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Basic questions on Artin-Tits groups

EpDY GODELLE*AND LUis PARIS*

May 5, 2011

Abstract

This paper is a short survey on four basic questions on Artin-Tits groups: the torsion, the
center, the word problem, and the cohomology (K (7, 1) problem). It is also an opportunity
to prove three new results concerning these questions: (1) if all free of infinity Artin-Tits
groups are torsion free, then all Artin-Tits groups will be torsion free; (2) If all free of infinity
irreducible non-spherical type Artin-Tits groups have a trivial center then all irreducible non-
spherical type Artin-Tits groups will have a trivial center; (3) if all free of infinity Artin-Tits
groups have solutions to the word problem, then all Artin-Tits groups will have solutions to
the word problem. Recall that an Artin-Tits group is free of infinity if its Coxeter graph has
no edge labeled by oco.

AMS Subject Classification. Primary: 20F36.

1 Introduction

Let S be a finite set. A Cozeter matriz over S is a square matrix M = (mg)s cs indexed by the
elements of S such that mg s =1forall s € S, and msy = my s € {2,3,4,...,00} for all s,t € S,
s #t. A Coxeter matrix is usually represented by its Cozeter graph, I'. This is a labeled graph
whose set of vertices is S, such that two vertices s, € S are joined by an edge if ms; > 3, and
such that this edge is labeled by my; if m,; > 4.

The Cozeter system associated with I" is the pair (W, .S) where W = Wr is the group presented
by
W:<S‘ s2=1 for s € S >
(st)™st =1 fors,teS,s#tand mgy #oo /'

The group W is called Cozxeter group of type I'.

If a,b are two letters and m is an integer greater or equal to 2, we set II(a,b : m) = (ab)% if
m is even, and I(a,b : m) = (ab)mT_la if m is odd. Let 3 = {os;s € S} be an abstract set in
one-to-one correspondence with S. The Artin-Tits system associated with I' is the pair (4, X),

where A = Ar is the group presented by

A= (Y |Il(0s,0 : msy) =I(0y,05 : mgy) for s,t € S,s #t and my # 00).

*Both authors are partially supported by the Agence Nationale de la Recherche (projet Théorie de Garside,
ANR-08-BLAN-0269-03).



The group A is called Artin-Tits group of type I'.

Coxeter groups were introduced by Tits in his manuscript ], which was used by Bourbaky
as a basis for writing his seminal book “Lie groups and Lie algebras, Chapters 4, 5, and 6” [f].
They are involved in several areas of mathematics such as group theory, Lie theory, or hyperbolic
geometry, and are in some sense fairly well understood. We recommend [3], [[J] and [fj] for a
detailed study on these groups.

Artin-Tits groups were also introduced by Tits [RY], as extensions of Coxeter groups. There is
no general result on these groups, and the theory consists on the study of more or less extended
families. In particular, the following basic questions are still open.

(1) Do Artin-Tits groups have torsion?

(2) How is the center of Artin-Tits groups?

(3) Do Artin-Tits groups have solutions to the word problem?
(4) What can we say about the cohomology of Artin-Tits groups?

Nevertheless, there are fairly precise conjectures on these four questions, and the history of the
theory of Artin-Tits groups is intimately related to them. They will be presented within they
historical context in Section 2.

A Coxeter graph I' is called free of infinity if ms; # oo for all s,t € S, s # t. In Section 3 we
prove the following principle on the conjectures presented in Section 2 (except for the one on
the cohomology, which has been already proved in [I7] and [Rq]).

Principle. If a property is true for all free of infinity Artin-Tits groups, then it will be true for
all Artin-Tits groups.

A careful reader may point out to the authors that this principle is false for the property “to be
free of infinity”, but we are sure that he is clever enough to understand that this principle is a
general idea and not a theorem, and it may have exceptions.

Finally, note that the four questions mentioned above are not the only questions discussed in
the theory of Artin-Tits groups. There are many others, more or less important, such as the
conjugacy problem, the automaticity, the linearity, or the orderability.

2 Conjectures

The statement of the conjecture on the torsion is quite simple:

Conjecture A. Artin-Tits groups are torsion free.

However, in order to state the conjecture on the center, we need some preliminaries.

The center of a group G will be denoted by Z(G). Let I' be a Coxeter graph, and let I'y,... T}
be the connected components of I'. It is easily seen that

AF:AFIX---XAF“



hence

Z(Ap) = Z(Apl) X oo X Z(Apl) .

So, in order to understand the centers of the Artin-Tits groups, it suffices to consider connected
Coxeter graphs.

We say that a Coxeter graph I' is of spherical type if Wr is finite. It is known that Z(Ar) ~ Z
if T' is connected and of spherical type (see [[l4, [i]), and we believe that the center of any other
Artin-Tits group associated to a connected Coxeter graph is trivial. In other words:

Conjecture B. Let ' be a non-spherical connected Coxeter graph. Then Z(Ar) = {1}.
The third conjecture can be stated as easily as the first one:
Conjecture C. Artin-Tits groups have solutions to the word problem.

The statement of the last conjecture, known as the K(m,1) conjecture, is more sophisticated
than the previous ones.

Let T" be a Coxeter graph. The Coxeter group W of I has a faithful representation W — GL(V),
called canonical representation, where V' is a real vector space of dimension |S|. The group W,
viewed as a subgroup of GL(V), is generated by reflections and acts properly discontinuously
on a non-empty open cone I, called Tits cone (see [§]). The set of reflections in W is R =
{wsw™;s € S and w € W}, and W acts freely and properly discontinuously on I\ (U,cpH,),
where, for r € R, H, denotes the hyperplane of V fixed by r. Set

M:Mp:(IxV)\<U(HT><HT)>.

reR

This is a connected manifold of dimension 2|S| on which the group W acts freely and properly
discontinuously. A key result in the domain is the following.

Theorem 2.1 (Van der Lek [RJ]). The fundamental group of Mp/W is isomorphic to the
Artin-Tits group Ar.

Recall that a CW-complex X is a a classifying space for a (discrete) group G if m1(X) = G and
the universal cover of X is contractible. These spaces play a prominent role in the calculation
of the cohomology of groups (see [f]).

Conjecture D (K (m,1) conjecture). Let I' be a Coxeter graph. Then My /W is a classifying
space for Ar.

Observe that, if Conjecture D holds for a Coxeter graph I', then the cohomological dimension of
Ap is finite, thus Ar is torsion free (see [[]). In other words, Conjecture D implies Conjecture A.

Curiously, for each of the conjectures A, B, C, or D, the set of Artin-Tits groups for which a
proof of the conjecture is known coincides (up to some exceptions) with the set of Artin-Tits
groups for which proofs for the other three conjectures are known.



The first family of Artin-Tits groups which has been studied was the family of spherical type
Artin-Tits groups (recall that Ap is of spherical type if Wr is finite). Conjectures A, B and C
were proved for these groups in [f}, [[4], and Conjecture D was proved in [[[4].

We say that I is of large type if ms, > 3 for all s,¢t € S, s # ¢, and that I is of extra-large type if
msy > 4 forall s,t € S, s #t. Conjectures A and C were proved in [[] for extra-large type Artin-
Tits groups, and Conjecture B can be easily proved with the same techniques. Conjecture D for
large type Artin-Tits groups is a straightforward consequence of [RI]).

Recall that a Coxeter graph I is free of infinity if m,; # oo for all s,¢ € S. We say that I is of
FC type if every free of infinity full subgraph of I' is of spherical type. On the other hand, we
say that I' is of dimension 2 if no full subgraph of I' with three or more vertices is of spherical

type.

After [l] and [R1] the next significant step in the study of Artin-Tits groups and, more specif-
ically, on the four conjectures stated above, was [[4]. In this paper Conjecture D (and hence
Conjecture A) was proved for FC type Artin-Tits groups and 2-dimensional Artin-Tits groups
(that include the Artin-Tits groups of large type). Later, Conjecture B was proved for Artin-Tits
groups of FC type in [[I§], and for 2-dimensional Artin-Tits groups in [[J]. On the other hand,
Conjecture C was proved for Artin-Tits groups of FC type in [f, fl], and for 2-dimensional Artin-
Tits groups in [[[J]. Note also that a new solution to the word problem for FC type Artin-Tits
groups will follow from Theorem C.

A challenging question in the domain is to prove Conjectures A, B, C, and D for the so-called
Artin-Tits groups of affine type, that is, those Artin-Tits groups for which the associated Coxeter
group is affine. As far as we know there is no known explicit algorithm for solving the word
problem for these groups, except for the groups of type A, and C, (see [15, [Ld]). The techniques
introduced in [[[] may be used to solve the question for the groups of type B,, and D,,, but we
have no idea on how to treat the groups of type Ey, k =6,7,8. The K (m,1) conjecture was
proved for the groups of type A, and C,, in B4) (see also [[[1]]) and for the groups of type B, in

[H]. The other cases are open. On the other hand, none of these papers addresses Conjecture B.

3 From free of infinity Artin-Tits groups to Artin-Tits groups
The aim of this section is to prove the following three theorems.

Theorem A. If all free of infinity Artin-Tits groups are torsion free, then all Artin-Tits groups
will be torsion free.

Theorem B. If, for every non-spherical connected free of infinity Cozeter graph I', we have
Z(Ar) = {1}, then, for every non-spherical connected Coxeter graph T', we will have Z(Ar) =

{1}.

Note that, as pointed out before, if I' is a spherical type connected Coxeter graph, then Z(Ar) ~

Z (see [H], [L4).

Theorem C. If all free of infinity Artin-Tits groups have solutions to the word problem, then
all Artin-Tits groups will have solutions to the word problem.



In order to complete our discussion, we state the following theorem without proof. This is

already proved in [[L7] and [Rq].

Theorem D (Ellis, Skoldberg [[]). If, for every free of infinity Coxeter graph T', the space
My /Wr is a classifying space for Ar, then, for every Coxeter graph T', the space My /Wt will
be a classifying space for Ar.

The proofs of Theorems A, B and C use the notion of parabolic subgroup defined as follows.
For X C S, we set Mx = (ms)stcx, we denote by I'y the Coxeter graph of Mx, we denote by
Wx the subgroup of W = W generated by X, we set ¥x = {0s;s € X}, and we denote by Ax
the subgroup of A = Ar generated by X x. It is known that (Wx, X) is the Coxeter system of
I'x (see [{]), and that (Ax,Xx) is the Artin-Tits system of I'x (see B3, g, R0]). The subgroup
Wx is called standard parabolic subgroup of W, and Ax is called standard parabolic subgroup
of A.

The proof of Theorem A is elementary. That of Theorem B is more complicated and requires
some deeper knowledge on Artin-Tits groups. The proof of Theorem C is based on a combinato-
rial study of Artin-Tits groups made in [R]]. In all three cases we use the following observation.

Observation. Let I' be a Coxeter graph which is not free of infinity. Let s,t € S, s # t, such
that mgy = 0o. Set X = S\ {s},Y =S5\ {t}, and Z = S\ {s,t}. Recall that (Ax,Xx) (resp.
(Ay,Xy), (Az,X7)) is an Artin-Tits system of type I'x (resp. I'y, I'z), and that the natural
homomorphisms Ay — Ax and Az — Ay are injective. Then the following equality is a direct
consequence of the presentation of A.

A= Ax %4, Ay .

Proof of Theorem A. We assume that all free of infinity Artin-Tits groups are torsion free.
Let I" be a Coxeter graph, S its set of vertices, and A = Ar its associated Artin-Tits group. We
prove by induction on |S| that A is torsion free. If |S| = 1, then A is free of infinity, thus is
torsion free. More generally, if A is free of infinity then it is torsion free by hypothesis. Assume
that |S| > 2 and A is not free of infinity, plus the inductive hypothesis. Choose s,t € S such
that mgs; = oo, and set X = S\ {s}, Y =5\ {t} and Z = S\ {s,t}. Recall that A = Ax x4, Ay,
hence, if « is a finite order element in A, then « is conjugate to an element in either Ax or Ay
(see [B7]). By the inductive hypothesis Ax and Ay are torsion free, thus a must be trivial. O

The following two lemmas are preliminaries to the proof of Theorem B.

Lemma 3.1. Let I' be a connected spherical type Coxeter graph, let S be its set of vertices, and
let X C S be a proper subset of S. Then Z(A)N Ax = {1}.

Proof. We assume first that I" is a spherical type Coxeter graph, but not necessarily connected.
The Artin-Tits monoid of I" is defined by the monoid presentation

At = (3 | (o, 04 : msy) = 1(0¢, 05 :mgy), s,t €S, s#tand mg; # oo) T,

By [f] the natural homomorphism AT — A is injective (see also [R6]). Moreover, by [Bd], we
have AT N Ax = A} (this equality is also a direct consequence of the normal forms defined in



[A]). On the other hand, it is easily deduced from the presentation of AT that, for a € AT, we
have a € A}L( if and only if any expression of a in the elements of ¥ is actually a word in the
elements of Y x.

Now, we assume that I' is connected. Let sq,..., s, be the vertices of ', and, for i € {1,...,n},
set 0; = 05,. By [[] the subgroup Z(A) is the infinite cyclic group generated by

5:(01"'0n)h7

where h is the Coxeter number of (Wr,.S). Furthermore, § does not depend on the choice of the
ordering of S. Now, the previous observations clearly imply that 6* ¢ Ax unless k = 0, thus

The next lemma is well-known and can be easily proved using normal forms in free products
with amalgamation (see [R7]).

Lemma 3.2. Let G = Hy xx Ho be the free product with amalgamation of two groups Hy, Ho
along a common subgroup K. Then Z(G) = Z(H,) N Z(H3) C K. O

Proof of Theorem B. We take a connected Coxeter graph I', and we prove Theorem B by
induction on the number |S| of vertices of I'. If |S| = 1 or, more generally, if I is free of infinity,

then, by [A] and [14], Z(Ar) ~ Z.

Suppose |S| > 2 and T is not free of infinity, plus the inductive hypothesis. Note that, in this
case, I' is not of spherical type, thus we should prove that Z(A) = {1}. Let s,t € S be such
that mgs = 0o, Set X = S\ {s}, Y =S5\ {t} and Z = S\ {s,t}. We have A = Ax x4, Ay thus,
by Lemma 3.2,

Z(A) = Z(Ax) N Z(Ay) C Az.

Let X; C X be such that I'x, is the connected component of I'x which contains ¢, let Xy =
X\ Xy, let Y7 C Y be such that I'y, is the connected component of I'y which contains s, and
let Y2 =Y \ Y. First, we prove that Xo C Y7 and Y> C Xj.

Indeed, let X, C X3 be such that T x4 isa connected component of I'y,. We have X, C Y, since
t ¢ X, and T'y, is a connected component of I'y, thus either X} C Y7, or X,NY; = (). Suppose
X,NY, =0, that is X) C Ys. Let z € S\ X} If © # s, then x € X \ X}, thus m,, = 2 for all
y € X}, because Ix; is a connected component of I'x. If z = s, then m,, = 2 for all y € X7,
because X/ C Y. This implies that I' X} is a connected component of I': a contradiction. So,
X, cv.

Set 71 = X3 \ {t} We have Ay = AZl X AX2 and AZl C AXN thus
Z(Ax) N Az = (Z(Ax,) N Az,) x (Z(Ax,) N Ax,) = (Z(Ax,) N Az, ) X Z(Ax,) -

If T'x, is not of spherical type, then, by the inductive hypothesis, Z(Ax,) = {1}. If T'x, is of
spherical type, then, by Lemma 3.2, Z(Ax,) N Az, = {1}. So, Z(Ax)N Az = Z(Ax,) C Ax,.
Now, since X5 C Y7, we have

Z(Ay) N Ax, = (Z(Av;) N Ax,) x (Z(Ay,) N{1}) = Z(Ay;) N Ax, -



If Ty, is not of spherical type, then, by the inductive hypothesis, Z(Ay,) = {1}. If T'y, is
of spherical type, then, since X9 C Y1, we have Z(Ay,) N Ax, = {1} by Lemma 3.2. So,
Z(Ay) N AX2 = {1} Finally,

Z(A) = Z(Ax) mZ(Ay) = Z(Ax) NAzN Z(Ay) C AX2 ﬂZ(Ay) = {1} |

We turn now to the proof of Theorem C. we start with some definitions. Let G = Hy xx Ho
be an amalgamated free product. A syllabic expression of an element o € G is a sequence
w = (B1,...,05) of elements of Hy U Hy such that « = S152--- ;. We say that a syllabic
expression w’ is an elementary reduction of type I of w if there exists i € {1,...,1} such that

/Bi =1 and
’U), = (Bla--' aﬁi*laﬁ?ﬂrla"' a/Bl) .

We say that a syllabic expression w’ is an elementary reduction of type II of w if there exists
ie{l,...,1—1} and j € {1,2} such that §;, B;11 € H; and

w' = (B1,. .., Bict1, BiBit1, Bit2, -, B1) -

Implicit in this definition there is the assumption that every element of K belongs to both, H;
and Hs. Let w,w’ be two syllabic expressions of . If there is a finite sequence wgp, w1, ..., w,
of syllabic expressions such that wg = w, w,, = w’ and w; is an elementary reduction of w;_1
for all i € {1,...,n}, then we say that w’ is a reduction of w. A reduced expression is a syllabic
expression which admits no elementary reduction. Clearly, a syllabic expression w = (81, ..., 0])
is reduced if and only if either [ = 0, or [ = 1 and 1 # 1, or there exists a sequence (ki,...,k;)
in {1,2} such that k; # kjyq for alli e {1,...,1—1}, and §; € Hy, \ K for all i € {1,...,l}. The
following theorem is well-known and widely used in the study of amalgamated free products of

groups (see [R7)).

Theorem 3.3. Let G = Hy xx Ho be an amalgamated free product. Let a € G, and let
w = (P1,....0), w = (B,...,5) be two reduced syllabic expressions of o. Then k =1 and
there exist vo,71,---,v € K such that

Yo=m=1, and By =16 for allie{1,...,1}.

In particular, o = 1 if and only if its (unique) reduced expression is the empty sequence of length
0. O

For a given set X we denote by X* the free monoid generated by X. If G is a group generated
by a family S and w € (S US~1)*, we denote by [w]s the element of G represented by w. On
the other hand, we will assume for the next corollary that Hy, Ho, and K are finitely generated,
and we take finite generating sets S1, .59, and T', for H1, Hy, and K, respectively.

Corollary 3.4. Assume that, for each j € {1,2},
(a) H; has a solution to the word problem; and

(b) there exists an algorithm which, given a word w € (S; U Sj_l)*, decides whether 8 = [w]s;
belongs to K and, if yes, determines a word u € (T LT ~1)* which represents (3.



Then G = Hy xx Ho has a solution to the word problem.

Proof. Let a € G. A syllabic pre-expression of « is defined to be a pair of sequences of equal
length,

U= ((wl,... ,wl),(jl,... ,jl)),
such that j; € {1,2}, and w; € (S}, U Sj:,l)*, for all i € {1,...,l}, and o = [wy - - - wy]s,us,- The
syllabic realization of U is the syllabic expression

[U] = (/81’---,51),

where 3; = [w;]g;, for all i € {1,...,1}. We will say that U is reduced if its realization [U] is
reduced.

Let U = ((wy,...,w), (J1,-.-,J1)) be a syllabic pre-expression of a. Suppose there exists i €
{1,...,1} such that [w;]s; = 1. Note that, Since Hj, has a solution to the word problem, there
is an algorithm which decides whether this is true. Set

U/ = ((wl,... s Wi—1, Wit1y--- ,’U)l),(jl,...,jl',l,jl'jq,...,jl)) .

Then U’ is a syllabic pre-expression of a and [U’] is an elementary reduction of type I of [U].
Suppose there exists ¢ € {1,...,l — 1} such that j; = jj+1. Set

U/ = ((’U)l, cee s Wi—1, WiWi41, Wi42,y -« -« ,’U)l), (jl,. .. ,jl',l,ji,jl'jLQ,. .. ,jl)) .

Then U’ is a syllabic pre-expression of a and [U’] is an elementary reduction of type II of [U].
Suppose there exists i € {1,...,1 — 1} such that j; # ji+1, but 8 = [wi]s;, € K. Recall that,
by hypothesis, there is an algorithm which decides whether this is true. Again by hypothesis,
there is an algorithm which determines a word u; € (T'UT~1)* which represents 3;. Writing the
elements of T"in the generators Sj, , U Sj;il of Hj,, ,, we get from u; a word wj € (S}, U S_j;il)*
which represents 3;. Set

U'= (Wi, ey Wi 1, Wi 1, Wit 2y« ooy W)y (J1s - - o s Jimds Jit 1y Jit2s - -+ 5 1)) -

Then U’ is a syllabic pre-expression of o and [U’] is an elementary reduction of type II of [U].
Suppose there exists i € {1,...,l — 1} such that j; # ji+1, but fiy1 = [le]gjiH € K. Then,
in the same manner as in the previous case, one can explicitely calculate an expression w, 4 for

/Bi-l—l in (S]z L Sj_il)*,
U' = ((Wiy .oy Wim 1, Wil g, Wi 2y« « o s W1)y (s e e vy Jim 1y Jis Jik2s -« -5 1))

is a syllabic pre-expression of «, and [U’] is an elementary reduction of type II of [U]. It is
easily seen that all elementary reductions of [U] are of these forms. Hence, from a given syllabic
pre-expression U of o one can effectively calculate a reduced syllabic pre-expression U’ of «.
Moreover, by Theorem 3.3, we have o = 1 if and only if U’ is a pair of empty sequences (of
length 0).

Let w=s' -+ s7' € (S1US U ST US; )%, and let o = [w]g,us, € G- For i € {1,...,1} we set
ji=1ifs; € S1and j; =2 if s; € S5. Then

U= ((8?7"'78?)7017--- 7jl))



is a syllabic pre-expression of «, and, by the above, one can decide from U if o = 1. U
Now, the key in the proof of Theorem C is the following result proved in [R{].

Theorem 3.5 (Godelle, Paris ]). Let T' be a Cozeter graph, let S be be its set of vertices, let
X C S, and let (A,X) be the Artin-Tits system of I'. If A has a solution to the word problem,
then there is an algorithm which, given a word w € (SUX"1)*, decides whether a = [w]s; belongs
to Ax, and, if yes, determines a word w' € (Xx U E)_(l)* which represents c. [l

Proof of Theorem C. We assume that all free of infinity Artin-Tits groups have solutions to
the word problem. Let " be a Coxeter graph, let S be its set of vertices, and let (A, X) be its
associated Artin-Tits system. We prove by induction on |S| that A has a solution to the word
problem.

If |S| = 1 or, more generally, if I is free of infinity, then, by hypothesis, A has a solution to
the word problem. Assume that I' is not free of infinity, plus the inductive hypothesis. Let
s,t € S, s # t, such that mgy = co. Set X = S\ {s}, Y = 5\ {t}, and Z = S\ {s,t}. We
have A = Ax x4, Ay and, by the inductive hypothesis, Ax, Ay have solutions to the word
problem. Moreover, by Theorem 3.5, for T' = X or Y, there is an algorithm which, given a
word w € (U7 U X:1)*, decides whether a = [w]y, lies in Az and, if yes, determines a word
w e (Xz U 221)* which represents . We conclude by Corollary 3.4 that A has a solution to
the word problem. O
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