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Abstract : 

 
The thermal behaviour of a rotating roller, subjected to surface heat sources is studied in this 
paper using an analytical solution, developed for this purpose. The roller is composed of a 
solid cylinder, rotating with a constant angular velocity, and is heated at its peripheral surface 
by two different heat sources. The analytical solution is entirely explicit and does not 
necessitate any hypothesis neither on the speed nor on the physical or geometrical parameters 
of the roller. The characteristic parameters are presented in dimensionless forms and are used 
to analyse the temperature distribution as function of their variations. Thermal maps are also 
presented using the proposed solution. They show that the thermal gradients are localized at 
the vicinity of the friction zone, and that the thermal gradients zones decrease when the 
angular speed increases. 
 
PACS numbers: 
 
44.05.+e Analytical and numerical techniques 
44.10.+i Heat conduction 
68.35.Ct Interface structure and roughness 
 



 2 

 

1. Introduction 
 
Rotating rollers, subjected to localized surface heating, exist in many industrial processes 
such as rolling mills, bearings, train wheels, etc. Important amount of heat is generated in a 
narrow zone situated at the vicinity of such localized sources. This heating causes mechanical 
stresses and leads to material damages such as wear and cracks phenomena. 
Recent numerical models, presented to deal with rolling processes [1,2] have shown that the 
thermal gradients can attain important levels which depend on the heat dissipated by friction, 
the rolling speed and the heat convection coefficient. 
Many other works [3-8] dealt with the evaluation of temperature in solids subjected to 
frictional heating. The difficulty of calculations resides in the solid mobility with respect to 
the contact area. This mobility is characterised by the dimensionless Peclet number: 
Pe V / α= ℓ , where V  is the relative velocity, ℓ  the characteristic length and α  the thermal 
diffusivity of the material. The precision of numerical models depends on the mesh size, 
which vary with the Peclet number. In fact, the number of nodes should be high for high 
Peclet number. This is why an analytical solution – if it exists – is more interesting. 
The temperature distribution due to friction process necessitates a good knowledge of the 
contact parameters. In fact, the interface is always imperfect – due to the roughness – from a 
mechanical and thermal point of view. Recent theoretical and experimental works [9-12] have 
been developed to characterise the thermal parameters which govern the heat transfer at the 
vicinity of a sliding interface. 
In certain industrial applications, the solids are provided with surface coating. A recent study 
has been carried out to analyse the effect of surface coating on the thermal behaviour of a 
solid subjected to friction process [13]. 
A two-dimensional steady state analytical solution is presented here to deal with the problem 
of a rotating cylinder, subjected to localized heating on different parts of its periphery. This 
solution is explicit, easy to program and does not necessitate any iterative process. No 
restrictive conditions are imposed on the speed. 
In what follows, we describe the problem and give the details of the proposed solution. Then, 
the temperature distributions with the variation of physical dimensionless parameters are 
studied. Finally, thermal maps are presented to illustrate the thermal phenomenon, which is 
related to the rotation speed. 
 
 

2. Description of the problem 
 
We consider a rotating cylinder, subjected to two diametrically opposed heat sources (Figure 
1). This situation is similar to a roller bearing in contact with the two rings. It can also 
represent a rolling mill, if only one heat source is considered. The case of multiple heat 
sources, placed any where on the cylinder periphery can be easily treated using the proposed 
model. The cylinder, of radius R , rotates with a constant angular velocity ω  and receives heat 
trough two different angular apertures: 02ξ  (for a heat source of flux density 0q ) and 12ξ  (for 

a heat source of flux density 1q ). The cylinder surface is cooled by convection of coefficient  

h  and zero ambient temperature.  
A steady state heat transfer with constant thermal properties is considered. An analytical, 
explicit and exact solution is seeked to compute the two-dimensional temperature 
fieldsT( r ,φ ) . 
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3. Analytical model 
 
3.1. Governing equations 

 
The heat diffusion in the roller is governed by the heat equation in polar coordinates, which 
can be written (with respect to the heat sources) as follows: 
 

2 2

2 2 2

T 1 T 1 T ω T
0

r r r r φ α φ

∂ ∂ ∂ ∂
+ + − =

∂ ∂ ∂ ∂
 (1) 

 
 

Where α  is the thermal diffusivity of the material. The term 
ω T

α φ

∂
∂

  represents the effect of 

roller relative motion with respect to the heat sources. This is the transport (or the convection) 
term. 
The angular periodicity leads to the following equations: 
 
T( r, π ) T( r ,π )− =  (2) 
 

T( r, π ) T( r ,π )

φ φ

∂ − ∂
=

∂ ∂
 (3) 

 
The cylinder center temperature should be finite, i.e.: 
 
T(0,φ )  is finite (4) 
 
The cylinder surface is subjected to the following boundary conditions: 
 

1 1

0 0

q φ π / 2 ξ
T( R,φ )

λ q φ π / 2 ξ
r

hT( R,φ ) elsewhere

+ ≤
∂ 

= − ≤
∂ −

 (5) 

 
Where λ  is the thermal conductivity. 
 
The following dimensionless variables will be used in the solution: 
 

r
ρ

R
= , 

hR
Bi

λ
= , 

2ωR
Pe

α
= , 

r

T
θ

∆T
= , av

r

q R
∆T

λ
= ,  

0 0 1 1
av

q ξ q ξ
q

π

+
= , * 0

0

av

q
q

q
= , * 1

1

av

q
q

q
=  

(6) 

Where Pe  and Bi  are the Peclet and Biot numbers respectively, and rT∆  the reference 

temperature. 
 
So, equations (1) to (5) can be written in the following dimensionless form: 
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2 2

2 2 2

θ 1 θ 1 θ θ
Pe 0

ρ ρ ρ ρ φ φ

∂ ∂ ∂ ∂
+ + − =

∂ ∂ ∂ ∂
 (7) 

 
θ( ρ, π ) θ( ρ,π )− =  (8) 
 

θ( ρ, π ) θ( ρ,π )

φ φ

∂ − ∂
=

∂ ∂
 (9) 

 
θ( 0,φ )  is finite (10) 
 

*

1 1

*

0 0

q φ π / 2 ξ
θ( 1,φ )

q φ π / 2 ξ
ρ

Bi θ(1,φ ) elsewhere

 + ≤
∂ 

= − ≤
∂ −

 (11) 

 
 
3.2. Analytical solution 

 
Equations (7) to (11) can be solved using the following Fourier frequency integral transform: 
 

π jnφ

π

1
θ θ e dφ

2π

−
−

= ∫ɶ  (12) 

 
Taking the periodicity conditions (8) and (9) into consideration, equation (7) becomes a 
simple second order differential equation:  
 

2 2

2 2

d θ 1 dθ n
jnPe θ 0

dρ ρ dρ ρ

 
+ − + = 

 

ɶ ɶ
ɶ  (13) 

 
The transformed boundary conditions become: 
 

θ(0 )ɶ  is finite (14) 

 

* *

1 0

dθ(1)
q q Bi θ(1)

dρ
= + −

ɶ
ɶɶ ɶ  (15) 

 
 
with: 
 

( )jnπ / 2

1* *

1 1

e sin nξ
q q

nπ
=ɶ  ; 

( )jnπ / 2

0* *

0 0

e sin nξ
q q

nπ

−

=ɶ  (16) 

 

In Eq. (15) the terms 
1

1

/ 2

/ 2

(1, )
2

jnh
e d

π ξ
ϕ

π ξ

θ ϕ ϕ
π

− +
−

− −
∫  and 

0

0

/ 2

/ 2

(1, )
2

jnh
e d

π ξ
ϕ

π ξ

θ ϕ ϕ
π

+
−

−
∫  have been 

neglected for two reasons: (i) the size of the heated area is small compared to that of the roller 
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and (ii) the heat convection coefficient is not very high ( 2 1200 . .h W m K− −< , typically). Gecim 

and Winer [14] have shown that this assumption is valid when: 
2

1h
α

λω
≤ . This condition is 

well verified in tribological applications. 

 
Two cases are distinguished to establish the solution: 
 
(i) case: n 0=  
 

n 0

1
θ ( ρ )

Bi
= =ɶ  (17) 

 
(ii) case: n 0≠  
 

( ) ( )
( ) ( )

* *

1 0 n n, j

n '

n , j n n, j n n, j

q q J γ ρ
θ ( ρ )

γ J γ Bi J γ

+
=

+

ɶ ɶ
ɶ  (18) 

 
with: 
 

jπ / 4

n, j nγ γ e−= , nγ n Pe= , ( ) ( ) ( )'

n , j n n, j n n, j n , j n 1 n, jγ J γ nJ γ γ J γ+= −  

 
The terms nJ  and n 1J +  represent the Bessel function of the first kind, of order n  and n 1+  

respectively and '

nJ  is the derived Bessel function. 

 
The inverse integral transform of equation (12) is given by the following expression: 
 

jnφ

n e
n 0

θ( ρ,φ ) ε θ( ρ ) e
∞

=

 = ℜ  ∑ ɶ , 0ε 1= , nε 2 ( n 1,2,... )= = ∞  (19) 

 

where eℜ  indicates the real part of jnφθ( ρ ) e  
ɶ . 

 

The substitution of θ( ρ )ɶ  given by equations (17) – for n 0=  - and (18) – for n 0≠  - in 

equation (19) yields the final solution. 
 

( ) ( )
( ) ( ) ( )

* * jnφ

1 0 n n, j

e
n 1 n n, j n , j n 1 n, j n n, j

q q J γ ρ e1
θ( ρ,φ ) 2

Bi nJ γ γ J γ Bi J γ

∞

= +

 + 
= + ℜ  

− +  
∑

ɶ ɶ
 (20) 

 
The Bessel functions, for which the argument is a complex number, can be expressed by the 
following relations: 
 
 
 



 6 

( ) ( ) ( ) ( ) ( ) ( )jπ / 4 jnπ n

n n, j n n n n n n n n n nJ γ J γ e e Ber γ j Bei γ ( 1) Ber γ j Bei γ− −    = = + = − +     

( ) ( ) ( )n

n 1 n, j n 1 n n 1 nJ γ ( 1) Ber γ j Bei γ+ + + = − − +   

( ) ( ) ( )n

n n, j n n n nJ γ ρ ( 1) Ber γ ρ j Bei γ ρ = − +    

(21) 

 
Where nBer  and nBei  are the Kelvin functions of order n . 

 
 

4. Results and discussions  
 
The analytical solution given by equation (20) is used to calculate the roller temperature for 
different configurations (single or double contact) and different contact zone dimensions ( 0ξ , 

1ξ ) in addition to different dimensionless variables: Peclet number Pe ,  Biot number Bi  , and 
*q . 

 
4.1. Single contact configuration 

 
The analytical solution given by equation (20) can be applied to a single contact case. This 
can be done by considering one of the two heat fluxes equal to zero. In the present study, the 
value of 1q  is taken to be zero. The variation of the dimensionless surface temperature  

θ( ρ 1,φ )=  for a Biot number Bi 1=  and different Peclet number values Pe 5= , 10  and  

100  is shown on Figure 2. A strong temperature variation in the contact zone is observed at 
the lower Peclet number. The case of Pe 5=  corresponds to a nearly static roller, resulting in 
an almost symmetrical temperature distribution with respect to the heat source center. These 
results are coherent with those obtained in reference [1]. 
 
 
4.2. Double contact configuration 

 
Figure 3 show the roller thermal maps for different Peclet numbers. The variation of this 
number has been obtained by changing the rotation velocity while maintaining the same 
material with the same dimensions. The numerical data are given in the caption of this figure. 
It can be seen that the thermal gradients are localized in a relatively narrow zone, situated near 
the contact areas. This zone decreases with the increase of rotation speed. It can be also seen 
that the temperature of certain internal zones are higher than that of the surface. In fact, since 
the roller is solid – non hollowed – and laterally insulated, it can evacuate the heat only 
through its external surface, outside the heated zone. This phenomenon is expressed by a 
periodic thermal solicitation leading to temperature gradient inversions and, hence, to residual 
stresses. A temperature homogeneity is also observed in a relatively wide domain, situated at 
the roller center. 
 
Figure 4 shows the temperature angular dependence at different roller radius for identical 
contacts (same dimensions and same flux). A temperature increase is found at each passage in 
each contact zone. The surface temperature in the contact zone ( ρ 1= ) is naturally higher 

than that at the depth but, near ρ 0.9=  the temperature becomes practically independent of the 

angular position. Finally, one can observe that the temperature inside the roller becomes 
higher than that of the surface in zones situated outside the contact zones. 
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5. Conclusions 
 

An analytical solution to calculate the temperature in a solid rotating roller, subjected to two 
peripheral heat sources is presented in this paper. This solution is easy to program and allows 
to obtain accurate results with very low computation time. It can be extended to other 
configurations (e.g. N contacts) without any difficulty. The obtained results show strong 
thermal gradients in a narrow zone, situated near the contact areas. This zone decreases if the 
rotation velocity increases. Thermal maps are established to globally visualise the roller 
temperature. They show a localized heating near the contacts and temperature homogeneity in 
the central zone. 
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Fig. 1. Studied problem 
 

 
Fig. 2. Dimensionless surface temperature for: Bi 1= , 1q 0= , 0ξ 0.05= at different values of 

Pe  (case of a single contact) 
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Fig. 3. Thermal map of roller at different velocities (or Peclet number) : 1 1λ 20 W .m .K− −= , 
6 2 1α 5.10 m .s− −= , R 0.01m= , 0ξ 0.04rad= , 1ξ 0.16rad= , 2 1h 200 W .m .K− −= , 

5 2

0q 5.10 W .m−= , 5 2

1q 1.2 10 W .m−= . 
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Fig. 4. Dimensionless surface temperature at different radii for: Pe 100= , Bi 1= , 

0 1ξ ξ 0.05 rad= =  

 

0

0,5

1

1,5

2

2,5

3

-4 -3 -2 -1 0 1 2 3 4

ϕ (rad)

θ 
(ρ

,ϕ
)

ρ = 1

ρ = 0.95

ρ = 0.90

ρ = 0.97

0

0,5

1

1,5

2

2,5

3

-4 -3 -2 -1 0 1 2 3 4

ϕ (rad)

θ 
(ρ

,ϕ
)

ρ = 1

ρ = 0.95

ρ = 0.90

ρ = 0.97


