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BILINEAR DECOMPOSITIONS AND COMMUTATORS OF
SINGULAR INTEGRAL OPERATORS

LUONG DANG KY

ABSTRACT. Let bbe a BM O-function. It is well-known that the linear com-
mutator [b, T| of a Calderén-Zygmund operator T does not, in general, map
continuously H!(R") into L*(R™). However, Pérez showed that if H*(R"™)
is replaced by a suitable atomic subspace H} (R™) then the commutator is
continuous from H} (R™) into L*(R™). In this paper, we find the largest sub-
space H}(R™) such that all commutators of Calderén-Zygmund operators
are continuous from H}(R™) into L'(R™). Some equivalent characteriza-
tions of H}(R™) are also given. We also study the commutators [b, 7] for
T in a class K of sublinear operators containing almost all important op-
erators in harmonic analysis. When 7' is linear, we prove that there exists
a bilinear operators R = Ry mapping continuously H'(R") x BMO(R"™)
into L!(R™) such that for all (f,b) € H*(R™) x BMO(R™), we have
(1) b, T](f) = R(f,b) + T(S(f.b)),
where & is a bounded bilinear operator from H'(R") x BMO(R™) into
L'(R™) which does not depend on 7'. In the particular case of T a Calderén-
Zygmund operator satisfying 71 = T*1 = 0 and b in BMO"2(R")- the
generalized BMO type space that has been introduced by Nakai and Yabuta
to characterize multipliers of BMO(R™) —we prove that the commutator
[b, T] maps continuously H}(R™) into h'(R™). Also, if b is in BMO(R")
and T*1 = T*b = 0, then the commutator [b, T] maps continuously H}(R™)
into H'(R™). When T is sublinear, we prove that there exists a bounded
subbilinear operator R = Ry : H(R") x BMO(R") — L!(R") such that
for all (f,b) € H'(R") x BMO(R™), we have
2)  IT(&(f,0)] = R(f,0) < [[b, TI(f)] < R(f,b) + |T(S(f,0))]-

The bilinear decomposition (1) and the subbilinear decomposition (2) al-
low us to give a general overview of all known weak and strong L!-estimates.

1. INTRODUCTION

Given a function b locally integrable on R", and a Calderén-Zygmund opera-
tor T', we consider the linear commutator [b, T'| defined for smooth, compactly
supported functions f by

[0, T](f) = 0T (f) = T(bf)-
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A classical result of R. Coifman, R. Rochberg and G. Weiss (see [10]), states
that the commutator [b,7] is continuous on LP(R") for 1 < p < oo, when
b € BMO(R™). Unlike the theory of Calderén-Zygmund operators, the proof
of this result does not rely on a weak type (1,1) estimate for [b, T]. In fact, it
was shown in [38] that, in general, the linear commutator fails to be of weak
type (1,1), when b is in BMO(R™). Instead, an endpoint theory was provided
for this operator. It is well-known that any singular integral operator maps
H'(R") into L'(R"™). However, it was observed in [20] that the commutator
[b, H] with b in BMO(R), where H is Hilbert transform on R, does not map,
in general, H'(R) into L*(R). Instead of this, the weak type estimate (H*, L')
for [b,T] is well-known, see for example [27, 32, 43]. Remark that intuitively
one would like to write

o0

.U = SO0 = )T(as) = (32 (b= b)),

where [ = E;); Aja; a atomic decomposition of f and bp; the average of b on
B;j. This is equivalent to ask for a commutation property

(11) Z)\ijjT(aj) = T(Z)\ijjCL]).
=1 j=1

Even if most authors, for instance in [27, 32, 43, 45, 25, 42, 26], implicitely
use (1.1), one must be careful at this point. Indeed, the equality (1.1) is not
clear since the two series > 7%, A\;bp; T'(a;) and Y 7%, A;bp;a; are not yet well-
defined, in general. We refer the reader to [6], Section 3, to be convinced that
one must be careful with Equality (1.1).

Although the commutator [b,7] does not map continuously, in general,
H'(R™) into L'(R™), following Pérez [38] one can find a subspace H}(R")
of H'(R") such that [b, T] maps continuously H}(R") into L' (R™). Recall that
(see [38]) a function a is a b-atom if

i) supp a C @ for some cube @,

i) Jlall - < Q1

iil) [pn a(z)de = [, a(x)b(x)dz = 0.

The space H}(R™) consists of the subspace of L'(R™) of functions f which
can be written as f = Z;’;l Aja; where a; are b-atoms, and \; are complex
numbers with > 72, [A;] < oo.

In [38] the author showed that the commutator [b,T] is bounded from

H;(R™) into L'(R™) by establishing that

(1.2) sup{||[b, T|(a)||z: : ais a b—atom} < co.

This leaves a gap in the proof which we fill here (see below). Indeed, as it is
pointed out in [6], there exists a linear operator U defined on the space of all
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finite linear combination of (1, co)-atoms satisfying
sup{||U(a)||z1 : ais a(1,00)—atom} < oo,

but which does not admit an extension to a bounded operator from H'(R™)
into L'(R™). From this result, we see that Inequality (1.2) does not suffice to
conclude that [b,T] is bounded from H}(R") into L'(R"). In the setting of
H'(R"), it is well-known (see [34] or [44] for details) that a linear operator U
can be extended to a bounded operator from H*(R") into L'(R") if for some
1 < ¢ < o0, we have

sup{||U(a)||z1 : ais a(1,¢)—atom} < co.

It follows from the fact that the finite atomic norm on Héf(R") is equivalent
to the standard infinite atomic decomposition norm on H,;%(R™) through the
grand maximal function characterization of H!'(R"). However, one can not use
this method in the context of Hi(R™).

Also, a natural question arises: can one find the largest subspace of H'(R")
(of course, this space contains H;(R™), see also Theorem 5.2) such that all
commutators [b, T] of Calderén-Zygmund operators are bounded from this
space into L'(R")? For b € BMO(R"), a non-constant function, we con-
sider the space H}(R") consisting of all f € H'(R") such that the (sublin-
ear) commutator [b, 9] of f belongs to L'(R™) where 9 is the nontangential
grand maximal operator (see Section 2). The norm on H}(R") is defined by
[ flleg == ][l saro + [I[b; M(f)[[rr. Here we just consider b is a non-
constant BMO-function since the commutator [b,7] = 0 if b is a constant
function. Then, we prove that [b,T] is bounded from H}(R") into L'(R")
for every Calderén-Zygmund singular integral operator 7' (in fact it holds for
all T € K, see below). Furthermore, H}(R™) is the largest space having this
property (see Remark 5.1). This answers the question above. Besides, we also
consider the class K of all sublinear operators T, bounded from H'(R") into
LY(R™), satisfying the condition

(b —bg)TallLr < Cb|lBmo

for all BMO-function b, H'-atom a related to the cube Q. Here by de-
notes the average of b on ), and C' > 0 is a constant independent of b, a.
This class K contains almost all important operators in harmonic analysis:
Calderén-Zygmund type operators, strongly singular integral operators, multi-
plier operators, pseudo-differential operators, maximal type operators, the area
integral operator of Lusin, Littlewood-Paley type operators, Marcinkiewicz
operators, maximal Bochner-Riesz operators, etc... (See Section 4). When
T is linear and belongs to K, we prove that there exists a bounded bilin-
ear operators R = Ry : H'(R") x BMO(R") — L'(R") such that for all
(f,b) € HY(R™) x BMO(R™), we have the following bilinear decomposition

(1.3) [0, T](f) = R(f,0) + T(S(f, 1)),
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where & is a bounded bilinear operator from H'(R™) x BMO(R") into L'(R")
which does not depend on T (see Section 3). This bilinear decomposition is
strongly related to our previous result in [4] on paraproduct and product on
H'(R") x BMO(R™).

We then prove that [b, T] is bounded from H}(R™) into L'(R™) (see Theorem
3.3) via Bilinear decomposition (1.3) (see Theorem 3.2) and some characteri-
zations of H}(R") (see Theorem 5.1). Furthermore, by using the weak conver-
gence theorem in H'(R™) of Jones and Journé, we prove that H} (R") C H} (R")
(see Theorem 5.2). These allow us to fill the gap mentioned above in [38].

On the other hand, as an immediate corollary of Bilinear decomposition
(1.3), we also obtain the weak type estimate (H', L') for the commutator [b, T7,
where T is a Calderén-Zygmund type operator, a strongly singular integral op-
erator, a multiplier operator or a pseudo-differential operator. We also point
out that weak type estimates and Hardy type estimates for the (linear) com-
mutators of multiplier operators and of strongly singular Calderén-Zygmund
operators have been studied recently (see [45, 25, 42] for the multiplier opera-
tors and [26] for strongly singular Calderén-Zygmund operators).

Next, two natural questions for Hardy-type estimates of the commutator
[b, T| arised: when does [b, T] map H}(R") into h'(R") and when does [b, T
map H}(R™) into H*(R")?

This paper gives two sufficient conditions for the above two questions. Recall
that BMO™#(R") —the generalized BMO type space that has been introduced
by Nakai and Yabuta [37] to characterize multipliers of BMO(R")- is the space
of all locally integrable functions f such that

1 Fllparoes 1= sup 110871+ 1os(e + |al)

|f<.§lf) - f a,r |d.§L’ < 0.
B(a,r) |B(a7 T‘)| / Bla)

B(a,r)

We obtain that if T" is a Calderén-Zygmund operator satisfying 71 = T*1 =
0 and b is in BMO™&(R"), then the linear commutator [b, 7] maps continuously
H}(R") into h'(R™). This gives a sufficient condition to the first problem. For
the second one, we prove that if 7" is a Calderén-Zygmund operator satisfying
T*1 =T*b =0 and b is in BMO(R™), then the linear commutator [b, T] maps
continuously H}(R") into H'(R").

A difficult point to prove the first result is that we have to deal directly with
f € HLX(R™). Tt would be easier to do it for atomic type Hardy spaces as in
the case of H}(R"). However, we do not know whether there exists an atomic
characterization for the space H}(R™). This is still an open question.

Let X be a Banach space. We say that an operator T': X — LY(R") is a
sublinear operator if for all f,g € X and «, 8 € C, we have

T (af + Bg)(@)| < |al|Tf(x)] + [B|Tg(x)]
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Obviously, a linear operator T : X — L*(R") is a sublinear operator. We also
say that a operator T : H'(R")x BMO(R") — L'(R") is a subbilinear operator
if for all (f,g9) € HY(R") x BMO(R") the operators T(f,-) : BMO(R") —
LY(R™) and (-, g) : H'(R™) — L'(R™) are sublinear operators.

In this paper, we also obtain the subbilinear decomposition for sublin-
ear commutator. More precisely, when T € K is a sublinear operator, we
prove that there exists a bounded subbilinear operator R = Ry : H'(R") x
BMO(R") — L*(R") so that for all (f,b) € H'(R") x BMO(R"), we have

(1.4) IT(S(f,0))| = R(Sf,0) <o, TN < R(S,b) +[T(S(f,b))]-

Then, the strong type estimate (H}, L') and the weak type estimate (H', L') of
the commutators of Littlewood-Paley type operators, of Marcinkiewicz opera-
tors, and of maximal Bochner-Riesz operators, can be viewed as an immediate
corollary of (1.4). When H}(R™) is replaced by H; (R™), these type of estimates
have also been considered recently (see for example [28, 7, 33, 30, 31, 29]).

Let us emphasize the three main purposes of this paper. First, we want
to give the bilinear (resp., subbilinear) decompositions for the linear (resp.,
sublinear) commutators. Second, we find the largest subspace of H*(R™) such
that all commutators of Calderén-Zygmund operators map continuously this
space into L' (R™). Finally, we obtain the (H}, h') and (H}, H') type estimates
for commutators of Calderén-Zygmund operators.

Our paper is organized as follows. In Section 2 we present some notations
and preliminaries about the Calderén-Zygmund operators, the function spaces
we use, and a short introduction to wavelets, a useful tool in our work. In
Section 3 we state our two decomposition theorems (Theorem 3.1 and Theorem
3.2), the (H{, L') type estimates for commutators (Theorem 3.3), and some
remarks. The bilinear type estimates for commutators of Calderén-Zygmund
operators (Theorem 3.4) and the boundedness of commutators of Calderén-
Zygmund operators on Hardy spaces are also given in this section. In Section
4 we give some examples of operators in the class K and recall our result
from [4] which decomposes a product of f in H'(R") and g in BMO(R™) as
a sum of images by four bilinear operators defined through wavelets. These
operators are fundamental for the two decomposition theorems. In Section
5 we study the space H}(R"). Section 6 and 7 are devoted to the proofs of
the two decomposition theorems, the (H}, L') type estimates of commutators
[b, T] with T' € K, and the boundedness results of commutators of Calderén-
Zygmund operators. Finally, in Section 8 we present without proofs some
results for commutators of fractional integrals.

Throughout the whole paper, C' denotes a positive geometric constant which
is independent of the main parameters, but may change from line to line. In
R", we denote by Q = Q[z, 7] = {y = (41, yn) € R” : D2y [y — ] < 7}
a cube with center x = (x4, ..., 2,) and radius » > 0. For any measurable set
E, we denote by xg its characteristic function, by |E| its Lebesgue measure,
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and by E° the set R" \ E. For a cube () and f a locally integrable function,
we denote by fo the average of f on Q).

Acknowledgements. The author would like to thank Prof. Aline Bonami
for many very valuable suggestions, discussions and advices to improve this
paper. Specially, Theorem 3.6 is a improvement from the previous version
through her ideas. He would also like to thank Prof. Sandrine Grellier for
many helpful suggestions, her carefully reading and revision of the manuscript.
The author is deeply indebted to them.

2. SOME PRELIMINARIES AND NOTATIONS

As usual, S(R") denotes the Schwartz class of test functions on R", &'(R")
the space of tempered distributions, and C§°(R™) the space of C'*°-functions
with compact support.

2.1. Calderén-Zygmund operators. Let 6 € (0,1]. A continuous function
K :R"xR"\ {(z,z) : x € R"} — C is said to be a §-Calderén-Zygmund
singular integral kernel if there exists a constant C' > 0 such that

|K (z,y)] <
|z —y|"

for all x # y, and

|.T _ x/|(5
K (2,9) = K@ )|+ 1K (go0) = Klyo)| < O 0

for all 2|x — 2/| < |z — y|.

A linear operator T : S(R") — S'(R™) is said to be a §-Calderén-Zygmund
operator if T' can be extended to a bounded operator on L?(R") and if there
exists a 0-Calderén-Zygmund singular integral kernel K such that for all f €
C°(R™) and all « ¢ supp f, we have

zwmz/K@mmwy

We say that T' is a Calderén-Zygmund operator if it is a 6-Calderén-Zygmund
operator for some ¢ € (0, 1].

We say that the Calderén-Zygmund operator 7" satisfies the condition 7*1 =
0 (resp., T1 = 0) if [, Ta(z)dz = 0 (vesp., [p. T*a(x)dz = 0) holds for
all classical H!-atoms a. Let b be a locally integrable function on R™. We
say that the Calderén-Zygmund operator T satisfies the condition 7*b = 0 if
Jan b(z)Ta(x)dz = 0 holds for all classical H'-atoms a.
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2.2. Function spaces. We first consider the subspace A of S(R™) defined by
A={oe SR : |o(x)] + [Vo(@)| < (1+[zf?) 0 ],
where V = (9/0x1, ...,0/0x,) denotes the gradient. We then define
Mf(x) :=sup sup |f*¢e(y)] and mf(z):=sup sup [f*(y)l,

PeA |y—z|<t PEA |y—z|<t<1
where ¢;(+) =t "¢(t~!-). The space H'(R") is the space of all tempered distri-
butions f such that MM f € L'(R") equipped with the norm || f||z1 = ||990f|| 1.
The space h'(R") denotes the space of all tempered distributions f such that
mf € LY(R") equipped with the norm ||f|,: = |[[mf]|z:. The space H™°8(R")
(see [23, 4]) denotes the space of all tempered distributions f such that MM f €
L'°8(R") equipped with the norm || f|| gz = ||9f]|f10e. Here L°8(R™) is the

f(@)]
Tog(etTe) Hogler | F@) 40 < ©©

space of all measurable functions f such that [,
with the (quasi-)norm

| f || zog := inf )\>O:/ A dr <1
R”

Clearly, for any f € H*(R"), we have

[l < AL f e and (L f[[zpos < (LF Nl

We remark that the local real Hardy space h!(R™), first introduced by Gold-
berg [18], is larger than H'(R™) and allows more flexibility, since global can-
cellation conditions are not necessary. For example, the Schwartz space is
contained in A'(R™) but not in H'(R"), and multiplication by cutoff functions
preserves h!(R") but not H'(R"). Thus it makes h'(R") more suitable for
working in domains and on manifolds.

It is well-known (see [15] or [40]) that the dual of H'(R") is BMO(R™) the
space of all locally integrable functions f with

1o = s%pﬁ B/ (@) — faldr < oo,

where the supremum is taken over all balls B. We note Q := [0, 1)" and, for f
a function in BMO(R™),

| fllBaco+ = || fllBaro + | fal-

We should also point out that the space H'°8(R"™) arises naturally in the
study of pointwise product of functions in H*(R™) with functions in BMO(R"),
and in the endpoint estimates for the div-curl lemma (see for example [3, 4,

23]).
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In [18] it was shown that the dual of 2! (R") can be identified with the space
bmo(R™), consisting of locally integrable functions f with

1Fllomo = sup /|f ~ folde + sup /|f J|dz < oo,
18] b 5]

|BI<1 |B|>1

where the supremums are taken over all balls B.
Clearly, for any f € bmo(R"), we have

1 fllBro < N fllBazo+ < C|lf lbmo-

We next recall that the space VMO(R™) (resp., vmo(R™)) is the closure of
CP(R™) in (BMO(R™), || - [|Bao) (resp., (bmo(R™), || - |omo)). It is well-known
that (see [9] and [11]) the dual of VMO(R™) (resp., vmo(R™)) is the Hardy
space H'(R™) (resp., h'(R")). We point out that the space VMO(R") (resp.,
vmo(R™)) considered by Coifman and Weiss (resp., Dafni [11]) is different from
the one considered by Sarason. Thanks to Bourdaud [5], it coincides with the
space VMO(R™) (resp., vmo(R™)) considered above.

In the study of the pointwise multipliers for BMO(R™), Nakai and Yabuta
[37] introduced the space BMO"8(R"), consisting of locally integrable func-
tions f with

log 7| + log( e+ a
[ f | Barores := sup | | o) / |f(x) = [B(anm|dr < 00

B(a,r) ‘B a, T
B(a,r)

There, the authors proved that a function g is a pointwise multiplier for
BMO(R™) if and only if g belongs to L>®°(R™) N BMO"8(R"). Furthermore,
it is also shown in [23] that the space BMO"Y$(R"™) is the dual of the space
H™&(R").
Definition 2.1. Let b be a locally integrable function and 1 < q < oco. A
function a is called a (gq,b)-atom related to the cube Q if

i) supp a C Q,

i) lallze < QY

i) [gn a(x)dr = [g, a(z)b(z)dz = 0.

The space H,*(R") consists of the subspace of L'(R") of functions f which
can be written as f = Z;’il Aja;, where a;’s are (gq,b)-atoms, \; € C, and
> i1 IAjl < oo, As usual, we define on H,/(R™) the norm

Hf”H},q = inf { Z I\l f = Z )\jaj}.
pa =1

Observe that when ¢ = oo, then the space H, *(R") is just the space H} (R")
considered in [38]. Furthermore, H,(R") C H,?(R") C H'(R") and the
inclusions are continuous.

We next introduce the space H}(R") as follows.
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Definition 2.2. Let b be a non-constant BMO-function. The space H}(R")
consists of all f in H'(R™) such that [b,M](f)(x) = M(b(x)f(-) — () f())(x)
belongs to L'(R™). We equipped Hy (R™) with the norm || fll gy := | fllm 16l ro+
116, M ()l

2.3. Prerequisites on Wavelets. Let us consider a wavelet basis of R with
compact support. More explicitly, we are first given a C!'(R)-wavelet in Di-
mension one, called ¥, such that {2//%¢) (272 — k)}; rez form an L?(R) basis.
We assume that this wavelet basis comes for a multiresolution analysis (MRA)
on R, as defined below (see [35]).

Definition 2.3. A multiresolution analysis (MRA) on R is defined as an in-
creasing sequence {V;};ez of closed subspaces of L*(R) with the following four
properties

U mjez‘/j = {0} and UjeZV} - L2(R),

i) for every f € L*(R) and every j € Z, f(x) € V; if and only if f(2x) €
‘G—i—l;

iii) for every f € L*(R) and every k € Z, f(x) € Vg if and only if f(x—k) €
Vo,

w) there exists a function ¢ € L*(R), called the scaling function, such that
the family {¢r(x) = ¢p(x — k) : k € Z} is an orthonormal basis for V.

It is classical that, given an (MRA) on R, one can find a wavelet 1 such that
{29/24)(27 5 — k) } ez is an orthonormal basis of W;, the orthogonal complement
of V; in Vj41. Moreover, by Daubechies Theorem (see [12]), it is possible to
find a suitable (MRA) so that ¢ and v are C!(R) and compactly supported, v
has mean 0 and [ z¢(x)dz = 0, which is known as the moment condition. We
could content ourselves, in the following theorems, to have ¢ and ¢/ decreasing
sufficiently rapidly at oo, but proofs are simpler with compactly supported
wavelets. More precisely we can choose m > 1 such that ¢ and v are supported
in the interval 1/2+m(—1/2,41/2), which is obtained from (0, 1) by a dilation
by m centered at 1/2.

Going back to R™, we recall that a wavelet basis of R" is constructed as
follows. We call E the set £ = {0,1}"\ {(0,---,0)} and, for ¢ € E, put
Yo (x) = ¢7H(x1) - - - 97 (), With ¢% (z;) = ¢(x;) for o; = 0 while ¢% (z;) =
¥(z;) for o; = 1. Then the set {2"/%)? (272 —k)}jez.rezn ocr is an orthonormal
basis of L*(R™). As it is classical, for I a dyadic cube of R™, which may be
written as the set of x such that 27z — k € (0,1)", we note

WF (@) = 29297 (2 — k).

We also note ¢; = 2"/2¢ 12 (272 — k), with ¢ 1)» the scaling function in
n variables, given by ¢ 1) (2) = ¢(x1)---¢(x,). In the sequel, the letter I
always refers to dyadic cubes. Moreover, we note kI the cube of same center
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dilated by the coefficient k. Because of the assumption on the supports of ¢
and 1, the functions ¢¢ and ¢; are supported in the cube m/.

The wavelet basis {17}, obtained by letting I vary among dyadic cubes and
o in E, comes from an (MRA) in R", which we still note {V;};ez, obtained by
taking tensor products of the one-dimensional ones.

The following theorem gives the wavelet characterization of H'(R") (cf.
(35, 21]).

Theorem 2.1. There exists a constant C' > 0 such that f € H*(R™) if and
. 1/2
only if Wy f := (Z[ Y ower (] ¢?>|2|I|_1X1> € LY(R™), moreover,

CHf e < IWVufllee < Cllf .

A function a € L*(R") is called a v-atom related to the (not necessarily
dyadic) cube R if it may be written as

a=> "> a7

ICRoeFE

with ||a|z2 < |R|~Y2. Remark that a is compactly supported in mR and has
mean 0, so that it is a classical atom related to mR, up to the multiplicative
constant m™2. It is standard that an atom is in H'(R") with norm bounded
by a uniform constant. The atomic decomposition gives the converse.

Theorem 2.2 (Atomic decomposition). There exists a constant C > 0 such
that all functions f € H'(R™) can be written as the limit in the distribution
sense and in H*(R™) of an infinite sum

f=2_ N
j=1
with a; Y-atoms related to some dyadic cubes R; and A\; constants such that
CHI i <D N1 < Cllf e
j=1

This theorem is a small variation of a standard statement which can be
found in [21], Section 6.5. Remark that the interest of dealing with finite
atomic decompositions has been underlined recently, for instance in [34, 23].

Now, we denote by HZ (R™) the vector space of all finite linear combinations
of 1y-atoms, that is,

k
[ = Z Ajag,
j=1
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where a;’s are ¢-atoms. Then, the norm of f in H} (R™) is defined by

k k
1l =i {31 f =D Aay |-
Jj=1 j=1

By the atomic decomposition theorem, the set Hg, (R™) is dense in H'(R™)
for the norm || - || 1.

The following two wavelet characterizations of LP(R"), 1 < p < oo, and
BMO(R"™) are well-known (see [35]).

Theorem 2.3. Let 1 < p < co. Then the norms
1Fllews 1O D KA ADPHT XD e and (1D 1G99 P(@F)*) 210
I o€k I o€eFE

are equivalent on LP(R™).

Theorem 2.4. A function g € BMO(R") if and only if

|—j%|ZZ|<g,w;’>\2<oo

ICRo€eE

for all (not necessarily dyadic) cubes R. Moreover, there exists a constant
C' > 0 such that for all g € BMO(R"),

B 1 . 1/2
C M lgllswo < 5w (i 32 3o 071 ) < Clgllswo.

ICRoeE

where the supremum is taken over all cubes R.

By Theorem 2.3, Theorem 2.4 and John-Nirenberg inequality, we obtain the
following lemma. The proof is easy and will be omitted.

Lemma 2.1. Let f be a 1-atom related to the cube R and b € BMO(R").
Then, 3 1cp Doer{l, VD)0 V1) () € LUR™) for any q € (1,2).

3. BILINEAR, SUBBILINEAR DECOMPOSITIONS AND COMMUTATORS

Recall that K is the set of all sublinear operators 7" bounded from H'(R")
into L' (R") satisfying

[(b = bg)Tallr < Clbll Baso,

for all b € BMO(R"), any H'-atom a supported in the cube @, where C' > 0
a constant independent of b,a. This class K contains almost all important
operators in harmonic analysis: Calderén-Zygmund type operators, strongly
singular integral operators, multiplier operators, pseudo-differential operators,
maximal type operators, the area integral operator of Lusin, Littlewood-Paley
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators,
etc... (See Section 4).



BILINEAR DECOMPOSITIONS AND COMMUTATORS 12

Here and in what follows the bilinear operator & is defined by

&(f,9) == 2D AL ulo v
1 ock
In [4], the authors show that & is a bounded bilinear operator from H*'(R")x
BMO(R") into L'(R").

3.1. Two decomposition theorems and (H},L') type estimates. Let b
be a locally integrable function and 7' € K. As usual, the (sublinear) commuta-

tor [b, T'] of the operator T is defined by [b, T|(f)(z) := T<(b(:1:) —b())f()) (x).

Theorem 3.1 (Subbilinear decomposition). Let T' € K. There exists a bounded
subbilinear operator R = Ry : H(R") x BMO(R") — LY(R"™) such that for
all (f,b) € HY(R™) x BMO(R"), we have

IT(S(f,0))| = R(f,b) <|[b, TI(S)| <R(Sf,b) +[T(S(f,))].

Corollary 3.1. Let T € K be such that T is of weak type (1,1). Then, the
bilinear operator B(f,g) = g, T)(f) maps continuously H*(R™) x BMO(R™)
into weak-L*(R™). In particular, the commutator [b, T| is of weak type (H', L*)
if b € BMO(R™).

We remark that the class of operators T' € K of weak type (1,1) contains
Calderén-Zygmund operators, strongly singular integral operators, multiplier
operators, pseudo-differential operators whose symbols in the Hormander class
Smowith 0 < 0 < 1,0 <6 < Lm < —n((1 — 0)/2 + max{0, (§ — 0)/2}),
maximal type operators, the area integral operator of Lusin, Littlewood-Paley
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators 79
with 6 > (n —1)/2, etc...

When T is linear and belongs to I, we obtain the bilinear decomposition
for the linear commutator [b, T] of f, [b,T](f) = bT(f) —T(bf), instead of the

subbilinear decomposition as stated in Theorem 3.1.

Theorem 3.2 (Bilinear decomposition). Let T' be a linear operator in K.
Then, there exists a bounded bilinear operator R = Ry : H(R")x BMO(R™) —
LY(R™) such that for all (f,b) € H*(R™) x BMO(R"), we have

0. T](f) = R(f,0) + T(S(f,b)).

The following result gives (H}, L')-type estimates for commutators [b, 7]
when T belongs to the class K.

Theorem 3.3. Let b be a non-constant BMO-function and T € K. Then, the
commutator [b, T| maps continuously H}(R") into L'(R").

Remark that in the particular case of T' a 1-Calderén-Zygmund operator
and H}(R") replaced by H}(R"), Pérez [38] proved

(3.1) sup{||[b, T](a)||11 : ais a (00, b)—atom} < oo.
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Then he concludes that the (linear) commutator [b, 7] maps continuously
Hi(R™) into L'(R™). Notice that Hi(R™) € H,(R™) € HE(R™), 1 < ¢ < oo,
and the inclusions are continuous (see Section 5). However, as mentioned in
the introduction, Inequality (3.1) does not suffice to conclude that the (lin-
ear) commutator [b,T] is bounded from H}(R™) to L'(R™). We should also
point out that the (H', L') weak type estimates and the (H}, L') type esti-
mates for the (linear) commutators of multiplier operators (see [45, 25, 42]),
strongly singular Calderén-Zygmund operators (see [26]) and for the (sublin-
ear) commutators of Littlewood-Paley type operators (see [28]), Marcinkiewicz
operators (see [33]), maximal Bochner-Riesz operators (see [30, 31, 29]) have
been studied recently. However, the authors just prove Inequality (1.2) (that
is Inequality (3.1)) and use Equality (1.1) which leaves a gap as pointed out
in the introduction.

3.2. Boundedness of linear commutators on Hardy spaces. Analo-
gously to Hardy estimates for bilinear operators of Coifman and Grafakos
([8]; see also [14]), we obtain the following strongly bilinear estimates which
improve Corollary 3.1.

Theorem 3.4. Let T be a linear operator in K. Assume that A;, B;, i =
1,..., K, are Calderon-Zygmund operators satisfying A;1 = Al = Bl =
Bf1 =0, and for every f and g in L*(R™),

K
g i=1
Then, the bilinear operator T, defined by

K

T(f,9) =Y _[Big, TI(Aif),

i=1

maps continuously H*(R™) x BMO(R"™) into L'(R").
We now give a sufficient condition for the linear commutator [b, 7] to map

continuously H}(R") into h'(R").

Theorem 3.5. Let b be a non-constant BMO"s-function and T be a Calderdn-
Zygmund operator with T1 = T*1 = 0. Then, the linear commutator [b,T]
maps continuously H}(R™) into h'(R").

The last theorem gives a sufficient condition for the linear commutator [b, T’

to map continuously H}(R") into H'(R™).

Theorem 3.6. Let b be a non-constant BMO-function and T be a Calderon-
Zygmund operator with T*1 = T*b = 0. Then, the linear commutator [b,T]
maps continuously H} (R™) into H'(R").
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Observe that the condition 7%b = 0 is "necessary” in the sense that if
the linear commutator [b, 7] maps continuously H}(R™) into H'(R™), then
Jan b(z)Ta(z)dz = 0 holds for all (g, b)-atoms a, 1 < ¢ < oco.

Also, let us give some examples to illustrate the sufficient conditions in
Theorem 3.6. To have many examples, let us consider Euclidean spaces R, n >
2. Now, consider all Calderén-Zygmund operators T such that 7T%1 = 0. As
the closure of T(H'(R")) is a proper subset of H'(R"), by the Hahn-Banach
theorem (note that BMO(R") is the dual of H'(R™)), one may take b a non-
constant BM O-function such that fRn bTadr = 0 for all H'-atoms a, i.e.
T*b = 0, and thus b and T satisfy the sufficient condition in Theorem 3.6.

4. THE CLASS K AND FOUR BILINEAR OPERATORS ON H!(R™) x BMO(R")

4.1. The class K. The purpose of this subsection is to give some examples
of operators in the class K. More precisely, the class I contains almost all
important operators in Harmonic analysis: Calderén-Zygmund type operators,
strongly singular integral operators, multiplier operators, pseudo-differential
operators with symbols in the Hormander class S7%s with 0 < ¢ < 1,0 <
6 < 1I,m < —n((1 - 0)/2 + max{0, (6 — 0)/2}) (see [2, 1]), maximal type
operators, the area integral operator of Lusin, Littlewood-Paley type operators,
Marcinkiewicz operators, maximal Bochner-Riesz operators T° with § > (n —
1)/2 (cf. [24]), ete... Tt is well-known that these operators T' are bounded from
H'(R") into L'(R™). So, in order to establish that these ones are in the class
IC, we just need to show that

(4.1) |(b—bg)TallLr < Cb|lBrmo

for all BMO-function b, H'-atom a related to a cube Q = Qlxq, 7] with con-
stant C' > 0 independent of b, a.

Observe that the nontangential grand maximal operator 9t belongs to K
since it satisfies Inequality (4.1) (cf. [40]). We refer also to [20] for the (sub-
linear) commutators [b, M, o] of the maximal operators M, , —note that M,
lies in /C—.

Here we just give the proofs for Calderén-Zygmund operators (linear oper-
ators) and the area integral operator of Lusin (sublinear operator). For the
other operators, we leave the proofs to the interested reader.

First recall that P(x) = W is the Poisson kernel and uy(x,t) :=
f = P(x) is the Poisson integral of f. Then the area integral operator S of
Lusin is defined by

1/2

S(f)(x) = / Vg, P dydt |

I'(z)
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where T'(z) is the cone {(y,t) € R} : |y — 2| < t} with vertex at z, while
Vuy = (Qup/Oxy, ..., 0us )0z, Ous/Ot) is the gradient of up on RUT = R™ x
(0, 00).

Proposition 4.1. Let § € (0,1] and T be a 6-Calderdn-Zygmund operator.
Then T satisfies Inequality (4.1), and thus T belongs to K.

Proof. We cut the integral of | (b—bg)T'a| into two parts. By Schwarz inequality
and the boundedness of T on L?*(R™), we have

1/2

[ @) = voliTa@ids < ¢ { [ 1) - bolde | el
2Q Q

< Clbllsumo
here one used the fact |byg — bg| < C||b||pamo- Next, for z ¢ 2Q),

Ta(z)| = / (K () — K (z,20))a(y)dy

/|;1: o |n+5 ay)ldy

T'

IN

C

‘SL’ _ xo‘n+5 :
Therefore,

0
[ 1) = bolTa(w)lds < 0/ (a) = bol "z < Clblvo,
(2Q)°
since the last inequality is classical (cf. [40]). This finishes the proof.
U

Corollary 4.1. Let Rj,j = 1,...,n, be the classical Riesz transforms. Then,
R; belongs to K for all j =1,...,n

Proposition 4.2. The area integral operator S satisfies Inequality (4.1), and
thus S belongs to KC.

Proof. We also cut the integral of |(b — bg)S(a)| into two parts. By Schwarz
inequality and the boundedness of S on L*(R"), we have

1/2

/ b(z) — bol|S(a)(@)|dz < C / b(z) — boldz | lallz
2Q Q

< C|bl[smo-
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Next, for = ¢ 2@Q), by using the equality

= [ (5 P52 e

Rn
since [y, a(z)dz = 0, it is easy to establish that

1/2
_ 2,1-n r
S(a)(z) = / [Vua(y, 1)t " dydt < Cm-
I'(z)
Therefore,
r

/ ‘b —bQHS |d5L’<C/|b bQ|| ‘nJrldSL’SCHb”BMo,

(2Q)°
which ends the proof. O

We should point out that the Littlewood-Paley type operators can be viewed
as vector-valued Calderén-Zygmund operators (see [39]). See also [20] in the
context of vector-valued commutators.

4.2. Four bilinear operators on H'(R") x BMO(R"). We now consider
four bilinear operators on H'(R") x BMO(R™) which are fundamental for our
bilinear decomposition theorem.

We first state some lemmas whose proofs can be found in [4].

Lemma 4.1. The bilinear operator I3 defined on H'(R™) x BMO(R™) by
Ms(f,9) = D> > (f o9 {9, v7) (¥F)°

I ockE
is a bounded bilinear operator from H'(R™) x BMO(R™) into L*(R™).

Observe that &(f, g) = —II3(f, g) for all (f,g) € H'(R") x BMO(R").

(
Lemma 4.2. The bilinear operator 11y, defined on H*(R™) x BMO(R™) b
Wa(f,9) =Y > (F 50 g, w5 s,
1,I'’ o,0'€E
the sums being taken over all dyadic cubes I, 1" and 0,0’ € E such that (I,0) #
(I',0"), is a bounded bilinear operator from H'(R"™) x BMO(R") into H'(R").
Lemma 4.3. The bilinear operator 11; defined by
Mi(a,g) = Y > (a,é0){g, ¥7)éref,
\I|=|I'| o€E

where a is a Y-atom and g € BMO(R"™), can be extended into a bounded
bilinear operator from H'(R™) x BMO(R") into H'(R").
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Lemma 4.4. The bilinear operator Il deﬁned by

Ta(a,9) = D D (@ v]){g. or)vior,

[I|=|I'| o€EE

where a is a Y-atom related to the cube R and g € BMO(R™), can be extended
into a bounded bilinear operator from HY(R") x BMO*(R") into Hs(R").
Furthermore, we can write
(4.2) My(a, g) = h™Y + kgrh®
where ||V < Ollgllsuo, M is an atom related to mR, and x a uniform
constant, independent of a and g.

The following remarks are useful in our proofs in Section 6 and Section 7.

Remark 4.1. (1) If ¢ € BMO(R") and f € HYR"™) such that fg €
LY (R™), then

fgde = — [ &(f,g)dr =Y "> (f,47) (g, 7).
Jome== o

I ocFE
(2) For any (f,q) € Hl(R”) x BMO(R™) and ¢ a constant, we have

IL(f.9) =1L(f,g+¢c),i=134.
(8) As a consequence of Lemma 4.4, if gr = 0 then Equality (4.2) gives
that Ty (a, g) € HY(R™). Moreover, ||Ils(a, g9)|lar < Cllg||Bro-

In [4], the authors have shown the following decomposition theorem for the
product space H'(R") x BMO(R").

Theorem 4.1 (Decomposition theorem). Let f € H'(R™) and g € BMO(R™).
Then, we have the following decomposition

fg = Hl(fvg) +H2(fvg) +H3<fag) +H4(f7g)7
that s

5. THE SPACE H}(R")

Let b be a non-constant BM O-function. In this section, we study the space
H}(R"). In particular, we give some characterizations of the space H}(R™)
(see Theorem 5.1), and the comparison with the space H}(R") of Pérez (see
Theorem 5.2).

First, let us consider the class K of all T € K such that T characterizes the
space H'(R™), that means f € H'(R") if and only if T f € L'(R"). Clearly, the
class K contain the maximal operator N, the area integral operator S of Lusin,
the Littlewood-Paley g-operator (see [15]), the Littlewood-Paley g}-operator
with A > 3n (see [19]), etc...
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Here and in what follows, the symbol f ~ g means that C~'f < g < C'f for
some constant C' > 0. We obtain the following characterization of H} (R™).

Theorem 5.1. Let b be a non-constant BMO-function and T € K. For
f € HY(R"), the following conditions are equivalent:

i) f € HH(R").

i) &(f,b) € H'(R").

i) [0, R;|(f) € LY(R™) for allj =1,...,n.

w) [b,T)(f) € L'(R").

Furthermore, if one of these conditions is satisfied, then

1Az = [l lollzaco + [[[b; M) s
= |l bl o + 1SS, 0) ][

~ |l bl Baso + Z 16, R I () 2t

~ |l bl o + 1[0, TICH

where the constants are independent of f and b.

Remark 5.1. Theorem 3.8 and Theorem 5.1 give that [b,T] is bounded from
H}(R™) to LY(R™) for every T a Calderdn-Zygmund singular integral operator.
Furthermore, H}(R™) is the largest space having this property.

Proof of Theorem 5.1. (i) < (i1) By Theorem 3.1, there exists a bounded
subbilinear operator R : H!(R") x BMO(R") — L'(R™) such that

M(S(f,0)) = RS, 0) <[, M) < R(S,b) + M(S(,0)).
Consequently, &(f,b) € H'(R™) if and only if [b,9](f) € L*(R™). Moreover,
[l = WS e 10l saso + (1S (S, )]l

(17) < (7). By Theorem 3.2, there exist n bounded bilinear operators
R, : H(R") x BMO(R™) — LY(R"), j = 1,...,n, such that

[0, R;j1(f) = R;(f,b) + R;(S(f,0)).

Consequently, &(f,b) € HY(R") if and only if [b,R,|(f) € L*(R") for all
j =1,...,n. Moreover,

1 Bl aro + IS CF ) L 2 (1f e Bl aso + D 1B, Rl e

j=1

(77) < (iv). By Theorem 3.1, there exists a bounded subbilinear operator
R: H(R") x BMO(R™) — L'(R™) such that

IT(S(f,0))| = R(f,b) <[b, TI(F)| < R(S,b) +[T(S(f,))].
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Consequently, &(f,b) € H(R") if and only if [b, T](f) € L*(R") since T € K.
Moreover,
£z 10l Bro + 1S (S 0) | = N[ 1l [[bll aso + 1[0, TICH -
U

Remark that the constants in the last equivalence depend on T
The following lemma is an immediate corollary of the weak convergence
theorem in H'(R™) of Jones and Journé. See also [11] in the setting of h!(R").

Lemma 5.1. Let {f;.}1>1 be a bounded sequence in H'(R™) (resp., in h*(R™))
such that fy, tends to f in L*(R™). Then f in H*(R") (resp., in h*(R")), and
[l < L[| fil[ere (respes [[fllae < dim ([ filar)-

k—o0 k—o0

Theorem 5.2. Let b be a non-constant BMO-function and 1 < ¢ < co. Then,
Hy'(R™) € HE(R™) and the inclusion is continuous.

Proof. Let a be a (g, b)-atom related to the cube (). We first prove that (b—bg)a
is C||bllppo times a classical (¢ + 1)/2-atom. One has supp (b — bg)a C
supp a C Q and [p, (b(z) — bg)a(z)dr = [, b(x)a(z)dx — bg [, a(z)dz = 0.
Moreover, by Holder mequahty and John-Nirenberg inequality, we get

16— bo)all L@t < |1(b—bo)xall paarnian llall s < C|lb]l paro| @D/ @D,

where ¢ = ¢ if 1 < ¢ < 00, ¢ = 2 if ¢ = 0o, and C > 0 is independent
of b,a. Hence, (b — bg)a is C||b||pmo times a classical (¢ + 1)/2-atom, and
16 = ba)allu < bl Baro-

We now prove that &(a,b) belongs to H*.

By Theorem 3.2, there exist n bounded bilinear operators R; : H'(R™) x
BMO(R") — L*(R"), j = 1, ...,n, such that

[b; R;](a) = R;(a,b) + R;(S(a, b)),

since R; is linear and belongs to K (see Corollary 4.1). Consequently, for all
j=1,..,n,asR; € K,

IR (S(a, b))t = [I(b = bg)R;(a) = R;((b = bo)a) — R;(a, )|
< 0= 00)Ri(@)llrr + IRl l|((b = bo)a)l| s + [1R;(a, b)|| s
< C||bl|samo-

This proves that &(a,b) € H'(R"™) since ||&(a,b)||z: < C||b||samo, and more-

over that

(5.1) 16(a, )|l < Cllbll saro-

Now, for any f € H,?(R"), there exists an expansion f = > Ay
where the a;’s are (g,b)-atoms and 72, |\;] < 2||f||H},q Then the sequence

{Ele \ja;j }r>1 converges to f in H,?(R™) and thus in H'(R"). Hence, Lemma
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4.1 implies that the sequence {6( > le Ajaj, b)} converges to &(f,b) in
k>1
LY(R™). In addition, by (5.1),

k k
|8 (> nasb)| Z X 116(az, )l < Cllf lgaallbllsaro-
j=1 j=1

We then use Lemma 5.1 to conclude that &(f,b) € H*(R"), and thus f €
H} (R™) (see Theorem 5.1). Moreover,

[l < CUS Mol o + 1SS, 0)] )

< C(HfHH;ﬂHbHBMo +kli_m H6<i)‘jaﬂ"b)HHl>
oo =

< ClfllypallbllBaro,
which ends the proof. U
From Theorem 3.3 and Theorem 5.1, we get the following corollary.

Corollary 5.1. Let b be a BMO-function, T' € K and 1 < ¢ < co. Then the
linear commutator [b, T] maps continuously Hy*(R™) into L'(R™).

6. PROOF OF THEOREM 3.1, THEOREM 3.2, THEOREM 3.3

In order to prove the decomposition theorems (Theorem 3.2 and Theorem
3.1), we need the following two lemmas.

Lemma 6.1. Let T € K and a be a classical H'-atom related to the cube m(Q).
Then, there exists a positive constant C' = C(m) such that

19 = 9@)Tallrr < Cllgllzao, for allg € BMO(R?).
Proof. Since T € K and since |gg — gmg| < C(m)||g||smo, we have

(g — 9@)Tallr < Cm)llgllzmolTallzr + /(9 = gme)Tallr < Cllgllzro-
U

Lemma 6.2. The norms || - ||m and || - || are equivalent on HL (R™).

We point out that in the proof below we use the results and notations of
Theorem 5.12 of [21]. Even though the proofs in [21] are in the one-dimensional
case, they can be easily carried out in higher dimension as well.

The proof of Lemma 6.2. Obviously, H} (R") C H'(R") and for all f € H} (R"),
we have || f||m1 < C| ||z . We now have to show that there exists a constant
C > 0 such that for all f € Hg (R™),

[ f ez, < ClIf -

fin
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By homogeneity, we can assume that ||f||z: = 1. We write f = Z;V:“l Aja;,
where the a;’s are 1-atoms related to the cubes R;’s. Since f € L*(R™) N
H'(R"), there exists a 1-atomic decomposition (see [21], Theorem 5.12)

F=Y DR = Y ) 1 >0 D (feny

1 o€k keZ ieAy ICT,i,IEBk oekE

where EIC;;;JE&C Yooerlfs VT = Ak, i)ay,; with a,; ¥-atoms related to the
cubes mf,i and
(6.1) SN ME D < Clfllm = C.

kEZ iy

We note that supp ay; C UjV:()l mR; for all k € Z,i € Aj. Recall that

wor = (S eniin )

1 o€eFE

(T e

j=1 ICR; 0€E
and Qp = {z € R" : Wy f(z) > 2%} for any k € Z. Clearly, supp Wy f C
U;V:Ol mR;. So, there exists a cube @ such that Qy C supp Wy f C Uj\f:()l mR; C

Q for all k € Z. We now denote by k’ the largest integer k such that 28 < |Q|~1.
Then, we define the functions g and ¢ by

g=>_> | D Drenus | ande=> Y| > > (fuDf

k<k’'i€Aj ICTi,IEBk oeklE k>k' i€\ ICT};JGB/C cekE

Obviously, f = g + ¢, moreover, supp g C ) and supp ¢ C (). On the other
hand, it follows from Theorem 5.12 of [21] that Z[c'fé 1eB, 2ooer WLHYVD? <

022k|_};i N Q). Hence, as the dyadic cubes fli are disjoint (see also [21]), we get

lgll: < C> > > D KAeDP

k<k’i€Aj ICT};,IGB]C cekE

< O N MIINQ <CY 2%|0y
k<k’i€Ag K<k’

< o2¥|gl <l

This proves that C~/2¢ is a ¢-atom related to the cube Q.
Now, for any positive integer K, set Frr = {(k,i) : k > K, |k|+]i| < K} and

g = Z(k‘,i)EFK <Elcfi,lel§k > oerlSs ?ﬁ?)ﬂ)‘f) Observe that since f € L*(R"),
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the series >, D icn, (Zlcfi,lelﬁk Y owerlfs 1/1}’)1/}‘[’) converges in L?(R"). So,

for any € > 0, if K is large enough, e 1(¢ — () is a 1)-atom related to the cube
Q. Therefore, f = g+ {x + (¢ — {f) is a finite linear combination of atoms for

f, and thus
I, < CUlgllay, + Mexllmy, + 1€ = Cellmy,)

< C(C+ZZ|A(k,i)|+s> <C

kEZ icAy

by (6.1). It ends the proof.

Proof of Theorem 3.1. We define the subbilinear operator R by
RS, b)) = T (@) F()=Tla £, 1)) ) () [+ T (£, 1)) (@) |HT (Ll £, b)) ()
for all (f,b) € H'(R") x BMO(R™). Then, by Theorem 4.1, we obtain that

IT(S(f,0))| = R(f,b) <[b, TI(F)| < R(S,b) +[T(S(f,))].

By Lemma 4.1, Lemma 4.2 and Lemma 4.3, it is sufficient to show that the
subbilinear operator

U(F0) (@) = [T (b)) = Ta(£,6)()) (@)

is bounded from H'(R") x BMO(R") into L*(R™).
We first consider b € BMO(R™) and f a t-atom related to the cube Q.
Then, by Remark 4.1, we have

U5 0)(x) = U(f, 0 = bo) () < [(b(x) = bo)Tf ()| + |T(Hs(f,b = b)) ()]

Consequently, by Remark 4.1, Lemma 6.1 and the fact f is C' times a classical
atom related to the cube m(), we obtain that

(6.2) IUCf, 0)ller < [[(b=bQ)T Sl 2+ T |1 L2 [T (f, 0=b@) [ 1 < Clbll s,

where C' > 0 independent of f, .

Now, let b € BMO(R") and f € Hi (R"). By Lemma 6.2, there exists a
finite decomposition f = Z?Zl Aja; such that Zle IA;j| < Clfl|m. Conse-
quently, by (6.2), we obtain that

k
IO < D IllI(ag, D)l < ClLF L 18]l zavo,

J=1

which ends the proof as H} (R™) is dense in H'(R™) for the norm || - ||z1.
U
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Proof of Theorem 3.2. We define the bilinear operator R by
R(f.b) = (BIf = T(IL(£.))) = TL(£.5) + Li(£.b)).

for all (f,b) € H'(R") x BMO(R™). Then, it follows from Theorem 4.1 and
the proof of Theorem 3.1 that

[0, T](f) = R(f,b) + T(S(f, 1)),
where the bilinear operator R is bounded from H'(R"™) x BMO(R") into

LY(R™). This completes the proof.
U

Proof of Theorem 3.3. Theorem 3.3 is an immediate corollary of Theorem 3.1
and Theorem 5.1. O

7. PROOF OF THEOREM 3.4, THEOREM 3.5 AND THEOREM 3.6

First we recall the following well-known result.

Theorem A. (see [8] or [14]) Let T be a Calderén-Zygmund operator satisfy-
ingT1=T*1=0,1<qg<oocand1/p+1/q=1. Then, fTg—gT*f € H'(R")
for all f € LP(R"), g € LY(R").

Now, in order to prove the bilinear type estimates and the Hardy type
theorems for the commutators of Calderén-Zygmund operators, we need the
following three technical lemmas.

Lemma 7.1. Let § € (0,1], and A, B be two §-Calderén-Zygmund operators
such that A1 = A*1 = Bl = B*1 = 0. Then, there exists a constant C' =
C(n,0) such that

S KA g 8 (AW, w5 W BYG 5| < Cllf gl sao

LI'I" 00" 0" €E
for all f € HY(R™),g € BMO(R").

Lemma 7.2. Let § € (0,1], and A;, B;, i = 1, ..., K, be §-Calderén-Zygmund
operators satisfying A;1 = Afl = B;1 = Bf1 = 0, and for every f and g in
L*(R"),
K
/ (Z Aif.Big>d;1: — 0.
gn =1

Then, the bilinear operator B, defined by B(f,g) = Efil S(A;f, Big), maps
continuously H*(R™) x BMO(R") into H*(R™).

Corollary 7.1. Let T be a Calderon-Zygmund operator satisfying Tl = T*1 =
0. Then the bilinear operator B, defined by P(f,g) = &(Tf,9) — &(f,T*g),
maps continuously H'(R™) x BMO(R"™) into H*(R™).
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Lemma 7.3. Let b be a non-constant BMO-function and T" be a Calderén-
Zygmund operator with T1 = T*1 = 0. Assume that f € H}(R") has the
wavelet decomposition [ = E]Oil Z[ch Yooerlfs V)T where the R;’s are
dyadic cubes and Y ;. Y ,ep(f-UT)W] are multiples of Y-atoms related to

the cubes R;. Set fi, = Ele Dorcr; 2oepl VIV k= 1,2, Then, the
sequence {[b, T|(fx)}x>1 tends to [b, T|(f) in the sense of distributions S'(R™).

Proof of Lemma 7.1. We first remark (see [36], Proposition 1) that there exists
a constant C' > 0 such that for all dyadic cubes I, I’ and 0,0’ € E, we have
(7.1)

maX{KAw?ﬂ/f?;Ha ‘<Bw?7 w?//>|} < CQiU*j/‘(éJr"/m(

2-7 497 n+3
2_j -+ 2_j, + |l‘1 — [L‘]I|>
Consequently,

(7:2) max{|(A7, v7)|, (BYT, o7)[} < Cps(1,1')

with

9—li=i"l(6/24n/2) 27 4 97 n+6/2
p(;(], I/) = ( )

L= \277 4+ 277" + oy — ap|
Here |I| = 279" and |I'| = 277 while 2; and x; denote the centers of the two

cubes. On the other hand, it follows from Lemma 1.3 in [14] that there exists
a constant C' = C(n,d) > 0 such that

(7.3) > ps(I1")ps(I', 1) < Cps(I,1').
IH
Combining (7.2) and (7.3), we obtain
ST WA g w8 (AT 5 W (BYE vt < CY Y ps(L )49 g, 7).
1,I'1" 0,0’ 0" €E 1,I’ 0,0'€E

It is easy to establish that the matrix {ps(Z,I’)}; ;s is almost diagonal (by

taking € = 0/4 in the definition (3.1) of Frazier and Jawerth [16]) and thus is
: 1/2
bounded on f;"* the space of all sequences (a;); such that <Z[ \CL1|2\[|_1X1>

is in L'(R™). We then use the wavelet characterization of H'(R™) (see Theorem
2.1) and the fact that (cf. [16])

SN R e g w5 < Clikllllg o,
I' o'eFE
for all h € H'(R™), to conclude that
ST AU g s A wg ) (BYG g < Cll flllglmao.

LI'1" 0,0 ,0"€E
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Proof of Lemma 7.2. By Lemma 7.1, we have

K
B(fg) = Z S(Aif, Big)

K
= ST S (g A Y (B 5 (W )

i=1 I,I'I" 0,0’ ,0""€FE

where all the series converge in L'(R"). For any dyadic cubes I,1I’, 0,0’ € E,
we have

K
SN TS U T AT T B T Y ()

i=1 [" o'€eFE

K
=33 S (F e e A e Bt on) (w)? — (w)?)

1=1 [" o"€FE

since (see Remark 4.1)

ZZ Z AR T (B 5 ) :/(Zz‘hw[ ﬂ/}p> dx = 0.

i=1 1" o'cE P =
An explicit computation gives that ¢, |> — [¢¢]? is in H'(R"), with
I[e7: > = [ Pl < C (1og(2ff' +279") 7 log(lay — apn| + 270 + 2*]’”)) .

Here |I| = 277" and |I"| = 279", while z; and x;» denote the centers of the
two cubes. Consequently, by (7.1) and (7.3), we get

K
DD IR R A RT AR AT R A AN

=1 1" o"€eFk

H1

K
< ST U e v (AT v KB v | (v ) y
=1 I" o€k
K
< CYNT DT KU v ns(, a1 1)

i=1 I o"€E
< Cps(L D g, 7)),

here we used the fact that

— x|+ 277 277"

|ZL‘]—I‘[//|+2 J+2 i’

1+]j—j"1%)1 ('“ e ><C 5)2li- J”“W(
(1+[7—4"17) log T o < C(9) SR

)5/2
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Thus, the same argument as in the proof of Lemma 7.1 allows to conclude that

1B Dl < CY > ps(LI)f D (g, v7)|

I,I' o,0/'€E
< Clfllmllgllaro,

which ends the proof.
O

Before giving the proof of Lemma 7.3, let us recall the following lemma. It
can be found in [17].

Lemma A. (see [17], Lemma 2.3) Let T" be a Calderén-Zygmund operator
satisfying 7’1 = 0. Then 7" maps S(R™) into L>°(R™). Moreover, there exists a
constant C' > 0, depending only on 7', such that for any ¢ € S(R") with supp
¢ C B(xg,1), we have

[Tl < Cll¢llzee +rl[IVEllle)-

Proof of Lemma 7.3. By Theorem 3.2, it is sufficient to prove that

lim [ T(S(fy, b))hde = / T(S(f, b))hdz,

k—o00
R® R"
for all h € S(R™). Because of the hypothesis, we observe that &(f,b) € H'(R")
and &(fi,b) € L1(R™), k = 1,2, ..., for some g € (1,2) (see Lemma 2.1).

Let &(f,0) = > 72, Aja; be a classical Li-atomic decomposition of &(f,b).
Then, T(Ele Aja;) tends to T(S(f,b)) in L'(R™) (in fact, it also holds in
HY(R") since T*1 = 0). Hence, as h € S(R") C L*®(R") N LY (R") where
1/g+1/¢d =1, &(fi,b),a; € LY(R") and T*h € L>®(R") since T*1 = 0 (see
Lemma A), by Theorem A we get

k k
/T(G(f, )hde = Tim [ T( S Aa)hde = lim [ (3 Aja; ) T*hda
o j=1 j=1

k—o0 k—o0
R R

_ / S(/.0)T" hdz = Jim / S(fo,b)T" hdx
—00
R7 Rn
= lim [ T(S(fg,b))hdx,
k—o0
R
since &(fx,b) tends to &(f,b) in L'(R") as f, tends to f in H'(R") (see
Theorem 3.2). This finishes the proof.
U
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Proof of Theorem 3.4. Let (f,g) € H*(R™) x BMO(R"). By Theorem 3.2 and
Lemma 7.2, we obtain T(f, g) = S.1,[Big, T](A:f) € L'(R™), moreover,

IS0l < f IR, Big) + HT(f S(4if, Big))|

X L1
=1
K K
< OYAS i IBigllmaio + 1 Tlmos| Y- (A, Big)||
i=1 i=1
< Cllfllallgllzaro-
This completes the proof.
O

Proof of Theorem 3.5. Let f € H}(R™), we prove [b, T](f) € h*(R™) using the
fact that BMO™8(R") is the dual of H'8(R"™) (see [23]). Indeed, by Theo-
rem 2.2, there exists a decomposition f =377, > o1cr; 2ooepl S, V7))V where
dorc R; Y ooeplf,07)7 are multiples of ¢-atoms related to the dyadic cubes
R;. Set fi = 2?21 >orcr; 2oepl VTV, k= 1,2,... Then, the sequence

[b, T](fx) tends to [b,T](f) in the sense of distributions S'(R™) (see Lemma
7.3), and thus

(7.4) im [ [b T)(fo)hdz — / b, T)(f)hd,

k—o0
R™ R™

for all h € C§°(R™). Notice that [b, T|(fx) € L*(R™) and [b, T](f) € L*(R").
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Let h € C§°(R™). By Lemma 4.2, Lemma 4.3, Lemma 4.4, Remark 4.1 and
Corollary 7.1, we have hT'(fr)— fx (T*h— (T*h)@) € H'"s(R™). More precisely,

|75 = £ (77 = (TR )|

Hlog

+

H1

< 0{ |s@ (), m) = &(fe.Th— (T"R)g) |

+ _Z <HHJ'<T(fk),h)HH1 n )

1L (o T = (T*h)o) |

)+
H1

Hlog }

T*h — (T*h)QHBMo +

(T ). 1) s + [T (S T = (TR} )|

IN

C{ Lfxllzz 1Pl Baro + T (i)l Al Baso + 1 il e

HIT(fe)llzl|hl Baro+ + | frll | TR — (T*h)@HBMm}

< CUlfellabllomo + L fell i 1Tl Baso) < ClLF a2 llomo,

here one used G(f, T*h — (T*h)Q> = &(f,T*h), |T*h — (T*h)ollpmo+ =
| T*h||Baro and || fel|m < CJ|f]|m. As the L?- functions f;, have compact sup-
port, b € BMOY8(R") C BMO(R"), we deduce that bhT'(f3.), KT (bfy),bfx T*h €
L'(R™). Moreover, [o, hT(bfi)dx = [o. bfiT*hdx since hT(bfy,) — bfpT*h €
H*(R™) (see Theorem A). Therefore, as BMO"“8(R™) is the dual of H"°8(R")
(see [23]), we get

/Wﬂ@%w - /wwwm—ﬂwmw

n [R™

IN

/ b(hT( ) — fk(T*h— (T*h)Q)) dz| + |(T*R)q) / bfudr

[R™ n

IA

Clbll arors

WT(f) = (T = (T"R)q)|

HG%@/%M

n

Hlog

IN

k
Cllbll sazores | fll v 12l [omo + \(T*h)@\‘ DD AL b)|.

j=1 ICR; 0€E
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The above inequality and (7.4) imply that for all h € C5°(R™), we obtain

/[b, TI(f)hdz| < C|[bll parors | || v 1allomo

n

since &(f,b) € H'(R") (see Theorem 5.1) and thus (see Remark 4.1)

k
lim 37 57 SR buf) = [ S(0)ds =0,

j=1 ICRjocE R™

This proves that [b, T|(f) € h'(R™) since h!(R™) is the dual of vmo(R") (see
Section 2). Furthermore,

1o, TVl < Clibllaroresl | f Nl < Cllbl paroros bl 5asoll 1l g

which ends the proof of Theorem 3.5.
O

Proof of Theorem 3.6. By Theorem 3.2 and Theorem 5.1 together with Lemma
4.2 and Lemma 4.3, it is sufficient to prove that the linear operator

f= U0, 0) =0T f = T(a(f, b))

is bounded from H!(R") into itself. Similarly to the proof of Theorem 3.1, we
first consider f a t-atom related to the cube @ = Q[zo, ] and note that

(7.5) U(S,0) = U(f;b = bg) = (b= bo)Tf — T(Ta(f, b — bg))-

Let € € (0,1), recall that (see [41]) g is an e-molecule for H'(R™) centered
at yo if

/g(fﬁ)dfc =0 and ||l llgl - —yol* Il =: M(g) < o0,
R

where ¢ = 1/(1 — €). Tt is well known that if g is an e-molecule for H'(R")
centered at o, then ¢ € HY(R") and ||g||zn < CN(g) where C' > 0 depends
only on n, .

We now prove that (b — bg)Tf is an e-molecule for H'(R"™) centered at
xo when T is a §-Calderén-Zygmund operator for some § € (0,1] and ¢ =
§/(4n) < 1/2. Note first that f is C times a classical L*-atom related to the
cube mQ. It is clear that [,,(b — bg)T fdz = 0 since T*1 = T*b = 0. As
g =1/(1 —¢) < 2, the fact |bg — bamg| < C|b||rmo together with Holder
inequality and John-Nirenberg inequality, give

(7.6) (b = b@)T fxemellzs < CIQIY*|b]| s
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It is well-known that |Tf(z)| < C—orrs, for all z € (2mQ)°, since T is a

|z—x0|? T3
0-Calderon-Zygmund operator. Hence

1/q
5

r q
6= 4T fxanerlln < €| [ b= tol (m—rrms) e

(2mQ)°

< ClQIM" bl saro-

The last inequality, which can be found in [40], is classical. Combining this
and (7.6), we obtain

(7.7) 1(b = b@)T fllzs < C1QIY[|Bll saso-

Similarly, we also have

(b= bQ)T f.| - —20™™ Xomllze < C|QIT9711b]| paro
and as 2ne = 0/2,

0

T q
La S C / ‘b—bQ‘q<W> dzx
(2mQ)°

C|Q|2€H/qf1 16l Baro-

16 = bQ)Tf.| - =20 X2ma)e

IA

Consequently,
16— bQ)TF.| - o120 < CIQIZ/7 ]| sav0.

Combining this and (7.7), we get (b — bg)Tf is an e-molecule for H'(R")
centered at xy, moreover,

N((b— bo)T'f) < ClQITV* Y [bll saro < Cllbllsaro,
since ¢ = 1/(1 —¢). Thus, by (7.5) and Remark 4.1,
(7.8)  [IA(F, 0)[r < CN((b = bQ)Tf) + T (M2 (f, b = bo)) | < C0l Baso-

Now, let us consider f € H} (R"). By Lemma 6.2, there exists a finite
decomposition f = Zle Aja; such that Zle IAj| < O fllgr- Consequently,
by (7.8), we obtain that

k
14O < D IllIag, D)l < Cllf L Bl zao,

Jj=1

which ends the proof as H} (R™) is dense in H'(R™) for the norm || - ||z1.
U
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8. COMMUTATORS OF FRACTIONAL INTEGRALS

Given 0 < a0 < n, the fractional integral operator I, is defined by
fly
i@ = [ LYy
J e =yl

Let b be a locally integrable function. We consider the linear commutator
b, I,] defined by
[ba Ia](f) - bIaf - Ia(bf)
We end this article by presenting some results related to commutators of
fractional integrals as follows.

Theorem 8.1. Let 0 < a < n. There exist a bounded bilinear operator R :
HY(R") x BMO(R") — L"®=)(R") and a bounded bilinear operator & :
H'(R") x BMO(R") — L*(R"™) such that

[0, I](f) = R(f, b) + La(S(f, ]))-

Corollary 8.1. Let 0 < a < n and b € BMO(R™). Then, the linear commu-
tator [b, I,] maps continuously H'(R™) into weak-L™ =) (R").

Theorem 8.2. Let 0 < o < n, b € BMO(R"), and 1 < q¢ < oo. Then, the
linear commutator [b, I,] maps continuously H}(R™) into L™= (R™),

The results above can be proved similarly to Theorem 3.2 and Theorem
3.3. We leave the proofs to the interested readers. When H}(R") is replaced
by H}(R"), Theorem 8.2 was considered by the authors in [13]. There, they
proved that

sup{||[b, Ia](@)]| pr/n-e) : ais a (o0, b)—atom} < oco.

However, as pointed out before, this argument does not suffice to conclude
that [b, I,] is bounded from H}(R") into L™ =) (R").
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