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SMOOTHING EFFECT OF WEAK SOLUTIONS
FOR THE SPATIALLY HOMOGENEOUS
BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF

R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

ABSTRACT. In this paper, we consider the spatially homogeneous Boltzmann
equation without angular cutoff. We prove that every L1 weak solution to the
Cauchy problem with finite moments of all order acquires the C°° regularity
in the velocity variable for the positive time.

1. INTRODUCTION

Consider the Cauchy problem for the spatially homogeneous Boltzmann equa-
tion,

(1.1) { fe(t,v) = Q(f, f)(t,v), t e RY, U€R37
f(O,v) = fO(U)a

where f = f(t,v) is the density distribution function of particles with velocity

v € R? at time ¢. The right hand side of ([L.1]) is given by the Boltzmann bilinear

collision operator

Qot) = [ | [ Blo=v.o) g 0) = g(02)f(0)} ..

which is well-defined for suitable functions f and g specified later. Notice that the
collision operator Q(-, -) acts only on the velocity variable v € R3. In the following
discussion, we will use the o—representation, that is, for o € S?,

R N ,_v+v*_|va*|a
2 2 2 2
which give the relations between the post and pre collisional velocities. For mono-

atomic gas, the non-negative cross section B(z,0) depends only on |z| and the

scalar product ‘—; - 0. Asin [E, E, ﬂ], we assume that it takes the form
VU — Uy T

(1.2)  B(v —wvs,co80) = ®(Ju — v,|)b(cos ), cosh = | - o, 0<0< 5
U — Uy

in which it contains a kinetic factor given by

(1.3) (v —vs]) = (v —vs]) = o — w7,

with v > —3 and a factor related to the collision angle with singularity,

(1.4) b(cos0)0*+2% — K, when 6 — 0+,

for some positive constant K and 0 < s < 1.
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The main purpose of this paper is to show the smoothing effect of the spatially
homogeneous Boltzmann equation, that is, any weak solution to the Cauchy prob-
lem () acquires regularity as soon as t > 0. Let us recall the precise definition

of weak solution for the Cauchy problem ) given in [@], see also . To this
end, we introduce the standard notation,

1/p
11z = ([ 1P+ 1oha0) . or p2 16

lii0ss = [ | £ 1081+ 170}

Definition 1.1. Let fo > 0 be a function defined on R? with finite mass, energy
and entropy, that is,

/RB Fo()[1 + |v]* +log(1 + fo(v))]dv < +oc.

f is a weak solution of the Cauchy problem (@), if it satisfies the following condi-
tions:

f >0, f € C(R*; D'(R*) N LY([0,T]; Ly ,+ (R?)),
= fo(-),

/ f(t,v) dU*/ fo()y(v)dv for ¢ =1,v1,v2,v3, |v]?;
f(t, ) € Llog L, / f(t,v>10gf(t,v)dv§/ folog fodv, Vt >0

f(t v)p tvdv—/ folv O’Ud’U—/ dr | f(r,v)0;¢(T,v)dv
R3

= /O dr /R QUL v)p(r v,

where ¢ € CH(RT; C5°(R3)). Here, the right hand side of the last integral given
above is defined by

[ et nwstyar
- % /Rfj/SQB F) f) (@) + o(v)) — ¢(v) = ¢(v.))dvdv.do.

Hence, this integral is well defined for any test function ¢ € L*([0,T]; W2>°(R3))
(see p. 291 of [17]).

To state the main theorem in this paper, we introduce the entropy dissipation

functional by
- /// B (g.f" — g+f)log fdvdv.do,
R3 xR3 x§?2

where f = f(v)vf/ = f('U/>,g* = g(v*)vg; = g(”i)

Theorem 1.2. Let the cross section B in the form (L)) satisfy (L.3) and ([L4)
with 0 < s < 1.
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1) Suppose that v > max{—2s,—1}. Let f be a weak solution of the Cauchy problem
(D) For 0 < Ty < T, if f satisfies
)

(1.5 o[t f € L>®([Ty, Ty]; LY(R3)) for any ¢ €N,
then
f e L=([to, Tn]; S(R%)),

for any to €Ty, T1] .
2) When —1 > ~v > —2s, the same conclusion as above holds if we have the
following entropy dissipation estimate

T

(1.6) D(f(t), f(£))dt < oc.

To

The existence of weak solutions to the Cauchy problem (@) was proved by
Villani [E when v > —2, assuming additionally in the case v > 0 that fy €
L} 4 for some 6 > 0. One important property of the weak solution for the hard
potentials (namely when « > 0) is, according to the work by Wennberg [@ cf. also
Bobylev[f), the moment gain property. It means that f satisfies ([L.5) for arbltrary
Ty > 0 when the initial data only satisfies finite mass, energy and entropy. However,
without assuming the moment condition ([L.5), we can still consider the smoothing
effect in case with mild singularity (0 < s < 1/2) for the hard potential(y > 0),
and the argument is similar to the one used in [[[J] ( see Theorem .3 in Section ).

This kind of regularization property has been studied by many authors, cf. |
E, E, @, E, @] However, to our knowledge, it has not yet been completely
established in the sense that the kinetic factor ®(]z|) was modified to avoid the
singularity at the origin except the Maxwellian molecule case in previous works,
and moreover some extra conditions other than those in Definition 1.1 of weak
solution were required in [§, [Ld].

We would like to emphasize that the result of Theorem E gives the full reg-
ularization property for any weak solution satisfying some natural boundedness
condition in some weighted L' and Llog L space, that requires no differentiation
on the solution.

Recently in [[LT], it was proved that Wpl’1 N H? (strong) solutions gain full reg-
ularity in the case 0 < s < 1/2. Their method is based on the a priori estimate
of the smooth solution, together with results given in [E about the propagation of
the norm W1 1 and the uniqueness of the solution. Different from -, we start
from the weak solution given in Definition B without any known uniqueness re-
sult. Therefore, a priori estimate for the smooth function is not enough to show
the regularity for the weak solution in L' with moments. For the proof of Theorem
, some suitable mollifier, acting to the weak solution, becomes necessary, so that
its commutator with the collision operator requires some subtle analysis.

Throughout this paper, we will use the following notations: f < g means that
there exists a generic positive constant C such that f < Cg; while f 2 ¢g means
f>Cg. And f ~ g means that there exist two generic positive constant ¢; and ¢
such that ¢1 f < g < ¢ag.

The rest of the paper will be organized as follows. In the next section, we will
prove a uniform coercivity estimate that improves the one given in [m] which has its
own interest. The mollifier and the commutator estimate will be given in Section
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B In Section [] we prove the smoothing effect of weak solution with extra L2
assumption. The last section is devoted to the proof of Theorem D

2. A UNIFORM COERCIVE ESTIMATE

In this section, we will improve the coercive estimate for the collision operator
obtained in ] by removing the restriction on v in a bounded domain.
In view of the definition of the weak solution, for Dy, Ey > 0 we set

U(Do, Eo) = {g € LyNLlogL; g >0, |gllzr > Do, |lgllrs +lgllriegr < Eo }-

Set B(R) = {v € R?; |[v| < R} for R > 0 and set Bo(R,r) = {v € B(R); |v—vo| >
r} for a vy € R® and r > 0. It follows from the definition of U(Dy, Ey) that there
exist positive constants R > 1 > ry depending only on Dy, Ey such that

(2.1) g e U(Do,Eo) implies XBo(R,r0)9 € U(Do/Q,Eo) s

where y 4 denotes a characteristic function of the set A C R3. In fact, noting that
for R,M >0

32/ gdv +log(1 + M)/ gdv < Ej.
{lv[>R} {g>M}

We have

/ gdv > 3Dy /4
{lvl<RIn{g<M}

if R > 2y/2Ey/Dy and log(1 4+ M) > 8Ey/ Dy, moreover we have

/ gdv < Dy /4
{lv=vo|<ro}n{g<m}

if 7o < (3Do/(16m exp(8Eo/Dy))'/%.

Proposition 2.1. Suppose that the cross section B of the form (1.9) satisfies (E)
and (@) with0 < s <1 andvy > —3. If Do, Ey > 0 and if g € U(Dy, Ep) then there
exist positive constants co, C depending only on Dy, Eq such that for any f € S(R3),

(22) —(QU. ). 1), = coll W) "2 I = ClY 22 oy

where a™ = max{a,0} for a € R. Furthermore, if v+ 25 <0, 0 < s’ < s and if
g belongs to Li/v(3+7+28) then there exists a C1 > 0 independent of g such that for

any f € S(R?),
@3) ~(Qe.1). 1), = colltw)” I = (C+ Cullgll yyroemsan )10/ I

Remark 2.2. [t should be noted that the above coercive estimate is more pre-
cise than Theorem 1.2 of and more adaptable to prove the regularity of weak
solutions. In fact, the coercive estimate (@) is uniform with respect to g. If
v+4s > 0 and D(g,g) < oo then g belongs to Li/f'w—ﬂs/), provided that g € L}
for a sufficiently large £. In fact, it follows from the proof of Corollary below
that D(g,g) < oo implies \/g € H ,, and hence (v)7g € L3B=25) by means of the
Sobolev embedding theorem, which together with Lemma @ below lead us to this
concluston.
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D=l ok eas - fidvdvds,
R3 x R3 x 2
and note that

(Qg, 1), ) = ——c ///(I)b ) dvdv, do .

It follows from the Cancellation Lemma and Remark 6 in [m] that

‘/// blv —vi]? gu(f? — f?)dvdvado| < ’//|v—v*|7 gi f?

S llglley, ||f||H< LK
where the last inequality in the case v > 0 is trivial. While v < 0, this follows from
the fact that

Proof. Put

dvdu,

[0 — 0" SHA0) {1 o, > () /2 F Ljomus <o) 2(Vs) |0 — 0|7},

and the Hardy inequality sup, [ |v— v.|"|F(v)]*dv S ||F|3,_,,, for F = (V)12 f.
Furthermore, it follows from the Hardy-Littlewood-Sobolev inequality that

2
\// (o= 0.7 9. 2| dodv. < lgllon | FIZe + // LI C
vV —

*I 7
S llgllze I F I + 1) gl posoersan 1F | oso-nnr S N9l Lyt e, -
Y

where we have used the Sobolev embedding in the last inequality.

For the proof of the proposition, it now suffices to consider only the quantity
C+(g, f). The case v = 0 is obvious. In fact, by Corollary 3 and Proposition 2 in
[], there exists a cog = co(Do, Eg) > 0 depending only on Dy, Eg > 0 such that

(24) Coig Nz [ |lerfe)] de, e e s@),

{l¢l=1}

where f (€) is the Fourier transform of f with respect to the variable v € R3. From
the proof in [ﬂ], it should be noted that (@) holds for any f € L? such that the
left hand side is finite.

We consider the case v # 0, following the argument used in the proof of Lemma
2 of . Choose R,ro such that (R.I]) holds. Let ¢p be a non-negative smooth
function not greater than one, which is 1 for |v| > 4R and 0 for |v| < 2R. In view
of

(v)

- = |v — .| < 2(v) onsupp (XB(r))+PR

we have
A0 wul)gu ('~ )7 > (axsm), () er) (1~ £
> (gxsm). [5 ((07erf) — @) 0nt) — ((0)0r) — ") 17,
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It follows from the mean value theorem that for a 7 € (0, 1)

0
|((0)"20m) = @)"2pn| S (o + 70" = 0))/2 o — v, sin
< <v*>lv/2fl\ (W' — v*>v/2 sing

< ()72 gy g O

because [v — v |/V2 < V) —vi| < v+ 70 —v) —v.| < |v— v, for 8 € [0,7/2].
Therefore, we have

(25)  Cylg, /)= 277G (gxm(m): wr(v)2f) = Crllgll 172 .
for a positive constant Cr ~ RI7T17=2l. For a set B(4R) we take a finite covering

To
B4 A, A= R3: |v—wvi| < =21,
(R)Cujeg@}%) i Aj={veR’; |Jv—y| < 4}

For each A; we choose a non-negative smooth function ¢4, which is 1 on A; and
0 on {|Jv —vj| > ro/2}. Note that

To

5 < v —wi| <6R on supp (XB, (R,r))PA; -

Then we have

. + I +
(v = v.)ge(f = N 2 mindrd, R™C Hoxm, () 65, — )P
2 R min{rg+;R_(_Vﬁ}(gXBj(R’TU))*

1 2 2
8 [5((<U>7/2@Ajf)’ . <U>V/2<PAjf) - ((<U>v/2(ij)/ _ <U>V/2(ij) fl2] -
Since ’((v)'V/QcpA].)/ — <v>'y/2g0,4j‘ < R ()Y sin0/2 if |u.| < R, we obtain
(2.6)  Cylg, £) 2 min{(ro/R)"", R™CV"}ColgXB, (1 .ro)s #a, (0)/2F)
- sz,mHgllLlllfll%i/Z,

for a positive constant Cf, . ~ R*"21. It follows from (24), R.4) and (.6) that
there exist ¢j, C, C" > 0 depending only on Dy, Ey such that

@7) g, ) 2 (D) orte) 17 + 31D oa, (0 £I7) = CllfI3:

> coll )2 flFe = ClAI:

because % + > goij > 1 and commutators [(D)*, @], [(D)*, ¢a,] are L? bounded
operators. (I

Remark 2.3. (@) holds for any f € Li/Q such that Cy(g, f) is finite, because of

the remark after (B4). Similarly, (B2) holds for any f € L'Qy/Q if v > 0 and if its
left hand side is finite.
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Corollary 2.4. Let f(t) € Lrlnax{Q 3 NLlog L be a weak solution. Suppose that the
cross section B is the same as in Propostion @ Assume that for a T > 0 we have

(2.8) / D(f T))dT < 00.
Then there exist positive constants cy and Cy > 0 such that
T T T
@9 o [ VIOl im < [ DU SEr =0 [ 15 dr

Proof. We first consider the case v < 0. Note

/// (fLf" = fof)log fdvdv.do

_ . _ Y rel el
4///b(><v 0" (F1L— £1.) (log f'f. — log [ f.)dvdv.do,

because (z — y)(logx —logy) > 0 and @(Jv — v.|) > (v — v,)7. Then we have

_ ///b(.)@ — ) (fLf = f.f) log fdvduv.do
= [[[ 00— s (£105 L~ 4 ) dvdenao
+ / / / b() (0 — 0.) o (f = ') dvdv.do

> [[[ o600 = w18, (VT = Vi) dvdonda — I

where we have used z log(z/y) —z+y > (v/x — /y)? and the Cancellation Lemma
in the last inequality, as the same as in the proof of Theorem 1 in [EI Since the
proof of Propostion @ still works with @ replaced by (v — v,)7, we obtain the
desired estimate in view of Remark . The case v > 0 is easier because we do not
need to replace ® by (v — v.)” when Cancellation Lemma is applied. O

| \/

3. MOLLIFIER AND COMMUTATOR ESTIMATE

Since the weak solution is only in L', we can not use it directly as a test function
in the definition of weak solution to get the energy estimate. To overcome this, we
need to mollify it by some suitable mollifiers so that to consider the commutators
between the mollifiers and the collision operator becomes necessary.

Let A\, Ng € R, 6 > 0 and put

(@
(14 0(5)N

Then Mg (€) belongs to the symbol class SﬁaN ° of pseudo-differential operators and

(3.1) MJ(¢) = (€ =@+

belongs to S7 uniformly with respect to § €]0,1]. MJ(D,) denotes the associated
pseudo-differential operator. By direct calculation we see that for any « there exists
a C, > 0 independent of ¢ such that

(3.2) eMS(©)] < CaMZ (€))7
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Lemma 3.1. There exists a constant C' > 0 independent of 6 such that
(33)  [MI(€) - MRE- &)

(&)
< CEM e,y ape + OMI(E - &) {1(5025/2 + e Liel/e> (e

€3
M(s(f*) 1+5<§*§*> Mo
+CM§(§§*>< A (<§§*>,\ ) )1\/§£><£*>2£/2'

And if p > No — A
|MR() = MJ(€ — &)] < CMR(€ — &) {(@)plmma

3]
M) (1 +6(¢ — &)™ )
' ( A (<£§*>A s 1) Lumie> ey zlel/2 + %ha/bm} :

Proof. We first note

(€) S (&) ~(€—&), onsupp i s s
(3.5) (&) ~ (£ — &), on supp 1(g*>g|g|/2,
(€) ~ (&) AE— &)y omsUDD L gy e g2

Since (£)PM{(€) is increasing function of (€), we have
<§>pM§(§) S <§*>pM:\s(§*) ~ <§*>pM§(§ — &) on supp 1(§*>2ﬂ\5\ )

and trivially,

Note that

MO(EN(1+6( — NN
M3(€) ~ M3 (&) ~ M3(€ — &) HE )(<§ — éﬁx &) On SUPP 1 51> ¢,y > ¢ /2-

By the mean value theorem, we have

§+7(§ = &)ldr|é.]

)(
< Mi(e — ) &)
S My (€ - &) g onswp Liey<iel/2-

M3(E) — ME(E — €] < /0 (Ve

Here we have used (B.J) and the second formula of (B.H). The above estimates
imply (B-4) and (B3). O

For the kinetic factor |v—v.|7, we need to take into account the singular behavior
close to |v — v«| = 0 except v = 0. Therefore, we decompose the kinetic factor in

two parts. Let 0 < ¢(z) < 1 be a smooth radial function with value 1 for z close to
0, and 0 for large values of z. Set

Dy(2) = D4(2)0(2) + 24 (2)(1 = ¢(2)) = Pe(2) + Pa(2).
And then correspondingly we can write

Q(fag) = QC(fag) + Qé(fag)a

where the kinetic factor in the collision operator is defined according to the decom-
position respectively. Since ®z(z) is smooth, and ®z(z) S 4 (2), where &,(] z|) =
(1 + [2[2)7/2 is the regular kinetic factor studied in [{]. Then Qz(f,g) has similar
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properties as for in (f,g) as regard to the upper bound and commutator estima-
tions. We recall the Proposition 2.9 of [f].

Proposition 3.2. Let A € R and M(§) be a positive symbol of pseudo-differential
operator in S7 in the form of M(§) = M(|£|?). Assume that, there exist constants
¢,C > 0 such that for any s,7 > 0

M
<c implies C'< ﬁ <,

<
- M(r)

S ®

and M (€) satisfies
MO (E)] = 98 M(€)] < CaM (€)(€) 7,

for any a € N3. Then, if 0 < s < 1/2, for any N > 0 there ezists a Cy > 0 such
that

(3.6)(M(D)Q:(f, ) = Qelf, M(Dy)g), h)s|
< Oz, (IMDD) gllzz, + s ) ]2

Furthermore, if 1/2 < s < 1, for any N > 0 and anye > 0, there exists a Cy . > 0
such that

(B7)  |(M(D)Qe(S. 9) = Qelf. M(D.)g). W)
<Cnellflla,, (IM@D0gllgaeree gl ) [l

When s = 1/2 we have the same estimate as ([3.1) with (25 4+~ — 1) replaced by
(v + k) for any small k > 0.

+v—

Remark 3.3. In the case v > 0 and 0 < s < 1/2, it follows from Lemma 8.1 of
1L2) and its proof that (@) can be replaced by

|(M(D,)Qelf. ) — Qelf. M(D,)g). bz
< Ol flas (IM2(D) gllzz , + gl ) Iz

From now on, we concentrate on the study for the singular part Q.(f, g).

Proposition 3.4. Assume that 0 < s < 1,7+ 2s > 0. Let 0 < s’ < s satisfy
v+2s >0 and2s > (2s—1)". If

(3.8) 547> 2(No—A),

then we have
1) If s + X < 3/2, then

|(M2(D2) Qel,9) = Qelf; ME(D) 9), 1) | S ISl IME (D)l 1
2) If & + X\ > 3/2, then
(M;\;(Dv) Qc(fag)_Qc(f’ Mf\s(Dv)g)ah)‘
S (U es + 17N gronsor o0 Y IMED)g o 1Bl

Furthermore, if s > 1/2 and v > —1, then the assumption (@) can be relaxed to
(3.9) 44+ ~v+2s>2(Ng— ).

He'

Hs'
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Proof. For the proof we shall follow some of arguments from [E] By using the
formula from the Appendix of m] we have

Qs = [[[ | b(o)lbule —€) — )

x F(€.)§(€ — &)h(€)dede. do,
where ™ = %(5 — |€]o). Therefore

(M3(D)Qu(1.9) - @ f,MA< )g >h)

- [[[v(: FRIIXCET LX)

x (M3(6) = MI(E - €)) F(€)3(& — £)h(€)dede.do

i ]
:Al(f,g,;z)2+A2(f,g, h) . N
Then, we write As(f, g, h)

/// |,g| 1|£ 5 1(eyPel&e —€7) - dédéudo
_/// H'” Lie- 3106y Pe(&) - - dédéudo

=A21(f,9,h) — A22(f. 9, h).
On the other hand, for A; we use the Taylor expansion of ®. of order 2 to have
A= Aia(f,9,h) + Ar2(f, 9, 1),
where
All*///bg (Vo) (&)1 e |<i 5>(M,\(§)*M,(\S(§*§*))
x F(6)9(E — E)h(€)dedé do,

and A; 2(f, g, h) is the remaining term corresponding to the second order term in

the Taylor expansion of d,.
We first consider A; ;. By writing

=5 (g ) (- (e )5

we see that the integral corresponding to the first term on the right hand side
vanishes because of the symmetry on S?. Hence, we have

dua = [ (e (b3e) - Mile — €) F€ale — (e,
R6

where

kiee= [(§0) (1= (50) § Choene ey
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Note that |[V®.(&,)| < EEET >3+7+1’ from the Appendix of [{]. If v/2|¢| < (£.), then
sin(0/2) €] = |€7| < (&«)/2 because 0 < § < 7/2, and we have

/2 1-2s 5 ! g
|K (&, &) 5/0 0" =do <§*><3-'27+1 S ()3T <<<'§*>>) .

On the other hand, if v/2[¢] > (&), then

&)/l \ ¢ 1 ¢ 25—1
K65 | o s e ()

Hence we obtain

1 §
310 K@ S g { () Leozvae

| © N\
L s1e> 02162 T ) El/22 () (-

Similar to A1 1, we can also write

iz = [ Ree.e (b3€) - il ~ €)) F€ale - (e,
R6

where

K(§’§*>/szb(l'§_l'g) /01(17)(v2<i>c)(§*75 ) € E L <1 (e drdo.

Again from the Appendix of [{], we have
1 < 1
& = e S g

(V20.) (& — 7¢7)| S

because |£7| < (£4)/2, which leads to
. 1 2
B IREE)S i { (&) 1602020

©\*
151> 602 1e12 T (@) 1|§|/2>(§*>} :

It follows from (BA4) of Lemma B.1, (B.1d) and (B.11)) that if p = Ny — A, then
A S A+ [Ar2] S A1+ Az + As,

where

(3.12)
=],

J(&)
(€a)3 17

M€ — €)3(€ — &) 1h(€) (<fg>>> 1oy yajedénde,
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and
2= oo é(ﬁ*fv | M3(€ = €)3(€ — &)] 7€)
Mﬁ(é*)(l + (0 — e
: (€ =& T 1 1 m1e5 6.y > 161296408 5
// (56 — €03(€ — &) o)) (L T dt.de
RS 3+v A * * <£*> [€]/2>(€.) QG .

Putting G(€) = (€)' M{(£)§(€) and H(€) = (€)% h(€), then we have

N d «
A < 1712 (/ e / (e |2d§>

e g\ A
- (/]RS <§>3+’Y+2S, /]Rz <<€*>> 1(§*>2\/§\£\|G(€ _6*)|2d€*

1
S WA MRl Z 1203

because y + 25’ > 0, and 3+ — 2(p — 1) > 0 from (B.§). Here we have used the
fact that (&) ~ (£ — &) if (&) > \/§|§|

We consider the case s > 1/2,7 > —1. For s > s’ > 1/2 we have

A d€.
|A1|2§||f|%x</3 fﬂﬂ/| |d«s>

d¢ ¢ 3+y+(28'-1)-2(p—1) 1 >va )
. </R (€3 /R <<<s*>>) T |G~ £ de.

§
SIAIZIMR gl IR0

if 347+ (2’ —1) —2(p—1) > 0. Thus (B-§) can be relaxed to (B.g) to get the
desired estimate for A;. Here we remark that (@) or @) are only required to
estimate the part A;.

Noting the third formula of (B.3), we get

> |f(&)]2dE. < (e
S {/Rs (Ea)yotvtas /<§—§*>5<5*> (€ — &)+

(£,)20=N) 1 >d }
e epomen T ey )%

(// Ge—&PIH(E |2d£d£*).

ot < [ —FE e amsorz a2
2 e (€320 AW 1 g

ST IMRgI o Bl

If A+ 5" < 3/2, then
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If A+ s' > 3/2, then

£ . ; (A+s'+e)
aof 5 [ FELID T e g ol

<§*>6+2(’y+2s/)
S pser—s M1 3 Rl -

Since 25’ > 2s — 1 and v 4 2s’ > 0, we have

~ d «
e S 11 ([ e [ O

dé. €,)) 2 - @m0} X
- </Rg (€, )3T /RS (<<§>>) Ligi/23 (6| G(€ — &)[7d¢

ST IMRgI o Bl

The above four estimates yield the desired estimate for A;(f, g, h).
Next we consider As(f,g,h) = A21(f,9,h) — A22(f, g,h). The fact that || =
€] sin(0/2) > (£.)/2 and 0 € [0, /2] imply v/2[¢] > (£.). Write

Aoy = [ Kot (M3€) - M3(€ - €)) FleNale - €)hle)dede.
RG

Then we have

[K2(&, &) ’/ %) Pele e 1246040

1
<§*>3+w< > 1 11> (e.)

<L €\
AT 1\/§|£|><£*>>|£|/2+(@) L2z (e) ¢

which shows the desired estimate for Aj o, by exactly the same way as the estimation
on AQ and Ag.

As for Aj 1, it suffices to work under the condition |€, -] > %|§’|2. In fact, on
the complement of this set, we have |, —&~| > |&,|, and &, (€, —£7) is the the same
as ic(ﬁ*). Therefore, we consider Az 1, which is defined by replacing K1 (&, &.) by

Kip(6 &) = /SZ b(éj ' U)‘i’c(‘f* &) ez 160 Lies gz 4ge- 1240 -

By noting

1=1 g2 —ey<2e.—e-) T Lien g2 e—co>206.—6-) + Liey<je)/2s

we decompose respectively
Az1p=DB1+ B2+ Bs.

On the sets for above integrals, we have (£, — &) < (&), because [€7] < || that
follows from |72 < 2|¢, - €| < |€7||€4]. Furthermore, on the sets for By and Bs
we have (£) ~ (&), so that (& —£7) S (§) and b Lje- > 1(¢,y1(e.)>¢|/2 is bounded.

~
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Putting again G(&) = (€)% M{(£)§(€) and H(E) = (€)' h(€), by Lemma B.1] we have

s

T en<en—e—y  02NOL e eivcie _em
X{M§(§*>2< (E—enS(E—€) | (6=Ex)S(6—€7)

N |
e 1fte

(€= €2 T g g AN

1<5—5*>5<5*—5>} }< e N2 e (2 >
+ et L acac.an ([ [[ 166 - o Paricae. )

Noting that (£,) ~ (&) ~ (§7) < (€T — u) + (u) with u = & — £, and moreover
(u) < (&4), we see that if A > 0 then

2 o (&7 —w + )

This is true even if A < 0. Therefore, if s’ + A < 3/2 we have

B S W1 [ ()2

(6" —w)> + (w)™) 1 52No N
: {/<f+u><<u> (14 6(u))>No (<£+ BRI T EES e ) )d5
et 5 , ,
—————— tdu | M{(D R,
! /<§+u><<“> <€+ — u>28’ } u || )\( )gHHs || || s

9 du,
HY [ (y)3+20r+25)

Here we have used the change of variables (£,&,) — (€1, u) whose Jacobian is

S I MR (D)gl 7.0 1]

8(§+,u) B o+ B ’I+é—|®a‘
Beey|=l2el=——

LSS %'ﬂ ~ cos?(0/2)
B 8 4

If s + X\ > 3/2, in view of v 4 2s’ > 0 we have

1 T
> — 0 —1.
>3 €0,3]

B S [ 17(€)P {{w© 2 tog(u) } de. |M3(D)gl . I

Hs'
5
S s —s [MR(D)g]

?_Is/ h’H?{s/v

because (u) < (£,) on the set of the integral.
As for Bs, we first note that, on the set of the integral, T = £ — £, + v implies

B8 gyl €< le-6h+ I S €2,

so that
( MR(E) ~ ) MRET) ~ M(6—&.).
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and hence we have by the Cauchy-Schwarz inequality

Bl I [f %m(smﬁdod&d@

<[ / 25,'|H( )P dodede.

SIFIE ) MR(D )gHHSfIIhIIHS :

because v + 25’ > 0.
On the set of integral for Bs we recall (£) ~ (£ — &) and

)

|M(€) — MR(E—&)| S @ MJ(€—¢&),
so that
(i)c « — & * A
B2 Sl [0 e e (iagfﬂ)'“ ) \e — &) Pdodede,

b6 —E)I(E) | 5
X///“\mz%(ml (<§>2s’+1)|< () dode..

We use the change of variables £, — u = &, — &~. Note that || > %(u +&7)
implies [€7| > (u)/v/10, and that
(&) S (& —&7) +[&sinb/2.

Then we have

//b L1236 |(i)6(§<2>2§+1)|<§*>d"d§* S /(tj)(;% (%)2

X (/b1|§2<u>%d0+/bsin(9/2)1|§|z<u>d0)du,

from which we also can obtain the desired bound for Bs if v+ 2s’ > 0. In fact, the
first integral on the sphere is bounded above by (u)*=2¢/(¢)1=2% and the second
integral has the same bound when s > 1/2. On the other hand, the second integral
is bounded by a constant when s < 1/2 and by |log({§)/(u))| when s = 1/2. The
proof of 1) and 2) of the proposition is then completed. O

The combination of Proposition @ and Proposition @ together with its remark
yield the following theorem.

Theorem 3.5. Assume that 0 < s < 1,7+ 2s > 0. Let 0 < s’ < s satisfy
425 > 0,25 > (25 — 1)T. If a pair (No, \) satisfies (B.g) then we have
1) If s + XA < 3/2, we have

|(M2(D0) Q(F.9) - QUMD g, 1)
S ||f||Li++(2871)+||M§(D )9l
2) If s' + X > 3/2, we have
(M) 9 - QL. M§<Dy>g>,h)]

5
(HfHLl ||f||]17(>\+s’73)+)Hlu)\(Lv)gHHS’+ ||h||HS’ .
yt+@Es—1)t

Bl

t+(2s—
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Furthermore, if s > 1/2 and v > —1 then the same conclusion as above holds even

when the condition (B.g) is replaced by (B.9). When 0 < s < 1/2 and v > 0, we can

use || M3 (Dy)gl| e ||h||HS for the corresponding terms in above estimates with
/2

smaller weight in the varwble V.

We recall also the following upper bound estimate, Proposition 2.1 of [E], where
we need the assumption v + 2s > 0 (see also Theorem 2.1 from [{f]).

Proposition 3.6. Let v+ 2s > 0 and 0 < s < 1. For any r € [2s — 1,2s] and
¢ €10,y + 2s] we have

[CEN .

In the following analysis, we shall need an interpolation inequality concerning
weighted type Sobolev spaces in v, see for instance [@, @]

S e

Y+2s

gl

D tos—e ||h||H357T .

Lemma 3.7. For anyk € Ryp e Ry,6 >0,
1 W7 gy < < G5l o ey 1 | agis s -
And also another interpolation in L9 is given by
Lemma 3.8. Let 1 < ¢ < p. Assume that f € LP and (v)*f € L' for any £. Then
()t f € L9 for any L. More precisely, we have

[fllzg < 2Hf|\"“’ & IIfIIC’“J R

P q

Proof. Take A > 0, we rewrite

1712, = / (o) £ (0)]0dv + / (0)19] £ (0)|do
¢ Jweali)amr<n (v)ealf(v) a=P>X
< NI + X

La(p—1)

P—q
Taking
=8 He
/\—Ilfll“’ IfllL"7,
Lq(p—1)
pP—aq
we obtain the desired estimate. O

4. SMOOTHING EFFECT OF L2 WEAK SOLUTIONS
We start from a weak solution in L2 with bounded moments.

Theorem 4.1. Assume that 0 < s < 1, y+2s > 0. If f belongs to L>([to, T]; L7(R?))
for any £ € N and is a non-negative weak solution of (m) , then for any ty < tg <
T, we have

f e L®([to, T); S(R?)).
Proof. Without loss of generality, take tg = 0. Assume that, for a > 0, we have
(4.1) sup || f(t,-)|[mg < oo for any £ € N.
[0,T] '

Take A(t) = Nt+a for N > 0. Choose Ny = a+ (5+)/2. Then the pair (No, A(t))
satisfies (B-§). If we choose N, T} > 0 such that NT; = (1 — s), then

MT1) — No —a < XN(Th) — No < —3/2,
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from which we have, for ¢, ¢’ € [0,T1],

(42) M f(#) € L0, T3] x [0, T1]; H;*(R®) 0 L*(R?)),
because of ([L.1). By the same way as in (3.5) and (3.6) of [L], we have
(4.3) M3 f(t) € O([0, Tu]; L*(R?)),

and for any t €]0,T1], we have

%/]Rs (Mf\s(t)f(t))de - %/Ot /]RS f(7) (ar(Mg(T))Q)f(’r)dvdT

1
(4.4) =3 /Rd (Mf\s(o)fO)de

* /ot (QUF), M) F (7)), MEy (7)) i

+ /O (M QU ) £()) = QD). My (7)) M S (7)) .

by taking (Mf\s(t))Qf(t) as a test function in the definition of the weak solution,

though it does not belong to L>([0, T1]; W2°°(R3)). In fact, we can show (ft.3) and
(-4) under a weaker condition than (ff.9), which will be given in Lemma [£.§ below.
Noting
8th\s(t) = N(10g<§>)M§(t) )
by Theorem @ we have

SIOBNOIE: < 5170 + [ (@), (). (37) (7)) ar

1(MZf) ()| g

~y—1)t

(4.5) +Cf/0 II(Mff)(T)||H(;’S+

LN / [ (Qog(D)) /2 (M3 ) (r)|2dr

Since the uniform coercive estimate (P.J) together with the interpolation in the
Sobolev space yields

(QUE), (ML) (), (M) () < —es (ML) (e, + ColF I

)
/2

by means of Lemma @ we have
(4.6)

¢ ¢
1NN +er [ GBI, dr < 1O+ [ 170
Taking § — +0 and ¢t = Ty, we have f(Ty) € HM™) = gNTi+e This is true for
any 0 < T; < T. Choosing N = (1 — s)T;*, we have that for any 0 < T} < T,
f(Ty) e HI-9)+a,

Fix 0 < s9 < (1 —s). Then, by using Lemma [3.q and assumption (1)), we see that
for any 0 < t; < tp and any ¢,

sup [[f(t, )] yzo+a < 00
[tlvT] ¢
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We can restart by replacing a by a + s = a1 and ty by t;. By induction, for
ap =0, ar, =k sg, and tj, = to — (2k) "1 (to — to), we have for any k € N and any ¢,

f e L (tw, Tl H* (RY),
which concludes the proof of Theorem [£.1] O

Remark 4.2. When 0 < s < 1/2 and v > 0 we can use fot [(MLF) (D)2, dr for
v/2
the corresponding term in ([L5). Hence, instead of [|.4), we can obtain

t
IR @172 < 1Oz +Cf/0 ||f(T)||§1;/22dT,
which shows that f(t) € L°°([0,T]; L? N Li(R3)) implies f(t) € H®(R3) for t > 0.

Lemma 4.3. Let T > 0 and let M3, (€) be defined by (B.J) with A = X(t) = Nt+a
for NT1 < 1 and a € R. Suppose that

f € Ll([o’ Tl]; Linax{'erQS,Q}(Rs)) n LOO([O’ Tl]; Ha(R3))'
If there exists s1 > s such that
My (', 0) € L=([0, Ta)s x [0, Th]wr; H! (RD))

for €y = max{v/2 + s,yt + (2s — 1)*}, then we have ), and @A) for any
t € [0,T1]. Furthermore, if 0 < s <1/2 and v > 0 we can take by = /2 + s.

Proof. In Definition [L.1], taking ¢(t,v) = 1 (v) € C§°(R?), we get

t
/ f(t)wdv—/ f(t’)wdv:/ dar [ Q) F(r)wdv, 0<¥ <t<Tp.
R3 R3 t/ R3

By taking a sequence {¢;(v)}52, € C§°(R3) such that (Mf\s(t))’lzbj — Mﬁ(t)f(t)
in Hj , we can set ¢ = (M/‘\S(t))Qf(t) for a fixed ¢ because

» FE) (MR ) f(t)dv

< ||M,(\S(t)f(t/)||L2||M§(t)f(t)||L2 < o0,
and by noting
(QUf ), (M2 ) = (QUf, Mf), M{f) + (M{Q(F, f) — Q(f, M3 f), M3 f)

we have

[ ar [ QU@ s, P re

t
S / 5 r( e 1M flis o, IV SOl )

T,t€[0,T1

t
J— ! a
(1Nl s 17

T€[0,T}

< (sup M F()e

7,t€[0,T1] v @a-nT

M50 f®)la- )
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thanks to Proposition B.6 and Theorem B.5. Setting ¢ = (Mg(t,))Qf(t') also and
taking the sum, we obtain

/]RS (Mf\s(t)f(t))2dv - /}R3 (Mg(tf)f(t/))QdU
@n = [ 50 ()R - 05 ?) £¢)

+/t, dr 5 Q(f(7), f(7)) ((Mﬁ(t)yf(t) + (Mf(t/))Qf(t/)) dv.

Since it follows from the mean value theorem that the first term on the right hand
side is estimated by

t=t] s M £(0) 200D ()

we obtain (f£.3), namely M/‘\s(t)f(t) € C([0, Tp]; LA(R3)).
Taking ¢ = (10g<D>)2(M§(t,))2f(t’), we also have
(log(D)) M3, f(t) € C([0, To; L*(R?)).
Taking the difference, instead of ([L.7), we get

/]RS (Mf\s(t)f(t))QdU + /}R3 (Mis(tf)f(t/))QdU
= [ 50 (302 + 083 ) £

t

+ [ dr | QU £@) (M) F0) = (M) 7)) do

t!

which shows

i [ 70 (0507 + (3 ?) 5(@)av =2 [ (013 £(0)av.
and moreover
(4.8) i | () £ () (M () do = /R (M3 f () do.

To prove ([.4) we introduce

M&n _ Mg\;(t)(g)
AB T4 k(E)

with a new parameter £ > 0. Divide [0, ] into & subintervals with the same length
and put t; = jt/k for j =0,--- , k. Similar to ([.7), we have

/RB (Mgk';)f(tj)fd” - /]RS (Mgkjj,l)f(tj—l))Qd”
(4.9)

- R3 f(tj) ((]\4/(\2(:1))2 - (M/(\i(lzj,l)y) f(tj—l)d’v

n /.1 ar | QU (), F(7)) ((Mj’(’;j))Qf(tj) + (Mﬁ’(';,l))zf(tj—l)) dv.

tj
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Since we have

/f A(t)> 7(M§7(’;,1))2) f(tj—1)dv
/ 2N f(t;)(log(D >><M§v<ij>>2f<tj,1>dv<tjftH) €yt
:2N/(«/10g<D>M§v("” )( log(D A(t 1)f e 1))dv(t —t; 1)
0,k "
+N2(T/,T§1§E),T1] [ og{D) M7 f(T )||L2) O(|t; —t;-1]%)

it follows from a similar formula as ([L) that
k
. 5,k \2 0,k 2
i 3 [ ) (032 = 0835 P) £ty
i=

t
:N/O /]R3( 10g<D>M§’(':_)f(T))2dUdT.
Summing up (@) with respect to j = 1,--- , k and making k — oo, we obtain
(M2 (1)) *dv - —/ /}R (M) £(7)dvdr
/ ( /\(0 fo)
M6
M9 AT)
+/0 (Q(f( )s M3y (7)), Wf(T))LQdT

t M§
+ / (M QU £0) = QU M 1), T/ ()

thanks to Proposition @ and Theorem @ In fact, for example, we have

1
2

1\3|>—\

(4.10) =

@+ mopz’ ) 1

My,
|(Q(f<7>,M§<tj>f<T>), A f(t)

< s @,

M (t5)
o Moy Otz | Ty DI

and hence the Lebesgue convergence theorem yields () because,

M5
At) M} ) -
” (1+/€<D>)2 ( )HHWQJrS ”( < >)2f(7_)||Hw/2+s as |t] 7'| — 0.
Taking x — 0 in (#.1(J) we obtain the desired formula. The last assertion of the
lemma follows easily from the one of Theorem @ (]

5. SMOOTHING EFFECT OF L! WEAK SOLUTIONS

We come back to the proof of Theorem E starting from the L' weak solution.
The fist part of the theorem is restated as follows:
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Theorem 5.1. Assume that 0 < s < 1,v > max{—2s,—1}. If f belongs to
L>®([to, T]; LE(R?)) for any € € N and is a weak solution of ([.1), then for any
to < to < T, we have

fe L=([to, T); S(R?)).
Proof. By Theorem , it is sufficient to prove, for any 0 < t; < T, (take again
to =0)
(5.1) f e L=([tr, T); LF(R)).
Since L'(R?) ¢ H~3/27¢, we assume that for any £ and any 0 < & << 1

(5.2) sup || f(t, )] ;j-3/2-e < 00.
(0,77 ¢

As in the proof of Theorem @, we shall prove the theorem by induction. Assume
that for 0 > a > —3/2 — &, we have

sup || f (¢, g < oo
T

)

Take also A(t) = Nt +a for N > 0.

We first consider the case 0 < s < 1/2. Choose Ngo =a+ (5+17)/2>1—¢c+
(v/2) > 0 such that (B.§) is fulfilled. Put eg = (1 —2s')/8 > 0 and consider ¢ = &,
where 0 < s’ < s is chosen to satisfy v + 2s’ > 0. If we choose N,T; > 0 such that
NT1 = &0 then

S+/\(T1)*N07(IZS+€0*NOSS*1+2€0*(’)’/2><(S/71/2>+2€0<0,
which shows
(5.3) M3 f(t) € L([0, Th); HF (RY)).

This and Lemma [£.3 lead to ([£4), and hence we obtain ([£3) using Theorem .5,
and ([£6) by means of (P.4) and Lemma .. The same procedure as in the proof
of Theorem @ shows (p.1)) by induction.

When s > 1/2 we choose 1/2 < s’ < s such that v+ 25’ > 0,2¢' > (25 — 1).
Choose Ny = a+(5+7v+2s'—1)/2 such that (B.9) is satisfied. Put gg = (y+1)/10 >
0 and consider € = g¢. Then, we have
(5.4) s+ ANT1)—No—a=s+eo—No<s—s +20—(1+7)/2=5—5 —3ep.

Since we may assume s — s’ < o, (p.4) also shows (.J), which completes the proof
of the theorem by the same way as in the case 0 < s < 1/2. O

In view of Remark [t.d and the last assertion of Lemma [£.3, the proof of Theorem
in the case 0 < s < 1/2 leads us easily to the following theorem where the
assumption ([.§) can be removed.

Theorem 5.2. Suppose that the cross section B of the form ([L.9) satisfies (E)
and ([L4) with 0 < s < 1/2 and v > 0. If

f € L2([0,TT; Linaxg2,r /2453 (R?) N Llog L) N L([0, T7; Ly, (R?))
is a weak solution, then f € L>([to, T]; H*(R?)) for any ty €]0,T7.

We consider now the second part of Theorem B, which is stated as follows:



22 R. ALEXANDRE, Y. MORIMOTO, S. UKAI, C.-J. XU, AND T. YANG

Theorem 5.3. Assume that —1 > ~v > —2s. Let f € L>([ty,T]; L}(R?)) for any
¢ € N be a weak solution of (m) satisfying the entropy dissipation estimate

T

D(f(¢), f(t))dt < +o0.

to
Then for any to < to < T, we have
fe L>([to, T}; S(R?)).

For the proof, we only need to reconsider the term A; defined in () under
the hypothesis —1 > v > —2s. Note that we can now choose arbitrarily large Ny
in (B.1) because neither ([B.§) nor (B.9) is required. Hence (Mﬁ(t))Qf(t) belongs to
W22 which enable us to take (Mﬁ(t))Qf(t) as a test function. However A(t) can
not be taken as large as we want, because it is also restricted to the small gain
regularity coming from the dissipation estimate. Thanks to Theorem , it suffices
to show f € L([Ty, T1]; L) by induction, starting from (5.9) where we take again
to = 0.

It follows from @ of Lemma @ - and () that A; can be replaced by
(€
£x

(5.5) &~ € THEONE L .2 v 7"y e

We divide the proof in three steps.

1st step: Take s’ > 1/2 such that v+ 2s’ > 0 and ' < s. Put so = (v +2¢).
For arbitrary t > 0 and N > 0 satisfying Nt = sg, we set

3
)\1(7’):NT—§_5 for TE[O’t]’

where € > 0 is arbitrarily small. If we substitute A = A;(7) into (5.§) then, in view
of N7 < s9, we have

« h(¢
A1 Al ~ ” ” ‘X’// |f3§.y so |>3(/2)J|rsd§d§*

Sl zosenllglelbliee S UF I pose-zan gl Il e

because of the Holder inequality and the fact that (3 + v — s0){3/(3 — 2s)} > 3.
By means of Lemma @, we have for some ¢y > 0

A (I10Y Flzarezo + 111y, ) gl 1A e
S (V72T + 160y, Vgl B2

Putting f =g = f(r,v) and h = M/‘\sl(T)f(T, v), we have a term coming from A; y,
in estimating

| (3,071, £(0)) = QP M3, £). M3, 1(5) )
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as follows:
t
(Lswp 17O, S Dls2) [ N0 2V T r
7€[0,t] 0

+( sup. |f(7)||%;0)\/5(/0t I\M§1<T>f(7)lli2d7)l/2

T€[0,t

1 S t 2
< 55,5 1M, 0+ 0o {( [ P, seer)

t
+t sup ||f(7—)||i} +/ HMisl(,r)f(T)H%sz},
T€[0,t] 0 0

where we have used Corollary @ in the last inequality. Instead of (@), we obtain
1 t
1M, oy F D72 = == sup 1M, () F ()22 +/O M3,y f ()50 dr
5 2 o 2
15,0l + ([ DU, f(rar)

t
wt s O + [ 1)y,
T€[0,t] 0 0

If we consider 7 € [0, ] instead of ¢ then the first term on the right hand side can be
replaced by sup, ¢ HM;S1 (T)f(T)H%Z, which absorbs the second term on the right
hand side. Letting § — 0 we obtain, in view of Nt = sq,

(5.6) D)=/ §(t) 2 < o0,
and
t
(5.7) [ Dy ) e < o
0

2nd step: Let k > 0 be small arbitrarily. Considering 7 € [k, t] instead of ¢ in
(F-4), we may assume

sup [[(D)*0 =327 f(7)|| 12 < o0,
TE[K,t]

For arbitrary ¢t > k and N > 0 satisfying N(t — k) = s¢ we set
3
Xo(T) =80+ N(17— k) — 3¢ for 7 € [k, t].

If we substitute A = A2(7) into (F.5) then we have

/

i () h(€)
A1 (7)) S /}R3 NGEEE

(/ @woiﬂﬂ@masw““>3€”m&&ﬂ(ﬁi)kyﬁgﬁ
.

<§*>3+'y+2s’7372€

4 —_Kk)—=3_
SIFI oo g D) NI =5 g | 2[R gy
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if vy 4+ 2¢ > 2e. Putting f = g = f(r,v) and h = M;L(T)f(T,v) we have a term

coming from A; ), in estimating

| [ (M,QU ). 7)) = QU ). M3, (7). 33,1 (7)) |

as follows:

(s 15 32){ [ D08 P

TE[K,t]
t ’ 3
+ [ Dy e o) adr )

In order to avoid the confusion we write N = Na = s¢/(t — k) in this second step
and N = Ny = so/t in (f.7). Then we have

No(t — k) < Ny if 7 € [K,1],

from which we can use (f.7) to estimate the term coming from A; ,. In this step
we finally obtain, in view of N(t — k) = so,

(D)?*0=/272 f(#)|] 12 < o0

and
t
(5.8) / (D)o =3/22 (1) %, dr < 0.

3rd step: For k > 2, suppose that

sup  [[(D)FD0m327 f(7) ] 2 < o0
T€[(k—1)k,t]

For arbitrary t > kx and N > 0 satisfying N(t — k) = so we set
Ak(T) = (kfl)SOﬁLN(T*K)*ng for 7 € [k, t].

Consider M f\sk(T). Then, using (@) instead of (@), we can proceed the induction
method by the almost same way as in the second step. Since k > 0 is arbitrary we
obtain the desired conclusion.
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