpreted in terms of k¢ in the following
way:

1

¥ (x) = mho(«/}), x>0, (3.40)
/ T hotode =1, (3.41)
xho(x) =0, as x— 0or x — 0o, (3.42)
/Oooy}hb(y)l dy < oo. (3.43)

Consequently:
oV (A) =— / b VEh (1) Q% (A)dx = —% / ooh/o(ﬁ)QO‘)(A) dx
0 0

=— /0 hy(1)y QU (A)dy, (3.44)

forany A € F.
Let k: R4+ — R, with compact support and of C* class; applying (3.44) with hg = k/c and ¢ := fooo k(y)dy, we
get:

—~ fo k’(y)yQ<y2>(A>dy=(/0 k(y)dy)QV’(Ax (3.45)
/0 k(y)d(yQ@z)(A)):(/O k(y)dy>Q‘”(A), (3.46)

where d(y ov 2)(A)) denotes the differential in the distribution sense of yQ(yz)(A).

The relation (3.46) implies that d(y Q(y 2)(A)) is a non-negative measure which is absolutely continuous with
respect to the Lebesgue measure. We set:

09 (A) = %(yQ@z)( ). (3.47)

We observe that, in this definition, Q(yz)(A) is only defined a.e. in y. But, it follows from [4] that the quasi-kernel
(A,y)—> Q()’z)(A) may be “regularized” as a kernel, so that the definition (3.47) holds for every A, a.e.
(2) Coming back to (3.44) and using (3.47) and (3.40) we obtain:

0V (A) = /0 ho(y)Q0”) (A)dy =2 /0 Y (3?00 (A)dy

= / ¥ (2)0@(A)dz. (3.48)
0
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Let x > 0 fixed and ¥, (y) := Zf Li0,x](»). Then

0V (A) = — /0 VIR0 (A)dy

o0 d
__ /0 VI VT )0 () dy
= 0" (A).

Using (3.48) we obtain:

VXOW(A) = f Q(”(A) > 0. (3.49)
X \/_ X

(3) Let us prove that: Q\(")(ZJOo =x)=1
Recall that, from item (3.a) of Theorem 2.1, we have:

0 (Zo>a)=1— \/g Va €10, x]. (3.50)

Hence, for any ¢ : Ry — R, Borel, we have:

d
x) Yoo Z/ Y
VX0 o(Zeo)] A 2\/_so(y)

Comparing with (3.49), we deduce: Q(”[(p(zoo)] = ¢(y), dy a.e. and it follows that Q(Y)(EOo y)=1,dy ae.
(4) We may now conclude. Indeed, for i a probability density, one has

Q‘”(A)=/O 0V (Al S = ¥ () dy (351)

and, from (3.48):
0V ()= /0 00 (A (») dy. (352)

Since O™ charges only { Zos = x}, we deduce from (3.51) and (3.52) that:
0V (Al S =y) = 0V (A). (3.53)

This ends the proof of Theorem 3.5. ]

4. Penalisation by 142 <x)

Let x > 0 be fixed. The aim of this section is to study the penalisation of Wiener measure with the functional I; =
Lar=n-

In fact, because of the non-availability of a Tauberian argument in this case, we need to make a conjecture (see
(4.5)), which, if valid, implies the existence of the penalised probability (see Theorem 4.3).

We recall that:

Af:supAszzt\/(t—gt)zxt\/A,. (41)

s<t



Brownian penalisations related to excursion lengths 445

To prepare for the statement of our conjecture, let, for A > O:

1 ekz dz

(VAR

From [8], p. 266, formula (9.11.1), the function 6 defined above may be expressed in terms of a confluent hypergeo-
metric function, namely:

(1) = re™* 4.2)

O(r) =2xe @ 13, (4.3)
N 2’27 )
We begin with the following lemma.

Lemma 4.1. The function 1 — 0 (X) admits a first strictly positive zero Ag.

Proof. Setting z =1 — 7 in (4.2) and integrating by parts, we get:

O(A) =21 1—/ 1——e—"du>.
0 A

From the asymptotic expansion:

] u ] u u? . 1 ( fixed)
——=1l-——-——+o| = xed),
Vo W 82 ) v

it is easy to deduce:

9()»):1—}—%4—0(%) (A — 00).

As 1 —6(0) = 1, the lemma is proven. (]

Before we state the conjecture, we note that, from the scaling property of Brownian motion:

(law) (law) (aw) 1
A=y, APTEAL, TR yre (4.4)
1

Conjecture. There exists a constant C, such that:

t

p(T{‘ > ‘) = P(A] =x) ~ Ce M, (4.5)
X t—>o0

where Lo denotes the first positive zero of 1 — 0(-), as defined in Lemma 4.1.

Remark 4.2. We note that Theorem 3.1 of Hu—Shi [5] which contains — among other results — an asymptotic estimate

of P(AT < x) as x — 0 is in agreement with our conjecture. However, Hu—Shi use a refinement of the Tauberian

theorem (their Theorem 3.2) which, in all rigor, does not imply the equivalence (4.5) above.

We are now in a position to state the following theorem.

Theorem 4.3. Let x > 0 be fixed, and Lo > 0 be defined as in Lemma 4.1.

(1) Assuming the validity of the conjecture (4.5),
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(a) for every s >0, and A; € F;, the limit:

E[1A,1 4% <x)]

* 13 s t = .

0% (Ay) = t1—1>ngo —P(A;‘ =2 exists. 4.6)
(b) This limit is equal to:
0*(Ay) := E[14,M]], 4.7
where:

* _ ohos/x A X x2euouss

Ms =¢ ](A}‘SX) A ﬁe s du. (48)

2) (a) (M7}, s >0) is a positive continuous martingale such that M = 1.
(b) Q* induces a probability measure on (82, Foo), such that, under Q*, the process (X;,t > 0) satisfies:

Al =x as. and TxA =inf{t: A, =x}=00 a.s. 4.9)
We begin with a preliminary result.

Lemma 4.4. For every A >0and y > 0O:

Ay y e M dy
o0 AT o
,\f e P(AY < y)dt = S (4.10)
€ v
0 L+ehifo S5
Equivalently, the complement to 1 of the above expression equals:
1 1
E[e™'] = (4.11)

S leayyff e T 1=0(=ay)

Proof. We compute E[e_kr‘é], with the help of the independence property of X TA and T}‘f‘. Namely according to
Wald’s identity (2.14) we have: )

)»XT){;

E[¢ "W E[e /AT =1 (4.12)

AX
As for the calculation of E[e it ] we use Proposition 1.2, and:

(0.¢] o0
gl = 1 / J2l —t@miae g, - L / 2o /25 g
2) Yy 2/

P22y poo 22y/2  poo

c €

= [ et g = S [ e
—00 —00

22y pryy 00
= |:/ (AW — Z)e_zz/2 dz + / (z— Aﬁ)e_ZZ/z dz:|
2 —00 Ay

(22/2}y A
_ e /2}y [Aﬁ{/‘ \/yeizg/z dz — /00 eizz/z dz} n 2e)‘2y/2i|
2 Ay

—0o0

3
= 1+ Ay/yel /2 / e /2 dz. (4.13)
0
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Hence, from (4.12) and (4.13), and after changing A in \/ﬁ, we get:
1
14eM \/mfo‘/me’zz/z dz
1
1 +eAyyfge ™

E[e] =

after making the change of variables: z2> = 2Av. Now, Lemma 4.4 follows from (4.15).

It follows from the scaling property of Brownian motion (and this is confirmed by (4.15)) that:

(law)
TyA = yTlA
and
l.
A1) g%,

Proof of Theorem 4.3. (1) We prove point (1).
For every s + x <t, one has:

Lar<x) = Nar <o A +di—s<xdo<ry LAy o0y, <x)-
Hence, from conjecture (4.5), after conditioning on F4,, we get:

E[1{ar<x}|F] i Cl{A§<§x}E[l{As+d3_six’dsq}e*)»o/x(zfd;) ral

Recall that d; = s + Ty o 5, and:

P(T, € duy = 4 _e=2/20 gy,
27u’

where T denotes the first hitting time of z by Brownian motion.
Therefore relation (4.19) implies:

A X,

X—Ag
. ~ Ce—hot/x o eh0s/x —{X2/(Qu)}+xou/x
E[I{Ath}|fs]tﬁmCe (1{AS§x}C /0 me du)

It is clear that

Elljar<qlF] |
oo P(Af<x)

follows from (4.21) and conjecture (4.5) (recall that M has been defined by (4.8)).
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(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

421

4.22)

It will be shown below (see (2)(e)) that E[M;] = 1. Therefore point (1) of Theorem 4.3 is a direct consequence of

Theorem 1.1.

(2) We now show that (M, s > 0), as defined in (4.8) is a martingale. Note that the results stated in point (2) of

Theorem 4.3 hold without assuming (4.5).
2

2
(a) We first remark that we may write M, with the help of the change of variables: % =v-,as:

2 o0
M = Ljpr ey [ = / e~V 20X/} g,
T | Xsl/v/x—As

without assuming the validity of the conjecture.

(4.23)
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We also note that 14z <y} = 1{745), and that, for s < T: M > 0.
Thus, (M}, s > 0) is stopped at its first zero. Moreover, we have:

2 2
0<M*< gekos/xl . = ex v + M X5x — Ag) dv
=M = (Ar=x) Pl—3 3
T | X1/ V/a=As x X

E e)\os/xe)\o' (424)

Thus, to show that (M}, s > 0) is a martingale (under P), it suffices to see that it is a local martingale.
Note that the relation (4.23) implies that M§ =1 a.s.

(b) Define:
o 02240 21,2
f(y,a)=// e VRGN qy (3 >0,0 <a <x) (4.25)
y//x—a
so that:
) 2
M; =exos/x1(A§5x),/;f(|Xs|, Ay). (4.26)

To prove that (M, s > 0) is a local martingale, we shall apply Lemma 2.4 or more precisely, a slight variant of
Lemma 2.4, due to the presence of the factor "%/~
In fact, it suffices to show that the function f considered as a function of (y, a) satisfies:

(1) f(0, a) does not depend on a (a > 0); in fact, from (4.25): f(0,a) =/7/2;

Ldf  13%fF Ao
L L =0
W e T2z T/
0
(iii) —f(O, 0)=0.
dy
(c) We show (iii).
This follows from:
%(0, 0) = —Le)‘o + /OO n_oye_vz/z‘l'{}‘o/(xvz)} dv
oy x N y=0
1
__ Lo 2o [0 2 @un)ta
Vx VxJo Ju y=0

2
<after making the change of variables % = u)
v

eto
=——(1—-6()) =0,
ﬁ( (%0))
from the definition of Ag.
(d) We show point (ii) above. We start computing the two first derivatives % (y,a) and %(y, a).
From (4.25), we have:

of _ y — 0%/ —a)}+{ho/x) x—a)
B_a(y’ a)= —me 4.27)

and

%(y a)=__1 e~/ Qu—a)l+iho/x}(x—a) / ® 2y e V7 /2400y /(0P g (4.28)
dy v v/ Jx—a xv?
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2
so that, after making the change of variables = = u:

1—
%(y )= bt | Ao [T L *{yz/(ZWC)}Jr)»ou du.
Consequently:
2f y 2 roy I—a/x 2 du
.a) = o~ 0%/ QG —a))Hro/x)x—a) _ o~ 0%/ @ux)taon 41
8 9,2 ( —61)3/2 x3/2 0 u3/2

On the other hand, we write f, after making the change of variables: % =u in (4.25), as:

1—
fy,a)= L/ ; o2/ @u))+rou _SH du
' 2Jx Jo B2

We then gather (4.27), (4.29), (4.30) and (4.31) to deduce (ii).
Moreover:

=1+ \/7/ )VOM/X (|Xu| A )Sgn(Xu)qu-
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(4.29)

(4.30)

431

4.32)

Hence, (M) is a local martingale, which, as we have seen earlier, implies it is a martingale; in particular, E[M}] = 1.

(3) We now prove point (2)(b) of Theorem 4.3.
(a) It is clear that, Q a.s.: A% < x, since, for every s > 0:
P{A7 <x}N{A} <x})

* (A% _ 1 S —
=)= lim ey "

On the other hand, we get, for every y < x:
0* (A7 > y) = Q*(Iy! <1) = E[Lgp .y M) = E[1zp .y Mya].
Taking the limit t — oo, we get:
0*(AL >y)= E[M;‘é].

However, from (4.32):

2 TyA/\S N af
M;AM_I—i— ;/O e 0“/x5(|Xu|,Au)sgn(Xu)qu, s>0,0<y<x.

Next, we deduce from the form of % given by (4.29) the existence of a constant k such that:

‘%(|Xu|, Au)

<k, OsunyA.

Identity (4.11) implies that, for A > 0, small enough:

1 1
1 —ye™ [le ””j”— 1—-60(y)

E[e)‘TA]

From Lemma 4.1 we deduce:

E[e)‘TYA] <00 Vi< E
y

4.33)

(4.34)

(4.35)

(4.36)

4.37)

(4.38)
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Combining Burkholder-Davis—Gundy inequality, (4.35), (4.36) and the fact that E [eAOT«VA *] < o0, shows that
(M* TA) belongs to H! (i.e., E[supy~o M ATA|] < 00). Hence: E[M*A] =1 and finally, from (4.34): Q*(A%, >

y) = 1 for any 0 <y < x. Using moreover (4. 33) we can conclude that A* =x, 0" as.
(b) We show that: T = oo, 0* a.s.
Since M} =0, for any ¢ > TXA, then, for any y < x, one has:

Q* (T} > 1) = E[1rppy M/ ] PN E[lzasy M) = E[M]=1.

Hence,

lim Q* ( <1)=0.

yix

This implies:
A ~ A
Q* (T gt)zlyng*(Ty <t)=0 V>0

which proves that TxA =00, 0* a.s.
O

Remark 4.5. Let us come back to (4.10). By an analytic continuation argument, relation (4.10) may be extended as
follows:

—Ax\/—fx M dv dv
. Zax [X e*“ dv
1 —A/xe xfo NG

—Ax[fx e“ dv
_ , (4.39)
1— O(Ax)

o0
/ eMP(A} <x)dt =
0

for any A < Ag. Since the first positive zero g of 1 — 60 is simple, a formal application of classical results about the
Mellin—Fourier transformation yield to (4.5). However we have not been able to justify this approach.

Remark 4.6. Let ¢(y) := P(A] < %) = P(TIA >y) (y > 0). Since A} <t, we have:

t

Pla; <) = P(a; <) =o( )
pl@=1 ifa<l,

p(a) — 0.
a— o0

The aim of the present remark is to show that ¢ satisfies the following equation:

d
\/11)__0, a>1. (4.40)

Since (—¢') is the density function of TIA, (4.40) may equivalently be presented as:

1
w(a)=—/0 ¢'(a+v)

P(T{* > a) =E|:;1

{a<TA<u+1}j|'
Ja+1— TlA !

(4.41)
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Indeed, to prove (4.40), we rewrite (4.10) in the form:

e A (AR O B R (L A

We denote:

1 (8) = v/x 1104 (s)\/—'i‘l[xoo 1(5)

so that (4.42) becomes, for every t > 0:

. ! d
<(P(_)*lix>(t):“/;/ l[ogx](s)—szzx/;\/x/\t.
X 0 NG

In particular, when t > 2x we have:

t (t—s
2x:/ (p(—)ﬂx(s)ds.
0 X

Since (p(’%s) = ux(s) =1 for s >t — x, then the previous relation can be reduced to:

t—x .
x=/ w(ii)m@M&
0 X

Hence, differentiating with respect to t, one gets:

1 ("= (t—s
mnma—m+—[ w(——)ummza
X Jo X

which implies, since (1) =1, and . (t —x) =1 for t > 2x:

t—s\d 1 [i== t—
-q+__/ ( S)S ! w( S>®
Jsoox Sy X

However:

t—x _ _ _
L o(5)oen(5) omn(5)
x Jy X X X

Hence:

() A5

Closely related computations are found in [7].
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(4.42)

(4.43)

(4.44)

(4.45)

Remark 4.7. With the help of Girsanov’s theorem, together with (4.7) and (4.32), there exists a Q*-Brownian motion

(B, t > 0) such that:

thﬂ,+/ 8f;ay(p( |, Ag) sgn(Xy) ds.

0
From (4.25), we deduce that for y > 0:

_(y’ )?X_ ,—X—Cl

SO, a) i

vX—a yee-ay L /ee-ay,
y

(4.46)
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Consequently:

af /o
limM(y,a):—oo and
atx

f

moxr [ AS) sgn(X;)

f

goes to —o0, resp.. +00, as Ag approaches x, and X5 > 0, resp.: Xs < 0. In other terms, when the age of X ap-
proaches x, the process X is strongly pushed towards 0.
This explains intuitively why, under Q*, A%, = x and T} = o0, a.s.

Remark 4.8. The rates of decay of P(AF < x) and P(X; < x) as t — oo are radically different. The first one is
exponential (see (4.5)), whereas the second one is polynomial (see Lemma 2.3). We already observed such a difference
when we studied (see [13]) the penalisations of Wiener measure by, on one hand, 1xx <y (exponential decay) and, on
the other hand, 15, xy (polynomial decay), where we denote X} = sup, <, | Xs| and S; = sup, ., X;.
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