N

N

Elastic limit of square lattices with three point
interactions

Nicolas Meunier, Olivier Pantz, Annie Raoult

» To cite this version:

Nicolas Meunier, Olivier Pantz, Annie Raoult. Elastic limit of square lattices with three point inter-
actions. 2011. hal-00589926v1

HAL Id: hal-00589926
https://hal.science/hal-00589926v1

Preprint submitted on 2 May 2011 (v1), last revised 11 Feb 2012 (v2)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00589926v1
https://hal.archives-ouvertes.fr

ELASTIC LIMIT OF SQUARE LATTICES WITH THREE POINT
INTERACTIONS

Nicolas Meunier

Laboratoire MAPS, Université Paris Descartes and CNRS, 45 rue des Saints Péres, 75270
Paris Cedex 06, France

nicolas.meunier@parisdescartes. fr

Olivier Pantz
Centre de Mathématiques Appliquées, Ecole Polytechnique, 91128 Palaiseau, France

olivier.pantz@polytechnique.org

Annie Raoult

Laboratoire MAPS5, Université Paris Descartes and CNRS, 45 rue des Saints Péres, 75270
Paris Cedex 06, France

annie.raoult@parisdescartes. fr

We derive the equivalent energy of a square lattice that either deforms into the three-
dimensional Euclidean space or remains planar. Interactions are not restricted to pairs
of points and take into account changes of angles. Under some relationships between the
local energies associated with the four vertices of an elementary square, we show that the
limit energy can be obtained by mere quasiconvexification of the elementary cell energy
and that the limit process does not involve any relaxation at the atomic scale. In this
case, it can be said that the Cauchy-Born rule holds true. Our results apply to classical
models of mechanical trusses that include torques between adjacent bars and to atomic
models.
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1. Introduction

Recent years have seen a large body of work by many authors on the derivation of
an equivalent continuum model for lattices. We briefly describe below the general
approach initiated by Braides and coauthors.'%:11:12:13:3 The case of stochastic lat-
tices can be found in Refs. 5, 8 and 9. As emphasized by Ericksen,'? a major point
is to understand the Cauchy-Born rule and to check its validity; for results in this
direction, see also Refs. 18 and 21. Finally, let us mention that critical modeling and
computational issues, in particular related to special geometries, to dislocations, or
to defects, are discussed in Refs. 6, 7, 16, 17 and 20 among others.

According to the context, lattices may be mechanical trusses made of elastic bars
or atomic lattices. The first case is not restricted to classical material mechanics and



encompasses biological tissue models.!*2¢ Braides and coauthors devised a general
rigorous method that expresses the modeling issue in terms of a convergence analysis
and they studied an extensive array of examples. The first ingredient in the method
is to introduce a sequence of lattices whose bar lengths — or bond lengths — go to
0, and to specify their mechanical or crystal properties. Then, one can seek for a
limit behavior. In order to make the sequence of unknown deformations belong to a
single functional space, one has to associate with each lattice deformation — which
is defined at lattice nodes only — an extended deformation defined on a continuous
surface or on a volumic body that contains the original lattice. In practice, piecewise
affine interpolates are used. Formulations in terms of energy infima allow to use I'-
convergence tools. Mathematical key tools are relaxation, quasiconvexification and,
when appropriate, homogenization.

The energies of the discrete models contain terms such as the distances between
neighboring nodes, or longer range distances. It has been proved, see Ref. 4 and
the references already mentioned, that in many cases the limit model consists in
minimizing an energy that can be said to be elastic since it reads as the integral
over a surface or over a volume of an integrand that depends on the gradient of the
limit deformation.

In the present paper, we focus on three point interaction lattices. This allows
us to consider lattices whose energies depend on the angles between bonds or bars,
which is essential from a mechanical point of view. Indeed, mechanical networks are
stabilized by angular torques. Similarly, several atomistic models do not restrict to
pairwise interactions: examples are the Stillinger-Weber potential and the Tersoff
potential. We keep the geometrical setting simple since we consider square lattices
that may deform into R? or into R3. Nevertheless, angular terms induce some dif-
ficulties. Let us mention that more complicated discrete structures may lead to a
much more intricate description. The case of hexagonal lattices for instance — of
particular interest for graphenes or carbon nanotubes — has been recently solved
first in a purely pairwise setting.2’

In the present study, an energy is associated with each triplet of vertices of
an elementary subsquare, that is a square with side length equal to the grid size.
We assume periodicity of the energies along the lattice. We therefore begin with
four energies, referred to as microscopic or elementary energies. In Section 2, we
recall some consequences of frame indifference. Moreover, we introduce relationships
between the four elementary energies: for instance, we require the stiffnesses of
opposite angles to be equal. These compatibility conditions are needed to perform
the analysis that is detailed here and they are shown to be satisfied by realistic
examples. In Section 3.1, we give the continuous expression of the discrete energy. A
consequence of the relationships just mentioned is that it reads in terms of a single
elementary energy. However, a standard piecewise affine interpolate of a discrete
deformation is not sufficient to take into account all angles. We make use of a trick
consisting of associating with a given discrete deformation two separate piecewise



affine interpolates corresponding to two transverse triangulations. At this stage, we
can apply I'-convergence techniques in L?(w; R™) in order to identify a limit model.
This is the object of Sections 3.2 to 3.4. Note that we consider angle contribution
and that an angle between two vectors one of which is zero is not properly defined.
As a consequence, we impose the natural requirement that adjacent nodes should
not be mapped by the deformation on a single point. Some technical difficulties
are induced that are dealt with in Section 3.3 where we show how to extend the
microscopic energy to matrices that can admit columns equal to 0, and in Appendix
A where we give a density lemma. We show in Section 4 that the limit energy is equal
to 0 on compressed states. Section 5 is devoted to a discussion of the Cauchy-Born
rule in the simple framework of square lattices.

2. Energy of lattices with three point interactions

Let w =0, L[? be a square domain in R? equipped with an orthonormal basis (e1, ez).
For any h > 0, we consider the lattice £" whose reference configuration consists of
points sz; = (ih, jh), (i,j) € N2, that belong to @. In order to avoid technicalities
that are not central to our analysis, we restrict to h = L/N},, N}, € N. The lattice is
allowed to deform either into R? or into R3. We let n = 2 or 3. We assume that any
point MZ}; in £" is involved in up to four interactions, each of those bringing three
points into play. More precisely, let & = {(e1,e2), (e2,—€1), (—e1, —e2), (—ea,e1)}
and for (i,7) € {0,1,...,Np}?, let £ = {(a,b) € &, {M]:, M} +ha, M];+hb} C ©}.
Clearly, if M{; belongs to w, S[Lj =&, and if M{; belongs to dw, Eihj consists of two
elements or of one element when Mf; is a vertex of w. Whenever (a,b) € Efj, any
point MZ € @ is supposed to interact with MZ + ha and Mi’;- + hb by means
of a microscopic or elementary energy wg,b that acts on the deformed positions
w(Mi’}),z/J(Mihj + ha),w(Mihj + hd). As wgb does not depend on (7, j) the lattice is
periodic. The global internal lattice energy associated with ¢ : £" = {Mf; Ew}
R™ is given by

Np,
L) =Y D> wip((M), (M} + ha),p(M]; + hb)). (2.1)
i.5=0 (a,b)eE!
The elementary energies w(}:’b must satisfy the frame indifference principle. For

an energy w acting on three points mg, m1, mg, this principle states that
Vb : {mg, m1, ma} — R" VR € SO(n), Ve € R", (2.2)
w(Rip(mo) + ¢, Rip(m1) + ¢, Rip(ma) + ¢) = w(¥(mo), ¥(m1), ¥ (m2)).

Let us recall the consequences of frame indifference on the expression of w.

Proposition 2.1. Let w be a frame indifferent energy. Then, there exists a function
w: R™ x R™ = R satisfying

Y(u,v) € (R")% VR € SO(n), w(Ru, Rv) = w(u,v) (2.3)



such that
V(x7y7z) € (Rn)S’ w(xvyaz) :’UA}(y—Z‘,Z—J}) (24)

Proof. By choosing R =1d and ¢ = —(mg) in (2.2), we obtain
w(¥(mo), (ma), P (mz)) = w(0,4(m1) — b(mo), ¥ (mz) — 1 (mo)).

Letting w(u,v) = w(0,u,v), we can write

w(t(mo), P(ma), P(ma)) = w(y(m1) = (mo), Y(mz) — ¥(mo)).
Property (2.3) follows immediately from (2.2). O

In the above definitions of elementary energies and of frame indifference, we have
ignored possible requirements of no superposition of deformed mechanical nodes or
atoms. A reasonable restriction is that adjacent nodes should not be sent on a
single point, thus preventing an elementary bar to retract to length 0 or to fold.
On the contrary, folds of the lattices inside or outside their plane are perfectly
admissible from a modeling point of view and they obey this requirement. Therefore,
statement (2.2) is actually restricted to deformations v such that ¥ (mq) # ¥ (mo),
¥(ma) # 1¥(myg), equation (2.4) to triplets (x,y, z) such that y # x and 2z # z, and
equation (2.3) to pairs (u,v) such that u # 0 and v # 0. We recall that one may
define in R? the oriented angle @ between a nonzero vector u and a nonzero

vector v: @ € [0,27] and @ = —@[27r]. In R?, the angle m between

—_

two non zero vectors belongs to [0, 7] and (v,u) = (u,v). The Euclidean norm in
R™ is denoted by | - |. Proposition 2.1 can be rephrased as follows.

Corollary 2.1. Let w be a frame indifferent energy. Then,

o There exists a function w : RT* x RT™* x [0,27[— R if n = 2, RT™* x RT™* x
[0, 7] = R if n = 3 such that for all (x,y, z) € (R™)3, such thaty # z,z # ,

w(aj,y,z):111(|y—x|,|z—x|,(y—x,z—x)). (25)
o If n = 3, there exists a function w : {(d,d',p) € RT* x R™ x R; |p| <
dd'} — R such that for all (u,v) € (R®\ {0})?,

w(u,v) = w(|ul,|v],u-v). (2.6)

Proof. Let n =2 or 3. Let u, v, s, t be four nonzero vectors such that |s| = |u],
[t] = |v], @ = @ Then, there exists a direct isometry that maps u on s and
v on t. This proves (2.5). If n = 3, conditions |s| = |u|, [t| = |v], s+t = u - v are
sufficient to ensure that (/s;?) = @ from which (2.6) follows. O

Remark 2.1. It is seen on (2.6) that, when n = 3, invariance of w through SO(3)
implies invariance through O(3). The analog is not true when n = 2: consider
w(u,v) = det(u,v).



Equation (2.5) makes clear that changes in the elementary energies are due
to changes of lengths between adjacent points and to changes of angles between
interacting vectors. These are classical ingredients in models for atom lattices as
well as in models for mechanical trusses whose bars can elongate or shorten while
remaining straight. A standard three point energy is given for (u,v) in (R™\ {0})?
by

w(u,v) = ki(|u| — r1)2 + ka(Jv| — r2)2 + K(cos 9)2

— a(Jul = )2 + ka(Jo] — r2)? + K (f; . ||> , (2.7)

where 6 is the angle between the nonzero vectors v and v, 71 and r9 are bar or bond

lengths at rest, ky and ko are bar stiffnesses and K is a spring stiffness. And more
generally by

w(u,v) = gi([ul) + g2(|v]) + 9(6)- (2.8)

Although generally continuous on (R™ \ {0})2, such energies have no continuous

extensions to (R™)? when g # 0. In (2.7) for instance Tu] Mmay converge to any unit
vector or not converge at all when u goes to 0. We will see in the sequel how to

properly extend them to R™ x R"™.

Let us now apply the previous remarks to lattices £". For definiteness, we
consider that nodes that belong to the part of the boundary defined by I'y :=
([0,L] x {L}) U({L} x [0, L]) are clamped. As previously mentioned, the deforma-
tions are supposed to map adjacent nodes on distinct points. Altogether this leads
to the definition of the set of admissible deformations

A, ={v: L~ Rn%wu‘omﬁh = Po|ToNLh >
V(k, 1), (K ") st |k — k| +|I' =1 =1, (k'h,I'h) # (kh,lh)} (2.9)

where g : @ — R™ is a given mapping that is supposed to be one-to-one and affine

for simplicity. Regarding the energies w”, , we impose as a first requirement that they
satisfy the principle of frame indifference that has been discussed above. Therefore,
there exist 1", and ", — whose domains have been defined in Proposition 2.1 and

Corollary 2.1 — such that for all (x,y,2) € (R")3,y # z, 2 # z,
wey (T, Y, 2) = Wl (y — 2,z — ) = Wy (ly — x|, |z — 2[,0). (2.10)

The second assumption on the energies concerns their behavior with respect to h:
we assume that they obey the natural scaling

N R u v
Wey (4, v) = Wt (E’ ﬁ) (2.11)
which, with obvious notations, expresses equivalently as

/
ﬁ)gb(d, d/a 0) = h211)ab <]C7Z,’ %’ 0) .



Fig. 1. Deformation of four unit bars by F' = (u, v): the stored energy due to the deformed positions
of bars 1 and 2 equals the stored energy due to the deformed positions of bars 3 and 4.

. - - - =

Fig. 2. The stored energy due to the deformed positions of bars 1 and 2 equals the stored energy
due to the deformed positions of bars 2 and 3.

For (2.7) for instance, this means that
i =rih, vy =roh, ki =ki, ky = ks, K"=Kh>

Note that other scalings could have been chosen leading to other limit models.
Third, in the present study, we restrict our analysis to lattices whose equivalent
continuous energy is obtained without homogenization. As will be made clear in
the next sections, this can be achieved when the four elementary energies g, p,
(a,b) € &, are related through the assumptions

W—gy,—ey = Wey,eny Weep,ey = Wey,—e1y Wey,—ey (U; _u) = Weq,es (’LL,U), (212)
or, equivalently, when the four microscopic energies w, ; satisfy
- v ~. ~ ~. / ~ !
W_ey,—ey = Wey o5, Woey,e; = Wey,—eyy Weg,—e; (A d, T—0) = We, e, (d, d', 0). (2.13)

The first two assumptions say that opposite pairs have the same mechanical behav-
ior, see Fig. 1. In particular, opposite angles have the same stiffness which usual
mechanical devices impose. Note that bars or bonds that are horizontal in the ref-
erence configuration may behave differently than vertical bars or bonds. The third
assumption correlates adjacent angle stiffnesses in a natural way, see Fig. 2.



Let us give some examples. We consider a mechanical truss consisting in a refer-
ence configuration of horizontal bars with stiffness k%, of vertical bars with stiffness
kb, and of angular springs that make the lattice at rest when bars are orthogonal.
Then, the elementary energies may be chosen of the form (2.7) with

Wey e (U, v) = k1 (Ju] — r1)% + Ea(|v] — r2)* 4+ K (cos (u,v))Q, (2.14)
Wey,—e, (V,u) = ky(Ju| —71)2 + ka(Jv] — r2)? + K (cos (v, u))2, (2.15)
Wy ey (u,0) = ka(Jul = 70)? + Ka([o] = 72)° + K (cos (w,0)), (216
Wy, (V1) = Ky (Ju| — 1) + ko (Jv] — 72)? + K(cos (v, ))2, (2.17)

and conditions (2.12) are satisfied. Suppose more generally that the angular springs
are such that the lattice is at rest when bars M/ M i.j+1 are deformed in bars that
make an angle v €]0,7/2] with the undeformed horizontal bars M, hMZhHJ and
consequently an angle m —~ with the undeformed horizontal bars M} MG by ;- Then,
one can choose

ey ey (1, 0) = R (Ju] —71)% + ko (o] — 79) + K(sin((w,0) —7))% (2,18
Wey —ey (v, ) = k1 (Ju] — )2 + ka(Jo] — r2)? + K (sin((v, u) + 7 — 7))2,(2.19)
ey o (,0) = ka([u] = 10) + ka(fo] = 2)? + K (sin((u,0) —7))%,  (2.20)
ey e (v,0) = K (Ju] —71)? + ka(Jo] — r2)? + K (sin((v, u) +7 — 7))%,(2:21)

and conditions (2.12) are satisfied as well. Note that when n = 2, these simple
formulations have the drawback to allow the angle between two vectors to enlarge
by m at zero cost through a planar rotation although a spring should resist.
Finally, lattices are submitted to external loads acting on nodes Mw,( j) €

{0,..., N}, — 1}? that read

Nj—1

Lu() = h* Y f(ih, jh) -4 (ih, jh)

i,j=0
where f is — say — a continuous function on @ with values in R™. The total energy
of £" when deformed by v is J,(¥) = I(¥) — Ly(v)) and we seek for the limit
behavior of the minimizers ¢, of J, on Aj. Actually, A} is not a closed subset of
the finite dimensional space consisting of mappings from £" into R", therefore the
existence of a minimizer is not obvious even for smooth energies, and we will be
interested in almost minimizers.

3. Convergence results
3.1. Problem reformulation

It is customary in lattice analysis to associate with each mapping defined on the
lattice nodes a piecewise affine function defined on . This allows to deal with a se-
quence of problems whose unknowns belong to a single functional space. We follow



Rl h2
T T3

h3 hd
Tij Tij

Fig. 3. Left: triangulation 7~1h , Right: triangulation 7’2h

this classical trick and we introduce a first triangulation 77" of @ consisting of tri-
angles 7' and T}%, see Fig. 3: T}}" is the triangle with vertices M]%, M}, ., M},
M.

and Ti’}g the triangle with vertices M[}, Mi}il,jv i1

From (2.1) and (2.4), and from the scaling assumption (2.11), we have

< (0l + ha) — (ML) (M + hb) — p(M])
RETTS Sl S e B R
1,j=0 (a,b)GSihj
(3.1)
where 9 : L' + R" can be identified with the unique continuous function on @,
affine on all triangles TZZ“ and T[j“, that coincides with ¢ at each node. In the above
sum, let us consider terms corresponding to (a,b) = (e1,ez). As v is affine on Tifél,
its partial derivatives are constant on TZ};I and they coincide with the difference

quotients along e; and ey. Using the fact that Ti};l is of area h?/2, we can write

€1,€2 h ’ h

=2 [ (Vo) do

ij

Similarly,

() ) )~
—€1,—€2 h s h

=2 [ (- Vela) da,
Th3
From the frame indifference principle, we have

w*817*62 (-V(/J((E)) = ﬁ)fehfez (vw(x))

Indeed, either n = 3 and w is left O(n)-invariant, as seen in Remark 2.1, or n = 2



and —Id belongs to SO(n). From the first assumption in (2.12), we derive that

h , h )

=9 /Ti;3 We, e, (VP(2)) da.

2 A
h —€1,—€2

Therefore the subsum I} (1) of all terms containing we, ¢, Or W_¢,, e, in (3.1) reads
simply

L) =2 / Wey e, (ViP(2)) da.

Let us turn to terms corresponding to (a,b) = (e, —e1). They involve the pair

h L hey)— h h _hei)— h X X A
(1/;(M”+ e,j) w(M”)7 PO 6}1) w(M”)) which does not correspond to finite differ-
ences of ¢ on a single triangle of 7;". Therefore, we introduce a new triangula-
tion 7, transverse to the previous one, consisting of triangles Ti’f with vertices
MZ,Mﬁjthih_l,j and Tf;‘* with vertices M[}M&_I,MZ‘HJ, see Fig. 3. We de-
note by v the unique continuous function on @, affine on all triangles Tjj‘z and T/

ij
that coincides with 1) at each node. We obtain

h - h ho_ — h
h2w52’7@1 (11[](sz + he}j) w(sz) 7 w(sz h@;) 'lz/)(Mz]))

=2 [ sy (O0(a), - 000 (a) dn
7y

3

Similarly,

iy, (VO ) V) O ) — )
—€2,€1 h s h

=2 [ (-020(0), 016(a) d.
75
From the frame indifference principle, this transforms as

(ZZJ(MZ‘ — heg) — (M) (ML + her) —(M])
h ’ h

=2 [ s (O0(a), - 000 (a) dn
Ti};‘4

2 A
h —e€2,€1

We now use the second assumption in (2.12) and we gather all terms in I (7))
containing We,,—e, OF W—¢,.e,. We obtain

(y) =2 / ey e, (O (), D0 (a)) dar.

Finally, using the third assumption in (2.12), we have

L) =2 / D(V(@)) de +2 / DV () dx (3.2)
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where, for short, W = ., ,- We emphasize the fact that all assumptions in (2.12)
have been necessary to arrive at an integral formulation that makes use of a sin-
gle elementary energy. If, for instance, opposite angles have distinct stiffnesses, the
analysis we give below does not apply and some homogenization technique has to
be incorporated in the limit process.

We are now in a position to study the behavior of almost minimizers )y, on A}
of

Jn =1, — Ly,.
The set A; can be redefined as
ATI = {1/1 € CO("‘_}; Rn)? VT € n1>w|T € Pl(Tv Rn)a qzzj\l"g = Po|lg>»
V(k, 1), (K" U') st |k — k| +|I" =1 =1, (K'h,I'h) # ¢ (kh,lh)}, (3.3)

where Py (T, R™) is the set of polynomials of degree lower or equal to one with values
in R™. Functions ¢y, satisfy

pn € Ay, Vi € Ay, Jn(en) < Jn(y) + s(h), (3.4)

where s(h) > 0, s(h) — 0 when h — 0. For the reader’s convenience, we recall that
I, is given on A} by (3.2) and that

Np—1

Ly($) = h* Y f(ih, jh) - ¥ (ih, jh). (3.5)

i,j=0
In the sequel, we will use occasionally the set A which does not require the defor-
mations to be locally one-to-one:

Ap = {1 € CO@;R™); VT € 7-1h71/)|T € P (T;R"), Y0, = @oir, }- (3.6)

3.2. T'-convergence setting

We identify a matrix F' in M, x2 with the pair (u,v) of its column vectors and we
let M, , = (R™\ {0}) x (R™\ {0}). From now on, we assume, with no lack of
generality, that @ : M 5 — R is a continuous nonnegative function such that for
any F = (u,v) € Mo,

a([[F|[" = 1) <w@(F) < B(||F[[P + 1), (3.7)
where « > 0, § > 0, p > 1. A natural functional space for the deformations is

therefore WP (w; R™) and I'-convergence may be achieved in LP(w;R™). To this
end, we extend energies Jj as customary by letting

Vip € LP(w; R™)\ A, Jp(¢) = +oo. (3.8)
Obviously, ¢y, solves (3.4) if and only it satisfies
pn € LP(w;R™), Vo € LP(w; R"), Jn(on) < Jn(@) + s(h). (3.9)
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We extract from Jp, a I'-convergent subsequence for the L? (w; R™)-topology and
we call Jy its I'-limit. As usual, the uniqueness of Jy will make the extraction of
this subsequence unnecessary a posteriori. We let

Wi (wiR™) = {v € WHP(w; R™); 91, = @or, }-

Proposition 3.1. Let ¢y, be a sequence of almost minimizers in LP(w;R™), that is
to say a sequence satisfying (3.9).

e It is a bounded sequence in WP (w;R™) and there exist ¢ € WP (w;R™)
and a subsequence that we still label by h such that @y — @ in LP(w;R™)
and o, — ¢ in WHP(w; R™).

o © minimizes Jo on LP(w;R™).

Before proving Proposition 3.1, let us emphasize the fact that dealing with
the loading term is straightforward in usual I'-convergence proofs, that is in a
“continuous-to-continuous” setting. Here, the discrete-to-continuous process im-
poses some care in characterizing the loading term behavior. This will be seen
again in Section 3.3 for the proof of Proposition 3.3. In order not to be distracted
from the main topic of the paper which is the behavior of the internal energy, we
gather technical approximation lemmas in Appendix A.

Proof. Let ¢ = g in (3.9). We have Jy, (o) < Jn(po) + s(h). As we made the
simplifying assumption that g is affine and one-to-one, ¢y belongs to A; for any
h, and Jp, (o) = In(po) — Ln(po) where I, is given by (3.2). The first term Ij,(¢0)
is constant and, since for any h, Ly (po) is a Riemann sum associated with f - o,
the sequence Ly (¢g) is bounded. In addition, s(h) goes to 0. Therefore, Jy(pp) <
C < 400 from which we deduce by (3.2) and the positiveness of @ that

Vh, 2/ W(Vep(x))de < C+ Lp(pn).

Therefore, by Lemma A.1,
vh, 2 [ @(Ven(a)) dz < C + Callonllooorno

The coerciveness inequality in (3.7) and Poincaré’s inequality provide the first as-
sertions of Proposition 3.1. The second point is standard. O

Remark 3.1. The above proof immediately shows that every sequence 1 €
LP(w;R™) such that Jn(vp) < C < 400 for all h, which necessarily consists of
elements of Aj, is bounded in WP (w; R™).

The aim is to identify Jy. We begin our analysis by characterizing the domain
where Jy takes finite values. The following result is classical.

Proposition 3.2. For all v in LP(w;R™)\ Wll(’]p(w;R"), Jo(¥) = +o0.
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Proof. We proceed by contradiction. Suppose Jy(¢)) < +00. Since Jp, I'-converges
to Jy for the L?(w; R™)-topology, there exists a sequence 1, in LP(w;R™) such that
Y — Y in LP(w;R™) and Jp(Yn) — Jo(¥) < +oo. Obviously Jy (1) is bounded
from above. Therefore, from Remark 3.1, we deduce that 1, converges weakly to i
in W1P(w; R™) which states in particular that ) belongs to WI}(’JP(w; R™). ]

Let us now prove that conversely Jy is finite on Wll(;p (w; R™). When the sequence
of problems under study does not arise from discrete models but from continuous
models, it usually suffices to let 1, = 1 and to simply write that, by mere definition
of I'-convergence, Jo(1)) < liminf J; (1)) < 400. This does not work here since, in
general, ¢ does not belong to A} and J,(¢) is not finite. We therefore need a
density result of A} into L”(w;R™). The proof of the following technical lemma
which actually gives a stronger result is given in Appendix A.

Lemma 3.1. For any ¢ in Wll;p(w; R™), there exists a sequence 1y, such that 1y, €
Ar and b, — 1 in WHP(w; R™).

Corollary 3.1. Jy is finite on Wll(’)p(w;R").

Proof. Let ¥ be in W;(’)p(w;R"), and let 1, be chosen according to Lemma 3.1.
Then, Jo(v) < liminf J,(¢p). As 1y, converges to ¢ not only in LP(w;R™), but
also in WP (w; R?), we can say that I (3,) is bounded. By Lemma A.1, Ly (1) is
bounded as well. Therefore, Jp, (1) is bounded and the result follows. D

3.3. Bound from below

This section is devoted to finding a bound from below for Jy on Wlic’)p (w;R™). As
will be shown in the next section, this bound will turn out to be sufficiently precise
to be actually equal to Jj.

Let 7 in Wllop (w; R™). There exists a sequence v, in LP(w; R™) such that ¢y —
in LP(w; R™) and Jp(¢¥p) = Jo(¢) < +00. From Lemma 3.1, we derive that (a subse-
quence still denoted) 15, belongs to Aj and converges weakly to ¢ in WP (w; R™). In
order to analyze J,(p), we need some information on the behavior of the sequence
¢y, which is used in the definition (3.2) of I, (¢n).

Lemma 3.2. For any sequence vy in Ap such that vy converges to 1 strongly
in LP(w;R™) and weakly in WP (w;R™), the sequence Uy converges to 1 strongly
in LP(w;R™) and weakly in WP(w;R™) as well. Moreover, ||V1§h||Lp(w;M
VYR e (@bt ) -

nx2)

Proof. Let Qi’] be the square with vertices Mihj, M(’zﬂ)’j, M{§+1),(j+1)7 Mi}f(jﬂ). We

divide Qi’] into triangles Tf;l and T(};il),( i) that have been defined in Section 3.1

and T/t | |\ as well. Restricted to Ti’}l (resp. T/

and into triangles T2 (+1) (i+1)7(j+1))7

(i+1).3
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01vy, is a constant vector that is equal to 811[);1 restricted to T(’fH)J. (resp. Y”i}fé+1)).
Therefore,

[ 1ownlras= | Dnin? de
Qh Ti;}UT}/LB

J (i+1),(G+1)
= /h2 » |81?/~1h|pda: = /h |811l~1h|pdm.
T3y, YT Gy QY
Similar equalities hold for the derivatives with respect to xs. Upon adding the
equalities for all squares Q?j,

HVl/;hHLp(w;Mnm) = IVYrll Lr (w:Mrxa) - (3.10)

Hence, ||v’ll;h||Lp(w;MnX2) is bounded. As 1, coincides with ¢y on I'y, we derive from

we obtain

the equivalence of the semi-norm | - |yy1.p(;rn) and of the norm || - [|yy1.p(;rn) ON
Wll(’)p(w; R™) that 1, is bounded in W1 (w; R™).

Let us now prove that xp, := 1, — 1, converges to 0 in LP(w; R™). Since 1, and
1/3h coincide on the vertices on any ij defined above, they coincide on the edges of
QY. In other words, x» is equal to 0 on dQ};. We use Poincaré’s inequality on the
unit square and we obtain its scaled version

||Xh||Lp(ng;Rn) <h ||VXh||Lp(Q§LJ,.;MW2)

which implies that |[Xa|lzrwirr) < AV XallLr(wiM,«2)- Using the first part of the
proof, it is immediately seen that v, converges to ¢ in LP(w;R™). In addition, since
1, is a bounded sequence in WP (w; R™), it converges weakly to ¢ in WP (w; R™[Q

Let us now proceed to study the limit behavior of Jj, (1y). To this aim, we extend
w to the whole of M, «2 by letting

VE € My xo, W(F) = {w(F) on Mo, (3.11)
BUIFIP + 1) on Mz \ M.
Obviously,
VE € Myyx, a(|[F|[P —1) < W(F) < B(|F|[” +1), (3.12)
and J (¢p) reads
Jn(n) = 2K () + 2 K () — L (tbn) (3.13)
where K is defined on Wy (w;R") by
W € WhP(w; R™), K(4) = / W (Vi (x) da. (3.14)

As can be expected, the quasiconvex envelope QW of W will be of use in the sequel.
We recall that a Borel measurable and locally integrable function z : M, xo +— R is
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quasiconvex if for a domain d C R2, for all F' € M,, 2, and for all ¢ € Wol’oo(d; R™),
1
2(F) < M/Z(F+ Viy(z)) dx
d

and that the property does not depend on d. The quasiconvex envelope of W is
classically defined'® by

QW (F) = sup{z(F); z : M,x2 — R, zquasiconvex, z < W} (3.15)
and it satisfies
VF € Miyxa, 0 < QW (F) < B(||F|]P +1). (3.16)

Since W takes finite values only, all functions z in (3.15) are continuous: indeed,
rank-one convex functions that are finite valued are continuous. Therefore, QW is
lower semicontinuous, hence Borel measurable.

Proposition 3.3. For all ¢ in Wﬁ(’)p(w;R"), Jo() > 4, QW (Vi(z)) dx —

Jo f(@) - v(z)da

Proof. Let us first mention that the limit behavior of the loading term Ly (1y)
in (3. 13) is studied in Appendix A. Lemma A.2 shows that Ly (¢,) converges to
I, f(x x)dx. Let

H:¢ € WhP(w;R™) — H(3p) = / QW (Vi (z)) dx € R,

which is well defined since QW is Borel measurable and satisfies (3.16). It has been
proved®'® that the quasiconvexity of QW implies that H is sequentially weakly
lower semicontinuous on W1 (w; R™). Obviously,

Jn(n) = 2H(yp) + 2 H(Wn) — L (vn),

and

Jo(¥) = Tim Jy,(1bp,) > lim inf (2 H () + 2 H (4bp,)) — lim Ly (3,)
> 2 (liminf H(¢p,) + liminf H( 1/1;; / f(z

>4H() - / f(@) () de

since by Lemma 3.2 both sequences ¢}, and z/;h converge weakly to . O
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3.4. Bound from above

As mentioned previously, it remains to prove that the inequality in Proposition 3.3
is actually an identity.

Proposition 3.4. For all ¢ in Wll(’)p(w;]R”), Jo(v) < 4, QW (Vip(z)) dx —
J, f(@) () de.

Proof. By the definition of I'-convergence, Jy(¢) < liminf J, (¢y,) for any sequence
¥y, that converges to ¢ in LP(w; R™). From Lemma 3.1, we can choose a sequence
¥y € A that converges strongly to ¢ in WP (w; R™). From Lemma 3.2, we know
that ¢, converges weakly to ¢ in WP (w; R™). In fact, it converges strongly as well.
Indeed, it suffices to show that ||zZ~1h||W1,p(w;Rn) = [[¥llw1p (wmn)- Actually, from
Lemma 3.2 again,

H1/)h||%/1,p(w;Rn) = HZ/Jh”ip(w;Rn) + ||v¢h||lzp(w;MnX2)
= DI o iy + VRN
5 I ey + IV e

which proves the claim. Therefore, there exist ¢ € LP(w;R) and a subsequence
labelled by h’ such that

n><2)

nx2)

Vi, — Vi ae., ||V’l/)h/||MnX2 < ga.e. (317)

Vi — Vi ae, ||V, < gae. (3.18)
Since vy, belongs to Ajf,, we have again
T (i) = 2K (Ynr) + 2 K (Pnr) — L (¢n)

where K is given by (3.14). We recall that W is not continuous on M, x2, but that
it coincides on M o with @ which is continuous. We choose an element d; (resp.
d2) in the LP class of 019 (resp. 921)) and we decompose w into two measurable
subsets defined by

w1 ={zr € w;01(x) # 0and d2(x) # 0}, wy = w \ wy.

Clearly,

K () + K (§n) = X + Y, (3.19)
where
Xp = / (W(th/ () + W (Vi (x))) dz = / (w(th/ (2)) + (Vi (:c))) dz,

since ¢y, (x) belongs to Aj,, and

Yo = / (W (Ve () + W (Vi (1)) .
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The second inequality in (3.7) and property (3.17)-(3.18) on the one hand allow to
use the dominated convergence theorem on wy, thus proving that
Xp — 2/ W(Vp(x))de =2 [ W(Vi(z))de. (3.20)
w1 w1

On the other hand, by (3.11),

Vi < 2 i=5 | ({1900 (@)

w2

Ve T 1)+ (V0w (2)]

T 1)) de.  (3.21)

It is immediately checked that Zj, converges to

Z:=28 [ (Vo) , +1)de= 2/ W(Vip(z)) de. (3.22)
Therefore,
lim inf (X, + Yp/) < 2 / W (Vip(z)) d. (3.23)

At this point, we can say that
Y € Wpl (@i R"), Jo(v) < Go(¥), (3.24)

where Go(v) = 4 [ W(Vi(z)) de— [ f(x)-(2) dz. Since Jy is sequentially weakly
lower semicontinuous on erop (w;R™), it follows that Jo < I'-Go where T'-Gj is the
sequential weak lower semicontinuous envelope of Gy on Wllc’)p (w;R™). Tt is well
known that for W : M52 — R continuous, positive and satisfying (3.7), the sequen-
tial weak lower semicontinuous envelope of K defined by K(¢) = [ W (Vip(z)) da
is given by I-K(¢)) = [ QW (Vip(z)) dz. Although less known, the result remains
true when W is no longer continuous, but Borel measurable, see Theorem 9.1 in
Ref. 15. This applies here and ends the proof of Proposition 3.4. O

To conclude this section, we can state the result we aimed at.

Theorem 3.1. For all ¢ in W;&p(w;R"),

Jo(p) = 4 / QW (Vib(x)) d — / f(2) - p(x) d.

4. Properties of the limit energy
4.1. Frame-indifference and states with zero energy

We investigate the invariance properties of the limit energy obtained in Theorem
3.1. We recall that o : M, , = (R™\ {0}) x (R™\ {0}) — R has been supposed to
be frame indifferent, see Proposition 2.1, and that W has been defined by

IZJ(F) on M:LXQa (41)

VF € My yo, W(F) =
BUIF[P +1) on M2 \ My, 5.
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Proposition 4.1. The limit energy AQW is frame indifferent in the sense that for
any R € SO(n) and for any F in M, x2, QW (RF) = QW (F).

Proof. Let R € SO(n). Since @ is frame indifferent, we can write that
VF = (u,v) € M} 5, W(Ru, Rv) = w(u,v),

with which it is immediately seen on (4.1) that

VF = (u,v) € M2, W(RF) = W(F).
The result follows from definition (3.15) since when F +— z(F') is quasiconvex, so is
F — z(RF). O

We denote by Si the set of 2 x 2 symmetric, positive-semidefinite matrices.

Corollary 4.1. Ifn = 3, there exists Y : S% — R such that VF € Myo, QW(F) =
Y(FTF). In particular, QW is left O(3)-invariant.

Proof. We have already noticed in the proof of Corollary 2.1 that for F' and G in
Msy2 such that FTF = GTG, there exists R in SO(3) such that G = RF. m|

From now on, we will concentrate on the main example we gave in Section 2.
Namely, an energy corresponding to rest bar lengths 71, 7o and to rest values for
the four angles around a node given in trigonometric order by v, m — v, v, ™ — 7.
In other words, see (2.14), (2.18),

W (u,v) = ky(|u| —r1)? + ka(Jv] — ro)? + K(sin(0 — 7))?, (4.2)
where 6 is the angle between u and v. When v = 7/2, (4.2) reads
W(u,v) = ky(Jul — 1) + ko (o] — 72)? + K(cos 0)%. (4.3)

The energy given by (4.2) makes clear that Corollary 4.1 has no counterpart for
n = 2. Indeed, w is not left invariant through the planar reflections Rs of axis ¢
except when v = 7/2. This is meaningful from a modeling point of view: in order
to mechanically bring within their plane two interacting bonds or bars onto their
images through Rs a torque has to be exerted and the angular spring should resist.
One may wonder why the same definition (4.2) provides an invariant energy when
n = 3. From a modeling point of view, sending — as just described — two bars
defining a plane P onto their images through a planar reflection in P is perfectly
admissible since it can be obtained through the rotation in R? with axis § and angle
. This rotation acts out of the plane P. From a calculation point of view, this is
alternatively seen directly on (4.2): indeed, when n = 3, 6 belongs to [0, 7] and
sin(f — «) expresses in terms of cos 6.

We now turn to identifying a subset of M, x5 on which QW vanishes. Whenever
QW is left O(n)-invariant, we can use Pipkin’s argument. Indeed, it has been proved
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in Ref. 24 by extending Pipkin’s idea that for any Y : M, xo — R, n = 2,3, that is
left O(n)-invariant (and consequently reads Y (F) = Y (FTF)) and rank 1 convex,
the mapping Y : Si — R satisfies

V0,8 €S, Y(C)<Y(C+S). (4.4)
From now on, we let Y = QW and when W is O(n)-invariant (hence QW is),
we write W(F) = W(FTF) and Y(F) = QW(F) = Y(FTF). Obviously, Y < W.

Let us start with the energy (4.3). We recall that the singular values v1(G),
v2(G) of G in M, x2 are the square roots of the eigenvalues of GTG.

Proposition 4.2. Let n = 2, 3 and let @ be given by (4.3). Then, for any F €
M o, such that v;(F diag(1/r1,1/r9)) < 1,4 = 1,2, one has QW (F) = 0. If r; = 79,
any F such that v;(F) <1, i = 1,2, satisfies QW(F) = 0. If r1, 79 are arbitrary,
any F = (u,v) such that |u| <71, [v| <7y and u-v =0 satisfies QW (F) = 0.

Proof. Let FF € M, , such that G := Fdiag(1/r1,1/re) satisfies v;(G) < 1,
i = 1,2. Let us show that S := diag(r?,73) — FTF belongs to S%. We remark that
v € R?, " GGy = |Gn* < |Gl < [nf* = n"n.

Defining ¢ in R? through 7 = diag(ry,72)&, we have F& = Gn. Hence,
Ve € R?, ¢TFTF¢ < ¢ diag(r?, r3)¢.
This proves that S is positive-semidefinite. As a consequence,
Y(FTF) <Y (diag(r?,72)) < W (diag(r2,r3)) = W (diag(r1, 7)) = 0.
The first claim is proved. The other two claims are easy particular cases. DO

—

Remark 4.1. The example 1 =1, 79 = 2, |u| = 1/2, |v| = 1/2 and (u,v) = 7/4
shows that there exist matrices F' with non orthogonal column vectors such that

QW (F) =0.

Let us now turn to the energy (4.2) with arbitrary v €]0,7/2]. In this more
general case, we can prove that the limit energy vanishes on a subset of matrices
whose column vectors make an angle equal to ~.

Proposition 4.3. Let n = 2, 3 and let W be given by (4.2). Any matriz F = (u,v)
such that [u| = try, |v] = try with t < 1, and (u,v) = v satisfies QW (F) = 0.

Proof. Let F' = (u,v) such that |u| = trq, |v| = try with ¢ < 1 and @ = .
Let S = (si5), i,j = 1,2, be the symmetric matrix given by s; = (1 — t2)r2,
s12 = (1 — t2)r1r2 cos~y. It is clearly seen on the one hand that S is positive-
semidefinite and on the other hand that D := FTF + S, whose entries are d;; = rf,
d19 = r1rg cosy, satisfies W(D) = 0. Therefore,

QW(F)=Y(FTF)<Y(FTF+8) <W(FTF+8)=0.
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The result follows. O

If n = 2, definition (4.2) has the drawback of allowing the same energy to pairs
(u,v) and (—u,v). As a consequence, we can show that QW (F) is actually equal to
0 on a larger set.

Proposition 4.4. Let n = 2. Then QW (F) =0 as soon as |u| < ri, |v] < ra, and
(u,v) = orm+ 1.

Proof. We proceed in two steps. First, we show that QW (F) < k(|| — r2)? for
matrices F = (u,v) such that |u| < r; and (%/?) = or v+ w. To this aim, we let
G = (—ru/|u|,v), H = (riu/|ul,v) and t = |u|/r1. Observe that rank(H —G) < 1.
Obviously, F = (1 — )G + (3 + £)H. Either, the column vectors in H make an
angle equal to v and the column vectors in G make an angle equal to v + 7, or
conversely; in both cases the angular term in W equals 0. By the rank 1 convexity
of QW, we obtain

- 1—-¢ - 1+t -
QW (F) < —=W(G) + ——=W(H) = ky([v| —2)". (4.5)
Now, we take F' = (u,v) such that |u| < ry, |v] < ry, and @ =~vorm+y. We
let G = (u, —rov/|v]), H = (u,rv/|v|) and t = |v|/re. From (4.5), we know that
QW(G) and QW(H) are both equal to 0. By the rank 1 convexity of QW again,

we obtain
. 1—t . 1+t .
QW (F) < TW(G) + TW(H) =0. (4.6)
Let us end up this section by some comments. First, Propositions 4.2 to 4.4
exhibit compressed states with limit energy equal to 0. Related results were given
in Ref. 1 for strings, then in Refs. 23, 22 for membranes with altogether different
proofs. Second, minimizers of the limit problem may be non unique. In particular,
when submitted to appropriate compression on its boundary, a planar lattice may
either remain in its plane or achieve zero energy by out-of-plane deformations that

may conserve bond lengths.

4.2. Symmetry properties

We examine the symmetry properties of the limit energy corresponding to a rest
angle equal to m/2 and, for definiteness, to equal rest lengths and equal stiffnesses
k;, i = 1,2. Obviously, W is right invariant through the planar rotations of angle
mn/2, m € N.

Proposition 4.5. Let n = 2,3 and W be given by (4.3) with r1 = 1o, k1 = ko.
The envelope QW is right invariant through the planar rotations of angle mm/2,
m € N. Moreover it can be expressed under the form QW (F) = §(c11, c22,¢12) where
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¢ij, 4,7 = 1,2, are the coefficients of C = FTF and § satisfies §(c11, oo, C12) =

g(ca2, c11, —C12).

Proof. Let R(w/2) (resp. R(37/2)) be the plane rotation with angle w/2 (resp.
371/2). We recall the representation formula for quasiconvex envelopes,'®

p . 1 P , 1,00 on
QW (F) mf{w/ml) W(F + Vi) des & € WE=(B(0, 1); R )}.

Then,
~ 1 R
QW (FR(n/2)) = in —_— W(FR(m/2) + Vi(z)) dx
wewr>=(B0.1& [B(0,1)] Jp,)
1 .
= inf —_— W(F + Viy(z)R(37/2)) dx
pewd=Bo,)&m [B(0,1)] /0,1
1 R
= inf 7/ W(F + V' (x)) dx.
wewr= Bz B0, 1)] /o1 ( ()

The last equality has been obtained by letting ¥’ = 1 o R(37/2). As we integrate
over the unit ball, ¥’ belongs to Wol’oo(B(O, 1); R™) if and only if ¢ does. It follows
that for any F € M,,x2, QW (FR(7/2)) = QW (F). We have seen in Subsection 4.1
that QW is left O(n)-invariant and reads QW (F) = Y (FTF). Now, let us define
7 by §i(ci1, a2, c12) = Y(C) for C = (¢ij) symmetric semi-definite positive. Let
D= (d”) with d11 = C22, d22 = C11, d12 = —(C12. Let F such that C' = FTF and let
G = FR(n/2). Then D = GTG, hence Y (C) = Y (D) and the result follows. O

5. Cauchy-Born rule

Cauchy-Born rule is a generic name for a variety of statements that relate the
macroscopic description of the deformation of a crystalline solid and the individual
placement of its atoms. We refer to Ericksen'® for an account of the pioneering state-
ments by Cauchy, then by Born, as well as for a list of references that includes recent
works devoted to prove, disprove or determine the range of validity of the rule.?!:!8
It is very likely that Cauchy-Born rule was originally meant for planar deformations
of plane lattices and for three-dimensional deformations of three-dimensional lat-
tices. In its simplest and more restrictive form, the rule stipulates that if a crystal
lattice is submitted to an affine deformation of the whole of its boundary, then all
atoms undergo the same deformation. An immediate extension of this formulation
consists in saying first that, as long as plasticity or dislocation effects do not occur
and for general boundary conditions, the behavior of a lattice can be approximated
by the behavior of a homogeneous, elastic, solid with energy density W, and second
in giving a formula for deriving W from the lattice constants. For simple lattices,
alternatively called Bravais lattices, a first guess is that W (F') is directly obtained
as the energy of a single cell submitted to the deformation ¢ : x — Fz (or equiv-
alently as the mean value over an increasing domain of the energy due to ¢p). It is
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immediately computed and usually denoted as W (F). The density thus obtained
is not quasiconvex in general. Then affine deformations ¢r do not minimize the
internal energy among deformations with boundary conditions ¢ g(z) on the whole
of the boundary. Therefore, a second guess consists in considering that the proper
energy is given by QW g, a process usually known as macroscopic relaxation. More
refined theories exist. They allow for atom relaxation over a range of cells which
gives rise to homogenized energy densities Wj,y,. They can also allow for atom
relaxation inside the elementary cell, specially for complex lattices.!®:2% The magni-
tude of the several energies just mentioned is decreasing Weop > QWep > Whom.
In the present paper, we have shown that under assumptions (2.13) the equiva-
lent internal energy density of a square lattice with active angles is actually given by
QWe . In this sense, we say that for such lattices the Cauchy-Born rule holds true.
For a realistic case where both minimization at the cell level and homogenization
are required, we refer to Le Dret and Raoult?® where hexagonal lattices are studied.

A. Approximation results

As mentioned in the main body of the paper, dealing with the loading term requires
some technical lemmas that we gather in the present section. Lemma A.1 below gives
a bound from above for Ly (1) and is useful for the proof of Proposition 3.1.

Lemma A.1. There exist C7 > 0 and Cy > 0 such that

1/p
N}l—l
VR, Vi € An, | > Pn(ih g)P | < Crllnlleen (A1)
i,7=0
and
Vh, YV € Any La(¥n) < Co[|¥n]| L wirn)- (A.2)

Proof. The proof uses arguments that are classical in the finite element theory. Let
T be the unit rectangular triangle. From the equivalence of all norms on Py (T'; R™),
we derive that

301 > 0,9 € Py(T5R™), [%(0,0)[ + (1, 0)[” +[%(0, )P < CTIXN, o ey (A-3)

Let vy, in Ajp. First, we transform the LP(w;R™)-norm of v into norms on T.
Indeed,

||’l/)h||zl)/p(w;]Rn) = Z ||wh\T||1£p(T;Rn) :h2 Z ||¢h|T||12p(T;Rn) (A-4)
TeT! TeT

where for any T'=T, {;1 in 7, % is the unique affine function defined on T such

that 9y 7(0,0) = (ML), Ppr(1,0) = Yn(Myy ), Ypyr(0,1) = (M} ) and
for any T = TZZL?’ in 7", Yy 7 is the unique affine function defined on 7' such that
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Dnyr(0,0) = (ML), bpy(1,0) = ¥n (M ), Ynyr(0,1) = ¥y (M};_;). Then, by
(A.3) and by (A. 4)

CONRIT gy = B2 > (1 (0,0)F + [z (1, 0)[P + 9o (0, 1)[P)

TeT!
>0 (Un (M) + [ (ML )P+ [on (M40 P)
Ti};leﬂh,
+ 02 (R (M) + [on (Mg )P + [¢n (M7 _1)IP)
Ti};se'rlh,
which provides
Np—1
CE 11nllGp gy 2 17 ZO [ ik, jh) P (A.5)
1,]=
that is the first assertion of Lemma A.1. Now, letting é + % =1, a= %, 8= %, we
derive from Hélder’s inequality that
Nj—1
Lu(n) = Y (B f(ih, jh)) - (B2 (ih, jh))
4,j=0
N1 1/q Np—1 1/p
< | > R3S (ih, jh) > Rn(ib,jh)P | < Co W] ooy
i,j=0 1,5=0

We now turn to the precise limit behavior of Lp(v,) when 1) converges in
some sense. This result is needed for Propositions 3.3 and 3.4. It is worth noticing
that for proving that Ly (¢y,) converges to [ f(z)-1(z)dz we not only rely on the
LP-convergence of 1y, but we make use of the boundedness of the gradients.

Lemma A.2. For any sequence vy, in Ay such that iy, converges to ¢ strongly in
LP(w; R™) and weakly in WP (w; R™), the sequence Ly(1y) converges to [ f(x)
Y(x) dz.
Proof. Let us write

) = [ £@) - 6(@) do = Bulun) + Pulin)
with

En(tn) = Ln(t) — / F(@) () de, Fy(dn) = / f(@) - ($n(z) — $(z)) d.

From the LP-convergence of 1), towards 1, we derive immediately that Fj, (1) goes
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to 0 when h goes to 0. We rewrite Ej, () in the following way

Np—1

(i) = 1 D2 (it 1) i) - | 1@ @y aa

/(th gn — - ) (2) do

where TI!! : w € C%(@; R™) ~ II!'(w) € (R™)Ni is the interpolation operator defined
by II%(w) is constant on each subsquare [ih, (i + 1)h[x[jh, (j + 1)h[ and I} (w) =
w(ih, jh) on that subsquare. We now split Ep,(¢5) in two terms:

mwwiﬂ%ﬂﬁ»%ww+/fmwwwmw (A.6)
w w

As f is assumed to be continuous on @, 114 f — f converges to 0 in L>(w;R™) and,
by (A.1), I}y, is bounded in LP(w;R™). Therefore, the first term in (A.6) goes to
0. The convergence to 0 of the second term follows from the fact that T}y, — vy,
converges to 0 in LP(w;R™). This can be seen as an exercise in the spirit of finite
element approximation results that we detail here for the reader convenience. Let

fj be the square with vertices M} MZ‘H 0 Mﬁj+17 M'}fs-l,j+1' Then,

@50 %

Np—1

[19n = TG nl o uimey = D [1¥niqn = n(MEI on sz
i,j=0
N;L—l
=0 30 @K = 45 (0, 0)[Fs 0 )
,J=0

where for any # in [0, 1]?, wA () = 1/Jh(M + hi). The subterms are estimated as
follows:

&2 (%) — ¥ (0,0) (%) ﬁwhm+¢#@hm 17(0,0)
= 821%’ (%1, 1) da + 8111);3 (t 0)
=0 t=0

Then,

3C, Vh, (i, §), Vi € [0, 1),
1

.. o o o 1 s o
wm@fﬁmMWsa/‘ww%nmww+[|mwmmwm
u t=0

H=0

1
<C( [ joui Gl i+ o 0.0)p)
u=0

since 811/32]'({, 0) does not depend on t. By integrating over [0,1]2, it follows that
there exists C' such that for all h, for all (4, j),

”"Z;L] - “;‘Lj(o’ O)HLP([O 1]2;Rn) = C ||V’L/J ”Lp( 0,1]2;R™)
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where we used again the fact that 0, 7];2] is constant on the unit rectangular triangle
T. By returning to w,

Hwh _Hgdjhnip(w;]Rn ||V7/Jh||Lp w;R™) U

As a final result, let us prove Lemma 3.1 that we reformulate below. We recall
that Wll(’)p(w;]R") = {¢p € WHP(w;R™);¢hr, = @or, } and we let

I/V0 ’lijo(w R™) = {w € W'P(w; R"™); wir, = 0}
and
Vi = {w € C%@;R™"); VT € T{", wir € Py(T;R"™), wyr, = 0}.

Lemma A.3. Any v in Wol,’lfo (w;R™) is the WYP-limit of a sequence in V. Any
in Wllg)p(w;R”) is the WP-limit of a sequence ¥y, in Aj,.

Proof. Let I} be the P;-interpolation operator associated with 77*. Standard re-
sults show that, for any w in W?2P(w;R"), H{Lw converges to w. If in addition
wir, = 0, then ITfw;r, = 0 as well. Therefore, any w in (W?? N WOI,’IEO)(M;R") is
the limit of a sequence wy, h — 0 with wy, € V,,. Now, any v in Wolfo (w; R™) is the
limit of a sequence w,,, n — 00, such that w, belongs to (WP N Wolfo)(w; R™).
Upon extracting a diagonal sequence (recall that h = L/Nj;, with N}, an integer),
we prove the first assertion of Lemma A.3.

Let 1) in WI}(’)p (w; R™) and define v = 9—¢q. Obviously, v belongs to Wol’ffo (w; R™)
and we have just proved that v is the WP-limit of vy, vy in Vy. Therefore, v, :=
o+, belongs to Ay, and converges to 1 in WP (w; R™). Let us show that functions
¥y, can be slightly modified into functions 1)} that are pairwise one-to-one and that
still converge to ¥. We actually prove a stronger result since we obtain functions
1} whose restrictions to the set of nodes are one-to-one. Let

Py = {((k,0), (K',1)) € {{0,..., Nu}*}?; ¥n(kh, Ih) # ¢n(K'h,Uh)}.
The set P, is nonempty since ¢, = ¢o on I'y. Let
Cy = rrgln |(n (K'hy U'R) — 4bp (kh, 1h)]|.

By construction, C} is strictly positive. Moreover, since on T, |1 (kh,lh) #
n(k'h, lh)| < Koh where Ky = ||Vyyl|, we know that Cj, < Koph. Finally, let

ey = 2\/% Note that e, goes to 0 when h goes to 0. Letting id : (x1,22) € @ —

(x1,22,0) € R™, we define 1}, as follows:

¢Z, = ’(/}h + Ehid on [OuL - h]27 77[];; = $o ON I‘0

and v} is globally continuous and affine on each triangle in T*. Since v, and id
are affine per triangle, there is no contradiction in the previous requirements. Let
us check that the restriction of 1} to the set of nodes is one-to-one. Suppose that
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5 (kh,lh) = 45 (K'h, U'h) with (k,1), (K',1") € {0,..., Ny}2. Our aim is to show that
(k,1) = (K',1"). We distinguish several cases:

Case 1: (kh,lh) and (k'h,I'h) belong to [0, L — h]?. Then

- either ¢p(kh,lh) = n(k'h,l'h) and the assumption on ¢} implies that
en(kh,lh,0) = ep(K'h,1'h,0), whence (k,1) = (k',l') because e, # 0,

- or Yy (kh,lh) # ¥n(k'h, I'h) and the assumption on ¢} implies that ¢y, (kh, [h)—
(KR, U'h) = en((K — kYA, (I' — )h,0). Therefore, |vn(kh,1h) — p(K'h, I'h)| <
enlV2 < % which is contradictory with the definition of C},.

Case 2: (kh,lh) and (k'h,l'h) belong to I'g. Since ¢} coincides with ¢ on T,
obviously (k,1) = (k',1').

Case 3: (kh,lh) € [0, L — h)? and (k'h,I'h) on Tg. Then,
(tn + enid)(kh,lh) = po(k'h,I'h) = ¥y (K'h,U'h).

Therefore, [y, (kh,lh) — ¥ (k'h,I'h)| < e, Lv/2 and the argument is the same as in
Case 1.

The previous considerations show that ¢} belongs to Aj. We still have to prove
that 1), converges to v in WP(w; R™). Recall that 1, converges to 1 and that e,
converges to 0. Therefore, 1y, + epid converges to 1 in WP(w;R™). This remains
true for ¢; which differs from 1}, + epid on two bands of width % only. O
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