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Translation is the final stage of gene expression where messenger RNA is used as a template for protein polymerisation from appropriate amino acids. Release of the completed protein requires a release factor protein acting at the termination/stop codon to liberate it. In this paper we focus on a complex feedback control mechanism involved in the translation and synthesis of release factor proteins, which has been observed in different systems. These release factor proteins are involved in the termination stage of their own translation. Further, mutations in the release factor gene can result in a premature stop codon. In this case translation can result either in early termination and the production of a truncated protein or readthrough of the premature stop codon and production of the complete release factor protein. Thus during translation of the release factor mRNA containing a premature stop codon, the full length protein negatively regulates its production by its action on a premature stop codon, while positively regulating its production by its action on the regular stop codon. This paper develops a mathematical modelling framework to investigate this complex feedback control system involved in translation. A series of models is established to carefully investigate the role of individual mechanisms and how they work together. The steady state and dynamic behaviour of the resulting models are examined both analytically and numerically.

A c c e p t e d m a n u s c r i p t 1 Introduction

Cell survival and fitness is dependent upon the ability of the cell to alter its complement of enzymes and structural proteins in response to environmental and developmental change. Protein synthesis begins with the transcription of a messenger RNA (mRNA) from a given gene. This mRNA is then translated by the cellular ribosomes to assemble the mature protein. Translation is a complex biopolymerisation process that can be divided into three stages; initiation, in which ribosomes join the mRNA and locate the first, AUG initiation codon; elongation, in which the ribosome moves in a codon by codon stepwise manner along the mRNA, using tRNA carrier molecules to incorporate the appropriate encoded amino acid at each codon, and termination, in which the last, stop codon is recognized by a protein release factor to direct release of the completed polypeptide from the ribosome. In eukaryote organisms, all three stop codons (UAA, UAG and UGA) are recognized by an essential release factor protein, eRF1 [START_REF] Frolova | A highly conserved eukaryotic protein family possessing properties of polypeptide chain release factor[END_REF], which binds ribosomes paused at a stop codon to release the nascent polypeptide. This factor is responsible for the recognition of all in-frame stop codons. Thus the introduction of an early stop codon into an mRNA, even if it lies within the polypeptide encoding portion (through mutation for instance), will cause termination and the production of a truncated protein. In humans such genetic lesions and production of truncated proteins can cause diseases such as cystic fibrosis and Duchenne Muscular Dystrophy [START_REF] Linde | I ntroducing sense into nonsense in treatments of human genetic diseases[END_REF]. However, despite their deleterious nature, premature stop codons within the essential yeast gene encoding eRF1 are not lethal (Stansfield et al 1996, Moskalenko et al., 2003). In this case, an autogenous negative feedback loop controlling eRF1 production is established by the premature stop codon. The early stop codon within the eRF1 gene limits the amount of release factor synthesis by the ribosome. The consequent reduction in eRF1 abundance in turn allows certain tRNA species to compete with the release factor for stop codon recognition. Such tRNAs can either be mutants altered to decode the stop codon (Stansfield et al., 1996) or wild-type, in which case a normal tRNA misreads the stop codon in a translational error process (Moskalenko et al., 2003). Stop codon 'readthrough' or bypass results from tRNA recognition of the stop codon, causing synthesis of full-length release factor (Figure 1). The negative feedback loop thus established plays an important role in maintaining a balance of truncated and full-length release factor synthesis, and is dependent upon the fact that the release factor is recognising a premature stop codon on its own mRNA.

A very similar feedback structure is seen in translation of the mRNA encoding the release factor RF2 in the bacterium Escherechia coli [START_REF] Craigen | Bacterial peptide chain release factos: conserved primary structure and possible frameshift regulation of release factor 2[END_REF][START_REF] Craigen | Expression of peptide chain release factor 2 requires high-efficiency frameshift[END_REF]. The mRNA for release RF2 protein levels in the cell are sufficient to catalyse efficient termination, translation will terminate at this premature UGA stop codon, with a truncated non-functional protein produced. When release factor levels drop, readthrough of the premature stop-codon and frameshifting is triggered, with the consequent production of more full-length RF2 release factor. Here too translation of the mRNA may lead to termination at the premature stop codon, leading to a truncated protein (which will not be able to function effectively as a release factor); alternatively readthrough may occur at the premature stop codon (associated with a frameshift) and further translation will lead to the synthesis of the full length protein. The release factor protein is involved in its own translation termination and also in termination at the premature stop codon. Here again, we have a similar situation with an interplay between feedback at translation termination and the presence of a premature stop codon. Our modelling work in this paper is aimed at elucidating the essential effects of such feedback, the presence of a premature stop codon and their interplay in translation.

For an understanding of the quantitative behavior of such a system it is necessary to build a model to understand the dynamics of such feedback control in translation. Kinetic models of biopolymerization on nucleic acid templates were developed early on [START_REF] Macdonald | Kinetics of biopolymerization on nucleic acid templates[END_REF], [START_REF] Macdonald | Concerning the kinetics of polypeptide synthesis on polyribosomes[END_REF].

These lead to more sophisticated treatments combining experimental results [START_REF] Bergmann | A kinetic model of protein synthesis. Application to hemoglobin synthesis and translational control[END_REF], [START_REF] Heinrich | Mathematical modelling of translation of mRNA in eukaryotes; steady state, time-dependent processes and application to reticulocytes[END_REF]. Further models which included initiation, a lumped elongation and termination [START_REF] Mehra | Insights into the relation between mRNA and protein expression patterns: I. Theoretical considerations[END_REF] have been formulated and extended to codon-based descriptions [START_REF] Mehra | An algorithmic framework for genome-wide modeling and analysis of translation networks[END_REF]. Most recently, a mechanistic model of translation in E. coli has been built to investigate protein synthesis rates (Zouridis and Hatzimanikatis, 2007), (Zouridis and Hatzimanikatis, 2008). Other recent modelling efforts include (Skjandal-Bar et al, 2007) and a detailed study focussing on translation initiation in yeast [START_REF] Dimelow | Control of translation initiation: a model-based analysis from limited experimental data[END_REF]. While these studies provide various insights into the translation process, no modelling work addresses feedback effects in translation termination of the kind discussed above. In this work, the translation termination mechanism and associated feedback effects are the main focus. We develop a modelling framework to study the termination mechanism involving the feedback mechanisms outlined above, and its competition with tRNA-mediated stop codon readthrough. By systematically developing a series of models of increasing complexity, the release factor protein concentration dynamics as well as the role of the feedback In the next section we outline the components and structure of the models in our modelling framework, and formulate the mathematical description. In the following section, we analyze the resulting models in detail both analytically and numerically. In particular we examine carefully the dynamic changes introduced from both the feedback control mechanism, the presence of a premature stop codon and their interplay. Taken together this provides the first steps for a systematic elucidation of such feedback mechanisms and their interplay with premature stop codons in translation.

Method

Our aim is to analyse the release factor dependent feedback regulation by building a series of models that act as a foundation for a systematic analysis of release factor based feedback loop behaviour and its interaction with a premature stop codon, represented in the final model. In model 1 we concentrate on the basic translation and synthesis of the release factor protein. In model 2 we introduce feedback at termination such that complete release factor proteins are required for the termination of the translation of incomplete release factor proteins. In model 3 we examine a variant of model 1 where we introduce a premature stop codon on the release factor mRNA. Finally, in model 4 we incorporate feedback effects mediated by the release factor protein along with the premature stop codon. In this manner we are able to carefully explore the properties of each additional element in turn before combining them. This paper details the model-building process and analyses system dynamics, and steady state behaviour analytically and numerically.

While our work was initially motivated by the specific example of yeast, we formulate and develop a modelling framework which is more general and is also applicable for other cases involving translation termination feedback and premature stop codons in translation. We begin by expanding our description of translation in eukaryotes (see Figure 1). During translation initiation, ribosomes are constantly fed onto the
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mRNA at the 5 end, creating polysomes (mRNAs carrying multiple actively-translating ribosomes). The initiation process begins with the assembly of a so-called Multi-Factor Complex, an assembly of small ribosomal subunits and multiple translation initiation factors. Initiation is complete once the first AUG codon has been recognized on the mRNA (Figure 1). This is followed by a series of elongation steps where the ribosome progresses along the mRNA, one codon at a time, adding a new amino acid at each step to the growing peptide chain. Elongation requires additional elongation factors, as well as a population of transfer RNAs to deliver amino acids in a codon-directed manner. The elongation process is repeated until the ribosome encounters a stop codon (either UAA,UGA or UAG). The stop codon is recognised by a eukaryotic release factor (eRF1) protein acting in concert with a second release factor component, eRF3, allowing the completed protein to detach from the ribosome (Stansfield et al., 1995;Zhouravleva et al., 1995). The complexity of the overall translation system is such that in practice there are many species of mRNA being translated at any given time, competing for the same translational resources (ribosomes, translation factors and tRNAs, amino acids etc). These aspects of the translation are similar in prokaryotes like E.coli, where the release factor RF2 recognizes stop codons to terminate translation.

Our modelling approach is dictated by the need to understand the key features of translation termination, feedback and the effect of introducing a premature stop codon and their interplay. The translation process is therefore modelled in a realistic but simplified way, incorporating detailed descriptions of the biochemistry only when necessary to describe the salient features of the feedback regulation being considered in this work. To understand the essential features of the above factors, it is not necessary to include a detailed explicit description of all elongation steps in translation, as well as detailed descriptions of the biochemistry involved in the initiation step. Therefore these steps are described in a simplified way. Thus rather than describe the elongation phase of translation in a codon-by-codon manner [START_REF] Mehra | An algorithmic framework for genome-wide modeling and analysis of translation networks[END_REF], which describes the translation process in a more detailed manner, we described the elongation part in a lumped fashion. This lumped description will capture the main essential features (steady state and dynamic) of such a detailed model, because the mathematical structure of both descriptions are very similar. It is worth mentioning that our lumped model can be obtained systematically as a reduction of a detailed codon-based model. Any extra biochemical detail in the biochemistry in the initiation and termination steps will not be explicitly described here.

In order to investigate the control structure of the feedback regulation that results from the introduction of a premature stop codon into the release factor mRNA, a deterministic modelling framework has been developed which captures these essential features and this allows for a transparent exploration of A c c e p t e d m a n u s c r i p t the system's attributes. This will act as a platform for understanding the complex control structure and the subsequent development of a stochastic codon-based description involving various mechanistic details.

Through modeling we are able to mathematically describe the autogenous regulation of release factor synthesis, and examine a complex representation of a translation control system in such a way that the emergent system properties are revealed. To this end we describe four primary models of increasing complexity that describe release factor protein translation in the next section.

Model 1

A basic model of translation is illustrated in figure 2 indicating the model variables and parameters involved. This model describes the ribosome joining a free start codon site to result in the occupation of the initiation site, the movement of ribosomes into the polysome and finally to the occupation of the termination site. This final reaction then determines the amount of release factor protein (P ) product produced. Every reaction is modelled using mass-action kinetics.

The mathematical model resulting from the description of the kinetic network above is (see Fig. 2 for details)

dM o dt = (k A .r.E) -(k I .M o ) (1) d(RP ) dt = (k I .M o ) -(k E .(RP )) ( 2 
)
dM t dt = (k E .(RP )) -(k T .M t ) (3) dP dt = (k T .M t ) -(k d .P ) (4) dr dt = -(k A .r.E) + (k T .M t ) (5) 
In the above RP corresponds to concentration of ribosomes in the polysome pool and M t to the concentration of ribosomes at the termination site. Clearly only the ribosomes at the termination site (which also equals concentration of mRNAs with occupied termination sites) play a role in producing proteins.

Two conservation laws directly result from the model equations. The first captures the fact that the total number of mRNAs (for the release factor protein) is constant and equal to the sum of the concentration of the occupied initial/start codon site (M o ) and the concentration of the unoccupied initial/start codon site E (the equation for E is not written explicitly above). Note that M 0 is the concentration of ribosomes at the initial/start codon site. The second that the total number of ribosomes in the system is conserved. This means that at any time the sum of the concentrations of free ribosomes and those at the start and termination sites and in the polysome pool(s) is a constant, equal to the initial value. This reflects that fact that this model does not describe the creation and breakdown of the ribosomal subunits themselves.

Our goal in this paper is to explore the main qualitative features (both steady-state and dynamic)

arising from the feedback regulation and the presence of a premature stop codon and their interplay, and not on data fitting. We choose a reasonable set of parameters based on estimates and available information.

The value for k A is estimated from the literature (Skjandal- Bar et al , 2007). The rate constant k I is approximately that obtained from a ribosomal scanning rate of ten nucleotides per second [START_REF] Berthelot | Dynamics and processivity of 40S ribosome scanning on mRNA in yeast[END_REF]. The elongation rate, k E , is assumed to be constant and context independent (not influenced by particular sequences of codons). Note that k E implicitly includes the number of codons involved in the elongation phase (k E is essentially inversely proportional to the number of codons, n). The number of codons involved is taken to be 438. An estimate of the degradation rate k d is based on the half-life of the release factor protein measured [START_REF] Belle | Quantification of protein half-lives in the budding yeast proteome[END_REF].

Variables have zero concentration at the beginning of the simulation with the exception of the number of free ribosomes, r 0 and protein, P 0 (note that all mRNAs have unoccupied initiation sites and so

the variable E at time 0 equals the total mRNA concentration). Estimates of total ribosomal numbers per cell vary [START_REF] Beyer | Post-transcriptional expression regulation in the yeast Saccharomyces cerevisiae on a genomic scale[END_REF] but we assume a fraction of this total are available for translation and this number is represented by the number of ribosomes at time zero of the simulations, r 0 . We use estimates of release factor concentrations for estimating initial conditions of the protein P 0 [START_REF] Ghaemmaghami | Global analysis of protein expression in yeast[END_REF]: in this case we estimate the initial concentration of protein to be apprioximately half that number, the reduced number accounting for the fact that these proteins are also involved in liberation of other synthesized protein species. In our simulations, we consider a ribosome to mRNA ratio of 10.

Model 2

In this model feedback is introduced so that the release factor (P ) is needed for the termination and hence synthesis and production of new release factor (P ). We do not include any redundant/extra termination factor here (see conclusions). Figure 3 shows the components of this model.

A c c e p t e d m a n u s c r i p t

The model equations are

dM o dt = (k A .r.E) -(k I .M o ) (6) d(RP ) dt = (k I .M o ) -(k E .(RP )) (7) dM t dt = (k E .(RP )) -(k T .M t .P ) (8) dP dt = (k T .M t .P ) -(k d .P ) (9) dr dt = -(k A .r.E) + (k T .M t .P ) (10) 
The equations above reflect the presence of the protein in translation termination results as seen in equations ( 8), ( 9) and ( 10) above. This also means that in the above equations the termination rate constant k T is a second order rate constant. It is also worth noting that with feedback, at the termination site M t , the termination involves an interaction of release-factor protein with the ribosome, resulting in the release of the newly synthesized release factor protein and then being released itself.

Model 3

The introduction of a premature stop codon into the release factor mRNA means that the elongation stage can be divided into two stages, which is reflected in the two polysome pools (RP 1 ) and (RP 2 ). The protein being synthesized may be released at the first termination site (giving rise to the truncated protein P t ), or following readthrough of the premature stop codon, may continue elongation and eventually be released at the regular termination site. The readthrough of the premature stop codon is mediated by a tRNA, denoted by T. In the case of yeast, a mutated serine tRNA was responsible for this readthrough (Stansfield et al 1996). In the case of E.coli, the readthrough of the (naturally occurring) premature stop codon is associated with a frameshift. The schematic for this model is illustrated in figure 4.

The time variation of various concentrations is obtained by simulating the above equations. T is a parameter whose concentration is assumed to constant and k t1 is a second order rate constant associated with readthrough. The effect of tRNA concentrations on the dynamics of the system is investigated by simulating for a range of tRNA concentrations. Thus the effect of varying T is that of varying the rate constant of the quasi-first-order reaction involving readthrough at M t1 . The new coupled differential equations describing Model 3 are given as follows:

A c c e p t e d m a n u s c r i p t

The equations depicting this process are given by

dM o dt = (k A .r.E) -(k I .M o ) (11) d(RP 1 ) dt = (k I .M o ) -(k E1 .(RP 1 )) ( 12 
)
dM t1 dt = (k E1 .(RP 1 )) -(k T a .M t1 ) -(k t1 .M t1 .T ) ( 13 
)
dP t dt = (k T a .M t1 ) -(k dt .P t ) (14) d(RP 2 ) dt = (k t1 .M t1 .T ) -(k E2 .(RP 2 )) ( 15 
)
dM t2 dt = (k E2 .(RP 2 )) -(k T b .M t2 ) (16 
)

dP dt = (k T b .M t2 ) -(k d .P ) ( 17 
)
dr dt = -(k A .r.E) + (k T a .M t1 ) + (k T b .M t2 ) (18) 
These equations describe the process depicted above. Note that protein synthesis can terminate either at the premature stop codon or the regular stop codon, associated with which are the termination rate constants k T a and k T b respectively. Note that again, as before the elongation constants k E1 , k E2 implicitly include the number of codons in each elongation phase (inversely proportional to the number of codons).

For the purposes of simulations, we assumed a premature stop codon at the 100th codon location. In the simulations, for specificity we assumed that the two termination rate constants were equal and that the degradation rate of the truncated protein was less than that of the full length protein.

Model 4

This model includes both a premature stop codon as in Model 3 (and the associated tRNA which mediates readthrough) and feedback effect on translation termination as in Model 2 and is illustrated in figure 5.

Note that the full length protein is responsible for termination both at the regular as well as the premature stop codons.

The feedback results in an extra P term at both termination sites seen in equations ( 21), ( 22), ( 24), (25), and (26) below. As before the product of k t1 and the parameter T represents a pseudo-first order rate constant.

A c c e p t e d m a n u s c r i p t

dM o dt = (k A .r.E) -(k I .M o ) (19) d(RP 1 ) dt = (k I .M o ) -(k E1 .(RP 1 )) ( 20 
)
dM t1 dt = (k E1 .(RP 1 )) -(k T a .M t1 .P ) -(k t1 .M t1 .T ) ( 21 
)
dP t dt = (k T a .M t1 .P ) -(k dt .P t ) (22) d(RP 2 ) dt = (k t1 .M t1 .T ) -(k E2 .(RP 2 )) ( 23 
)
dM t2 dt = (k E2 .(RP 2 )) -(k T b .M t2 .P ) ( 24 
)
dP dt = (k T b .M t2 .P ) -(k d .P ) ( 25 
)
dr dt = -(k A .r.E) + (k T a .M t1 .P ) + (k T b .M t2 .P ) (26)
Numerical integration of the model equations described above allows exploration of their dynamical behaviour. Simulations are carried out on MATLAB 1 using the ode15s stiff solver. A sample set of parameters are chosen to describe translation. While an exploration of a few important parameters has been carried out, a more exhaustive parametric analysis will be examined at a later time. The dynamical behaviour of the model is also investigated via examination of the relevant analytical expressions. These approaches are supplemented by the use of chemical reaction network theory [START_REF] Feinberg | Chemical reaction network structure and the stability of complex isothermal reactorsI. The deficiency zero and deficiency one theorems[END_REF] through the Network Analyst software part of the Chemical Reaction Network Toolbox package 2 to investigate whether the differential equations that describe the model allow oscillations and/or multiple steady states, or whether such scenarios are ruled out based on the structure of the relevant reaction networks. In certain cases chemical reaction network theory is able to provide additional information about the possible asymptotic dynamic states of the network, based on the structure of the network alone (valid for reaction networks with mass action kinetics).

Results

In this section we present results from the analysis of the various models. Numerical simulations are performed for each of the dynamical models. The effects of some important parameters are also examined.

A sequential examination of models allows for a clear analysis of the features of each model, and hence 

Model 1

Some results from the simulations are shown in Figure 6 which shows how the concentrations of the occupied ribosome pool (RP ) and protein (P ) vary with time within the Model 1 framework. The system reaches a steady state and simulations starting with different initial conditions provide no indication of other steady states (see below). As part of the simulations, the effect of some parameters was examined on the steady states. It was found, for instance, that the protein concentration P increased as the termination rate constant k T increased. For example, protein production P showed a weak increase as k T is increased by a factor of 10 (keeping all other parameters fixed). The protein concentration was found to be comparitively more sensitive to a ten-fold increase in total ribosome concentation.

While numerical sensitivity analysis reveals some aspects of a parameter's influence, one parameter at a time, greater insight can be obtained by obtaining analytical expressions for the steady state(s) of the model equations. In order to obtain the steady state concentrations of different variables the right hand side of equations ( 1)-( 5) are set to zero. This results in the following equation for (P ):

P = k T .M t k d ( 27 
)
where

M t = k E .(RP ) k T = k A .r.E k T (28)
The above equations along with the conservation conditions for the number of free ribosomes and the total number of mRNAs result in:

M o + (RP ) + M t + r = K (29)
where K is a constant equal to the number of free ribosomes initially, and:

E = (MR) -M o ( 30 
)
where MR is the total concentration of mRNAs (a constant). Then from ( 27) and ( 29) we can write P :

P = k T k d K 1 + k T . 1 k I + 1 k E + 1 k A .E (31)

A c c e p t e d m a n u s c r i p t

We now write the variables entirely in terms of P and rate constants:

M t = α 1 .P ; (RP ) = α 2 .P ; M o = α 3 .P ; r.E = α 4 .P (32)
where

α 1 = k d k T ; α 2 = k d k E ; α 3 = k d k I ; α 4 = k d k A (33)
The conservation equations can then be written as:

E = (MR) -α 3 .P and r = K -(α 1 + α 2 + α 3 ) .P (34)
Using r.E = α 4 .P , P can be written as a quadratic equation:

(α 1 + α 2 + α 3 ) .α 3 .P 2 -(K.α 3 + (α 1 + α 2 + α 3 ) .(MR) + α 4 ) .P + K.(MR) = 0 (35)
The solution to the above equation is:

P = β ± β 2 -4. (α 1 + α 2 + α 3 ) .α 3 .K.(MR) 2. (α 1 + α 2 + α 3 ) .α 3 (36) 
where

β = (K.α 3 + (α 1 + α 2 + α 3 ) .(MR) + α 4 ) (37) 
This expression suggests that there will be two real and positive roots for P in general. Incidentally, for the model 1 parameter values this results in two roots for P , P =0.07 and P =0.01 moles/vol. While the simulations reveal only one steady state it is important to examine the presence of the other steady state. It turns out that the second steady state results in negative values for the concentrations for other model variables, such as those of free initiation sites, E. This is seen directly from the solution for the steady state of E (writing the equation for the steady state of E, by eliminating other variables):

E = -γ ± γ 2 + 4.α 4 .(MR) α 3 . 1 + 1 α3 . (α 1 + α 2 ) 2. 1 + 1 α3 . (α 1 + α 2 ) (38) 
where

γ = 1 α 3 (α 4 -α 1 .(MR) -α 2 .(MR)) -K -(MR) (39) 
Equation ( 38) immediately reveals that one of the two roots for E (and hence P ) is inadmissible because it is negative. Examination of r likewise reveals a positive and negative root. These results are confirmed by (positive) values the rate constants might have. In summary, the analytical expressions reveal the exact dependence of different steady state concentrations on different parameter values explicitly. This analysis is useful in understanding more complex subsequent models. Furthermore, the analysis directly reveals the presence of a single admissible steady state (all variable concentrations non-negative).

Model 2

Model 2 involves feedback effects in translation termination at the regular termination site, Once again multiple simulations are performed in order to see how the concentrations of different variables vary with time. Figure 7 shows how the concentrations of the occupied ribosome pool (RP ) and protein (P ) vary with time. Simulations were repeated by changing initial conditions. In all cases a single steady state was observed. This is confirmed by the Chemical Reaction Network Toolbox software which under mass-action kinetics calculates a deficiency of order one [START_REF] Feinberg | Chemical reaction network structure and the stability of complex isothermal reactorsI. The deficiency zero and deficiency one theorems[END_REF], concluding that taken with mass action What is apparent from the structure of the Model 2 chemical network is that the protein product P is needed for its own production, so that the initial conditions for P must be non-zero (as is the case for a living cell). Even very low P concentrations at the beginning of the simulations result in the steady state value of P being the same as for much higher initial concentrations. We once again have five equations at steady state which allow us to write P as: 

P = k E .(RP ) k T .M t = k A .r.E k T .M t = k I .M o k T .M t ( 40 
(K -α 3 .P -α 2 .P -α 1 ) . ((MR) -α 3 .P ) = α 4 .P (42)
producing the quadratic:

(α 2 + α 3 ) .α 3 .P 2 + δ.P + K.(MR) -α 1 .(MR) = 0 (43) 
where

δ = α 1 .α 3 -α 4 -(α 2 + α 3 ) .(MR) -α 3 .K (44)
Once again there is the possibility of two real roots:

P = -δ ± δ 2 -4.α 3 .(MR). (α 2 + α 3 ) . (K -α 1 ) 2. (α 2 + α 3 ) .α 3 (45)
So the above expression shows that P has two feasible (positive) roots for our basal parameter values and similar examination of the corresponding solutions to E and r shows that both have one feasible and one infeasible root. Thus one of the roots for P above can be ruled out in general as it will result in infeasible solutions for E and r.

While the feasible root for P represents a stable steady state (for our basal parameter values) there also exists another steady state for when there is no protein (P =0). Here, there is no protein to aid in its own production and from the steady state equations one can see that M o =0 and (RP )=0, and further, no protein is produced. However, M t , is nonzero. That this is the case is also seen when we simulate model 2 with P =0 initially. This is in contrast to the other steady state where P = 0 and M t = k d /k T . By varying parameters in simulations and significantly increasing the protein degradation rate constant k d or significantly lowering the termination constant k T results in a P =0 being observed as the (stable) steady state. So the introduction of feedback in translation termination has the consequence that if the protein degradation rate is too high or the termination rate constant too low, P cannot sustain its own production.

A c c e p t e d m a n u s c r i p t

Thus, in general there are two steady states, one corresponding to zero protein concentration and another non-zero steady state. Under basal conditions the non-zero (positive) steady state is stable while the zero steady state is unstable. Decreasing the termination rate constant sufficiently results in a scenario

where the P = 0 steady state is stable and the non-zero steady state is in fact inadmissible (negative concentrations of entities in the network). The transition between these scenarios occurs via a transcritical bifurcation (discussed in detail both analytically and numerically elsewhere).

In summary, simulations of the model for basal parameter values reveals a non-zero steady state of protein concentration. The presence of an additional steady state corresponding to zero protein concentration is inferred analytically and confirmed by simulations. For the basal parameter values chosen here the non-zero steady state is the only stable steady state.

Model 3

In Model 3 we introduce a premature stop codon (chosen to be the 100th codon site in our simulations).

The model contains the concentration of a tRNA protein (T ) which is responsible for readthrough at the premature stop codon. In bacterial systems, there are similar factors which facillitate readthrough, with an associated frameshift. There is no feedback in Model 3 so the effects of multiple stop codons can be explored separately, independent of feedback. Multiple simulations are run to examine the changes in variable concentrations with time. Figure 8 shows how the concentrations of the occupied ribosome pool before (RP 1 ) and after (RP 2 ) the premature stop codon and the full-length (P ) and truncated protein (P t ) vary with time within the Model 3 framework. The steady state is approached exponentially and there is no indication of other steady states. Chemical reaction network theory is unable make predictions about Model 3 due to the structure of the network (deficiency =2).

We now examine the steady state of this more complex network in detail. In this model the variables of interest are the concentration of full-length, P , and truncated, P t , protein. In Model 3 a particular aspect of interest is the ratio of of full-length to truncated protein which can be obtained as:

P = k T b .M t2 k d and P t = k T a .M t1 k dt (46)
From this and the steady state equations for the model, we find that

P P t = k dt k d . M t2 M t1 = k dt .k t1 .T k d .k T a (47)

A c c e p t e d m a n u s c r i p t

We notice straightaway even without explicitly solving the steady state equations that the ratio of full-length to truncated proteins depends only on rate constants and the tRNA concentration, T .

There are now eight steady state equations derived from eqns. ( 11)-( 18). concentration, T . From these eight steady state equations all the variables can be written in terms of only P and the rate constants: where:

M t2 =
α 1 = k d k T b ; α 2 = k d k E2 ; α 3 = k d k t1 .T ; α 4 = k T a .k d k E1 .k t1 .T + k d k E1 ; ( 50 
)
α 5 = k T a .k d k dt .k t1 .T ; α 6 = k T a .k d k I .k t1 .T + k d k I ; α 7 = k T a .k d k A .k t1 .T + k d k A ; (51) 
The conservation equation E + M o = (MR) still holds while the conservation rule for the total number of ribosomes is now:

M o + (RP 1 ) + M t1 + (RP 2 ) + M t2 + r = K (52)
Combining these with the expression for r.E (eqn. 48) we can write:

(Kθ.P ) . ((MR)α 6 .P ) = α 7 .P where θ = α 1 + α 2 + α 3 + α 4 + α 6 (53)

From the above we obtain a quadratic expression:

θ.α 6 .P 2 -(K.α 6 + α 7 + θ.(MR)) .P + K.(MR) = 0 (54)
for which the two roots are given by:

P = -κ ± κ 2 -4.θ.α 6 .K.(MR) 2.θ.α 6 where κ = -(K.α 6 + α 7 + θ.(MR)) (55)
For the basal parameters this results in two positive feasible roots for P . Solving in a similar manner for E results in a positive and a negative root. The feasible root is easily identified and agrees with results observed in the simulations. Thus in summary there exists only one admissible steady state, for reasons very similar to model 1.

A c c e p t e d m a n u s c r i p t

Readthrough efficiency

Since a key factor which determines the concentrations of full-length and truncated proteins is the tRNA concentration T (which controls the degree of premature stop codon readthrough) we examine the effect of this parameter in detail. We already know from above that the ratio of P to P t is proportional to T .

However it is important to determine how these variables themselves change with T . To carefully explore the effect of T , including various limiting cases, we have run multiple simulations for varying amounts of T over a wide range and the results are shown in figure 9(a). We find that the steady state concentration of P increases with increasing T eventually saturating at high T . The steady state concentration of P t does the opposite, saturating at low T and decreasing at high T .

In order to examine what the analytical expressions indicate about P and P t dependency upon tRNA concentration (T ) we use equation ( 55) for P and solve for a range of values of T matching those in the simulations. The feasible root for P is easily identified. The steady state for P t is then easily obtained and both P and P t versus T are shown in figure 9(b). The analytical plots of P and P t versus T match those obtained in the simulations. They show the gradual increase in P and then a leveling off for higher T values. Conversely, the P t concentration plateaus at low T and falls off as T increases (falling at the same time as P levels off). These trends can be understood as follows. The P concentration saturates at high T because the flux of ribosomes through the pathway leading to the premature termination site (and beyond the premature termination site) limit the rate of production of protein P at high T . At high T , readthrough dominates the possibility of termination at the premature stop codon. Thus, very little truncated protein is produced, The situation is different at low T . Here the termination at the premature stop codon dominates the possibility of readthrough. Thus, the concentration of truncated protein P t saturates for low T (being limited by other factors), while the concentration of P approaches zero

From the simulated and analytical results we see that the concentrations of full-length and truncated protein equal one another when:

T = k T a .k d k dt .k t1 (56)
In general the asymptotic concentrations for P t (at low T ) is different from the asymptotic concentration for P (for high T ). Note that the degradation rates of the proteins are in general different.

To summarize: when T is very large the rate of protein production is then limited by the speed at which ribosomes can move through the system. Likewise, when T is very small the rate of production of truncated protein is limited by the speed at which ribosomes pass through and terminate at the premature 

Model 4

In this model we introduce feedback at termination to the premature stop codon system of model 3. We perform some preliminary analysis to understand the interaction of this feedback mechanism with a premature stop codon. Multiple simulations are run to examine how variable concentrations change with time. Figure 10 shows how the concentrations of the occupied ribosome pool before (RP 1 ) and after (RP 2 ) the premature stop codon and the full-length (P ) and truncated protein (P t ) concentrations vary with time within the Model 4 framework. Steady state is approached exponentially and there is no indication of oscillatory behaviour. Once again chemical reaction network theory is unable to analyse Model 4 due to the structure of the network. Calculating the deficiency of this reaction network (a mass-action kinetic network) reveals that the deficiency is two [START_REF] Feinberg | Chemical reaction network structure and the stability of complex isothermal reactorsI. The deficiency zero and deficiency one theorems[END_REF] and therefore reaction network theory is unable to make any strong predictions.

We have explored the effect of varying the initial concentration of P in the system to see the effect this has on P and P t production under a range of T concentrations. Increasing the initial P by two orders of magnitude and decreasing initial P by two orders of magnitude result in the same P and P t concentrations at steady state.

The large parameter space in this model indicates that examination of the analytical solutions would be beneficial. As in model 3 there are eight steady state equations and we can write the variables in terms of P and other rate constants (assuming P is non-zero) to give:

M t2 = α 1 ; RP 2 = α 2 .P ; M t1 = α 3 .P ; RP 1 = α 4 .P 2 + α 5 .P ( 57 
)
P t = α 6 .P 2 ; M o = α 7 .P 2 + α 8 .P ; r.E = α 9 .P 2 + α 10 .P (58)

where

α 1 = k d k T b ; α 2 = k d k E2 ; α 3 = k d k t1 .T ; α 4 = k T a .k d k E1 .k t1 .T (59) α 5 = k d k E1 ; α 6 = k T a .k d k dt .k t1 .T ; α 7 = k T a .k d k I .k t1 .T (60) α 8 = k d k I ; α 9 = k T a .k d k A .k t1 .T ; α 10 = k d k A (61)

A c c e p t e d m a n u s c r i p t

Using the the conservation conditions described previously one can write:

r.E = α 9 .P 2 + α 10 .P (62) and this along with the above equations results in a complicated quartic equation for P , some of whose coefficients depend on T :

Thus, in contrast to model 2 where we derived a quadratic equation for P in model 4 we get a very complex quartic equation. The complexity of this equation means that it cannot be easily solved analytically. However, just as in model 2, in addition to the steady state(s) described above, there is a second steady state which corresponds to zero protein concentraion (P = 0) as is immediately seen from the steady state equation for P , equation ( 25):

k T b .M t2 .P = k d .P (63)
This steady state is also associated with zero concentration of truncated protein P t , since the full length protein is needed to release truncated protein at the premature stop codon. This steady state is unstable for our basal parameter values (as well as other T concentrations examined below). Just as in model 3 we examine the role of T concentration in determining the concentrations of full-length and truncated proteins, this time in the presence of feedback.

Readthrough efficiency

Now we look at the interplay of feedback and readthrough by again simulating the steady state concentrations for a range of tRNA (T ) concentrations. P and P t can be written in terms of one variable, in this case M t1 :

P = k E2 .(RP 2 ) k T b .M t2 = k t1 k d .M t1 .T (64) 
and:

P t = k T a k dt .k d . (M t1 ) 2 .k t1 .T (65) 
The P/P t ratio can also be written in terms of T using the steady state equations:

P P t = k dt .k t1 k T a .k E2 . 1 (RP 2 )
.T (66)

In figure 11(a) we see that increasing T concentration in our simulations results in increasing P concentration up to a point after which the value saturates again (at steady state) in similar fashion to model
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3 (figure 9). The P t concentration however increases as T increases, peaks, then begins to decrease in concentration at high T levels. This biphasic shape results from expressions ( 59) and ( 61) written out fully below:

P t = k T a .k d .P 2 k dt .k t1 .T ( 67 
)
where P t is inversely proportional to T but proportional to P 2 . This is in striking contrast to the corresponding expression for model 3, where P t is proportional to P (and inversely proportional to T ).

This P 2 /T factor and the inherent saturation of P results in the shape we (discussed below). Thus, as

T becomes large P saturates and P t approaches zero, as seen in figure 11(a). This can be understood physically as follows: when T is very high the flux through the readthrough path is dominant with very little premature termination. However, in this case the P concentration saturates as it is limited by various other rate constants in the pathway.

The other asymptotic limit of low T concentration is also worth examining carefully. We find that for small T the P concentration is essentially linearly proportional to T , and hence from equation ( 69), so is P t . Thus for low T concentrations both P and P t concentrations approach zero. This is easily understood physically as follows: when T concentrations are very low the readthrough at the premature stop codon (modulated by T ) is the rate-limiting step in the production of P . However, since P is itself responsible for termination at the premature stop codon also, this results in low truncated protein concentrations as well. Thus the biphasic dependence of P t concentration on tRNA concentration can be traced to the effect of feedback in translation termination. Figure 11(b) shows the way in which full-length protein varies with truncated protein for a range of T values.

Conclusions and Discussion

The goal of the paper was to understand the effect of the control structure involving feedback at translation termination and the interplay with a premature stop codon. Such feedback regulation has been observed in translation in multiple systems. In yeast there is feedback regulation of a release factor on its own translation termination process, and experiments have been conducted to introduce premature stop codons and analyze the effect of natural feedback in regulating translation in the presence of premature stop codons (Stansfield et al., 1996;Moskalenko et al., 2003). Similarly in E.coli, the release factor RF2 contains a naturally occurring premature stop codon and a similar feedback regulatory structure exists [START_REF] Craigen | Bacterial peptide chain release factos: conserved primary structure and possible frameshift regulation of release factor 2[END_REF][START_REF] Craigen | Expression of peptide chain release factor 2 requires high-efficiency frameshift[END_REF]). In the E.coli case, the readthrough of the premature stop codon is
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associated with a frameshift. Our approach is aimed at understanding the essential elements underlying the control mechanism discussed above. To that end, we formulate a series of models, which allows for the careful and systematic consideration of feedback,the effect of a premature stop codon and their interaction.

Each model was investigated computationally and analytically. Dynamic simulations of model 1 along with analytical work (a simple basic model of translation) indicated a single steady state and its dependence on parameters. The second model involves the introduction of feedback at translation termination. In addition to the positive steady state, there exists a second steady state where there is zero protein produced. This steady state was unstable for our basal parameter values. A sufficient reduction in the termination rate constant or increase in protein degradation rate constant could cause the non-zero steady state to be inadmissible (concentrations of some entities negative) and the zero steady state to be stable. A transcritical bifurcation lies at the transition between these two scenarios. In our modelling, we did not incorporate any residual/redundant additional protein acting as another release factor (none have been identified biologically in these systems). The introduction of such a factor would lead to the breaking of the transcritical bifurcation. However, the broad nature of variation of steady state protein concentrations as a function of parameters would remain the same.

The addition of a premature stop codon (to model 1) and the tRNA responsible for readthrough (model 3) introduces two possible pathways that translating ribosomes can take. At low tRNA concentrations, as tRNA concentration decreases the concentration of full-length protein decreases and that of the truncated protein saturates. On the other hand, as the tRNA concentration becomes large, the full-length protein concentration approaches a constant value and the truncated protein concentration decreases. In model 4 (incorporating a premature stop codon and feedback in translation termination) there exists one positive steady state and the zero steady state of full length protein concentration. (which is unstable for our basal parameter values). Here (unlike model 3) the dependence of the truncated protein concentration on tRNA concentration results in a biphasic relationship: at low tRNA concentrations, the truncated protein concentration approaches zero. This directly stems from the fact that full-length protein is required for termination at the premature stop codon. It should be mentioned that in model 4, we have implicitly assumed a premature stop codon location, which would result in a (sufficiently) truncated protein which is unable to function as a release factor itself. It may be noted that in yeast, a truncation of eRF1 (a 438 amino acid protein) by more than 32 amino acids leads to a protein which is unable to function as a release factor and results in cell death [START_REF] Eurwilaichitr | The C-terminus of ERF1 defines a functionally important domain for translation termination Saccharomyoces cerevisiae[END_REF] In essence, our analysis suggests a few important points. The effect of feedback regulation involved in translation of release factors suggests that the degradation of the release factor protein must be small enough to allow for sufficient release factor protein concentrations to be realized. If either due to internal or external factors, the release factor proteins are degraded faster than normal, it can lead to a very substantial depletion of this protein, which very severely limits synthesis of the protein itself. This fact taken together with the experimentally known fact that knock-outs of these release factor proteins prove lethal indicate that these release factor protein degradation rates must be kept with certain bounds for the survival of the cell. This same insight is relevant for translation in the presence of premature stop codons for the release factor. In the presence of a premature stop codon, the feedback effect allows for a better readthrough of the premature stop codon, allowing release factor protein to be produced. The importance of the degradation rate of the release factor protein not being too high has been demonstrated in experimental observations of yeast carrying sup45 alleles with premature stop codons, thus involving the kind of feedback discussed [START_REF] Kiktev | The paradox of viable sup45 STOP mutations: a necessary equilibrium between translation readthrough, activity and stability of the protein[END_REF]. In this work the authors establish the stability of the encoded mutant form of eRF1 as a crucial factor in regulating the negative feedback loop and maintaining the viability of these strains.

In general the above analysis also suggests the possibility of a redundant protein involved in translation termination in these systems. The above analysis provides a quantitative description of the feedback regulation involved (in particular) in the translation of release factors with premature stop codons.

It should be mentioned that another biological mechanism, that of nonsense-mediated decay, operates in eukaryotes to degrade mRNA with premature stop-codons (Ruiz-Echevarria et al., 1996;[START_REF] Cao | Computational modelling and experimental analysis of nonsense-mediated decay in yeast[END_REF]. A mechanistic description of this process and its interaction with the feedback regulation described in this paper is not attempted here. However, previous work shows that the NMD pathway effect does influence the nature of translational feedback loops operating on eRF1 alleles with premature stop codons and that inactivation of NMD increases the viability of such alleles [START_REF] Chabelskaya | Inactivation of NMD increases viability of sup45 nonsense mutants in Saccharomyoces cerevisiae[END_REF].

There are various other aspects to be explored further in our modelling framework. A detailed parametric sensitivity/bifurcation analysis with respect to various parameters will be performed. Further modelling will explore some additional mechanistic detail in understanding this feedback mechanism in yeast. One detail which needs to be incorporated is a more comprehensive mechanistic description of termination involving the protein (eRF1) in a complex with another protein (eRF3). Future modelling work will also involve an explicit description of the dynamics of tRNA concentration. While our modelling has focussed on a particular feedback control structure, similar but more complex feedback structures will be examined subsequently. One example is that of a system very similar to E.coli is represented by the release factor-2 (RF2) gene of the bacterium Salmonella typhymurium, which like E.coli, also has a +1 frameshift premature stop codon lies at the regulatory frameshift site. Here, in addition to this frameshift site premature stop codon, an RF2 mutation was isolated that resulted in the introduction of an additional in-frame premature stop codon downstream of the initial frameshift site termination codon. This is an example of an additional complexity built around the regulatory structure studied here.

There are other biophysical effects which could interact with the feedback regulatory structure discussed here. One example is the recycling of detached ribosomes back to the initiation site. A detailed analysis of this biophysical phenomenon and the role of mRNA loop formation in translation regulation is considered by modelling these effects on an isolated mRNA chain [START_REF] Chou | Ribosome recycling, diffusion, and mRNA loop formation in translational regulation[END_REF]. In the context of our feedback regulatory mechanism, such additional effects could play modulatory roles. For instance if the premature stop codon was present early along the mRNA chain, then this could lead to enhanced recycling and generally higher ribosomal throughput, when compared to the case where the premature stop codon was present near the termination site. Thus in this case one might expect higher concentrations of both full length and truncated proteins. However a careful and systematic analysis needs to be performed.

Another step is to expand the modelling description in this paper into a detailed codon-based model (mean-field). The modelling work in this paper provides non-trivial insights into the effect of the control structure regulating translation termination and its interplay with the premature stop codon. Since the mathematical structure of the models presented here and corresponding detailed codon-based models are very similar, it is expected that the essential insights carry through in that case too. Eventually, this description needs to be expanded to a stochastic codon-based model. Such models can be formulated as Totally Asymmetric Simple Exclusion Process (Shaw et al., 2003;[START_REF] Chou | Clustered bottlenecks in mrna translation and protein synthesis[END_REF]Shaw et al., 2004a). This would allow for a more detailed and realistic description of various aspects of translation (for example multiple codon coverage of ribosomes). Further, additional aspects of ribosomal mechanochemical cycle have been also incorporated in models in the TASEP setting [START_REF] Basu | Traffic of interacting ribosomes: effects of single-machine mechanochemistry on protein synthesis[END_REF].

The role of stochasticity can be carefully and systematically explored in a TASEP setting, in conjunction with other mechanistic details described earlier. The modelling work in this paper provides a basis for systematically assessing the effects of these additional complexities and their interaction with the feedback control structure. It also provides a platform for more detailed mechanistic modelling of individual steps in translation in different systems with similar feedback control structure. In general, we see that higher tRNA concentrations lead to higher concentrations of full length protein and lower concentrations of truncated protein. 

  in E.coli indicates the presence of a (naturally occurring) premature stop codon. The RF2 mRNA's open reading frame is split into two parts by a premature UGA stop codon. The reading frame downstream of the stop codon lies in the +1 frame relative to the upstream, 0 frame portion. When

  examined carefully. The resulting mathematical modelling framework is a tool for carefully elucidating the role of such feedback control mechanisms in the context of translation, and their interplay with other processes in translation. While this modelling work was initially motivated by the specific example of dynamics of the release factor protein eRF1 in yeast, we formulate a more general modelling framework which is relevant to translation with feedback regulation in translation termination, premature stop codons or their combination. Thus the methods and insights are relevant for translation in other systems with similar feedback control structures and/or premature stop codons.

  Network Toolbox software which concludes that taken with mass action kinetics, the network cannot admit multiple positive steady states or a degenerate steady state no matter what

  kinetics, the network cannot admit multiple positive steady states no matter what (positive) values the rate constants might have. The simulations show that decreasing the concentration of mRNA results in less protein produced and more free ribosomes. Increasing the mRNA concentration to exceed that of the ribosomes results in little change in protein production (compared to basal values, r/(MR)=10) but a decrease in the number of free ribosomes. As part of the exploration of Model 2 the initial variable values at time zero in Model 2 simulations are populated with the steady state values from Model 1, however this results in no change to the steady state values.

  )Interestingly, for the equation describing the rate of change of P (equation 9):k T .M t .P = k d .P(41) that the concentration of ribosomes at the termination site depends only on the ratio of protein degradation to termination rate constants (M t = k d /k T ). In model 2 the steady state variable concentrations can be solved for analytically just as before. In order to determine the solutions to the equations we once again write the variables in terms of just P and the rate constants (α 1 , α 2 , α 3 and α 4 are the same as in model 1). This set of equations are the same as in model 1 with the exception of the M t variable, and so using the conservation conditions E + M o = (MR) and M o + (RP ) + M t + r = K (which still apply) one can write r.E = α 4 .P (eqn. 32) as:

  These limiting cases provide insight into the role of T in determining the steady state P and P t concentrations.

  factor expression via a negative feedback loop. As in the E.coli RF2 gene, a

Fig. 1 .

 1 Fig. 1. Schematic of the translation process. A schematic of the translation process is shown in (a) indicating the gradual building of the polypeptiode chain and release at the final stage. The presence of a premature stop codon is shown in (b), along with the feedback loop involved in the release factor protein acting to terminate translation at the premature stop codon (the action of the release factor at the regular stop codon is not shown).

Fig. 2 .

 2 Fig. 2. Schematic of model 1 This figure depicts a schematic of model 1, with ribosome binding to a free initiation site, then progressing to the polysome pool, and eventually terminating to produce the synthesized protein (and releasing the ribosome, which is not shown explicitly). Basic Model 1 variables: r = concentration of free ribosomes; M o = concentration of ribosomes at start/initiation codon site; (RP ) = concentration of ribosomes in polysome; M t = concentration of ribosomes at termination codon site; P = concentration of protein; E = concentration of free start/initiation codon site(s); k A = rate constant for free ribosome occupying the start codon site; k I = rate constant for ribosome entering the polysome pool; k E = rate constant for departure of ribosome from polysome pool; k T = rate constant for release of synthesized protein (and release of ribosome); k d = degradation rate constant of protein product. (MR) = total concentration of mRNAs, a constant (not shown).

Fig. 3 .

 3 Fig. 3. Schematic of model 2 This figure depicts a schematic of model 2. This schematic is similar to that of model 1, except that the role of release factor protein P in regulating its own termination is shown. The variables are similar to those of model 1.

Fig. 4 .

 4 Fig. 4. Schematic of model 3 This figure depicts a schematic of model 3, indicating the presence of a premature stop codon. There are now two polysome pools, and two possible termination sites. At the premature stop codon, translation can either get terminated, or readthrough can occur, mediated by a tRNA species indicated by T. RP 1 = concentration of ribosomes in first polysome pool; M t1 = concentration of ribosomes at the premature termination codon site; P t = concentration of truncated protein; T = concentration of tRNA; (RP 2 ) = concentration of ribosomes in second polysome pool; P = concentration of protein; k E1 , k E2 = rate constants for exit from polysome pools 1 and 2 respectively; k t1 = (second order) rate constant for readthrough of the premature stop codon; k T a , k T b = rate constants for release of protein at the premature and final termination sites respectively respectively; k d = degradation rate constant of protein product based on experimentally measured half-life; k dt = degradation rate constant of truncated protein product.

Fig. 5 .

 5 Fig. 5. Schematic of model 4 This figure depicts a schematic of model 4, indicating the presence of a premature stop codon along with feedback in termination (the full length protein is involved in termination events at both termination sites). The variables are similar to that in model 3; note that in model 4, k T a and k T b are second order rate constants. As in model 3, readthrough of the premature stop codon can occur mediated by the tRNA.

Fig. 6 .

 6 Fig. 6. Simulation results from model 1. Temporal evolution of concentrations of (a) polysome pool (RP ) and (b) protein (P ) from model 1 simulations. Both eventually reach steady states. Parameter values: k A =400, k I =0.1, k E =0.0022, k T =0.1, k d =1.86e-4 all s -1 ; (MR)=1.26e-4 moles/volume; r 0 (total concentration of ribosomes) =1.26e-3 moles/volume; P 0 (initial concentration of protein) =1.6e-4 moles/volume.

Fig. 7 .

 7 Fig. 7. Simulation results from model 2. Temporal eveolution of concentrations of (a) polysome pool (RP ) and (b) protein (P ) from model 2 simulations. k A =400, k I =0.1, k E =0.0022, k d =1.86e-4 all s -1 ; k T =10/mole.s; (MR)=1.26e-4 moles/volume; r 0 =1.26e-3 moles/volume; P 0 =1.6e-4 moles/volume.

Fig. 8 .

 8 Fig. 8. Simulation results from model 3. Simulated concentrations of ribosomes in (a) ribosome pool one (RP 1 ),(c) ribosome pool two (RP 2 ), and that of (b) truncated protein (P ) and (d) full length protein (P t ) for model 3.k A =400, k I =0.1, k E1 =0.007, k t1 T =100, k E2 =0.0021, k d =1.86e-4, k dt =9.6e-5, k T a =0.1, k T b =0.1 all s -1 ; (MR)=1.26e-4 moles/volume; r 0 =1.26e-3 moles/volume; P 0 =1.6e-4 moles/volume. The premature stop codon is located 100 codons along the mRNA.

Fig. 9 .

 9 Fig. 9 .Effect of tRNA concentrations in model 3 . The effect of tRNA concentrations in determining readthrough and its effect on concentrations of full length and truncated proteins is studied here. Log-log plots of steady state concentrations for full-length protein, P (circles) and truncated protein, P t (crosses) versus a scaled product of the rate constant k t1 multiplied by the tRNA concentration in model 3 is shown. Results obtained by simulations are shown in (a) and analytical results are shown in (b).In general, we see that higher tRNA concentrations lead to higher concentrations of full length

Fig. 10 .

 10 Fig. 10. Simulation results from model 4. Typical concentrations of ribosomes in (a) ribosome pool 1 (RP 1 ), (c) ribosome pool 2 (RP 2 ), and of (b) truncated protein (P ) and (d) full length protein (P t ) for model 4 simulations. All common parameters are as in the previous figure; k T a =10 1/mole.s;

  

  

  

  

  

  

  

  

  what the roles of additional features such as feedback effects and the presence of premature stop codons are. What follows is a model-by-model description of these results and examination of the steady state analytical solutions.

1 Wolfram Research, Inc., Mathematica, Version 7.0, Champaign, IL (2008). 2 CRNT, Version 1.02 can be freely downloaded from Martin Feinberg's web page at www.che.eng.ohio-state.edu/feinberg/crnt A c c e p t e d m a n u s c r i p t

  α 1 .P ; (RP 2 ) = α 2 .P ; M t1 = α 3 .P ; (RP 1 ) = α 4 .P

		(48)
	P t = α 5 .P ; M o = α 6 .P ; r.E = α 7 .P	(49)
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