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ASYMPTOTIC ARBITRAGE IN LARGE FINANCIAL
MARKETS WITH FRICTION

By EMMANUEL DENIS*T LaviniaA OSTAFE*
University of Paris-Dauphine and University of Vienna

In the modern version of Arbitrage Pricing Theory suggested by
Kabanov and Kramkov the fundamental financially meaningful con-
cept is an asymptotic arbitrage. The ”real world” large market is
represented by a sequence of "models” and, though each of them is
arbitrage free, investors may obtain non-risky profits in the limit.
Mathematically, absence of the asymptotic arbitrage is expressed as
contiguity of envelopes of the sets of equivalent martingale measures
and objective probabilities. The classical theory deals with frictionless
markets. In the present paper we extend it to markets with transac-
tion costs. Assuming that each model admits consistent price systems,
we relate them with families of probability measures and consider
their upper and lower envelopes. The main result concerns the nec-
essary and sufficient conditions for absence of asymptotic arbitrage
opportunities of the first and second kinds expressed in terms of con-
tiguity. We provide also more specific conditions involving Hellinger
processes and give applications to particular models of large financial
markets.

1. Introduction. The idea to describe a financial market by a sequence
of market models with a finite number of securities can be traced back to
the paper [7] by Huberman who formalized intuitive arguments of Arbitrage
Pricing Theory initiated by Ross, [20]. The famous conclusion of this the-
ory is: under the absence of arbitrage, appropriately defined, the expected
returns on assets are approximately linearly related to the factor loadings,
"betas”, proportional to the return covariances with the factors. In economic
literature, the APT is considered as a substitute for the Capital Asset Pric-
ing Model (CAPM) by Lintner and Sharp. The Ross-Huberman theory is
single-period and uses a definition of arbitrage different from the one that
is now standard. Its generalization to the standard continuous-time frame-
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2 EMMANUEL DENIS ET AL.

work of modern mathematical finance was considered for a long time as a
challenging problem of large importance.

This problem was solved in 1994 by Kabanov and Kramkov, [12], who
suggested a concept of large financial market described by a sequence of
"standard” financial market models with finite number of securities whose
price processes admit martingale measures. They introduced new notions of
Asymptotic Arbitrage of the First and Second Kind and, assuming that mar-
tingale measures are unique for each model, they established necessary and
sufficient conditions for the absence of asymptotic arbitrage in terms of con-
tiguity of the sequences of objective probabilities and martingale measures.
As a particular example of application of their general approach, Kabanov
and Kramkov considered a large Black—Scholes market where the stock prices
are given by correlated geometric Brownian motions. For this case their gen-
eral criteria give a result of the same type as the Ross-Huberman condition
but involving instantaneous returns and covariances.

Significant progress in the theory was achieved in the paper by Klein
and Schachermayer, [9], where the geometric functional analysis was used
to obtain criteria of absence of asymptotic arbitrage for the case of incom-
plete market models when the martingale measures are not unique. The
next step in the development of the general theory as well as in the under-
standing of financial framework was again done by Kabanov and Kramkov,
[13]. They added several new criteria of absence of asymptotic arbitrage in
terms of contiguity of sequences of upper and lower envelopes of martin-
gale measures and objective probabilities. The technique of the proofs was
based on the optional decomposition theorem. The criteria of Klein and
Schachermayer was also obtained by an elegant use of the minimax theo-
rem. Kabanov and Kramkov related their criteria with an extension of the
Liptser—Shiryaev theory of contiguity of sequences of probability measures
on filtered spaces in terms of the Hellinger processes. One should emphasize
that Kabanov—Kramkov framework is very general and flexible. It covers
discrete and continuous-time models, models with time horizons tending to
infinity, etc. For the further development of the theory of large financial
markets we send the reader to the articles [5], [17] but also [10] and [11].

In the present paper we extend the framework of large financial markets to
the case of a market with friction. It is well known, in the theory of markets
with proportional transaction costs the concept of martingale measures is
not natural and is replaced by the notion of consistent price systems, i.e. the
martingales evolving in the duals to the solvency cones expressed in physical
units, [14]. The consistent price systems are vector objects. Nevertheless,
the criteria of absence of asymptotic arbitrage can be formulated in terms
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ASYMPTOTIC ARBITRAGE 3

of contiguity of objective probabilities and envelopes of measures naturally
arising from consistent price systems. These are our principal results. We
follow the lines of [13] but do not use the optional decomposition theorem (it
has no analogue for models with transaction costs) but the hedging theorem.
We use the abstract setting of the recent paper by Denis and Kabanov [3],
which allows us to avoid detailed discussions on the structure of continuous-
time models and cover both major approaches to the definition of the value
processes, those of Kabanov and of Campi-Schachermayer [2].

Some examples are given. The first one is a large financial market in a
two-dimensional setting. We also extend the results of [13] to models with
transaction costs: the one-stage APM by Ross, the large Black—Scholes mar-
ket, and a two-asset model with infinite horizon.

2. The Model: Definitions and Assumptions.

2.1. Ezample. Before introducing our general model, we recall the sim-
plest discrete-time model of financial market with proportional transaction
costs following the book [14]. The investor portfolio is now vector-valued and
its evolution, in units of the numéraire, is given by the following controlled
difference equation:

AV, = diag Vii1AR; + AB;y, V_i=w,

where AR = AS{/S! |, i < d, is the relative price increment of the ith
security, AB; is the control, and diagz denotes the diagonal operator gen-
erated by the vector x. The first term in the rhs of the dynamics means that
the portfolio, before an action of the agent, evolves according to the price
movings. The second one corresponds to transfers decided by the agent. In
the model where one can exchange any asset to any other with losses,

d d
ABj:=> AL = (14 ))ALY
j=1 j=1
where AL{i represents the net amount transferred from the position j to
the position 7 at date ¢t and A\ are the transaction costs rates. The investor
action AB; is a Fy-measurable random variable taking values in a cone — K}

where the so-called solvency cone K is defined by the matrice of transaction
costs coefficients A; = (A\/):

(2.1) K, := cone{(l—i—)\ij)ei—ej, ei, 1 <i,j <d}.

In the theory, as in practice, the coefficients )\ij > 0 are adapted random
processes. The above dynamics naturally falls into a scope of linear difference

imsart-aap ver. 2011/05/20 file: Paper23.06.11-pub.tex date: June 27, 2011



4 EMMANUEL DENIS ET AL.

equations with control constraints to be taken from cones which are, in
general, random.

One can express the portfolio dynamics also in “physical units”. It is much
simpler. Assuming that S_; = Sy = (1,...,1) and introducing the diagonal
operator

b+ (2t ., ah) s (21)S), .. x?/ 8D,

we have:

A‘/}t = A/Eta ‘7;1 =,

where 17} = ¢V, Z\Bt € LO(—IAQ,]-}), I?t := ¢¢K;. Note that, in contrast
to K¢, the cones IAQ are always random, even in the model with constant
transaction costs. So, (I?t) is an adapted cone-valued process. Though in
financial models the cones K; (w) are polyhedral, for the control theory this
looks too restrictive and the question about possible extensions to “general”
models, with (I?t) replaced by an arbitrary adapted cone-valued process
(Gy), arises naturally.

As pointed out in the book [14], one can find variants of this model which
can be imbedded into the former by choosing sufficiently large transaction
costs coefficients. The procedure leads to a larger set of portfolio value
processes but has no effect on the arbitrage properties. The elements of
ME(K*\{0}) and M (int K*), i.e. the martingales evolving in the positive
dual K* of K, referred to as consistent price systems and strictly consistent
price systems, play a fundamental role in the arbitrage theory for models
with transaction costs. We send the reader to Chapter 3, [14], for more
details.

2.2. General Model. The framework setting we present in this section is
assumed to be satisfied by a sequence of markets of horizon dates T' (for
the sake of simplicity, we omit the index n). We consider the general model
of the paper [3] including the Kabanov and Campi-Schachermayer models
with transaction costs.

Let (2, F,F = (F;)i<1, P) be a continuous-time stochastic basis verifying
the usual conditions. We are given a pair of set-valued adapted processes
G = (Gi)i<r and its positive dual G* = (G} )i<r whose values are closed
cones in R, i.e.

Gi(w)={y: yr > 0Vz € Gi(w)}.
“Adapted” means that the graphs

{(w,x) eQOxRY: ze Gt(w)}
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ASYMPTOTIC ARBITRAGE 5

are F; x B(R%)-measurable.

We assume that all the cones G; are proper, i.e. G; N (—G;) = {0} or,
equivalently, int G; # ). In a financial context it means that the efficient
friction condition (EF) is fulfilled. We assume also that G; dominates Ri,
ie. G*\{0} C intR4.

In a more specific financial setting (see [14]), the cones G, are the solvency
cones IAQ when the portfolio positions are expressed in physical units.

We are given a convex cone yOT of optional R-valued processes (Y:)i<r
with Yy = 0. We may interpret these processes as portfolios expressed in
physical units.

Notations. We denote by LY(G}, F;) the set of all Gy-valued F;-measurable
random variables. A cone G induces a natural order among R%valued ran-
dom variables. More precisely, for two d-dimensional random variables Y
and Y/, we write Y >¢ Y/ if Y — Y’ € G. The notation 1 stands for the
vector (1,...,1) € Ri. Denote by yg: , the subset of VI formed by the pro-
cesses Y dominated from below in the sense of the partial orders generated
by (Gt)i<r, i.e. there is a constant x such that the process Y + k1 evolves
in G. We also write yg: »(T") for the set of random variables Y7 where Y be-

1 T Yoo Y T00 (. T %
ongs to V. The set V3™ (T) is the closure of Y ;™ (T') := Y, (T) N L
in o{L>, L'}. We denote by MZ(G*) the set of all d-dimensional martin-
gales Z = (Z;)i<r with trajectories evolving in G*, i.e. such that Z; € G}
a.s. In the literature, such martingales are commonly called consistent price
systems and strictly consistent price systems if they evolve in the interior of
G*.

Assumptions. Throughout the note we assume the following standing
hypotheses on the sets yOT o(T):

S1: E&Zr <0,Y¢€ YV, (1), Z € ME(GY).
S2: | JL™(=Gy, Fi) C Vi,(T).

t<T

The hypotheses S1 and S adopted in this note allow us to avoid the
unnecessary repetitions and do not provide the full description of continuous-
time models with transaction costs. It is important to know only that these
conditions are fulfilled for the known models, see [15], [2], [4].

Recall that in these financial models S; holds because, if one calculates
the current portfolio value using a price system Z (that is a process from
ME(G*)), the resulting scalar process is a supermartingale. In a discrete-
time model, a portfolio process (V;)i<r is such that V; € 22:0 LO(—Gy, Fu)
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6 EMMANUEL DENIS ET AL.

forallt<T.IfV € y&b then E(ZpVy)~™ < 0o. The process V; = ZZ:O AV,
vérifies AV, € —G,,. Applying Proposition 3.3.2, [14], we get that

T
E(ZrVr|F) = ViE(Zr|F)+E(Zr Y AVi|F),
u=t+1

T
= ViZi+ Y E(ZuAVL|F).
u=t+1

Since Z,AV, < 0, we deduce that E(ZrVr|F) < ViZ;. Condition S2
naturally holds in the financial models with transaction costs. Indeed, if
& € L*°(—Gy, Ft) then V,, = &1~ is a portfolio process whose only jump
is AVy =& € —G, and we have & = V.

For a given payoff ¢ € Lg(Rd) (i.e. bounded from below with respect to
the partial ordering induced by Gr), we consider the convex set

(22)  Te: ={zeR?:3Vp € VE,(T) sit. o+ Yr 20, £

and the closed convex set

(2.3) De = {x e Re: Zow > EZr€, VZ € ME)F(G*)} .

We assume given a dual characterization of I'¢ in section 3:

S3:T'¢ = Dg.

This property is usually an important result, referred to as the “hedging
theorem”. It generally holds under some no-arbitrage conditions (see, e.g.,
2], [1] and [4]).

3. Asymptotic Arbitrage via Consistent Price Systems. We fix
a sequence (27, F", F™ = (F}")i<r, P") of continuous-time stochastic basis
verifying the usual conditions with 7™ = F7. The positive number T' is
interpreted as a time horizon and may depend on n. We are given a pair
of set-valued adapted processes G" = (G}')i<r and G™* = (G}* )< whose
values are closed cones in R? which are dual and define the corresponding
models of Subsection 2.2. Recall that we assume that conditions S1 and S2
hold. For the sake of simplicity, we often omit the index n.
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ASYMPTOTIC ARBITRAGE 7

DEFINITION 3.1. A sequence of portfolios (17”) realizes an asymptotic
arbitrage opportunity of the first kind if there exists a sequence (z™)
such that the following holds for a subsequence:

3.1.a) ‘A/T” €a”+ y({b(T),
3.1.b) VI € Gr,
3.1.c)z™ — 0,

3.1.d)lim P (Vf 26, 1) > 0.

We associate with every Z € MZ(G*\{0}) the equivalent probability
measure dQ? := (1/Zy1)Z71dP and we define the convex set

Q" ={Q%: Z e ME(G"\{0}), Zy1 =1} .
We assume that Q" is not empty meaning that the No Free Lunch
(NFL) condition holds, [3], for each model.

We then define the upper and lower envelopes of the measures of O™ as
follows:

Q (A):= SS&Q(A)’ Q"(A4):= jnf QA).

DEFINITION 3.2.  The sequence (P™) is contiguous with respect to (Q)
(in symbols: (P") <1 (Q")) when the implication

lim Q" (A") = 0 = lim P"(A") =0
n n
holds for any sequence A™ € F™ n > 1.
Now, we give the first result of this section:

PROPOSITION 3.3. Assume that Assumption S3 holds. Then the follow-
ing conditions are equivalent:

(a) there is no asymptotic arbitrage opportunity of the first kind (NAA1);

o

(0) (P") < (Q7).

Proof.
e (a) = (b). Suppose that there exists a sequence A™ € F™ such that
Q"(A™) tends to 0 and P(A") — a > 0. We consider F" = I41 as a
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8 EMMANUEL DENIS ET AL.

contingent claim and z" = @n(An)l as an initial endowment. For every

7 € ME(G*\{0}), we have immediately by definition
éﬁyz" Ejffézrfrn.

By virtue of Assumption S3, we deduce that F™ € " + YT, (T) so that the
sequence (F™) realizes an asymptotic arbitrage 0pp0rtunity70f the first kind.

¢ (b) = (a). Suppose that there exists a sequence (‘7") realizing an asymp-
totic arbitrage opportunity of the first kind. Consider ) € Q" defined by
dQ = Z71dP. Then, according to Condition Sy,

0 < EZpVp < Zpz" < |z"|
since 2" <¢, |z"|1. Moreover,

EZpVit > EZpVET

Vizar

, > BZrll; = Q(Vf >¢, 1).

Vp>a,l

It follows that R
Q" (Vi >y 1) < 2"

and @n(‘?T” >a, 1) — 0 which implies P(‘quﬁl >a, 1) = 0 in contradiction
with 3.1.d). W

REMARK 3.4. As shown in [13], the condition (b) is equivalent to the
following;:

(c) there exists a sequence (R™) € Q™ such that (P™) < (R").

Let us recall the financial meaning of the following definition. There is
an asymptotic arbitrage of the second kind if the agent, selling short his
portfolio, achieves almost a non risky positive profit.

DEFINITION 3.5. A sequence of portfolios (IA/”) realizes an asymptotic
arbitrage opportunity of the second kind if there exists a subsequence
satisfying:

3.5.0) Vi >a, —1,
3.5.b) lim P (W Yar —51) =0, Ve €]0, 1],
n
3.5.c) there exists a_bounded sequence of initial endowments (x"1), with

z" € R, satisfying Vi € "1 + yOTb(T) and x°° := liminf 2" < 0.
) n
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ASYMPTOTIC ARBITRAGE 9

REMARK 3.6. It is an easy exercise to notice that the definition of the
asymptotic arbitrage of the second kind can be written equivalently if one
considers in 3.5.¢) a bounded sequence of initial endowments ™ € R sat-
isfying Vp € 2 + yg: »(T), and such that lim inf max z™* < 0. Indeed, if 2"

n 1<d
is an initial endowment of 17:}1, then y" := (max;<g 2™%)1 is still an initial
endowment for V.

In the same manner, we can equivalently define the asymptotic arbitrage
of the first kind using a sequence of initial endowments of the form (2"1),
with 2™ € R, but for our purposes it is more convenient to consider the
definition with an initial endowment 2 € R¢.

The next condition is only introduced to give an equivalent characteriza-
tion of the asymptotic arbitrage of the second kind:

Assumption (Bg) If ¢ is a Fop-measurable R%valued random variable
such that Zp& > 0 for any Z € ME(G*), then € € Gy (a.s.).

REMARK 3.7. Assumption (Bg) appears as a weaker form of the No
Arbitrage Condition of the second kind introduced by Denis and Kabanov
in their recent work, [3], (it was introduced the first time by Rasonyi for
discrete time models, [19]). The so-called condition (B), [14], is the following:

(B) If ¢ is a F;-measurable R%valued random variable such that Z;& > 0
for any Z € M (G*), then ¢ € Gy (as.).

Condition (B) is stronger than (Bg) and, as noticed in [14], it is fulfilled
for the models with constant transaction costs admitting an equivalent mar-
tingale measure.

REMARK 3.8. In the case where we interpret the first component of the
price process as the numéraire, we may give a more economical sense to the
last condition. Indeed, under Assumption (By), it also means that the agent
sells short his portfolio in the numéraire but achieves almost a non risky
positive profit as proven in the following. We denote e; := (1,0,...,0) € R
Let us introduce the following statement:

3.5.c) There exists a bounded sequence of initial endowments (z"eq),
where 2" € R, satisfying V;# € 2" + VI, (T) and 2* := liminf 2™ < 0.
) n
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10 EMMANUEL DENIS ET AL.

LEMMA 3.9.  Suppose that Assumption (Bg) holds. Then, 3.5.c) = 3.5.¢).
Moreover, if there exists k > 0 such that

min 2061 Z k,
ZeME(G*\{0}), Zo1=1

then 3.5.c') = 3.5.¢).

Proof.

e 3.5.c) = 3.5.¢) Let ™ € R be such that XA/ZF € z"1+ Y7, (T) and satisfy-
ing 3.5.¢). The first step is to find a number 2" € R such that "e1 >qg, z"1.
This is equivalent to say that Zyi"e; > Zox"1 whatever Z € ML (G*\ {0}).
Assuming, without loss of generality, that Zpe; = 1, the above inequality
holds iff 2" > (Zp1)z"™. Choosing

" =z" max Zpl,

ZeMT(G\{0}), Zoel=1
the above requirement is fulfilled. It is not difficult to see that ™ is finite.
Indeed, suppose Z{fl — 00 as k — oo with Z(’fel = 1. Then, the sequence
zp = Zk/(Zk1) € G is bounded. We may assume by compacity that 2
tends to 2%, € G§. Since z;1 = 1, we get 25,1 = 1. On the other hand,
zpe1 — 0 hence 25 e; = 0 which leads to z3, = 0 since G C int Rﬁlr, hence
a contradiction.

With the hypothesis and z"e; >¢, "1, we get that Vi € 3 +3)0T7b(T).
Indeed, Vy € e +(z"1—3"e1 )+ VL, (T) where (z"1—3";) € LO(—Go, Fy).
Now applying 3.5.c), we obtain that limninf " <, i.e. 3.5.¢') holds.

e 3.5.¢) = 3.5.¢) Let 2" € R be such that VT” € a"e; + ygb(T) and let
3.5.c’) holds. Writing

Vi€ 2™ + (ze) — 2™1) + ygjb(T),
there are two cases:
L. If 2™ € Ry, then (2"e; —a™1) = (0,—2",...,—2") € L%(—Go, Fo).
Since, L°(—Gy, Fo) C y[{b(T), Vi ea"l+ yg?b(T) hence 3.5.¢) holds.

2. Consider 2™ € R_. Following the same procedure as in the first impli-
cation, we can find a finite number
" =z" min Zpeq
ZeMT (G*\{0}), Zop1=1
such that "1 >¢, 2"e;. It follows that (z"e; — 2"1) € LY(—Go, Fo)
and from here we have that V# € i"1+ Y7, (T). Now, knowing 3.5.c/)
and the additional hypothesis, we get that liminfz" < 0, i.e. 3.5.c)
n

holds.
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ASYMPTOTIC ARBITRAGE 11
To formulate the next result, we give the following definition:

DEFINITION 3.10.  The sequence of sets of probability measures (Q™) is
said to be weakly contiguous with respect to (P™) and we denote
(Q™) <y (P™) if whatever € > 0, there is 6 > 0 and a sequence of mea-
sures Q™ € Q" such that for any sequence A" € F™ with the property
limsup P"(A") < §, we have limsup Q" (A") < e.

n n

ProposITION 3.11.  Assume that Assumption S3 holds. Then the fol-
lowing conditions are equivalent:

(a) there is no asymptotic arbitrage opportunity of the second kind (NAA2);
(0) (") < (P).

Proof.

e (a) = (b). Suppose that there exists a sequence A™ € F™ such that
P"(A™) tends to 0 and Q"(A™) — a > 0. We define the contingent claim
F" = —I4»1 we may interpret as the terminal value of a portfolio since it
is replicable (e.g. by 0). Consider the bounded sequence of super-hedging
prices for F", y" = z"1 := —Q"(A™)1 , i.e. y" € I'pn. Indeed, for any
Z € ME(G*\{0}) with Zo1 =1, Zpy" = —Q"(A") > —Q?(A") = EZpF"
and we conclude using Assumption S3. Since limn infz™ = 2> < 0, the
sequence (F™) is an asymptotic arbitrage opportunity of the second kind.

e (b) = (a). Suppose that there exists a sequence of portfolios (XA/”) realiz-
ing an asymptotic arbitrage opportunity of the second kind. Let us consider
a sequence (z™) such that ‘777’1 € 2"l + y({b(T) with > = lin%inf z" < 0.

Under Assumption S3, for any Z € M{(G*\{0}) with Zy1 = 1, we have
that

" =Zoa"L > BZrVE = BZrVilig,. oy + EZeViTgay ),
> —eQf(Vf > —e1) — Q(Vp ¥ —e),
> —e 4 (e = QP (VP # —¢1)

where € € (0,1) is arbitrarily chosen. Since the property 3.5.b) holds, the
property (Q") < (P™) implies that Q"(V* # —e1) — 0. We choose, for each
n, Z" € ME(G*\{0}) such that Q%" (VI # —e1) < Q"(VIF # —el1) +n~ L.

From above, we deduce that lim inf 2™ > —e whatever € € (0, 1) which yields
n

a contradiction. W
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12 EMMANUEL DENIS ET AL.

REMARK 3.12.  As shown in [13], (b) < (¢) < (d) where:

() (Q") <w (P");
(d) lim hmsulenf Q < dQ > K) = 0.

K—o0 n apPmr —

DEFINITION 3.13. A sequence of portfolios (XA/”) realizes a strong asymp-
totic arbitrage opportunity of the first kind if there exists a sequence
(™) such that the following holds for a subsequence:

3.13.a) XA/:ﬁ €a”+ ygb(T),
3.13.6) V2 >, 0,
3.13.c)x™ — 0,

3.13.d)lim P (V{l >6n 1) =1

DEFINITION 3.14. A sequence of portfolios (XA/”) realizes a strong asymp-
totic arbitrage opportunity of the second kind if for a subsequence :

3.14.0) VI >a,p —1,
3.14.b) lim P (VT” Yar —51) =0, Ve €]0,1],

3.14.c) there ezists a bounded sequence of initial endowments (x"1), with
2" € R, satisfying Vi € 2"1 + ygb(T) and liminf 2" = —1.
’ n

LEMMA 3.15.  There exists a strong asymptotic arbitrage of the first kind
if and only if there is a strong asymptotic arbitrage of the second kind.

Proof.

e Take any sequence (17") realizing a strong asymptotic arbitrage oppor-
tunity of the first kind. We want to construct a sequence realizing a strong
asymptotic arbitrage of the second kind. Define the sequence Ur =—14+Vn.
Using 3.13.b), we obtain that (7% >a, —1, which is exactly the condition
3.14.a) of the definition of the asymptotic arbitrage opportunity of the sec-
ond kind.

We have

P(UP %6y —e1) =1 — P(U} >a, —1) <1— P(VF# >, 1) = 0, n — oo
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ASYMPTOTIC ARBITRAGE 13

which shows the condition 3.14.b).

We only have to prove the condition 3.14.c). The condition 3.13.a) holds
so that ‘777’1 € y”+yg:b(T) where y™ — 0. We deduce that 1777? € oz”l—i—yg:b(T)
where a” := max;<q y™ and a™ — 0. It suffices to consider 2" := o™ — 1 to
conclude.

e Take any sequence (ﬁ”) realizing a strong asymptotic arbitrage oppor-
tunity of the second kind. We define a sequence realizing a strong asymptotic
arbitrage opportunity of the first kind choosing the sequence Vr=0"+1.
We only prove condition 3.13.¢). It suffices to observe that

P (Vi #a, 1) = P (0 #6, 0) < liminf P (Uf $q, —21)

e—0,e€Q™t
where Q7 is the set of all strictly positive rational numbers. Taking any
arbitrary 6 > 0, we get that P (17:}"‘ *cr 1) <6+ P ((7{} tar —51) for
some ¢ = ¢(§). Using 3.14.b), we obtain liénp (17:}1 *cr 1) < ¢ and then
li£nP<\7{f Y 1) —0asd— 0.1
DEFINITION 3.16. A sequence (P") is (entirely) asymptotically sep-

arable from (Q"), notation (P™)/A(Q"), if there exists a subsequence (m)
with sets A™ € F™ such that

imQ™(A™) =0, lim P™(A™) = 1.
ProPOSITION 3.17. Assume that S3 holds. Then the following condi-

tions are equivalent:

(a) there is a strong asymptotic arbitrage opportunity of the first kind
(SAA1);

(b) (P)A(Q");

() (@M)A(PT).

Proof. R

e (a) = (b) Assume there exists a sequence of portfolios (V") realizing a

strong asymptotic arbitrage opportunity of the first kind. This means that
there exists a subsequence (m) such that

lim P (Vi >a, 1) = 1, lim V" = 0.
m m
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14 EMMANUEL DENIS ET AL.

Following the arguments of the proof of Proposition 3.3, the implication
(b) = (a), we obtain that limQ" (V" >¢, 1) = 0. We then take the sets
m

A™ = {‘771” >y 1} for the separating sequence.
e (b) = (a) Assume (P")A(Q"). Then, there exists a sequence (m) with
sets A™ € F™ such that

lim Q™ (A™) =0, limP™(A™)=1.

Using the arguments in the proof of Proposition 3.3, the implication (a) =
(b), but with @ = 1, we obtain a sequence of portfolios realizing a strong
asymptotic arbitrage opportunity. B

4. Variant for markets with a numéraire . We consider markets
whose first component of the price process S is a numéraire (the cash B) in
which the portfolios are liquidated. The asymptotic arbitrage opportunity
concepts are defined similarly as in Section 3 but here we are concerned
by the portfolios starting with an initial endowment expressed in cash and
which are liquidated at the horizon date. Moreover, it is possible to avoid
Assumption S3 if we focus on asymptotic arbitrage in the spirit of the
Kreps—Yann arbitrage theory, i.e. by extending the set of all portfolio pro-

. w

cesses to its weak closure yOT »O(T) in L. In this case, we use the dual
characterization of Lemma 6.1 which holds only under the conditions (S1)
and (S2).

DEFINITION 4.1. A sequence of portfolios (‘7”) realizes an asymptotic
arbitrage of the first kind if there exists a sequence (z™) € Ry such that for
a subsequence:

4.1.a) 17:,1‘ € ae + ygg“(T)w,
41.6) Vi € Gr a.s.

4.1.c)z™ — 0,

4.1.d) lim P (17;1 > 61> > 0.

DEFINITION 4.2. A sequence of portfolios (‘A/”) realizes an asymptotic
arbitrage opportunity of the second kind if there exists a subsequence
satisfying:

4.2.a) Y/}r}‘ >Gr —€l,
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ASYMPTOTIC ARBITRAGE 15

4.2.b) imP (f/jf *6r —661> =0, V= €]0, 1],

4.2.c) There exits a bounded sequence of initial endowments (x"ey), with
" € R, satisfying V' € x"eq + y{{b(T) and £ := liminf 2™ < 0.
’ n

In this setting, we define for each Z € ME(G*\{0}), Q¥ ~ P such that

dQ?  Zpe,
dP __AZbel

and we define the convex set:
Q" =1{Q%, Z e M{(G"\{0}), Zpe1 = 1}.

Notice that in the frictionless case, a consistent price system is a process
having the form Z; = p;S;, p; € LO(R4, F;). If SO = 1, i.e. the interest
rate of the bond r» = 0, then Zpe; = 1 means that p is a density process or
equivalently d@) = Zpe1dP defines an equivalent martingale measure under
which S is a martingale. We may interpret our definition as an extension of
that of [13]. Consider the upper and lower envelopes of the measures of Q"
as previously. We then obtain similar results.

Actually, the two approaches turn out to be equivalent under the condition
(Bop) we introduced above and the additional hypothesis that the sequence
(depending on n through the cone and the horizon date)

n min Zoel
ZeME(G*\{0}), Zo1=1

is bounded from below by a strictly positive constant (independent of n).
Indeed, in this case, we can find a, 8 > 0 such that Be; >g, 1 >¢, aer. It
is then easy to construct an asymptotic arbitrage opportunity of the first
kind (respectively of the second kind) following the former definition from
an asymptotic arbitrage opportunity of the first kind (respectively of the
second kind) according to the variant approach and vice-versa.

5. Examples. Throughout this section, we consider a continuous-time
financial model with transaction costs defined as in [4], i.e. in the setting of
the Kabanov and Campi—Schachermayer models.

5.1. Example of an asymptotic arbitrage of the first kind in a
two-dimensional setting. Let (Q,F,F = (F)i<7, P) be a continuous-
time stochastic basis verifying the usual conditions and W be a standard
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16 EMMANUEL DENIS ET AL.

Wiener process. We consider a sequence of markets whose horizon dates
are T™ =1 for all n > 1. We assume that the transaction costs coefficients
belong to (0, 1]. The dynamics of the price processes (57 ):<1 are given under
the probability measure P by

dsm 1

=dW; — dt,

Stnl t (1 + n-1_ t)3/2
St —n=8M" vt<l.

We denote £" := 62”1/2(3 + 6W1+)*1, Wit := max(W7,0) , and

. t
Wt = Wt—/ du 3790 tSl
0 (1+n-1—wu)?

so that Wy = Wy — 2n'/2 4 2(1+ nil)*l/Q. Observe that the Novikov con-
dition holds. It follows that W is a Brownian motion under an equivalent
probability measure P™ ~ P by virtue of the Girsanov theorem. We deduce
that the price process S™ = (S™!,8"2) is a P"-strictly consistent price sys-
tem following the terminology of [4], i.e. S € int G% whatever the stopping
time 7 < 1 and S? € intGE: if 7 € [0,1] is a predictable stopping time.
It is then straightforward that the sequence of market models we consider,
endowed with P", satisfy Condition S3 by virtue of [4]. Each market of this

sequence satisfies the No Arbitrage condition y&b(l) N LY(R2) = {0}. In-
deed, if V; € yol,b(l) NL°(R2), then EanqfYA/l is both negative and positive
under (S3), i.e. 5?171 = 0, and therefore 171 = 0. However, we can construct
an asymptotic arbitrage opportunity as follows. First notice that

St = nexp {Wl —onl/? 4 2(1+ n*l)*l/2 — 1/2}
and ST! — 0 a.s. as n — oo under P. We consider the events
T, = {’Wl € [—1/2,0]}

such that P™(T',,) = P(W; € [-1/2,0]) > 0. Let us define the sequence
of terminal wealths 171” = z" + A‘Z"Ipn as the terminal values of the
portfolio processes equal to z™ on [0,1[ and jumping at date ¢ = 1 by
AT?I”IF” € —G1. Recall that G = I?l following [14], i.e. is the set of all
vectors (X1(SP) =1 X2(S712)~ 1), where X = (X!, X?) € K; and

K1 = cone {—e1 + (1 + Af!)ea; (1 + A1%)er —ea}.
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ASYMPTOTIC ARBITRAGE 17

It is clear that V" is an element of 2" + y&b(l), hence Condition 3.1.a) of
Definition 3.1 is satisfied. Let the constant x™ be defined as
1

1
gjn = —W (OéQ — al(]- —+ )\%1)) €9 = —— (0[2 - Oél(l + )\%1)) €2
1 n

where a1, g € LY([0, 00), F1) are the coefficients defining A‘A/l” as an element
of —(F1, i.e. such that
(a1 —az(1+X%))

~ 1
AVln = <

1
W (ag—al(l—%)\%l))) .
1

’S{LQ
Let us choose oy := (az + 1)/(1 4+ A?!). This implies that

1 — as)2! — apAl2(1 4 A2

a1 — az(14+M\?) = v
1

Then,

AV = < 11— oA} —anA(1+ /\?1)’_”_1> = nle

St 14+ 3!

In order for 171” to satisfy condition 3.1.b), i.e. 171” >a, 0, we have to impose
that
0<as < (AP AP+ A3

More precisely, we choose ag := (A2} + A12(1 + A\21) + eW1+)_1. Since the
transaction costs coefficients belong to (0, 1], we have that

wt e
1- 042)\%1 — 042)\%2(1 + )\%1) =age’t >

> ——=2>C, C:=inf
3+eM

= >13+1x

/2

If W7 < 0 then S < ce=2""* and the first component is such that

(AV{”)(U > 662"1/2, where ¢ and ¢ are some constants. If W7 > 0, we obtain
that

e2n1/2 .
31 Wt =cf",
for some constant c. Therefore, in both cases, there exists a constant ¢ such
that

AvmH® >

AV s (€, —n").

We only have to prove that 171" =a" +A171" >@, 1 a.s. on the events I',, and
this will give us condition 3.1.d) of Definition 3.1. To do so, it suffices to find
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18 EMMANUEL DENIS ET AL.

a.s. an element g; € G such that ‘71" —9g1 ZRgr 1. Without loss of generality,
it is sufficient to find g; € G such that ME&"e; — g1 ZRi 1 where M is a

constant independent of n we choose large enough (if needed we renormalize
Vi ). For this, we solve the following problem. Find i, S2 > 0 such that the
following inequality holds componentwise :

1

1

X, = (ME,0 , =5
( 5 )+< 5?2

(B — Ba(1 + M), o (By — Br(1 + A%l))) > (1,1).

It is sufficient to take 81 := ] = /n and B2 := 5 = 2n. Since

% (B2 — B1(1+ A1) =2, n— oo,

the second component of X,, is greater than 1 for n large enough. Note that
on the set T',,, we have e In < S{”l < n. Moreover

1/2
e?n

n

&=z 3 4 e2n!/2=2(14n=1)~1/2 = o

provided that n is large enough, ¢y being a constant independent of n. It
follows that

1

ME" + —
€+ g

(1+ 212,

(81 = B2(1+ A%)) = My + \7/15 — 2¢!

Choosing the constant M independently of n such that
Mecy > 1+ 4et,

we then conclude that the first component is also greater than 1 provided
that n is large enough.

We have built in this example a sequence (YA/”) which realizes an asymp-
totic arbitrage opportunity of the first kind even if each market satisfies a
no arbitrage condition. B

Throughout the sequence, we assume that for each model the exchanges
between assets are executed like in a “real world ” where we go through the
numéraire. To exchange some amount of the ith-asset into the jth-asset, sell
the ith-assets, get the money in cash (i.e. the bond) and buy jth-assets with
this cash. We model this assumption by the following:

RW: (1 4+ Xo0)(1 4+ A%J) =1+ AW for every i, j =0,1,...,n and i # j.
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ASYMPTOTIC ARBITRAGE 19

5.2. One-stage APM by Ross. We study the example of [13] under
the variant approach and under the RW condition. Recall that we are
given a sequence of independent random variables (€;);>0 on a probability
space (2, F, P) taking values in a finite interval [N, N]. We suppose that
Fe; =0, Eeg = 1. At time zero, asset prices are positive numbers Xé, 1> 0.
After a certain period (at time T = 1), their positive discounted values are
given by the following relations:

X? = X8(1+M0+0'060),
Xi = Xo(1+ pi + oi(vieo + yi€i)), > 1.

The coefficients are here deterministic, o; > 0, ; > 0 and v + 42 = 1,
Yo = 1. The asset with number zero is interpreted as the market portfolio,
~; is the correlation coefficient between the rate of return for the market
portfolio and the rate of return for the asset with number . For n > 1, we
consider the stochastic basis B" := (Q, F", " = (F}")¢=0,1, P") with the
(n + 1)-dimensional random process S™ = (X?,..., X[)i—01 where FJ is
the trivial algebra, F|* = F" = o(eg, ..., €n), and P" = P|F™. We assume
that the transaction costs coefficients of each model are constant and equal
to A%, i > 1. They correspond to the exchanges from the risky assets number
i, © > 1, to the bond (assumed to be constant and equal to 1), as well
as from the bond to the risky assets. Moreover, we assume that there are
no transaction costs regarding the exchanges between the bond and the
portfolio market X©, i.e. \? := 0. We suppose that there exists a constant k
such that

1 k
- < -
1—A 7 14X

(5.1)

This assumption is not too restrictive from a practical point of view. For
instance, if A’ < 0.5 for all ¢, then k& = 3. More generally, the assumption
means that there exits \* € (0,1) such that \* < \*, Vi. The sequence
M ={(B",(1,5"),1)} is a large security market by our definition. We may
rewrite the dynamics as in [13]:

X? = X8(1+00(60—bo)),
X7 = Xo(L4o0iyi(eo —bo) +oivilei — bi), i>1

where

by := ——, b; := m7 Bi == ioi/oo, i > 1.
o] 057

Let F; be the distribution function of ¢;. Put
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20 EMMANUEL DENIS ET AL.

s; = inf{t: Fi(t) >0}, 3 :=inf{t: F;(t) =1},

d; == b; — s;, d; == 3; — b;, and d? := d; A d;. As in [13], we suppose that
d? > 0. Moreover, let us define:

AN

di=do+ —F
(T Ao

=d)+ fi, i>1, do:=dj:=dj+ fo.
As in [13], we suppose that each model has an equivalent probability measure
so that there exists also a strictly consistent price system. In particular, we
have |b;] < N and, without loss of generality, we assume that N > 1.
Let us consider the following conditions:
R E 2)\ —_
C2: lim sup; b12 + m =0

P2: limsup,; (|bz| - 2%) < 0 and lim sup; (

A
—Xor: 300 € (0,00).

ProprosiTION 5.1.  The following statements hold:

(a) inf;d; =0 & SAAL;
(b) inf;d; >0 < NAAI;
(c) C2or P2 & NAA2.

Proof. Under Condition RW, we may assume without loss of generality
that the only exchanges occur between the bond and the risky assets, i.e.
there is no exchange between two risky assets. Recall that, in this model,
there are no transaction costs between the bond and the portfolio market.
Then, the terminal value of a portfolio, once liquidated, can be expressed as
follows:

VIt =a" 4+ ¢i(X] = Xg) — D Nl (X + X7)
=0 i=1

where (¢;)i=0,...n is the composition of the portfolio at date zero in the risky
assets and z" is the initial endowment expressed in the bond. The first two
terms of V]* represent respectively the initial endowment and the variations
of the portfolio due to the price movements. The last one corresponds re-
spectively to the transaction costs that have to be paid due to the passage
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ASYMPTOTIC ARBITRAGE 21

from x™ to ¢ and to the liquidation of the portfolio at date 1. We use the
notations of [13]:

n
ag := Z@X(Z)Ui% a; == ¢; Xgoivi, 12> 1.
i=0

The terminal value of the portfolio can be rewritten as:

(52) V' = 2"+ aile —b) — > |¢i| N (XG + X7)
=0

i=1
(5.3) = 2"+ Zai(ei —b;) — 22 Nl X5 — Z Nl (X7 = X5)
=0 i=1 i=1
(5.4) = x”+2ai(ei—bi)—22>\im§y
Ti%
=0 i=1

where
n
o i Vi o i .
op = ag — g MNai| =, «:=a; —Nag|, i>1.
i=1 i

Note that, for i > 1, a; = a;/(1 — \!) if a; > 0 and a; = oy /(1 + \Y) if
a; < 0 so that ()i=o,..» are uniquely determined and vice-versa.

e Assume that inf; d; = 0. Then, there exists a subsequence (ix) such that
d? + fi < 27% We then construct a strong asymptotic arbitrage opportunity
only using the risky assets corresponding to this subsequence. We follow
the proof of [13]. We set a?" := ongiznt1y — loagiznt1y, @ = n+ 1, where
[ := {i :d; < d;} and T is the complementary of I'. Note that there is
an abuse of notation as in [13]. The number 2n means that we work with
the model in which we consider the 2n assets whose indices belong to the
subsequence (ir). In other words we only trade the assets having the same
indices than the subsequence. As in [13], but taking 2" := 27"(1 + k), we
deduce that

2n 2n
Vit > Y (Ei—e)le+ (6 —s)lp) 427" = Y (dilr +d;15)
i=n+1 i=n+1
2n 1
k27" —2 bX : .
i iz;l (1 — Nsign(a;))oivi
Observe that
) 1 . 1 . .
A <\ < )\’L <kfi/4<k27'/4.

(1= Nsign(aq))oivi = (1=N)oiyi = (L4 Ao
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22 EMMANUEL DENIS ET AL.

It follows that

2n

VP > Y (5 —e)lr + (6 — 5:)1p)

i=n+1

and we conclude like in [13] that V" converges a.s. to co as n — 0o, i.e.
there is a strong asymptotic arbitrage opportunity of the first kind.

e Assume that inf; d; = § > 0. Then, using a similar argument like in [13],
we have the following inequalities on a non-null set:

- dQ " \az\
W oY el ey ow i
i=0 i=1 i

< o Ylaly + 3] 23N
- par "2 — "2 ; (1 — Nsign(ay))oi¥i
< n . dl . |al|
< z —Z|ai|§+2|ai! Z 0T N)or;
| < |ai] >
< " - —+ S/l \ S el E—
= Z| l| Z f’L (1—‘-)\2)0'1’)/1
<

n d (5 n
=Y il <2 = 5 Y il
i=0 1=0

n
With V/* > 0 and 2™ — 0, it follows that Z |a;| = 0 as n — oco. From the
i=0
inequality
n
0< VP <a”+2N ) o,
i=0
we deduce that V" — 0 as n — oo. Hence, there is no strong asymptotic
arbitrage opportunity of the first kind. We then conclude about (a) and also
about (b) as a consequence.
Let us now prove Statement (c). .
o Let us first assume that (NAA2) holds and limsup; b; > 0 where

~ 2\
b i=4/b2 4+ —————.
\/ i (1 = Ao
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ASYMPTOTIC ARBITRAGE 23

Let us also suppose that Condition P2 does not hold. Under the conditions
above, we show that it is possible to construct an asymptotic arbitrage op-
portunity of the second kind hence a contradiction. We may assume without
loss of generality that v := inf; b; > 0. Since N |bi] > b? we get that

2\ Sy 2\
1=XN)oy; — " (1=N)o,;’

From there, we may assume that we also have

N|bz‘+N

ol —2X o
(1= Ao,
where 7 > 0 is a constant. Let us denote D2 := > Bf and consider a

terminal portfolio value:

. |cvi
n._ .n (e — _9 7 i )
Pt ) 2 N e e

The idea is to choose the coefficients o; = ' so that V[* — 0 a.s. and

|O‘Z|
b, +2 A\ , .
Zaz + Z T s @),
It follows that

n
Vln: E Q€5
=0

Renormalizing the sequence (V]") if necessary, we deduce that |V]*| <1 and
applying the strong law of large numbers, we shall conclude that V{* — 0 a.s.
It remains to construct the coefficients («;) and to show that liminf 2™ < 0.

We put
)\i
i = bz - 22— —.
‘ (1+ X)o7y

e First Case. We suppose there exists ¢ > 0 and a subsequence such that

€; 2 Ci)l'.

12

b
N2D?

We choose «; := — so that |V)"| < 1. Moreover, the inequality

n
2 01/2

v ~
___7 bies < ——
T, NQD% ZZ:% i€ > N2
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24 EMMANUEL DENIS ET AL.

implies that liminf z,, € (—00,0). Since D,, > C'n where C > 0, we deduce
that V|* — 0 by virtue of the strong law of large numbers.

eSecond Case. We suppose that e; < 0. Since Condition P2 does not hold,

either (7) : limsup,; (]bzl - 2(1_;1%) > 0 or (i7) : limsup; O*Qﬁ =0
In the second case (ii), we then deduce that lim sup,; b; = 0 if the condition
() is not satisfied hence a contradiction. Then, we may assume that there

exists a constant ¢ € (0,1) such that

N 2\
| —2—— | > 24y
(’M 2(1 - N)%‘%) - C\/bZ " (1= X)o7,

Indeed, the second term in the rhs of the inequality above turns out to be
bounded (for a subsequence) by virtue of (¢). From now on, consider the
portfolio terminal value:

V= -

2)\¢ v
b;)1 [ b2 . i — .
()¢Z+0—NM%E ND,

It satisfies |V]*| <1 and by virtue of the Bienaymé-Tchebychev inequality,

ND, £

2

1%
> < —

—0, n—o0

since D,, > vn. At last, recall that the random variables (¢;);>0 are indepen-
dent and identically distributed under the initial probability measure. We
deduce that V" is the terminal value of a portfolio of the form (5.4) if and
only if

2\ i
az__SIgn(b)ND \/bl +m) 7/217 O50__A]\T_Dnb0.

We deduce that

2\
n g b2 7 y
€z ND D Z \/ <| |- (1 — Nisign (o)) o7;

We then deduce that 2™ < —% and we conclude that (V") realizes an
asymptotic arbitrage opportunity of the second kind.

e Let us suppose that

2\
li 24— =0
1misup \/bZ + (1= Mo, 0
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It follows that limsup; |b;] = 0. Following the reasoning of [13], we deduce
that lim sup,; d? > C, where C' is a strictly positive such that s; < —C and
5, > C, and 9§ := inf; d? > 0. We also deduce that

lims 72Xi =
nni up ESUr A

We may assume without loss of generality that

RANTIEDUEC

We deduce the existence of & > 0 such that

d? 2\ <
5.5 inf| %+ 4+ -—-—— .
(5:5) K <2 * (14‘)\2)01"71’) ~

Let (2™, a™) be a sequence such that the properties (3.a) and (3.c) of a
strategy realizing (AA2) are fulfilled, i.e. 2™ — —z < 0 and

n
—Vln:—xn_zai(ﬁi —|—22)\l |al’ <1.
=0

0%
Then, on a non-null set, we deduce that

n 1 7
—x +.§Olaz|2 +2§1A(1_ — — <1
1= 1=

Asign ()0
" d¥ 2\
_ il =+ — < 1
’ +§a‘“'<2 ) S

Then, with n large enough and v := x/2, we have v+ o> " olail <1 and
Yorglail < (1—=7)/ 6. Observe that we can also choose 0 smaller so that the
last inequality holds for all n. Since

2\
i b; — | =0,
Hi P <| I+ (1+ )‘Z)Ui')/i>

we also may assume that

2\ oy
. bi| — - < .
(5:6) sup (' | <1+»>om> <37
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We deduce that, with n large enough,

_vro> 7+Za@61 Z|az|<|bl 1+)\Z)av>
> ;+';§;(1i6@

We conclude that for n large enough,

B(=V{" —~/4)*
E(=V] —~/4) A1
E(=V{" —/4) = v/4

hence (NAA2) holds. Under the condition P2, we do the same reasoning
since the inequalities (5.5) and (5.6) remains valid. W

P(V" < —v/4) = P(=V|" > ~/4)

(AVAR VARV

5.3. The large Black—Scholes market. We consider the large Black
and Scholes market example of Kabanov and Kramkov [13]. We are given
a sequence of markets whose horizon dates are 7™ = T for all n > 1. Let
(Q,F,F = (Fi)i<r, P) be a stochastic basis with a countable set of inde-
pendent one-dimensional standard Brownian motions (W%);>o. We define

= (W9 ..., W"), and let G™ = (G') be a subfiltration of F such that
(B™,G") is a (n + 1)-dimensional standard Wiener process. The behaviour
of the stock prices is described as follows:

dX? = W¥X2dt + o? XPdWy,
dX] = piXidt+ ol X (WP +~dW}), ieN

with deterministic (strictly positive) initial points. The coefficients are G-
predictable processes verifying

T . T .
/ |t 2ds < oo, / lot|2ds < oo
0 0

and |v}|2 + [77i|? = 1. To avoid degeneracy we shall assume that ¢’ > 0 and

~' > 0. Moreover, we assume that there exists a bond B; = 1 for all t > 0.
We shall study the absence of asymptotic arbitrage opportunities of the

first kind according to the variant definition of Section 4. Observe that in our

T',00 _ N1, . . .
example V" (T) = Y, (T) is Fatou-closed, [4], since the price process
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ASYMPTOTIC ARBITRAGE 27

provides a strictly consistent price system. We want to characterize the
probability measures Q™ € Q", i.e. the probability measures ) ~ P such
that % = Zrey where Zr € ME(G*\{0}, P) and Zpe; = 1. To do so, we
first describe the consistent price systems. Let us denote by )\i’b, A?’i, for
t>0,and ¢ =0,...,n, the transaction costs coefficients characterizing the
exchange between the risky assets and the bond. We assume that Ai’b >0

and )\?’i>0foralli:0,...,n.

DEFINITION 5.2. We say that the process Y € R’}fl s a A-consistent
price system for the prices (X%)i<, if there exists Q ~ P such that Y is a
Q-martingale and

X
14 A

(5.7) <Y< (14 MNHXE i=0,...,n.

LEMMA 5.3. Assume that Assumption RW holds. Then, there exists
a consistent price system Z € ME(G*\{0}) if and only if there is a -
consistent price system for the prices (X*)i<n.

Proof. e “ = 7 Assume that there exists a consistent price system Z in
ME(G*\{0}), i.e. Z is a martingale and Z; € G7\{0}, for all t < T'. Recall
that G* is the (n + 2)-dimensional cone defined by the transaction costs A\»®
and A\ for i < n. Denoting Z = (Zb,ZO,“- ,Z™), we interpret Z% as a
numéraire and take Y defined as follows:

z 4

Yi = (—=,...,—
t <Z£)7 7Z£)

).

Define Q such that dQ/dP = 7% /Z}. Since (Z;);<r is a martingale, it is clear
that Y is a Q-martingale. In order for Y to be a A-consistent price system,
we only have to prove (5.7) but these inequalities follow immediately from
the fact that Z; € Gf\{0}, for all ¢t < T (see the definition of G* in [14]).

e “ <« 7 Agsume that Y is a A-consistent price system, i.e. there exists
a probability measure Q ~ P such that Y is a @-martingale and the in-
equalities (5.7) hold. Then we define p{ by pY := E[dQ/dP|F;] and Z] by
Zg = Ytjp? forevery j =0,...,n, Zf := pY. Now, it is easily seen that, since
Y is a Q-martingale, Z = (Z°,Z°,...,Z") is a P-martingale. The proof is
now completed because the inequalities (5.7) imply the fact that Z lies in
G*\ {0} under Assumption RW.
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28 EMMANUEL DENIS ET AL.

From there, we deduce that for each model,

Q"(4) = sup Q(A) = Q"(4) := sup Q(A)
QeQn Qeqn

where

Q" ={Q:dQ = prdP, p € M.}

and Me is the set of all density processes such that there exists a A-consistent
price system for the prices (X%);<, under the probability measure defined
by d@Q = prdP.

From now on, let us denote for a given A-consistent price system Y™ of
the n-th model,

Q(Y™) :=={Q:dQ = prdP, pe M.(Y")}

and MQ(Y”) is the set of all density processes such that the A-consistent
price system Y™ is a martingale under the probability measure defined by
dQ = prdP. Notice that M, is the union of all M,(Y™). We then denote by

@(Y") the upper envelope of the probability measures of @(Y”)

For our next purpose we remind Proposition 3.3 above in its variant ver-
sion.

PROPOSITION 5.4. Assume that each model is defined by the matriz-
valued transaction costs process (\"7); ictvo0,... ny verifying Condition RW.
Then, the following conditions are equivalent:

(a) there is no asymptotic arbitrage of the first kind (NAA1),
(b) (P") < (QM),
(c) there exists a sequence (Y™) of A\-consistent price systems such that

(Pm) < (Qr(Y™)),
The main result of this example is the following.

PROPOSITION 5.5. Assume that the transaction costs coefficients are
constant in time and strictly positive. Suppose that the coefficients u;, oy, Vi, 7;

are deterministic. Then, there is no asymptotic arbitrage of the first kind
(NAA1).
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Proof. Tt suffices to check Property (c¢) of Proposition 5.4. To do so, we
construct, for each n and for each i = 0,--- ,n, an €'-consistent price system
where €] satisfies (l—i—)\i’b)_l <l1—€ <1+4€ < (1+)\f’i). Precisely, applying
Lemma 6.3 we obtain for each i > 0 a process Y verifying the inequalities

Xj(l—e) <Y <(1+€)X;, >0
and satisfying the sde
dy; = KYidt+o'Yid¢, ieN

where & = 4'W? + W}/ is a standard brownian motion (for i = 0, we
set yi = 1) and 0 < Kt < C%". We first suitably choose the constants
C* = C*" > 0 independently of n and small enough for i > 1. Then, we fix
C"" (depending on n) sufficiently small so that

(5 £ (52 g

where (z;) is an arbitrary but fixed summable sequence. Then, the following
condition holds:

T 0\ 2 n i 0\ 2
K; K} — BiK; )
su —_— + _— dt < X
/0 ) [( o ) Zizl < oy

where ' := ~'0?/o. Applying Proposition 8 of [13] to the correspond-
ing sequence of A-consistent price systems, we deduce that Property (¢) of
Proposition 5.4 holds. B

5.4. Two asset model with infinite horizon. Under the variant ap-
proach, we consider the example of [13], i.e. the discrete-time model with
only two assets, one of which is taken as a numéraire and its price equals 1
over time. The price dynamics of the strictly positive second asset is given
by the following relation

Xi=Xi1(1+pi +oi6), i>1

where Xy > 0, (€;);>1 is a sequence of independent random variables on a
probability space (£, F, P) and taking values in a finite interval [—N, N]
with Fe; = 0, Ee? = 1. The coefficients here are deterministic and o; # 0
for all 4. The support of ¢; is [s;,s;] where s; < 0 <'S; and we suppose that
Wi +0:5; > 0 and p; + g;s; < 0.
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For n > 1, we consider the stochastic basis B" = (2, F*, " = (F")i<n, P")
with the 2-dimensional random process S™ = (1, X;)i<n, where F' = Fp is
the trivial o-algebra, F' = F; := o(e1,...,¢€), and P" = P|F]’. We con-
sider the sequence M = {(B",S™,n)} of large security markets associated
to the deterministic transaction costs coeflicients ()\?’1 =0, )\Zl )i<n for the
exchanges between the bond and the risky assets X;. In a bid-ask model,
that means that X; is the ask price at time ¢ and X;(1 — Ag’o) is the bid-
price. As in [13], we suppose that each model has an equivalent probability
measure ) with b; := Ege; so that there exists also a strictly consistent
price system. In particular, we have |b;| < N.

Before presenting our main result, let us observe that we may rewrite the
model under an other probability P" so that we may assume that p;u;+1 <0
and p; > 0. Indeed, let us choose a; € (b;,s;) if i is odd and «; € (s;,b;)
otherwise. As P(e; — a; > 0) > 0 and P(e; — a; < 0) > 0 for all 4, there
exists P" ~ P, with dP" := H?:Lfi(fi — Ozi)dp and Epfi(ei — Oéi) =1, such
that Epfi(e; — a;)e; = a; (see [13]). We then deduce that

X;
Xi1

=1+0i6 +
where

0i€; 1= 056 + i — Epn(0i€; + i),
i := Epn(0i€; + p13) = 050 + pi,
Epné? = 1.

Since p; + 035; > 0 and p; + 038, < 0, we can choose |o;| large enough
such that p; > 0 if ¢ is odd and fz; < 0 otherwise. Observe that the random
variables (€;)i<y are still independent under P™ and so do (€;);<,. We denote

by ji; , 0; and b; the coefficients of the model when we write it under P™.
Let

Hi 2 - 2 2 - 72
b, =——, Dj, = . = -
7 Ui’ 0,n wa Dn sz
=1 i=1
where 3@ =b; — A; and A; := 0 if b; = 0, otherwise:
A, :,g%M—Qm,m>Q
A; = ,U,i_l (Az — 1) b;, b; <0
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with

AT = A= (1A, A=A =14+ A0 A =0

~

We also define the analogous coefficients (b;) we deduce from (b;) and (Ji;).
Then,

Xi = Xio1(l+oi(e; — b)), i>1,

At last, we suppose that bi/b\i > 0 and so —s; < /b\z < 3; meaning that the
transaction costs coefficients are small enough.

LEMMA 5.6.
(a) If D%, < oo, then (P") <1 (Q") (equivalently NAA1 holds);
(b) If D, = oo, then (P")A(Q") (equivalently SAAL holds).

Proof.

(a) Notice that in the case where D, < 0o, i.e. when the model without
friction of [13] does not admit any asymptotic arbitrage opportunity, it is
straightforward to conclude using the results of [13] since (X;) is a strictly
consistent price system. The case D(2),n = 00 is the most interesting case; in-
deed the natural question is how to increase the transaction costs coefficients
in order to eliminate an arbitrage opportunity of the frictionless model.

Recall that 11 > 0. For each n, we construct a A-consistent price system
(Y;) such that Yy = X and Y;/Y;—1 = (X;/Xi—1)k; where k; > 0 is defined
by the relation B

k; = (1 — &iAi)_l

o~

ie ki = (A;")_1 or k; = (Aé)_l. We have Y;/Y;_1 = 1+ 0;k;(€; — b;) but also
(5.8) Y;/Y};fl =1+ kiai(ei —Bz)

Recall that —s; < /b\z < ;. Then, P(¢; —/b\i > 0) > 0and P(¢; —/b\i <0)>0
for all 4. It follows that there exists @ ~ P such that Y is a )-martingale.
Since b1 < 0, it follows that

I ks = (L4 A1) L+ MO+ A7) 1+ A0) -

and we get that TI5_) = 1 or ITj_; = (1 + M0)~L Tt follows that
T+ A TX <Y <X
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and (Y;) is a A-consistent price system. We then consider the frictionless
model of [13] defined by the prices (Y;) with the coefficients (b;) in (5.8) .
Since D%, < oo, Proposition 11 (a) of [13] and Proposition 5 of [13] implies
the NAA1 condition for our large market defined by (X;).

(b) Let us consider an arbitrary sequence of measures Q" € Q™ associated
to the consistent price systems (Z);<, such that dQ" = ZI"dP". Then
the real valued process Y" := Z1"/Z is a Q"-martingale verifying the
inequality:

TN S <X

It follows that

and
! YE oo X (1+ M0,
T+ Y~ X — B A

We deduce that

1 1 1+ A9 —1
S 1) < Epn(e —b|F) < T2
Z <<1+A391>> ) elambifi) =T,

Consider the case where b; < 0. Since 0;b; := —u; and A; :=b; —gi, we get

the inequalities

bi<A§1“b. )< —uiBgn(ei — bi|Fiy) < by <A§1“b' )

From A; = pi; ' (AT — 1) bi, we deduce that Egn(e; — b;| Fi_1) < 0 and
(5.9) biEgn (€ — bi| Fi1) > 0

The case b; > 0 also yields Inequality (5.9). We then deduce that
(5.10) essinf gneon Egn (bi(e; — b;)|Fi1) > 0

Let us define the Q™-martingale M"™(Q™) by

M»

Mg Q") : [ — Egn(bi(e; — by)|Fiz1) | -

=1
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It satisfies

” ~ ~ ~ ~ 2
Egn(M7(Q™)* = > Egn |:bi(6i —b;) — Egn(bi(e; — bi)|Fi-1)
=1
< CD?

where C is a constant. Let us define M™ by
M"™ = Z |?)\Z(EZ —/l;l) — essinf QnEQnEQn (/b\l(el _/l;i)‘f:i—l) .
i=1

Then, let us introduce the sets A" := {—D;%/2M, > 1} € F". Observe
that M™ > M (Q") for any Q" € Q™. By the Tchebychev inequality, as
n — oo, we get that

Q"(A™) < Q"({—D,**Mn(Q™) > 1}) < D, *Eqn (MN(Q™)? < 4N?D, ' — 0.

On the other hand, since Inequality (5.10) holds, the complement A" of
A" verifies

n - 212
=1

(D2 — Dy/?)?

Using Proposition 7 [13], we deduce that (P*)A(Q"). B

COROLLARY 5.7.
(a) D% < 0o & NAAL;
(b) D% =00 & SAAL

REMARK 5.8. Consider a model where p;u;+1 < 0 for all 4 and such
that u; > 0 and pip1 < O implies that (1 4+ pit1)(1 + p;) = 1, ie. we
have Ep(X;41/Xi—1) = 1. Assume that ) .2, b? = 00, i.e. there is a strong
asymptotic arbitrage opportunity in the model without transaction costs.
Let us define for b; > 0, )\110 = ;. Then the equality (1 + )\}0)_1 =1+ ptir1
holds and b;41 < 0, i.e. A; = b; and R = 0 for all 7. We then deduce that

there is no more asymptotic arbitrage opportunity.
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6. Appendix. For a given ¢ € LOO(Ri), we define the convex set
Te={zeR?: (-ze y({é“(T)w}
and the closed convex set
D¢:={x € R¥: Zyz > EZy( VZ € ML (G*)}.
Let us recall the result of [3] we use in Section 4:
LEMMA 6.1.  Under Conditions S1 and S2, fg = D¢.

6.1. Strictly consistent price systems in the Black—Scholes model.

Let (2, F,F = (F:)i<1, P) be a stochastic basis where (F;) is the natural
filtration of a standard brownian motion W. Consider the solution S of the
sde: dSt/St = O'th + Mdt.

DEFINITION 6.2.  An e-consistent price system (CPS) is a process S ad-
mitting an equivalent martingale measure such that

(1 - G)St S S’t S (1 + E)St.

By virtue of the martingale representation, a CPS is an Ito process. Con-
sider a strictly consistent price system S (SCPS), i.e. a consistent price sys-
tem verifying (1—¢)S; < Sy < (1+¢€)S;. By a measurable selection argument,
there exists ay € L0((0,1), F) such that S; = a;(1 —€)S; + (1 — ay) (1 +€)S;,
ie.

(61) gt = (1+6—20ét E)St.
We also have _
&
St

1
o = —

1 _
% +e€

—_

so that « is also an Ito process. Let us write

dS,/S; = HdW,; + Kdt,
dat/at = 5tth+’Ytdt

Applying the integration by parts formula, we deduce from (6.1) that:

2
Ht — g 6041}51} 7
1+ ¢e—204€
K = 260[t ((5tO'(St) + ")/t)
t = — .

14 ¢e—2a4¢
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Let us now write a; := e~~X* where X; > 0 satifies the sde:
dXi/ Xy = AydWy + Bydt.

We then deduce that

2eay In(oy) Ay
H, = - 2faf
t 14+€—2au€’
K p 2eq (ByIn(ay) + %lnz(at)A% + A In(ay)o(Sy))
t = - )

1+e—204€

From there, characterizing the set of all SCPS is equivalent to find the set
of all processes (A, B) so that there is a change of measure for S, defined
via H and K in terms of A and B, under which it is a martingale. Observe
that if S is an ¢-CPS where ¢ < ¢, then S is also an e-CPS.

Consider the case A = 0 and By = B = cste. We get that H; = 0. Since
X = XoePt, we deduce that

2€Xoe_XUEBtBeBt

14+ ¢e— 2e—XoePte’

Recall that we may replace € by ¢’ < ¢ if necessary for finding a SCPS.
With B < 0, we get that

2e Xoe~Xoe™! | BleBt

K =
e 14 e — 2eXoeP¢

t<T.

) —_

LEMMA 6.3. Assume that the transaction cost coefficient is g > 0. Then,
for any C > 0, there exists € € (0,¢y) and an e-CPS defined by A =0 and
B, =B<0,t<T, such that H. = 0 and

0< Ky < CL t<T.

Proof. Tt suffices to solve the system: 0 < g(t) < C, t<T
where

2eXge~Xo0e P De=Dt

14¢e— 2eXoe Ple’

g(t) == p D :=|B|.

Let us study

2e Xpe XY Dy

_ -DT 1]
14 € — 2e=Xoye’ ’

h(y) = p

ye<le
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The first derivative is

2Dee” X0V f(y)
(1+ € —2e=Xove)2

W(y) = —

where f(y) :=1— Xoy + € — eXoy — 2ee= %Y, We get that
f'(y) = —Xo(1+¢€— 2ee*X0y)

which is negative under the condition ¢ < 1 since Xg > 0. It follows that
f(y) < f(e=PT) where

f(e Py = (14 €)(1 — Xpe PT) — 2¢eX0e " <
provided that Xo > eP” or

1+e¢ e~ Xoe PT
<
2¢ T 1-— X(]e_DT’

(6.2) X, < ePT.

We deduce that h is no-decreasing under the conditions above. It remains
to solve the following system:

2¢Xpe~ XD
6.3 _ -C
(6.3) 14 € — 2eXoe H ’
2¢ X, —Xoe*DTD -DT
(6.4) £20¢ c .

14 ¢e— 2e=Xoe PT¢

To solve (6.3), observe that X < ePT implies that

DT

2¢Xpe X0 D S 2¢Xpe ¢ D
1+ e —2eXoe — 1-+e€

and the rhs of the inequality above is greater than y — C' if and only if

(n—0C)A + 6)6DT.

Xo >
0= 2eD

We then set Xo = (1 — a.)ePT, a. € (0,1), and we choose D such that the
following equality holds:

(n=C)(1+¢)
2eD
Making «. converged to 0, for a given € > 0, we get that (6.2) holds since
Xoe PT =1—a, — 1. Then, (6.4) holds as soon as

=1- .

2¢(Xoe PTYD < p(1 — ).
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Since Xoe PT — 1, it suffices to have D < u(1 — €)/(2¢) where we recall
that D = (u — C)(1 + €)(1 — ac)~1/(2¢). To do so, it is enough that

(h=C)1+¢)

1-— >
e p(l—e)

which is possible, as € — 0, since the rhs of the inequality above converges
to (u— C)pu~t < 1. We then conclude. B
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