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BILINEAR DECOMPOSITIONS AND COMMUTATORS OF
SINGULAR INTEGRAL OPERATORS

LUONG DANG KY

ABSTRACT. Let b be a BMO-function. It is well-known that the linear
commutator [b, T] of a Calderén-Zygmund operator 7' does not, in general,
map continuously H(R") into L'(R"). However, Pérez [B§ showed that
if H'(R™) is replaced by a suitable atomic subspace H; (R™) then the com-
mutator is continuous from H} (R") into L!(R™). In this paper, we find the
largest subspace Hj (R™) such that all commutators of Calderén-Zygmund
operators are continuous from H} (R™) into L!(R™). Some equivalent char-
acterizations of H}(R") are also given. We also study the commutators
[b, T] for T in a class K of sublinear operators containing almost all impor-
tant operators in harmonic analysis. When T is linear, we prove that there
exists a bilinear operators R mapping continuously H!(R") x BMO(R")
into L!(R™) such that for all (f,b) € H*(R™) x BMO(R™), we have

(1) b, T](f) = R(f,b) + T(S(f.b)),

where & is the bounded bilinear operator from H!(R") x BMO(R") into
L'(R™) which does not depend on 7'. In the particular case of T a Calderén-
Zygmund operator satisfying 71 = T*1 = 0 and b in BMO"8(R"), the
generalized BMO type space that has been introduced by Nakai and Yabuta
B to characterize multipliers of BMO(R™), we prove that the commutator
[b, T'] maps continuously H} (R™) into h'(R™). Furthermore, if 7*b = 0 then
the commutator maps continuously H} (R™) into H!(R™).

When T is sublinear, we prove that there exists a bounded subbilinear
operator R : H'(R") x BMO(R") — L*(R™) such that for all (f,b) €
HY(R") x BMO(R"), we have
2)  IT(S(f,0)] = R(f,0) < [[b, TI(f)] < R(f,b) + |T(S(f,0))]-

The bilinear decomposition (f]) and the subbilinear decomposition (f]) al-
low us to give a general overview of all known weak and strong L!-estimates.

1. INTRODUCTION

Given a function b locally integrable on R", and a Calderén-Zygmund opera-
tor T', we consider the linear commutator [b, T'| defined for smooth, compactly
supported functions f by

[0, TI(f) = 0T (f) = T(bf)-
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A classical result of R. Coifman, R. Rochberg and G. Weiss (see [L(]), states
that the commutator [b,7] is continuous on LP(R") for 1 < p < oo, when
b € BMO(R™). Unlike the theory of Calderén-Zygmund operators, the proof
of this result does not rely on a weak type (1,1) estimate for [b, T]. In fact, it
was shown in [Bg] that, in general, the linear commutator fails to be of weak
type (1,1), when b is in BMO(R™). Instead, an endpoint theory was provided
for this operator. It is well-known that any singular integral operator maps
HY(R"™) into L'(R™). However, it was observed in [R0] that the commutator
[b, H] with b in BMO(R), where H is Hilbert transform on R, does not map,
in general, H'(R) into L*(R). Instead of this, the weak type estimate (H*, L')
for [b,T] is well-known, see for example 7, B3, [J]. Remark that intuitively
one would like to write

o0

.U = SO0 = )T(as) = (32 (b= b)),

where [ = E;); Aja; a atomic decomposition of f and bp; the average of b on
B;j. This is equivalent to ask for a commutation property

(11) Z)\ijjT<aj) = T(Z)\ijjaj>'
=1 j=1

Even if most authors, for instance in 27, B2, {2, {3, B3, [, Bq], implicitely
use (1)), one must be careful at this point. Indeed, the equality ([J]) is not
clear since the two series > 7%, A\;bp; T'(a;) and Y 72, A;bp;a; are not yet well-
defined, in general. We refer the reader to [f], Section 3, to see why one must
be careful with Equality (L.1]).

Although the commutator [b,7] does not map continuously, in general,
H'(R™) into L'(R™), following Pérez [Bg] one can find a subspace H}(R")
of H'(R") such that [b, T] maps continuously H}(R") into L' (R™). Recall that
(see BY]) a function a is a b-atom if

i) supp a C @ for some cube @,

i) Jlall - < Q1

iil) [pn a(z)de = [, a(x)b(x)dz = 0.

The space H}(R™) consists of the subspace of L'(R™) of functions f which
can be written as f = Z]O; Aja; where a; are b-atoms, and \; are complex
numbers with > 72, [A;] < oo.

In [BY the author showed that the commutator [b,T] is bounded from

H;(R™) into L'(R") by establishing that

(1.2) sup{||[b, T](a)||1 : ais a b—atom} < oo.

This leaves a gap in the proof which we fill here. Indeed, as it is pointed out
in [ff, there exists a linear operator U defined on the space of all finite linear
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combination of (1, c0)-atoms satisfying
sup{||U(a)||z1 : ais a(1,00)—atom} < oo,

but which does not admit an extension to bounded operator from H*(R™) into
LY(R™). By this fact, we see that Inequality ([.2)) does not suffice to conclude
that [b, T is bounded from H}(R") to L'(R"). In the setting of H'(R™), it is
well-known (see [B4] for details) that a linear operator U can be extended to a
bounded operator from H'(R™) into L'(R") if for some 1 < ¢ < oo, we have
sup{||U(a)||: : ais a(1, ¢)—atom} < oo.

It follows from the fact that the finite atomic norm on Héf(R") is equivalent
to the standard infinite atomic decomposition norm on H;t’g(]R") through the
grand maximal function characterization of H!(R"). However, one can not use
this method in the context of Hi(R™).

Also, a natural question arises: can one find the largest subspace of H'(R")
(of course, this space contains H;(R™), see also Theorem [.9) such that all
commutators [b, T] of Calderén-Zygmund operators are bounded from this
space into L'(R")? For b € BMO(R"), a non-constant function, we con-
sider the space H}(R") consisting of all f € H'(R") such that the (sublin-
ear) commutator [b, 9] of f belongs to L'(R™) where 9 is the nontangential
grand maximal operator (see Section 2). The norm on H}(R") is defined by
[ flleg == I fllelbllBaro + [I[b; M(f)[[rr. Here we just consider b is a non-
constant BM O-function since the commutator [b,7] = 0 if b is a constant
function. We prove that [b, T is bounded from H}(R") to L'(R") for every T
a Calderén-Zygmund singular integral operator (in fact it holds for all T' € K,
see below). Furthermore, H}(R") is the largest space having this property
(see Remark p.1]). This answers the question above. Besides, we also consider
the class K of all sublinear operators T, bounded from H'(R™) into L!'(R"),
satisfying the condition

1(b = bg)TallLr < ClbllBaro

for all BMO-function b, H'-atom a related to the cube Q. Here bg denotes
the average of b on (), and C' > 0 is a constant independent of b, a. This class
KC contains almost all important operators in harmonic analysis: Calderén-
Zygmund type operators, strongly singular integral operators, multiplier oper-
ators, pseudo-differential operators, maximal type operators, the area integral
operator of Lusin, Littlewood-Paley type operators, Marcinkiewicz operators,
maximal Bochner-Riesz operators, etc (see Section 4). When T is linear and
belongs to I, we prove that there exists a bounded bilinear operators R :
H'(R™) x BMO(R™) — L*(R™) such that for all (f,b) € H'(R") x BMO(R"),

we have the following bilinear decomposition

(1.3) [0, T](f) = R(f,b) + T(S(f, 1)),
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where & is the bounded bilinear operator from H'(R™) x BMO(R™) into
L*(R™) which does not depend on T (see Section 3). This bilinear decom-
position is strongly related to our previous result in [[] on paraproduct and
product on H'(R") x BMO(R").

We then prove that [b, T] is bounded from H}(R") to L'(R") (see Theo-
rem B.3). The main tools in our proof are the bilinear decomposition ([.3)
(see Theorem B.2) and the weak convergence theorem in H'(R™) of Jones and
Journé (see Theorem [.])). As an immediate corollary of the bilinear decom-
position (), we obtain the weak type estimate (H', L') for the commutator
[b, T|, where T is a Calderén-Zygmund type operator, a strongly singular in-
tegral operator, a multiplier operator or a pseudo-differential operator. We
also point out that weak type estimates and Hardy type estimates for the (lin-
ear) commutators of multiplier operators [£3, B3, [f]]] and of strongly singular
Calder6n-Zygmund operators [P{] have been studied recently.

Recall that BMO'"3(R"), the generalized BMO type space that has been
introduced by Nakai and Yabuta [B7| to characterize multipliers of BMO(R"),
is the space of all locally integrable functions f such that

| log r| + log(e + |a]) /
og :— - a.,r d < .
| fll Baron 5(1(1177") 1B(a, )| | f(z) fB( ; )| T < 00
B(a,r)

In the case of T a Calderén-Zygmund operator satisfying 71 = T*1 = 0 and
bis in BMO"8(R"), we prove that the linear commutator [b, 7] maps contin-
wously H}(R™) into h'(R™). Moreover, if 7*b = 0 then the linear commutator
[b, T] maps continuously H}(R"™) into H'(R™). A difficult point in the proofs is
that we have to deal directly with f € H}(R"™). It would be easier to do it for
atomic type Hardy spaces as in the case of H}(R"), and thus does H}(R") if
this space has an atomic characterization. However, we do not know whether
there exists an atomic characterization for the space H}(R™)? This is still an
open question.

Let X be a Banach space. We say that an operator T': X — LY(R") is a
sublinear operator if for all f,g € X and «, 8 € C, we have

T (eef + Bg) ()| < |al[Tf(x)| + 18] Tg(x)]

Obviously, a linear operator 7' : X — L'(R") is a sublinear operator. We also
say that a operator T : H'(R")x BMO(R") — L'(R") is a subbilinear operator
if for all (f,g9) € HY(R") x BMO(R") the operators T(f,-) : BMO(R") —
LY(R™) and (-, g) : H'(R™) — L'(R™) are sublinear operators.

In this paper, we also obtain the subbilinear decomposition for sublinear
commutator. More precisely, when 7" € K is a sublinear operator, we prove
that there exists a bounded subbilinear operator R : H!(R") x BMO(R") —
L'(R™) so that for all (f,b) € H'(R™) x BMO(R"), we have

(1.4) IT(S(f,0))| = R(f,0) <[b, TI(S)| < R(S,b) +[T(S(f,))].
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Then, the strong type estimate (H}, L') and the weak type estimate (H', L') of
the commutators of Littlewood-Paley type operators, of Marcinkiewicz opera-
tors, and of maximal Bochner-Riesz operators, can be viewed as an immediate
corollary of ([.4). When H}(R") is replaced by H; (R™), these type of estimates
have also been considered recently (see for example [B§, [1, B3, Bd, B, B9)).

Let us emphasize the three main purposes of this paper. First, we want
to give the bilinear (resp., subbilinear) decompositions for the linear (resp.,
sublinear) commutators. Second, we find the largest subspace of H'(R") such
that all commutators of Calderén-Zygmund operators map continuously this
space into L'(R™). Finally, we obtain the (H},h') type estimates and the
(H}, H') type estimates for commutators of Calderén-Zygmund operators.

Our paper is organized as follows. In Section 2 we present some notations
and preliminaries about the Calderén-Zygmund operators, the function spaces
which we use, and a short introduction to wavelets, a useful tool in our work. In
Section 3 we state our two decomposition theorems (Theorem B.J and Theorem
B.2), the (H}, L') type estimates for commutators (Theorem B.3), and some
remarks. The bilinear type estimates for commutators of Calderén-Zygmund
operators (Theorem B.4) and the boundedness of commutators of Calderdén-
Zygmund operators on Hardy spaces are also given in this section. In Section
4 we give some examples of operators in the class K and recall our result
from [[] which decomposes a product of f in H'(R") and g in BMO(R") as
a sum of images by four bilinear operators defined through wavelets. These
operators are fundamental for the two decomposition theorems. In Section
5 we study the space H}(R"). Section 6 and 7 are devoted to the proofs of
the two decomposition theorems, the (H}, L') type estimates of commutators
[b, T] with T € K, and the boundedness results of commutators of Calderén-
Zygmund operators. Finally, in Section 8 we present without proofs some
results for commutators of fractional integrals.

Throughout the whole paper, C' denotes a positive geometric constant which
is independent of the main parameters, but may change from line to line. In
R™, we denote by Q@ = Qlz,r] :={y = (y1, .., yn) € R" 1 sUp s, |yi — 7] < 7}
a cube with center x = (z1, ..., z,) and radius r > 0. For any measurable set
E, we denote by xp its characteristic function, by |E| its Lebesgue measure,
and by E° the set R™\ E. For a cube @) and f a locally integrable function,
we denote by fo the average of f on Q).

Acknowledgements. The author would like to thank Prof. Aline Bonami
for many very valuable suggestions, discussions and advices to improve this
paper. He would also like to thank Prof. Sandrine Grellier for many helpful
suggestions, her carefully reading and revision of the manuscript. The author
is deeply indebted to them.
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2. SOME PRELIMINARIES AND NOTATIONS

As usual, S(R") denote the Schwartz class of test functions on R™, &'(R")
the space of tempered distributions, and C§°(R™) the space of C'*°-functions
with compact support.

2.1. Calderén-Zygmund operators. Let 6 € (0,1]. A continuous function
K :R*"xR"\ {(z,z) : x € R"} — C is said to be a §-Calderén-Zygmund
singular integral kernel if there exists a constant C' > 0 such that

K(zr,y)| < ——
K )| € o=

for all x # y, and
o — ')’

K (2,9) = K@) |+ 1K (.2) = Ky )| < Cp =

for all 2|z —2'| < |z —y].
A linear operator T : S(R") — S’(R™) is said to be a §-Calderén-Zygmund
operator if T’ can be extended to a bounded operator on L?(IR") and there exists

a 0-Calderén-Zygmund singular integral kernel K such that for all f € C§°(R")
and all x ¢ supp f, we have

Tf(z) = / K (2, 9)f(y)dy.

We say that T is a Calderén-Zygmund operator if it is a d-Calderén-Zygmund
operator for some § € (0, 1].

We say that the Calderén-Zygmund operator 7" satisfies the condition 7*1 =
0 (resp., T1 = 0) if [, Ta(x)dr = 0 (resp., [, T*a(x)dz = 0) holds for
all classical H' atoms a. Let b be a locally integrable function on R™. We
say that the Calderén-Zygmund operator T satisfies the condition 7*b = 0 if
Jan b(z)Ta(x)dz = 0 holds for all classical H' atoms a.

2.2. Function spaces. We first consider the subspace A of S(R™) defined by
A= {0 € S®): |o(x)| + [Vo@)] < (1 + a2},
where V = (0/0x1, ...,0/0x,) the gradient. We then define
Mf(x) :=sup sup |f*xo(y)| and mf(z):=sup sup |f*d(y)l,

PEA ly—z|<t pEA |y—z|<t<l
where ¢;(-) = t7"¢(t!+). The space H'(R") denotes the space of all tempered
distributions f such that 9 f € L'(R") equipped with the norm || f|l; =
|9f||1. The space h'(R") denotes the space of all tempered distributions
f such that mf € L'(R") equipped with the norm ||f|[;: = ||[mf|i. The
space H'°8(R") (see [P3, f]) denotes the space of all tempered distributions f
such that MM f € L°¢(R") equipped with the norm || f|| gie = |9 f]|p1oe. Here
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L'8(R™) is the space of all measurable functions f such that [, ot +|$|)|ﬁ§;‘(e T <

oo with the (quasi-)norm

£ ()]

| f || zog := inf )\>O:/ A ——dr <1
log(e + []) + log(e + L52)

R?’L
Clearly, for any f € H*(R"), we have

[l < Wl and | fllmos < [ f][r-

We remark that the local real Hardy space h'(R"), first introduced by Gold-
berg [[§], is larger than H'(R"™) and allows more flexibility, since global can-
cellation conditions are not necessary. For example, the Schwartz space is
contained in A'(R™) but not in H*(R"), and multiplication by cutoff functions
preserves h'(R") but not H!(R™). Thus it makes h'(R"™) more suitable for
working in domains and on manifolds.

It is well-known (see [[5] or [fid]) that the dual of H'(R") is BMO(R™) the

space of all locally integrable functions f with

I lsro = sup ﬁ / (@) — falde < oo,

where the supremum is taken over all balls B. We note Q := [0, 1)" and, for f
a function in BMO(R™),

[ fllBaro+ = [lfllBrro + | fal-

We should also point out that the space H'°8(R"™) arises naturally in the
study of pointwise product of functions in H*(R™) with functions in BMO(R"),
and in the endpoint estimates for the div-curl lemma (see for example [B, fi,
E)-

In [[§ it was shown that the dual of h*(R") can be identified with the space
bmo(R™), consisting of locally integrable functions f with

£ llomo = sup %B/\f(x) — fpldz+ sup %B/\f(x)\dx <o,

|BI<1 |BI>1

where the supremums are taken over all balls B.
Clearly, for any f € bmo(R"), we have

1 fllBro < N fllBaco+ < C|lf lbmo-

We next recall that the space VMO(R™) (resp., vmo(R™)) is the closure of
CP(R™) in (BMOR"), || - [|Bamo) (resp., (bmo(R™), || - |omo))- It is well-known
that (see [] and [[1]) the dual of VMO(R™) (resp., vmo(R")) is the Hardy
space H'(R") (resp., h!'(R™)). We should note that the space VMO(R") (resp.,
vmo(R™)) considered by Coifman and Weiss (resp., Dafni [[[T]) is different from
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the one considered by Sarason. Thanks to Bourdaud [{], it coincides with the
space VMO(R™) (resp., vmo(R™)) considered above.

In the study of the pointwise multipliers for BMO(R"), Nakai and Yabuta
[B7 introduced the space BMO"&(R"), consisting of locally integrable func-
tions f with

|logr| + log(e + lal)
[/ | Barores :=su |f(z

— fB(a,m)|dx < 00.
B(a,r) |B a, 7" Bl )|

B(a,r)

There, the authors proved that a function g is a pointwise multiplier for
BMO(R") if and only if g belongs to L>®(R™) N BMO"8(R"). Furthermore,
it is also shown in [23] that the space BMOY&(R") is the dual of the space
H"@&(R").

Definition 2.1. Let b be a locally integrable function and 1 < q < oco. A
function a is called a (q,b)-atom related to the cube Q if

i) supp a C Q,

ii) lall 2o < Q1Va,

i) [gn a(x)dr = [g, a(x)b(z)dz = 0.

The space H,(R") consists of the subspace of L'(R") of functions f which
can be written as f = Z;’;l Aja;, where a;’s are (gq,b)-atoms, \; € C, and
> 21 [Aj] < co. As usual, we define on H,/(R™) the norm

1l =it { D7 Al 5 f =D Ajas
j=1 i=1

Observe that when ¢ = oo, then the space H, *(R") is just the space H} (R")
considered in [Bg]. Furthermore, H,(R") C H,(R*) ¢ H'(R") and the
inclusions are continuous.

We next introduce the space H}(R") as follows.

Definition 2.2. Let b be a non-constant BMO-function. The space H}(R™)
consists of all f in H'(R™) such that [b,M](f)(x) = M(b(x)f(-) — () f(-))(x)
belongs to L'(R™). We equipped H} (R™) with the norm [ f 1z == Lf |z (Bl Brro+
116, M) -

2.3. Prerequisites on Wavelets. Let us consider a wavelet basis of R with
compact support. More explicitly, we are first given a C!(R) wavelet in Di-
mension one, called 1, such that {2//2%¢)(27x — k)}; ez form an L?(R) basis.
We assume that this wavelet basis comes for a multiresolution analysis (MRA)
on R, as defined below (see BH]).

Definition 2.3. A multiresolution analysis (MRA) on R is defined as an in-
creasing sequence {V;};ez of closed subspaces of L*(R) with the following four
properties
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U ﬂjezvj = {0} and UjeZVj = L2(R)7

i) for every f € L*(R) and every j € Z, f(x) € V; if and only if f(2x) €
‘/}+17

iii) for every f € L*(R) and every k € Z, f(z) € Vi if and only if f(x—k) €
Vo,

w) there exists a function ¢ € L*(R), called the scaling function, such that
the family {¢r(x) = ¢p(x — k) : k € Z} is an orthonormal basis for V.

It is classical that, given an (MRA) on R, one can find a wavelet 1 such that
{29/24)(27 2 — k) }ez is an orthonormal basis of W}, the orthogonal complement
of V; in Vj41. Moreover, by Daubechies Theorem (see [[2]), it is possible to
find a suitable (MRA) so that ¢ and v are C'(R) and compactly supported, v
has mean 0 and [ z¢(x)dz = 0, which is known as the moment condition. We
could content ourselves, in the following theorems, to have ¢ and v decreasing
sufficiently rapidly at oo, but proofs are simpler with compactly supported
wavelets. More precisely we can choose m > 1 such that ¢ and v are supported
in the interval 1/2+m(—1/2,41/2), which is obtained from (0, 1) by a dilation
by m centered at 1/2.

Going back to R™, we recall that a wavelet basis of R" is found as follows.
We call E the set £ = {0,1}"\ {(0,---,0)} and, for o0 € E, put ¢7(z) =
¢ (1) - - - 97 (), with ¢% (z;) = ¢(z;) for o; = 0 while ¢% (z;) = ¢(z;) for
oj = 1. Then the set {2"/%°(2/x — k)} ez rezn ocr is an orthonormal basis
of L*(R™). As it is classical, for I a dyadic cube of R™, which may be written
as the set of x such that 272 — k € (0,1)", we note

WF () = 29297 (P — k).

We also note ¢; = 2"j/2¢(071)n(2jx — k), with ¢o,1)» the scaling function in
n variables, given by ¢(g1)n(2) = ¢(x1)---¢(x,). In the sequel, the letter I
always refers to dyadic cubes. Moreover, we note kI the cube of same center
dilated by the coefficient k. Because of the assumption on the supports of ¢
and 1, the functions ¢ and ¢; are supported in the cube m/.

The wavelet basis {17}, obtained by letting I vary among dyadic cubes and
o in E, comes from an (MRA) in R", which we still note {V;};ez, obtained by
taking tensor products of the one-dimensional ones.

The following theorem gives the wavelet characterization of H'(R™) (cf.

B3, BI]).

Theorem 2.1. There exists a constant C' > 0 such that f € H*(R™) if and
' 1/2

only if Wy f = (Z[ > oer 1, w?>|2|1|_1xl> € LY(R™), moreover,

CHf e < IWVufllee < Cllf Nl
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A function a € L*(R") is called a v-atom related to the (not necessarily
dyadic) cube R if it may be written as

a=> > a7

ICRoeFE

with ||al|z2 < |R|~'/2. Remark that a is compactly supported in mR and has
mean 0, so that it is a classical atom related to mR, up to the multiplicative
constant m™2. It is standard that an atom is in H'(R") with norm bounded
by a uniform constant. The atomic decomposition gives the converse.

Theorem 2.2 (Atomic decomposition). There exists a constant C > 0 such
that all functions f € H'(R") can be written as the limit in the distribution
sense and in H*(R™) of an infinite sum

(2.1) f= i Aja;

with a; Y-atoms related to some dyadic cubes R; and \; constants such that
C Ml <D N1 < Cllf e
j=1

This theorem is a small variation of a standard statement which can be
found in [RI], Section 6.5. Remark that the interest of dealing with finite
atomic decompositions has been underlined recently, for instance in [B4, 3.

Now, we denote by Hi (R") the vector space of all finite linear combinations
of y-atoms, that is,

k
[ = Z )\jaja
j=1

where a;’s are ¢-atoms. Then, the norm of f in H{ (R™) is defined by

k k
[l =i {370 F =" Ny}
J=1 j=1

By the atomic decomposition theorem, the set H} (R™) is dense in H'(R")
for the norm || - || 1.

The following two wavelet characterizations of LP(R"), 1 < p < oo, and
BMO(R") are well-known (see [BF]).

Theorem 2.3. Let 1 < p < oo. Then the norms || f|| e, (37 D pew [ UL xr) 2 o
and ||, Xoer [ 0D A(WF)) 2 llir are equivalent on LP(R").
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Theorem 2.4. A function g € BMO(R") if and only ifﬁ Yorer Yover {9, V)2 <
oo for all (not necessarily dyadic) cubes R. Moreover, there exists a constant

C' > 0 such that for all g € BMO(R"),

B 1 i 1/2
C M lgllswo < 5w (7 32 "o 07} ) < Clgllswo.

ICRo€eE

where the supremum is taken over all cubes R.

By Theorem P.3, Theorem P.4 and John-Nirenberg inequality, we obtain the
following lemma. The proof is easy and will be omitted.

Lemma 2.1. Let f be a -atom related to the cube R and b € BMO(R").
Then, 3 1cp Doer{l, VD)0 V1) () € LAR™) for any q € (1,2).

3. BILINEAR, SUBBILINEAR DECOMPOSITIONS AND COMMUTATORS

Recall that K is the set of all sublinear operators 7' bounded from H'(R™)
into L'(R™) satisfying

1(6 = bo)Tall .+ < Clbll sro,

for all b € BMO(R"), any H'-atom a supported in the cube @, where C' > 0
a constant independent of b,a. This class K contains almost all important
operators in harmonic analysis: Calderén-Zygmund type operators, strongly
singular integral operators, multiplier operators, pseudo-differential operators,
maximal type operators, the area integral operator of Lusin, Littlewood-Paley
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators,
etc (see Section 4).
Here and in what follows the bilinear operator & is defined by

S(f.9) ==Y (f D) {g. v (7%

I o€k

In [H], the authors show that & is a bounded bilinear operator from H'(R")x
BMO(R") into L'(R").

3.1. Two decomposition theorems and (H}, L') type estimates. Let b
be a locally integrable function and 7" € K. As usual, the (sublinear) commuta-

tor [b, T'] of the operator T is defined by [b, T](f)(x) := T((b(x)—b())f()) ().

Theorem 3.1 (Subbilinear decomposition). Let T' € K. There exists a bounded
subbilinear operator R : HY(R") x BMO(R™) — LY(R"™) such that for all
(f,b) € HY(R™) x BMO(R"™), we have

T(S(f,0))| = R(f,b) <|[[b, TI(N)| <R(S,b) +[T(S(f, )]
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Corollary 3.1. Let T € K such that T is of weak type (1,1). Then, the
bilinear operator B(f,g) = g, T)(f) maps continuously H*'(R™) x BMO(R™)
into weak-L*(R™). In particular, the commutator [b, T| is of weak type (H', L*)
if b € BMO(R™).

We remark that the class of operators 7" € K of weak type (1,1) contains
Calderén-Zygmund operators, strongly singular integral operators, multiplier
operators, pseudo-differential operators whose symbols in the Hormander class
Smowith 0 < 0 < 1,0 <6 < Lm < —n((1 — 0)/2 + max{0, (§ — 0)/2}),
maximal type operators, the area integral operator of Lusin, Littlewood-Paley
type operators, Marcinkiewicz operators, maximal Bochner-Riesz operators 779
with 0 > (n —1)/2, etc.

When T is linear and belongs to I, we obtain the bilinear decomposition
for the linear commutator [b, T| of f, [b,T|(f) = bT(f) —T'(bf), instead of the
subbilinear decomposition as stated in Theorem B.1].

Theorem 3.2 (Bilinear decomposition). Let T be a linear operator in K.
Then, there erists a bounded bilinear operator R : H'(R") x BMO(R") —
LY(R™) such that for all (f,b) € H*(R™) x BMO(R"), we have

[0, T](f) = R(f,0) + T(S(f,)).

The following give (H}, L') type estimates for commutators [b, T] when T
belongs to the class K.

Theorem 3.3. Let b be a non-constant BMO-function and T € K. Then, the
commutator [b, T| maps continuously H} (R"™) into L'(R™).

Remark that in the particular case of T" a 1-Calderén-Zygmund operator

and H} (R™) replaced by H}(R"™), Pérez [Bg| proved
(3.1) sup{||[b, T](a)||11 : ais a (00, b)—atom} < oo.

Then he concludes that the (linear) commutator [b, 7] maps continuously
Hi(R™) into L'(R™). Notice that Hp(R™) C H,(R™) € HE(R™), 1 < ¢ < oo,
and the inclusions are continuous (see Section 5). However, as mentioned in
the introduction, Inequality (B.I]) does not suffice to conclude that the (lin-
ear) commutator [b,T] is bounded from #H}(R™) to L'(R™). We should also
point out that the (H', L') weak type estimates and the (H}, L') type esti-
mates for the (linear) commutators of multiplier operators (see [[{3, B3, []),
strongly singular Calderén-Zygmund operators (see [2q]) and for the (sublin-
ear) commutators of Littlewood-Paley type operators (see [B]), Marcinkiewicz
operators (see [BJ]), maximal Bochner-Riesz operators (see [B0, B, BY]) have
been studied recently. However, the authors just prove Inequality ([-2) (that
is Inequality (B]])) and use Equality ([[.1) which leaves a gap as pointed out
in the introduction.
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3.2. Boundedness of linear commutators on Hardy spaces. In this sub-
section, we consider ICy the set of all Calderén-Zygmund operators T satisfying
the condition 71 =71 = 0.

Analogously to Hardy estimates for bilinear operators of Coifman and Grafakos
B (see also [[4]), we obtain the following bilinear estimates which improve

Corollary B.1.

Theorem 3.4. Let T be a linear operator in K. Assume that A;, B;, i =
1,..., K, be Calderon-Zygmund operators satisfying A;1 = Af1 = B;1 = Bf1 =
0, and for every f and g in L*(R"),

/ (i Aif.Big>dx =0.

Rn =
Then, the bilinear operator T, defined by
K
T(f.9) =Y _[Big. T)(Aif).
i=1

maps continuously H*(R™) x BMO(R"™) into L'(R").

Two next theorems give the boundedness of commutators of Calderén-
Zygmund operators on Hardy spaces.

Theorem 3.5. Let b be a non-constant BMO"®-function and T € Ky. Then,
the linear commutator [b, T] maps continuously H}(R™) into h*(R™).

Theorem 3.6. Let b be a non-constant BMO"®-function and T € Ky. Assume
that the operator T' satisfies T*(b) = 0. Then, the linear commutator [b, T
maps continuously H} (R™) into H'(R™).

Observe that the condition 7*(b) = 0 is also "necessary” in the sense if
the linear commutator [b, 7] maps continuously H}(R™) into H'(R™), then
Jan b(z)Ta(z)dz = 0 hold for all (¢,b)-atoms a, 1 < g < co.

4. THE CLASS K AND FOUR BILINEAR OPERATORS ON H'!(R™) x BMO(R")

4.1. The class K. The purpose of this subsection is to give some examples
of operators in the class K. More precisely, the class I contains almost all
important operators in Harmonic analysis: Calderén-Zygmund type operators,
strongly singular integral operators, multiplier operators, pseudo-differential
operators with symbols in the Hormander class S7’s with 0 < ¢ < 1,0 <
d < 1m < —n((1 — 0)/2 + max{0,(d — 0)/2}) (see [}, [[]), maximal type
operators, the area integral operator of Lusin, Littlewood-Paley type operators,
Marcinkiewicz operators, maximal Bochner-Riesz operators T? with § > (n —
1)/2 (cf. [B4]), ete. It is well-known that these operators 7" are bounded from
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H'(R") into L'(R™). So, in order to establish that these ones are in the class
IC, we just need to show that

(4.1) 16 = bo)Tallr < Clibllsro

for all BMO-function b, H'-atom a related to a cube Q = Qlxq,r] with con-
stant C' > 0 independent of b, a.

Observe that the nontangential grand maximal operator 9t belongs to K
since it satisfies the inequality (I.1)) (cf. [EQ]). We refer also to [RQ] for the
(sublinear) commutators [b, M, ,] of the maximal operators M, , —— note
that M, lies in K ——.

Here we just give the proofs for Calderén-Zygmund operators (linear oper-
ators) and the area integral operator of Lusin (sublinear operator). For the
other operators, we leave the proofs to the interested reader.

One first recall that P(z) = W is the Poisson kernel and us(z,t) :=
f * P,(x) the Poisson integral of f. Then the area integral operator S of Lusin
is defined by

1/2

S(f)(x) = / Vgl P dydt |

I'(z)

where T'(z) is the cone {(y,t) € R} : |y — 2| < t} with vertex at x, while
Vuy = (Ouy/0ry, ..., 0us/0x1,0up/Ot) the gradient of uy on R} = R" x
(0, 00).

Proposition 4.1. Let § € (0,1] and T be a 6-Calderdn-Zygmund operator.
Then T satisfies the inequality ({.1), and thus T € K.

Proof. We cut the integral of | (b—bg)T a| into two parts. By Schwarz inequality
and the boundedness of T on L*(R"), we have

1/2

/ b(z) — bol[Ta(x)lde < C / b(a) — bol?dz | Jlalle
2Q Q

< Clbl|mo
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here one used the fact |bog — bg| < C||b||pamo- Next, for z ¢ 2Q),

Ta(z)| = / (K (2, y) — K (2, 70))a(y)dy

Q
|y — x|’
C d
N e L
5
,
C——.
‘SL’ _ xo‘n+5
Therefore,
70
/ |b(x) — bg||Ta(x |dx<C/|b o ————dx < C||bl|umo,
Zo
since the last inequality is classical (cf. [0]). This finishes the proof.
O
Corollary 4.1. Let R;,j = 1,...,n, are classical Riesz transforms. Then,

R;eK forallj=1,..,n

Proposition 4.2. The area integral operator S satisfies the inequality (f.1),
and thus S € K.

Proof. We also cut the integral of |(b — bg)S(a)| into two parts. By Schwarz
inequality and the boundedness of S on L*(R"), we have
1/2

/ b(z) — bol|S(a)(x)dz < C / b(z) — boldz | lallz
2Q Q

< Clbllsmo-
Next, for = ¢ 2@Q), by using the equality

= [ (5 P52 e

Rn

since [y, a(z)dz = 0, it is easy to establish that

1/2
. 2,1-n r
S@@ = | [ 1Vutpnpe iy | <t
I'(z)
Therefore,
.
/ 1b(z) — bol|S(a) |d:p<0/|b e < Clllawo.

(2Q)°
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which ends the proof. O

We should point out that the Littlewood-Paley type operators also can be
viewed as vector-valued Calderén-Zygmund operators (see [B9]). See also [R{]
in the context of vector-valued commutators.

4.2. Four bilinear operators on H'(R") x BMO(R"). Let us consider four
bilinear operators on H'(R") x BMO(R") which are fundamental for our bi-
linear decomposition theorem.

Now, we state some lemmas whose proofs can be found in [H].

Lemma 4.1. The bilinear operator I3, defined on H'(R™) x BMO(R™) by

=SSN ) ),

I ock
is a bounded bilinear operator from H'(R™) x BMO(R") into L'(R").
Observe that &(f,g) = —II3(f, g) for all (f,g) € H'(R") x BMO(R").
Lemma 4.2. The bilinear operator 11y, defined on H*(R™) x BMO(R™) b
D D IR AR AT L
I,I' o,0'€eFE
the sums being taken over all dyadic cubes I, 1" and 0,0’ € E such that (I,0) #
(I',0"), is a bounded bilinear operator from H*(R™) x BMO(R™) into H'(R").
Lemma 4.3. The bilinear operator 11, defined by
Mi(a,g) = Y > (a,é0){g, ¥7)érif,
\I|=|I"| o€ E
for a a p-atom and g € BMO(R™), can be extended into a bounded bilinear
operator from H*(R™) x BMO(R™) into H'(R™).
Lemma 4.4. The bilinear operator 11, deﬁned by
Mo(a,g) = Y > (a,99){g, 610700,
I|=|I"| o€ E

for a is a -atom related to the cube R and g € BMO(R™), can be extended
into a bounded bilinear operator from HY(R"™) x BMO*(R") into H&(R").
Furthermore, we can write

(4.2) Iy (a, g) = kY + kgrh®

where ||V 1 < Cllgllsuo, K is an atom related to mR, and k a uniform
constant, independent of a and g.

The following remarks are useful in our proofs in Section 6 and Section 7.
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Remark 4.1. i) If g € BMO(R") and f € H'(R™) such that fg € L*(R"),

then
/mmzf6mmm:223mm@w»

R I o€k
i) For any (f,g) € H'(R") x BMO(R") and ¢ a constant, we have

Hi(fag) :Hi(f,g+c),i:1,3,4.

i) As a consequence of Lemma [[.4, if gr = 0 then Equality [{£.3) gives that
Iy(a,g) € HY(R™). Moreover, ||y(a, g)||z < C|lgllzmo-

In [], the authors have shown the following decomposition theorem for the
product space H'(R") x BMO(R™).

Theorem 4.1 (Decomposition theorem). Let f € H(R™) and g € BMO(R™).
Then, we have the following decomposition

fg = Hl(fvg) +H2(fvg) +H3(fag) +H4(f7g)7
that s

5. THE SPACE H}(R")

Let b be a non-constant BM O-function. In this section, we study the space
H}(R™). In particular, we give some characterizations of the space H}(R")
(see Theorem p.1]), and the comparison with the space H}(R") of Pérez (see
Theorem p.3).

First, let us consider the class K of all T € K such that T characterizes the
space H'(R"), that means f € H'(R") if and only if Tf € L'(R"). Clearly,
the class K contain the maximal operator M, the area integral operator S
of Lusin, the Littlewood-Paley g-operator (see [[J]), the Littlewood-Paley g}-
operator with A > 3n (see [[9]), etc. We obtain the following characterization
of H}(R™).

Theorem 5.1. Let b be a non-constant BMO-function and T € K. For
f € HY(R"), the following conditions are equivalent:

i) f € H)(R")

i) &(f,b) € H'(R").

i) [b,R;](f) € LY(R™) for all j =1,...,n.

iv) [ TI(f) € L (R").

Remark 5.1. Theorem [3.3 and Theorem B.14 give that [b, T is bounded from
HI(R™) to LY(R™) for every T a Calderdén-Zygmund singular integral operator.
Furthermore, HL(R™) is the largest space having this property.

Here and in what follows, the symbol f ~ ¢ means that C~1f < ¢ < Cf.
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Proof of Theorem [5.1. (i) < (i4) By Theorem B.1|, there exists a bounded
subbilinear operator R : H!(R") x BMO(R") — L'(R") such that

M(S(f,0)) = R(f,b) < |[b, MI(f)] < R(S,b) +M(S(f,)))-
Consequently, &(f,b) € H(R") if and only if [b, M](f) € L'(R™). Moreover,
[z = WS e 10l Baso + (1S (S, )]l

(17) < (éii). By Theorem B.3, there exist n bounded bilinear operators
R, : H(R") x BMO(R™) — LY(R"), j = 1,...,n, such that
[0, R;1(f) = R;(f,b) + R;(S(f,b)).
Consequently, &(f,b) € H'(R") if and only if [b,R;](f) € L'(R") for all

j =1,...,n. Moreover,

1l 0] mazo + IS (. 0) 1 ~ I f e llbll saro + D bRl

j=1
(it) < (iv). By Theorem B.I], there exists a bounded subbilinear operator
R: HY(R") x BMO(R") — L'(R") such that
IT(S(f,0))| = R(f,b) <[b, TI(S)| < R(S,b) +[T(S(f,))].
Consequently, &(f,b) € H(R") if and only if [b, T](f) € L*(R") since T € K.
Moreover,
L ez loll aso + 1S (F 0) L~ Lf [z 16 Baso + (10, TICF) | -
U
Remark that the constants in the last equivalence depend on T

The following lemma is an immediate corollary of the weak convergence
theorem in H'(R™) of Jones and Journé. See also [[I] in the setting of h!(R").

Lemma 5.1. Let {fi}x>1 be a bounded sequence in H'(R™) (resp., in h'(R™))
such that fi, tends to f in L*(R™). Then f in H'(R") (resp., in h*(R™)), and

[l < L[| fil[ern (respes [[flla < dim | filar)-

k—o0 k—o0

Theorem 5.2. Let b be a non-constant BMO-function and 1 < ¢ < co. Then,
H,'(R™) € HE(R™) and the inclusion is continuous.

Proof. Let a be a (g, b)-atom related to the cube Q). Then, supp (b — bg)a C

supp a C Q and [, (b(z) — bg)a(z)dz = [5, b(x)a(z)dr — by [p. a(z)dz = 0.
Moreover, by Holder inequality and John-Nirenberg inequality, we get

1(b = bg)al| Lave < ||(b—bg)xollaanianllallLz < C|bllparo| QT @Y,
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where ¢ = qif 1 < g < o0, ¢ =2if ¢ =00, and C > 0 is independent of b, a.
This proves that (b — bg)a is C||b||yo times a classical (g + 1)/2-atom, and
thus [|(b = bg)al|m < C|b]| saro-

By Theorem B3, there exist n bounded bilinear operators RR; : H'(R") x
BMO(R") — L*(R"), j = 1, ...,n, such that

[b; R;](a) = R;(a,b) + R;(S(a, b)),

since R is linear and belongs to I (see Corollary [l.1]). Consequently, for all
j=1,..,n,asR; € K,

IR (S(a,0))|lr = [[(b—0g)R;(a) — R;((b—bg)a) — R,(a,b)||
< (0 =b@)Rj(a)llzr + IRl =2 [[((b = bg)a) | + |9 (a, b)]| 11
< C||bl|saro-

This proves that &(a,b) € H'(R"™) since ||&(a,b)|[z: < C||b||samo, and more-
over that

(5.1) 16(a, b)|[ar < C|b]lzaso-

Now, for any f € H,?(R"), there exists an expansion f = > Ay
where the a;’s are (g,b)-atoms and > 72, |A;] < 2HfHH11),q. Then the sequence
{Ele \ja; }r>1 converges to f in H,?(R™) and thus in H*(R"). Hence, Lemma
implies that the sequence {6 ( Ele Aja;, b)} converges to &(f,b) in

k>1
LY(R™). In addition, by (F.1),

k k
(X xes8)]|,, < S sllS @bl < Uil bl
J= J=

We then use Lemma p.1] to conclude that &(f,b) € H*(R"), and thus f €
H}(R") (see Theorem B.1). Moreover,

[l < CULf e lbllsro + 1S(F,0)][m)

)

k
< C(If gl + tm |&( S A0
k—o0 =1
< Clfllzzallbll aso,
which ends the proof. U

From Theorem B.3 and Theorem [.1], we get the following corollary.

Corollary 5.1. Let b be a BMO-function, T' € K and 1 < ¢ < oco. Then the
linear commutator [b, T] maps continuously Hy*(R™) into L'(R™).
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6. PROOF OF THEOREM B.1], THEOREM [3.9, THEOREM [.3

In order to prove the decomposition theorems (Theorem B.3 and Theorem
B.1), we need the following two lemmas.

Lemma 6.1. Let T € K and f be a classical atom related to the cube mQ).
Then, there exists a positive constant C' = C(m) such that

19 = 9)T fller < Cliglzao, for allg € BMO(R").
Proof. Since T € K and since |gg — gmg| < C(m)||g||smo, we have

(g = 9@)Tfllzr < Cm)lgllBarol T fllr + (g = 9m)T fllr < CllgllBaso-
U

Lemma 6.2. The norms || - |z and || - ||y are equivalent on H} (R™).

We should point out that in the proof below we use some results in [2T]],
Theorem 5.12. Even though the proofs in [B]]] are worked out in the one-
dimension case, they can be easily carried out in higher dimension as well.

The proof of Lemma [6.3. Obviously, H} (R") C H'(R") and for all f € H} (R"™),
we have || f||m1 < C| ||z . We now have to show that there exists a constant
C > 0 such that for all f € H (R"),

[Nz, < ClLf |l

By homogeneity, we can assume that f = Zj\f:()l Ajaj, a;’s are -atoms re-
lated to the cubes R;’s , with || f|lz1 = 1. Since f € L?*(R™) N H'(R™), there
exists a 1-atomic decomposition (see [RI], Theorem 5.12)

F=Y 0 ner = D> 1 Do D ey

I o€E k€Z i€Ay \IcT},IecB), °€E

where Elcfi 1B, 2ooepl s VU] = Ak, t)ag; with ay,; Y-atoms related to the

cubes mI} and

(6.1) YD MED <CIflm =C.

kEZ icAy
We note that supp ay; C U;V:()l mR; for all k € Z,i € Aj. Recall that

Wit = (S ene )

I o€FE

- (X e )

j=1ICR; 0€E
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and Qp = {z € R" : Wy f(z) > 2%} for any k € Z. Clearly, supp Wy f C
U;V:Ol mR;. So, there exists a cube () such that €, C supp W, f C Uj\f:()l mR,; C
Q for all k € Z. We now denote by k' the largest integer k such that 28 < |Q|~L.
Then, we define the functions g and ¢ by

g=> > | D DUfenur | ande=>Y Y| D> > (funf

k<k'i€Ay \ICTi IeBy o€F k>k'i€Ar \1CTi 1B, o€F

Obviously, f = g + ¢, moreover, supp g C ) and supp ¢ C (). On the other
hand, it follows from [R1] (Theorem 5.12) that Elcf,i,leBk S oep ()2 <

CQ%\}:}; NQ|. Hence, as the dyadic cubes T,i are disjoint (see also [R1])), we get

lgllze < C> > > D KAeDP

k<k' i€y Icfi,IeBk ock

< O D LN <D 2|0y

k<k'i€Ay k<k’

< o2¥|gl <l

This prove that C~/2g is a ¢-atom related to the cube Q.
Now, for any positive integer K, set F = {(k,i) : k > K, |k| +|i] < K} and

U = Z(k’i)eFK (Zlcfi,lesk Y owerlls w?)w‘[’) Observe that since f € L*(R"),

the series Y, 1/ D ica, (ZICT;,IeBk Y oerlt; 1/1}’}1%) converges to £ in L*(R™).

So, for any & > 0, if K is large enough, e71(¢ — (k) is a 1-atom related to
the cube Q. Therefore, f = g+ (x + (¢ — {k) is a finite linear combination of
atoms for f, and thus

Iz, < Clllgllm, + 1exllay, + 16— Lellmy,)

< C(C+ZZ|A(k,i)|+e> <C

kEZ i€Ay

since (B.1]), which ends the proof.

Proof of Theorem [3.1. We define the subbilinear operator R by
R(f,0)(z) = T (@) F()~THa(£, 1)) ) () |+ T (F, 1)) (@) |HT (Ll £, b)) @)
for all (f,b) € H'(R") x BMO(R"). Then, by Theorem (1], we obtain that

IT(S(f,0))| = R(f,b) <|[b, TI(F)| < R(S,b) +[T(S(f,))].
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By Lemma (.1, Lemma [f.2 and Lemma [L.3, it is sufficient to show that the
subbilinear operator

UL @) = [T (ba) F() = Ta(£,6)() ) ()]

is bounded from H'(R") x BMO(R") into L*(R™).

One first consider b € BMO(R™) and f a t-atom related to the cube Q.
Then, by Remark [L.1], we have

U(S0)(x) = U(f, b= bo)(x) < [(b(z) = b)T f ()| + |T(2(f, b — bo))(x)]

Consequently, by Remark [f.1], Lemma [.1] and the fact f is C times a classical
atom related to the cube m(@), we obtain that
(6.2) LS 0)l[r < [[(0=bQ)T fllor+ TN -2 [[Ha(f, b=0g) |1 < C[bl| Brso,
where C' > 0 independent of f,b.

Now, for any b € BMO(R") and f € Hi (R"). By Lemma [.3, there
exists a finite decomposition f = Zle Aja; such that Ele A< CNNfllae-
Consequently, by (6.9), we obtain that

k
LA < D Iy, D)l < CllF L 18]l savo,

Jj=1

which ends the proof as H} (R™) is dense in H'(R™) for the norm || - || 1.
U

Proof of Theorem [3.3. We define the bilinear operator R by
N(f,b) = (VTF = T(Ta(f,8)) ) = T(LL(£,) + a(f, 1),

for all (f,b) € H'(R") x BMO(R™). Then, it follows from Theorem {1 and
the proof of Theorem B.1 that
(6.3) [0, T](f) = R(f,b) + T(S(f, 1)),

furthermore, the bilinear operator R is bounded from H'(R™) x BMO(R™)
into L'(R™). This completes the proof.

u
Proof of Theorem [3.3. Theorem B.3 is an immediate corollary of Theorem B.]]
and Theorem p.1]. O

7. PROOF OF THEOREM [B.4, THEOREM B.J AND THEOREM [3.0|
First we recall the following well-known result. It can be found in [§ or [[4].
Theorem A. (see [§] or [[4]) Let T be a Calderén-Zygmund operator satisfy-

ingT1=T*1=0,1<qg<oocand1/p+1/q=1. Then, fTg—gT*f € H'(R")
for all f € LP(R"), g € LY(R").
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Now, in order to prove the bilinear type estimates and the Hardy type
theorems for the commutators of Calderén-Zygmund operators, we need the
following three technical lemmas.

Lemma 7.1. Let § € (0,1], and A, B be two §-Calderén-Zygmund operators
such that A1 = A*1 = Bl = B*1 = 0. Then, there exists a constant C' =
C(n,0) such that

ST KN ) (A w5 W BYG )| < Cllf gl o

LI'I" 0,0’ 0" €E
for all f € HY(R™),g € BMO(R").

Lemma 7.2. Let 6 € (0,1], and A;, B;, i = 1,..., K, be §-Calderén-Zygmund
operators satisfying A;1 = Afl = B;1 = Bf1 = 0, and for every f and g in
L*(R"),

K
/ (Z Aif.Big>d;1: — 0.
gn =1
Then, the bilinear operator 3B, defined by B(f,g) = Son, S(Aif, Big), maps
continuously H'(R") x BMO(R™) into H*(R™).

Corollary 7.1. Let T be a Calderon-Zygmund operator satisfying T'l = T*1 =
0. Then the bilinear operator B, defined by P(f,g) = &(Tf,9) — &(f,T*g),
maps continuously H'(R™) x BMO(R") into H'(R").

Lemma 7.3. Let b be a non-constant BMO-function and T € Ky. Assume
that f € Hy(R") has the wavelet decomposition f = 32 Z[ch Y oerl U]
where the R;’s are dyadic cubes and Z[ch Yol [T are multiples of -

atoms related to the cubes R;. Set f = Zle Z[ch Yool LU, k=
1,2,... Then, the sequence {[b,T)(fx)}r>1 tends to [b,T|(f) in the sense of
distributions S'(R™).

Proof of Lemma [7.]. We first remark (see [B@], Proposition 1) that there exists
a constant C' > 0 such that for all dyadic cubes I, I’ and 0,0’ € E, we have
(7.1)

max{|[(Ay], v7))|, [(Byg, v5)|} < C271-710¢n/2) (

23 4 97 n+é
27j + 27-77 + |.’L'[ — l’[/‘)
Consequently,

(72) max{\ <Aw?7 1/}(17’/> ‘7 ‘<Bw?7 1/}(17’/>|} S Cp5([7 [I)

with

9—li=i"l(6/2+n/2) ( -7 4 97 )n+5/2

I,I,: B . - i/
Pl = = e T2 e
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Here |I| = 279" and |I'| = 277 while 2; and x; denote the centers of the two
cubes. On the other hand, it follows from [[[4] (Lemma 1.3) that there exists
a constant C' = C'(n,d) > 0 such that

(7.3) D ps(LT)ps(I',1") < Cps(1, 1),

I//

Combining (f.2) and (.3), we obtain

D) AU g w8 ) (AT, 5 (B w3 < C Y ps(L I, 95) (g, 5.

I,I'I" 0,0’ 0" €E 1,I' o,0'€E

It is easy to establish that the matrix {ps(Z,I’)}; ;s is almost diagonal (by

taking e = 0/4 in the definition (3.1) of Frazier and Jawerth [Iq]) and thus is
: 1/2
bounded on f;"? the space of all sequences (a;); such that (Z[ \a1|2\[|_1xl>

is in L'(R™). We then use the wavelet characterization of H'(R™) (see Theorem
E-1) and the fact that (cf. [IG])

DD K will{g: w2 < Cllbllasllgll vo,

I' o'ek

for all h € H'(R™), to conclude that

oD KA Ui AT, w5 ) (BYg 050 < Cllfllan llgllsao-

LI'1" 0,0 ,0"€E

Proof of Lemma [7.3. By Lemma [(.1], we have

K
B(fg) = Z S(Aif, Big)

K
= S°N ST (g 8 A ) (B 5 ) (05))?

i=1 I,I'I" 0,0’ ,0""€FE

where all the series converge in L'(R™). For any dyadic cubes I,I’, 0,0’ € E,
we have

K
SN LU U (AR 5 (B U Y (5 )?

Z‘ 1 I// // eE‘

—ZZ > (Mg, v A, uf B ) (057 = (07)?)

i=1 I" o"cE
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since (see Remark [L.1])
K
S5 S (B o) = [ (3 Av B} =0
i=1 17 o/eE B =l
An explicit computation gives that [¢7,]? — |7|? is in H'(R™), with
1032 = 712l < © (log(277 +27) +log(Jas — | +27 +2777))).

Here |I| = 277" and |I"| = 279", while z; and x;» denote the centers of the
two cubes. Consequently, by ([7.1]) and ([[.3), we get

K
[ S5 ST trunto vi s o5 (Bg v (w5 )?

=1 [" o€k

IN

K
SO D K, v A, en ) (Bat v | (w2 — (02

i=1 I" ol'ekE

OIS I g, v a1, I ps (11, 1)

i=1 I" o"cE
S Cpé(lv I/)|<f7 w?>||<ga ¢?’,>|7
here we used the fact that

i i — " +2ij+2ij” |{L‘]—,I‘[//|+2 J+2 ‘7 5/2
14+ —5"12)1 <|w1 L] £ 27 )
(1+[7—4"17) log ST SR

Thus, the same argument as in the proof of Lemma allows to conclude that

1B Dl < CY > ps(LIf 0D (g, v7)|

I,I' o,0/'€E
< Clfllmllgllaro,

Hl

IN

) < C<5)2|J J”\5/2<

which ends the proof.
O

Before giving the proof of Lemma [.3, let us recall the following lemma. It
can be found in [[7].

Lemma A. (see [I1], Lemma 2.3) Let T" be a Calderén-Zygmund operator
satisfying 7'1 = 0. Then 7" maps S(R") into L*(R™). Moreover, there exists a
constant C' > 0, depending only on 7', such that for any ¢ € S(R") with supp
¢ C B(xg,1), we have

[Tl < Cll¢llzee +rl[IVEllle)-
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Proof of Lemma [7.3. By Theorem B.3, it is sufficient to prove that

lim [ T(S(fy, b))hde = / T(S(f, b))hdz,

k—o00
R™ R™

for all h € S(R™). Because of the hypothesis, we observe that &(f,b) € H'(R")
and S(fy,b) € LYR™), k = 1,2, ..., for some ¢ € (1,2) (see Lemma P.1]).

Let &(f,b) = > 72, Aja; be a classical Li-atomic decomposition of &(f,b).
Then, T(Zf:1 Aja;) tends to T(S(f,b)) in L'(R") (in fact, it also holds in
HY(R") since T*1 = 0). Hence, as h € S(R") C L*(R") N LY (R") where
1/g+1/¢ =1, &(fx,b),a; € LI(R™) and T*h € L>*(R") since T*1 = 0 (see
Lemma A), by Theorem A we get

k—o00 k—o0
]Rn

k k
/T(G(f, b)hdz = lim T<Z)\jaj)hdx: lim (Z)\jaj>T*hdx
o j=1 j=1

Rn

_ / S(/.0)T" hdz = Jim / S(fo,b)T" hdx
R» R”
= Jlim [ T(&(fy,b))hdz,

Rn

since &(fx,b) tends to &(f,b) in L'(R") as f, tends to f in H'(R") (see
Theorem B.3). This finishes the proof.
U

Proof of Theorem [73. Let (f,g) € H'(R") x BMO(R™). By Theorem B3 and
Lemma [73, we obtain T(f, g) = 3.0 [Big, T|(A:f) € L'(R™), moreover,

Lt

Sl < S IRAL Bl + HT(i@(Aif, Big)),
=1 i=1

K K
< O IAfllmlIBigllso + | Tlmors | Y- S(Af. Bg)||

i=1 =1
< Cllfllarllgllzaro-
This completes the proof.

U
Proof of Theorem [3.3. Let f € H}(R™), we prove [b, T](f) € h*(R™) using the
fact that BMO"8(R") is the dual of H™*$(R") (see 2J]). Indeed, by Theo-
rem P.3, there exists a decomposition f =77, > o1cr; 2ooepl S, V7)Y where
Yo R; Y ooeplf,07)7 are multiples of ¢-atoms related to the dyadic cubes

R;. Set fr = Ele Zlch Yool v, k = 1,2,... Then, the sequence
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[b, T](fx) tends to [b, T](f) in the sense of distributions S'(R™) (see Lemma
.3), and thus

(7.4) lim [ [b, T)(fi)hdz = / b, T](f)hd,

k—o0
R™ R™

for all h € C§°(R™). Notice that [b, T|(fx) € L*(R™) and [b, T](f) € L*(R").
Let h € C§°(R™). By Lemma [.2, Lemma (1.3, Lemma .4, Remark [.1 and

Corollary [, we have hT(f)— fx (T*h— (T*h)@) € H'"(R™). More precisely,

|7 = (10 = (T°h)e),

Hlog

+
H1

< c{ |s@s).m) = &(fi1h - ("R)g)|

1 (fiT"h = ("R | )+

Hlog }

+ 3 (I Wil + |

=14

T ), 1) s + [T (i T = (7*R)o) |

< C{||fk||H1||h||BMo FITGlm bllsso + I fillm [T*h = (T*h||+
HITC i WAlsaros + il 1771 - <T*h>@||BMo+}
< CUl il WAllmo + 1 Fell i 1Tl 3310) < CILF i 1Al

here one used G(f, T*h — (T*h)Q> = &(f,T*h), |T*h — (T*h)ollpmo+ =
| T*h||Baro and || fellgr < CJ f|1. As the L?- functions f;, have compact sup-
port, b € BMOY8(R") C BMO(R"), we deduce that bhT'(f3.), KT (bfy), bfi T*h €
L'(R™). Moreover, [p, hT(bfy)dx = [o. bfiT*hdx since hT (bfy) — bfpT*h €
H'(R™) (see Theorem A). Therefore, as BMO"“8(R") is the dual of H™&(R")
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(see ), we get

/ . T)(fo)hdz| = / BT (fi) — fuT"h)de

n R?’L

IA

/ b (hT( ) — fu (T*h - (T*h)Q)) dz| + |(T*R)q) / bfdr

[R™ n

IN

Cll6l prrores

WT(fe) = fu(Th = (T*h)o) |

+ [(T™h)g /bfkd:c

n

Hlog

k
Cllbll arors [ 1 1 ~llmo + \(T*h)@\‘ DD DD AL

7j=1 ICRJ' oelE

IA

The above inequality and ([7.4) imply that for all h € C§°(R™), we obtain

/[ba T)(f)hdzx| < Clbll parors || 11 [ ellomo

n

since &(f,b) € H'(R") (see Theorem [.1) and thus (see Remark [E1])

i 3 57 S buf) = [ S(0)ds =0,

j=1 ICR; 0€E Bn

This proves that [b, T|(f) € h'(R™) since h!'(R™) is the dual of vmo(R") (see
Section 2). Furthermore,

1o, T1(H) I < Cllbllparores| fllzr < Cllbll parorss 1Bl maro 11l

which ends the proof of Theorem B.3.
O

Proof of Theorem [3.8. The idea of the proof is similar to the one of Theorem
B Let f € H}(R") and the sequence {fi}r>1 as in Theorem B.J. Let h €
Cg°(R™). Similarly to the argument used in the proof of Theorem B.5, we

obtain that (h — ho)T(fx) — fr <T*h - (T*h)Q> € H'"&(R™), moreover,

| = h)(5) = fu(T*h = @ R)e) || < Clllm bl saso.

e
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Here one used ||h —ho||svo = ||hlymo and ||k —ho||garo+ = ||hl| Bamo. Hence,

Jetig s = | [nT(h) - ATy

n R?’L

IN

o (0= ho)T () = 5 (T = (@h)g) ) da| + (Tl | [ bfda

R?’L n

k
< Clbllparoes | £l Al Baco + I(T*h)@l) YD D (fED B,

j=1ICR; o€k

since f]R" bT'(fx)dx = 0 by the assumption 7*b = 0 and fy is a finite linear
combination of classical atoms. Similarly to the argument used in the proof of
Theorem B.H, we also get

/ b, T)(f)-hdz| < Cllbllpasorell Il 1Al sar0

This proves that [b, T](f) € H'(R") since H'(R") is the dual of VMO(R™)
(see Section 2). Furthermore,

1o, TYA N < 118l masoros|Bll 5aso | 1Ly
which ends the proof of Theorem B.4.

8. COMMUTATORS OF FRACTIONAL INTEGRALS

Given 0 < a0 < n, the fractional integral operator [, is defined by
fly
i@ = [ LYy
J e =yl

Let b be a locally integrable function. We consider the linear commutator
[b, I,,] is defined by
[ba Ia](f) - bIaf - Ia(bf)
We end this article by presenting some results related to commutators of
fractional integrals as follows.

Theorem 8.1. Let 0 < a < n. There exist a bounded bilinear operator R :
HY(R") x BMO(R") — L"®=)(R") and a bounded bilinear operator & :
H'(R™) x BMO(R"™) — L*(R"™) such that

[0, 1] (f) = R(f.b) + L(&(f,1)).

Corollary 8.1. Let 0 < a < n and b € BMO(R™). Then, the linear commu-
tator [b, I,] maps continuously H'(R™) into weak-L™ =) (R™).
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Theorem 8.2. Let 0 < o« < n, b € BMO(R"), and 1 < q < co. Then, the
linear commutator [b, I,] maps continuously HY(R™) into L™= (R"™).

The results above can be proved similarly to Theorem B.2 and Theorem B.3.
We leave the proofs to the interested readers. In the case H}(R™) is replaced
by H}(R"), Theorem was considered by the authors in [IJ]. There, they
proved that

sup{||[b, Ia](@)]| pr/n-e) : ais a (00, b)—atom} < oco.

However, it is now well-known that this argument does not suffice to conclude
that [b, I,] is bounded from H}(R™) to L™= (R™).
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