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In this paper the authors present an original methodology aiming at the automation of the 

geometric inspection, starting from a high-density acquired surface. The concept of 

intrinsic nominal reference is herein introduced in order to evaluate geometric errors. 

Starting from these concepts, a new specification language, which is based on 

recognizable geometric entities, is defined. This work also proposes some surface 

differential properties, such as the intrinsic nominal references, from which new 

categories of form errors can be introduced. Well-defined rules are then necessary for the 

unambiguous identification of these intrinsic nominal references. These rules are an 

integral part of the tolerance specification.  

This new approach requires that a recognition process be performed on the acquired 

model so as to automatically identify the already-mentioned intrinsic nominal references. 

The assessable errors refer to recognizable geometric entities and their evaluation leaves 

the nominal reference specification aside since they can be intrinsically associated with a 

recognized geometric shape. Tolerance specification is defined based on the error 

categories which can be automatically evaluated and which are an integral part of the 

specification language. 

 
Keywords: GPS tolerancing, automated inspection, form error evaluation.  

 

1. Introduction 

The verification process is the manufacturing step at which a metrologist 

determines whether the real surface of a workpiece conforms to the range of 

permissible deviations that have been specified during the design process. These 

specifications express the functional requirements that have to be satisfied so that the 

manufactured parts work as designed. In the last few years, geometric inspection has 

become critical due, on the one hand, to the increase of geometrical complexity and 

product variety, and on the other hand to the ever-growing demands for geometrical 

accuracy. Consequently, a reliable, effective and automated inspection system will 

definitely improve the industrial manufacturing responsiveness and increase quality 

and product competition. 

In order to harmonize and fill in the gaps of what has already been 

standardized in tolerancing and metrology by the ISO, the technical committee 

ISO/TC 213 has recently proposed a language, supported by mathematical principles, 

which is referred to as Geometrical Product Specification (GPS).  

The measuring equipments, with their specific way to acquire the geometric 

properties of the object under verification, affect error evaluation and specification; 

GPS standards include this concept. With the advent of CMM (Coordinate Measuring 

Machines) and high-resolution optical digitizers, alternative approaches for 
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dimensional and geometrical error definition and evaluation can be identified. In 

particular, nowadays, the approach to be used cannot ignore the fact that a large 

amount of point data can be extracted from the workpiece itself, by means of optical 

3D scanners characterized by an increasingly high accuracy. The measurement carried 

out by these devices is not a set of single measures (as it is the case when using a 

CMM device); rather, it consists in a 3D acquisition of the real object. The acquired 

points identify the surfaces of the object so it is possible to recognize from them the 

geometric properties from which to detect references for error evaluation. The 

acquired surface can be compared to the recognized nominal entities which assume 

the role of virtual references because of their mathematical definition. For this reason, 

new categories of nominal reference can be conceived which may improve on the 

signs in the traditional language for tolerance specification. Error evaluation always 

requires the knowledge of the corresponding nominal reference. In this work nominal 

references are classified into two main categories: explicit and intrinsic. The explicit 

reference can be given by a specification, also by using a CAD model (Prieto et al. 

2002, Gao et al. 2006). Intrinsic references are nominal entities that can be recognized 

in the scanned object, independently of the tolerance specification.  

This paper then presents an original methodology aiming at the automation of 

the inspection, starting from a high-density acquired surface. This new approach 

requires that a recognition process be performed on the acquired model so as to 

automatically identify the intrinsic nominal references. The identification of intrinsic 

nominal references avoids the registration process between CAD model and data 

points. What is here carried out is an original classification of the form error 

categories for the recognized surfaces based on the above-mentioned concepts. 

Specific form tolerances are defined for any recognizable surface. These categories, 

together with the traditional ones, have been implemented in an original software and 

tested in real cases. An example is hereafter presented. 

 

 

2. Related works 

Recent efforts have been made to develop methods which apply non-contact 

digitizing techniques to the geometric inspection. A great number of the 

methodologies proposed in literature require the knowledge of the CAD model of the 

workpiece under inspection, which provides the nominal references in the form of the 

analytical surface describing the geometric model (Prieto et al. 2002, Li and Gu 2004, 

Li and Gu 2005, Li and Gu 2005, Gao et al. 2006). Since tolerance specifications 

usually refer to some features of the workpiece, the mapping between one surface (or 

feature) of the CAD model and the corresponding scanned point sub – cloud has to be 

performed. Tolerance specifications can be either included in the CAD model as 

textual information, or interactively defined by the user. Nowadays no standard 

language able to specify tolerances and suited to automatic verification has yet been 

defined. Prieto et al. in (Prieto et al. 2002) propose and implement a methodology for 

the automated inspection of manufactured parts. This methodology is able to verify 

both dimensional and geometric tolerances. Firstly, the high-density point cloud is 

registered with the corresponding CAD model of the workpiece by means of the 

Iterative Closest Point (ICP) algorithm. The 3D point cloud is then segmented by 

associating the points matching the same local geometric properties with the nearest 

CAD surface. Since the registration process minimizes the sum of the squared 

distances between the point cloud and the CAD model, the authors state that the 
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distances, between a generic CAD surface and the corresponding sub – cloud, will 

have a Gaussian distribution. The specified errors are estimated based on the average 

value and the standard deviation of the point location distribution. Particularly, the 

form error is evaluated as four times the standard deviation of the distances between 

the points and the analogous CAD surface which approximates them. A similar 

approach is proposed by Li and Gu (Li and Gu 2004, Li and Gu 2005, Li and Gu 

2005). Gao in (Gao et al. 2006) develops an automated geometric inspection system 

within a commercial RE software. The authors define a Nominal Inspection Frame 

(NIF) for a CAD model or a reference digitized model (Master Model) in which every 

dimensional and geometrical tolerance specification may be defined and interactively 

specified by the user. A similar approach is proposed by Campana et al (Campana et 

al. 2006), which automatically performs the mapping between the tolerance 

specification in the CAD model and the corresponding acquired sub – cloud.  

All these approaches evaluate the form errors in the same way as the “profile 

tolerance of a surface” does (ISO 1101: 2004) (the tolerance zone is limited by two 

CAD surfaces placed up and down the CAD reference surface at a distance t/2 from 

it), without taking into account specific geometric properties of the surface (for 

example, axially – symmetric surface, extruded surface, etc.). Some specific 

properties of the surface can actually play an important functional role in the object. 

For this purpose, ISO 1101 and ASME 14.5Y consider form tolerances, such as 

straightness, circularity, etc., which can be applied to derived or extracted features 

from the surface (axis, planar section of the surface, etc.). The approaches presented 

in literature, which use a CAD model as an analytical reference, show limitations if 

compared to the traditional approach to tolerance inspection. In other words, the 

specification “language” based on these methods is generally characterized by fewer 

terms than in the traditional approaches of tolerance specification. Furthermore, these 

approaches do not take advantage of the specific way to inspect the real object and the 

numerical devices that can be used to evaluate the acquired point cloud. Based on 

these specific characteristics, new categories of form error can be introduced in 

accordance with the duality principle reported in GPS standards (Nielsen 2006). 

Finally, another drawback of the tolerance inspection methods based on CAD systems 

is the lack of standards for geometric data exchange. 

 

 

3. Automatic error evaluation 

The methodology proposed in this paper is suited to automatically evaluate the 

form errors of high-density acquired surfaces. The flowchart of the methodology is 

shown in figure 1. It can be decomposed into the following four steps: 

(1) Non-ideal feature recognition; 

(2) Nominal reference association; 

(3) Error evaluation; 

(4) Form tolerance evaluation. 

During the first phase, the GPS feature operation, called partition, is carried 

out. In the GPS language this operation aims at “obtaining, from the non-ideal surface 

model (skin model) or the real surface, the non-ideal features corresponding to the 

nominal features” (ISO/TS 17450-1: 2005).  

In this work the non-ideal feature is defined as a set of adjacent mesh vertices 

that are recognized as smooth and of the same type (flat, umbilical, ruled and 

generic). The concept of non-ideal feature then involves the concept of point 
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smoothness. In a continuous surface a point is smooth if its neighbourhood can be 

represented by a smooth function. In other words, in a non – smooth point the 

differential geometrical properties cannot be defined. Typically, non –smooth points 

are those pertaining to the edges of the geometrical model where two different 

surfaces meet. The concept of smooth point can be extended from a point of a 

continuous surface to a vertex of a tessellated surface. In a tessellated surface the 

point smoothness property must be recognized, by using some criteria (Di Angelo and 

Di Stefano 2009). 

Error evaluation always requires the knowledge of a nominal reference from 

which the error can be measured. The nominal reference can either be given explicitly 

(for example, by a GPS specification or a CAD model) or can be implicitly or 

intrinsically present in the acquired object. In the related literature several researchers 

have used a CAD model as a nominal reference (Prieto et al. 2002, Gao et al. 2006). 

In this work the nominal references are recognized as intrinsic references from the 

acquired workpiece. The categories of valuable errors can be deduced from these 

references. Error evaluation involves the quantitative identification of the reference 

element from which the deviation can be evaluated. In figure 1 this phase is referred 

to as Intrinsic Nominal Reference association. For this purpose, some specific rules, 

referred to as association rules, need to be introduced. They play an important role in 

quantitatively identifying the references; in fact, different rules can produce different 

estimations of the references. These rules then assume the role of identifiers of 

nominal references just as the reference surfaces of a gauge do in the traditional 

approach to error measurement.  

In the next phase, and for each identified intrinsic reference, the deviations 

from the corresponding associated non-ideal feature are evaluated and assumed as 

form errors. 

The procedure ends with the comparison between the estimated form errors 

and the GPS specifications. Thus, from all the errors associated with all the intrinsic 

references identified, some are extracted based on the tolerance specifications. 

 

 

4. Non-ideal feature recognition 

To carry out a reliable recognition of the non-ideal feature types it is 

necessary to segment the acquired surface into regular continuous patches. 

Segmentation is a complex procedure that makes it possible to capture high-level 

geometric information that is essential for the following Intrinsic Nominal Reference 

association. The non-ideal feature recognition is carried out based on the procedure 

outlined in figure 2, where two main segmentation levels are identified.  

The first level aims at identifying regular surfaces or, equivalently, at 

detecting surface discontinuities. The second level is intended for recognizing the 

geometric shape by investigating some intrinsic local and global differential 

properties of the tessellated model. The evaluation of these differential properties is a 

complex task since the triangulated model represents only a discrete approximation of 

the smooth geometry. In literature, two are the main approaches used for data 

segmentation; namely, the edge-based, the region-based methods (Liu and Xiong 

2008). In order to overcome the lack of robustness, non-uniqueness or complexity 

deriving from the use of one of these two strategies, some hybrid approaches, based 

on edge-based and region-based methods, have been developed. This work makes use 
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of a surface hybrid segmentation approach (Di Angelo et al. 2007), based on fuzzy 

logic. The non-ideal feature recognition process is performed in the following steps: 

(1) smooth point identification and elimination from the mesh of the non – smooth 

points (Di Angelo and Di Stefano 2009); 

(2) smooth point classification; 

(3) segmentation of the triangles into groups, corresponding to surface features 

characterized by some definite geometrical properties; 

(4) identification of the non-ideal features by analyzing the global properties of the 

segmented triangles. 

At the end of this process, the triangles are segmented in accordance with the 

following analytical features: plane, sphere, cylinder and cone. The non-ideal feature 

types, which cannot be included among the analytical features, are classified, based 

on the recurrence of specific differential geometric properties among the points 

pertaining to the non-ideal feature, as: generic extruded, generic cone, generic axially-

symmetric and free form. 

 

 

5. Intrinsic nominal reference 

In order to perform an automatic error evaluation, we introduce the original 

concept of Intrinsic Nominal Reference. The Intrinsic Nominal Reference is 

associated with the concept of recognisability. There exists an Intrinsic Nominal 

Reference when a property is recognized as common to a set of adjacent points of the 

point cloud of the acquired object. For example, planarity is an intrinsic property 

since it can be recognized in a set of points that are evaluated as sufficiently close to a 

plane surface. In this paper three different types of intrinsic nominal references are 

being considered:  

- Intrinsic Shape Reference (ISR);  

- Intrinsic Derived Reference (IDR); 

- Intrinsic Local Reference (ILR).  

Depending on the recognized non-ideal feature type, one or more Intrinsic 

Nominal References can be identified. Table 1 shows the intrinsic references related 

to each recognized non-ideal feature.  

 

Table 1. Non-ideal feature types and the related intrinsic references 
 Intrinsic Reference Types  

Non-ideal feature type ISR IDR ILR 

plane Analytical shape - Surface regularity 

sphere Analytical shape - Surface regularity 

cylinder Analytical shape 
Axis 

Ideal circumferential line 

Surface regularity 

Profile regularity 

Ruledness 

cone Analytical shape 
Axis 

Ideal circumferential line 

Surface regularity 

Profile regularity 

Ruledness 

generic extruded  - 

Surface regularity 

Profile regularity 

Ruledness 

generic cone  - 
Surface regularity 

Ruledness 

generic axially-

symmetric 
- 

Axis 

Ideal circumferential line 

Surface regularity 

Profile regularity 

free form - - Surface regularity 
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5.1 Intrinsic Shape Reference 

The Intrinsic Shape Reference is recognized in those points of the acquired 

workpiece which can be considered as lying on an analytical surface (for example, 

plane, sphere, cylinder, cone, torus, etc.). The recognition of this type of reference 

requires the identification of an analytical surface, which approximates the points 

belonging to the tessellated surface. The concept of non-ideal feature is more general 

than that of Intrinsic Shape Reference since it can also include the smooth free-form 

surfaces. For these surfaces it is not possible to identify an Intrinsic Shape Reference. 

This nominal reference can be provided by a CAD model, as it is the case in other 

approaches described in literature (Prieto et al. 2002, Gao et al. 2006). The Intrinsic 

Shape References are recognized by means of some rules which play a leading role in 

the definition of the domain of the recognizable intrinsic references and of the 

assessable errors. 

 

 

5.2 Intrinsic Derived Reference 

The Intrinsic Derived References are the analytically known geometric entities 

deriving from the recognition of some geometric properties. These entities are not 

physical and, for this reason, are not directly measurable from the surface, but can 

nevertheless be derived from the surface. In many cases these references are the 

situation features of the non-ideal feature (for example, the axis for a generic axially-

symmetric or helicoidal surface). In other cases they are special sections of the surface 

(for instance, the geometric shape of the directrix curve for a generic extruded 

surface, the generatrices of a ruled surface or the circular cross-section for a generic 

axially-symmetric surface).  

 

 

5.3 Intrinsic Local Reference 

The Intrinsic Local Reference is not considered in the current tolerancing 

standards. It deals with the uniformity of some intrinsic differential geometric 

properties, such as: regularity, curvature recurrences, and so on. These references do 

not pertain to the global analytical properties of a surface, but rather to properties 

which locally characterize it. In what follows, two Intrinsic Local References are 

introduced.  

 

 

Regularity 

One of the most important Intrinsic Local References is the regularity of the 

points pertaining to a continuous surface or, more properly, to a non-ideal feature. A 

continuous surface is regular if the following two conditions are satisfied (Do Carmo 

1974): 

(1) At each point, derivatives of any order exist in any direction(which are 

automatically continuous). A surface which meets this condition is referred to as 

differentiable surface; 

(2) At each point, there exists a tangent plane (i.e. there are no singular points). 

A regular surface is, roughly speaking, assimilable to a differentiable surface 

and any imperfection and/or error is associated with a deviation from it. A tessellated 

surface is a non-regular reconstruction of an acquired surface, which can be 
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assimilated to a nominally regular surface. For this reason, surface regularity is not a 

characteristic of the acquired point cloud, but it should be recognized from the cloud 

as an intrinsic reference. The surface regularity measurement is useful for the 

evaluation of the surface imperfections. For example, surface imperfections, such as 

scratches, cracks and acquisition errors, can produce surface regularity errors. This 

kind of intrinsic reference can be recognized also for surfaces that are not analytical. 

In the case of generic extruded or axially-symmetric surfaces it could also be 

useful to distinguish the geometrical property of the surface transverse section, which 

has a nominal analytical reference (straight line or circle), from the longitudinal 

section which, generally speaking, cannot be assimilated to an analytical reference. In 

order to evaluate this type of imperfections, the concept of profile regularity can be 

introduced. For instance, for a turned generic axially-symmetric surface, any surface 

imperfection, which is associated with an undesired circumferential groove caused by 

the tool vibration, will not give rise to axis straightness error or to circularity error; the 

imperfection will nonetheless be identified because of a loss of profile regularity.  

 

 

Ruledness 

Another Intrinsic Local Reference, introduced in this work, concerns ruled 

surfaces. This reference has to do with the confirmation of the ruled property of the 

acquired surface. It assumes an important role in generic ruled surfaces for which a 

reference of the type ISR cannot be identified. For this type of surfaces an Intrinsic 

Derived Reference is typically used. It is a straight line representing a surface 

generatrix and the related tolerance is the straightness tolerance (ISO/TS 12780-

1:2003). This tolerance is adequate to the nominal concept of ruled surface, but is 

difficult to verify practically. The method here proposed to verify the property of a 

surface to be ruled evaluates the uniformity of differential geometric properties along 

a straight line (a principal curvature is always null). In other words, a ruled surface in 

the neighbourhood of a generatrix can be approximated by a ruled paraboloid (figure 

3).  

With this approach the conformity of the generatrix to a straight line is not 

directly verified, but the uniformity of some local properties related to curvatures is 

(the neighborhood of the generatrix can be approximated by a unique ruled 

paraboloid). In what follows, the deviation from this kind of intrinsic reference is 

referred to as ruledness error. This approach to evaluate errors in ruled surfaces is 

possible thanks to the specific way to acquire the object under verification (which 

guarantees a high-density point cloud). It solves some problems dealing with the 

nature of the measurement process, which provides points that, in general, are not 

aligned with the surface generatrices. Furthermore, the generatrix direction is not 

preventively known and must be sought by investigating surface differential 

geometric properties. Hence, any straightness tolerance evaluation can be largely 

affected by mesh sizes. The high density of point clouds makes it possible to 

implement easily methods which perform local surface approximations. This method, 

when applied to tessellated surfaces, is a more rigorous way to evaluate ruledness and 

is intrinsically more robust than generatrices straightness tolerance verification. 
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6. Intrinsic nominal reference association 

In the GPS language the association corresponds to the feature operation: “fit 

an ideal feature to a non ideal feature according to a criterion” (ISO/TS 17450-1: 

2005). In this work the criterion is referred to as rule and the association is carried out 

in order to quantitatively identify the nominal reference from which the error can be 

evaluated. The recognition step just performs a qualitative identification of the 

reference (analytical ideal feature), which must be evaluated quantitatively by 

approximating the non-ideal feature. For this purpose, several rules can be used, each 

of which identifies a different Intrinsic Shape Reference, which is affected by the rule 

under examination. At present, GPS standards do not define univocally the rules to 

identify ideal features. In literature, in order to carry out this operation, several rules 

are presented. Roughly speaking, the rules perform the median reference feature 

identification around which the tolerance zone is constructed. From a mathematical 

point of view, a constrained optimization problem needs to be solved. In order to 

determine the nominal reference S (the ideal feature) that best fits the related point 

cloud pi (non-ideal feature), the most used association rule is based on the Lα - norm. 

It is defined as follows:  

 

( )
α

=

α

α 







= ∑

1
N

1i

,Sd
N

1
L ip  (1) 

 

where 0<α<∞, N is the total number of data points and d(S, pi) is the shortest 

distance (or equivalently, the residual error) between pi and S. Based on the α value, 

several association rules are possible: the most used are summarized in table 2. 

From a practical point of view, the L1-norm and the L2-norm rules do not yield 

very different results. The L1-norm rule is less sensitive to outliers but can 

nevertheless offer multiple solutions. The L2-norm rule, on its part, can overestimate 

the error (especially, if we compare it to the error evaluated by the min – max 

approach), but it undoubtedly gives the best estimation of the nominal reference. With 

the L2-norm rule, the error can also be evaluated by following a statistical approach, 

based on the standard deviation of the points’ distance from the estimated reference. 

 

Table 2. The most used association rules for median reference feature evaluation 
 Rule name RULE EXPRESSION 

αααα=1 L1-norm rule ( )∑
=

N

1i

,Sd ip  

αααα=2 
L2-norm rule or 

least squares approach 
( )∑

=

N

1i

2 ,Sd ip  

αααα=∞∞∞∞ 
L∞∞∞∞-norm rule or 

min – max approach 
( ){ }i

N,....1i
pdMax S,

=
 

 

The L∞-norm rule (min – max approach) minimizes the maximum distance 

between the point pi and the ideal feature. In other words, the L∞-norm rule minimizes 

the following function: 

 

f = max{di} - min{di} (2) 
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where di is the signed distance between the intrinsic nominal reference and the 

i
th

 point pi of the related point cloud. The L∞-norm rule performs an ideal feature 

association whose maximal distance f from the points conforms to the error evaluated 

according to the ISO standards. Generally speaking, the L∞-norm rule does not carry 

out the best approximation of a non-ideal feature, but it identifies the ideal feature 

from which the distance between the most external and internal points is minimized. 

In other words, the L∞-norm rule is strongly affected by particularities in single point 

locations. Since different association rules give rise to different values for the error, 

the rule needs to be clearly stated in the tolerance specification. Hence, in this work 

both the L2-norm and the L∞-norm rules are considered. Some approaches are 

described in literature (Traband et al. 1989, Novaksy and Barczak 1997, Lagarias et 

al. 1998, Huang, 1999, Moroni and Petro 2008) which evaluate the minimum 

tolerance zone. In particular, in this work, minimization is carried out by means of the 

Nelder-Mead iterative technique used by Lagarias et al. in (Lagarias et al. 1998). 

 

6.1 The Intrinsic Shape Reference association 

The quantitative definition of the Intrinsic Shape Reference involves, 

respectively, the evaluation and the identification of the corresponding intrinsic 

characteristics and/or situation features. In table 3 the intrinsic characteristics and the 

situation features for each ISR are reported. The intrinsic references, with the value of 

their characteristics and the location of the situation features, strictly depend on the 

rules used to evaluate them. For each type of ISR, the L2-norm and the L∞-norm rules 

have been implemented. 

 

Table 3. The intrinsic characteristics and the situation features of the Intrinsic Shape 

References 
Intrinsic Shape Reference Intrinsic characteristics  Situation features 

Plane none 
• a point x0 ≡ (x0, y0, z0) located on the plane; 

• the direction a ≡ (a, b, c) of the plane; 

Sphere diameter  • its centre x0 ≡ (x0, y0, z0) 

Cylinder diameter • its axis a ≡ (a, b, c); 

• a point lying on its axis x0 ≡ (x0, y0, z0); 

Cone apex angle • its axis a ≡ (a, b, c); 

• its apex x0 ≡ (x0, y0, z0); 

 

6.2 The Intrinsic Derived Reference association: the case of the axially – 

symmetric features 

Not every Intrinsic Derived Reference can be directly deduced from the point 

cloud. Some of them need a characteristic situation reference to be preventively 

estimated. This is also the case of the axially-symmetric non-ideal feature.  

The quality of its estimation affects significantly the subsequent error 

evaluation. In this work, in order to estimate the axis, two methods are implemented: 

the normal intersections method (Pottmann et al. 1999) (henceforth denoted as Π1) 

and the curvature centres method (Cao and Mumford 2002) (from now on denoted as 

Π2). These rules must be stated in the tolerance specification. The axis itself is an 

Intrinsic Derived Reference, but it is also used to identify the set of cutting planes 

(perpendicular to the axis), from which the circularity and the location of the centre of 

the section (“associated derived centres” (UNI EN ISO 14660-2: 2002)) can be 

evaluated. The non-ideal circumferential line is extracted by projecting the points in 

the neighbourhood of the cutting plane onto it. Based on the optimization criterion, 
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which is defined by a specific rule, for each plane section a reference ideal circle is 

associated with the non-ideal circumferential line. In this work the ideal circle is 

obtained by using the L2-norm and the L∞-norm rules.  

 

 

6.3 The Intrinsic Local Reference association 

In order to evaluate profile regularity, surface regularity and surface ruledness, 

Intrinsic Local References need to be conveniently defined and associated. The rules 

here proposed to identify these nominal references can be considered as examples. 

Other rules could be defined to evaluate new error categories that require Intrinsic 

Local References. Since these rules play an important role in reference identification, 

error specification must also define the way to evaluate these intrinsic references.  

 

 

Profile regularity 

Roughly speaking, a regular profile is assimilable to a differentiable curve and 

any imperfection is associated with a deviation from it. This work takes the best local 

approximation of the data point with a regular curve as the nominal reference for 

profile regularity evaluation. The rules to identify the nominal reference include: the 

type of regular curve (polynomial curve, exponential curve, etc.) and the method to 

locally approximate the profile. In the approach herein proposed, the reference curve 

is evaluated, at each point of the profile, as the approximating curve of its 

neighbourhood. It is a quadric or a cubic polynomial, calculated by the weighted L2-

norm rule. The weights of the approximation rule are assumed as the values of a 

Gaussian function having the mean located at the analyzed point and a properly 

selected value for the standard deviation σ (figure 4). This weighting approach aims at 

defining a regular profile by filtering the local irregularities. The width of this filter is 

conventionally assumed as λ = 6σ of the Gaussian function. The λ value is assumed 

as the maximum value between the expected maximum size of the profile 

imperfection and the mesh dimension. The profile regularity error, at each point 

analyzed, is defined as the distance between the point and the related approximating 

curve.  

 

 

Surface regularity 

Surface regularity is a generalization (three – dimensional extension) of the 

profile regularity concept. A non-ideal feature consists of adjacent mesh vertices 

having some uniform differential geometric properties. Surface regularity measures 

locally the membership of each point to a regular surface which locally approximates 

its neighbourhood. Similarly to profile regularity, the rules to identify the nominal 

reference include: the type of regular surface and the method to locally approximate 

the surface. For each recognized non-ideal feature, the reference surface is evaluated 

at each vertex as the approximating surface by means of the weighted L2-norm rule. 

Surface regularity is not related to a specific shape of surface; it refers to the 

differentiability, which is a local property. Thus, in this work, the quadric paraboloid 

is used as a reference; it is the typical analytical regular surface used to evaluate the 

differential geometric properties. The weights of the approximation rule are assumed 

as the values of a two – dimensional symmetric Gaussian function having the mean 

located at the analyzed point and a properly selected value for the standard deviation 
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(figure 5). In this case, the λ value is conventionally assumed as equal to three times 

the maximum dimension of the mesh. The surface regularity error, at each point 

analyzed, is defined as the distance between the point and the related approximating 

surface. 
 

 

Ruledness 

Another important concept introduced in this paper is ruledness. The rule to 

evaluate the related intrinsic reference, herein proposed, is based on a typical growth 

algorithm. The intrinsic reference is an analytical ruled paraboloid whose form is 

expressed in the coordinate system (ξ, ψ, ζ) as follows: 

 

ζ=c·ψ
2
+d·ξ+e·ψ+f (4) 

 

Its parameters (c, d, e and f) are obtained by best fitting the point cloud around 

its vertex generatrix. For this purpose, a weighted approximation rule is used; the 

weight factors are the values of a Gaussian function having the mean located in the 

vertex generatrix and a value for the standard deviation, chosen according to the mesh 

dimensions (σ = max mesh dimension). Since the generatrix direction is unknown, it 

must be sought by a growing algorithm from a seed point. Figure 6 shows the flow 

chart of the algorithm for ruledness evaluation. 

The process starts with the identification of the seed point ps(x, y, z) belonging 

to the ruled surface under examination. A local coordinate system (ξ, ψ, ζ) is defined 

in such a way that the axis ζ overlaps the normal n at ps; the axis ξ is parallel to the 

estimated principal direction (x2) related to the null curvature at ps (figure 7 a). In this 

local coordinate system, the equation of the ruled paraboloid (Γruled) locally 

approximating the mesh is expressed by the equation (4). In the first step of the 

algorithm, the surface approximation is performed by analyzing the 1-ring 

neighbourhood around the seed point (in figure 6 it is denoted as NGHs) (figure 7 b). 

In order to identify the generatrix direction which best fits the surface, the growing 

algorithm explores the nearest point (denoted as p1 in figure 7c) along the x2,1 

direction. At the j-th step of the growing algorithm, the nearest point in the estimated 

generatrix direction is found (denoted as pj in figure 7d); the set of points in the 

neighborhood of the points explored are approximated by the paraboloid (4) (points in 

red shown in figure 7e) and a new principal direction x2,j is reevaluated. The set of 

points to approximate ( j∑ ) is defined as follows: 

 

{ } { }UU jiNGHjiNGH iisj ,....1,,....1, ===∑ p  (5) 

 

The process continues exploring step-by-step the nearest points in this 

direction until a specified limited length (L0) is reached. The value of L0 must be 

included in the tolerance specification. Seed points are chosen so as to lie on the 

unique directrix curve of the surface. The ruledness error is evaluated as the distance 

between the last estimation of Γruled and ps and the set of nearest points pj. 

 

 

7. Error evaluation 

The final phase of the methodology herein proposed is error evaluation. For 

each type of non-ideal feature (see table 4), specific categories of errors can be 
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identified. These are the categories that can be automatically evaluated as deviations 

from the recognizable intrinsic references. Table 4 does not show the curve and the 

surface profile tolerances, which rather require that a nominal reference be specified. 

 

 

Table 4. Types of non-ideal feature and related errors 
Type of feature 

 

plane sphere cylinder cone 

generic 

axially-

symmetric 

generic 

extruded 

generic 

cone 

free 

form 

Straightness 
 

-- -- 

Extracted 

median 

line 

Extracted 

median line 

Extracted 

median line 
-- -- -- 

Flatness 
 

X -- -- -- -- -- -- -- 

Roundness 
 

-- -- 

Any 

extracted 

cross-

sectional 

circumfere

ntial line 

Any 

extracted 

cross-

sectional 

circumferen

tial line 

Any extracted 

cross-sectional 

circumferentia

l line 

-- -- -- 

Total 

Roundness  
-- -- X X X -- -- -- 

Cylindricity 
 

-- -- X -- -- -- -- -- 

Conicity 
 

-- -- -- X -- -- -- -- 

F
o

rm
 e

rr
o

r 

Sphericity 
 

X -- -- -- -- -- -- -- 

Profile 
 

X X X X X X -- -- 

R
eg

u
la

ri
ty

 e
rr

o
r 

Surface 
 

-- -- X X X X X X 

Ruledness error 
 

-- -- X X -- X X -- 

 

All the form errors can be expressed both as the maximum (Max) and as the 

standard deviation (σ) of the point cloud distances from the corresponding intrinsic 

reference. A probabilistic evaluation of the error can be more significant than the 

maximum deviation measure. The point cloud acquisition process is affected by 

singular errors which can be ascribed to the typical measuring errors affecting the 

optical scanner devices. The σ value performs a probabilistic estimation of the 

acquired point location with respect to the intrinsic nominal reference. This way to 

specify error is possible thanks to the large set of points acquired for each non-ideal 

feature. 

 

 

7.1 Error Evaluation: the case of the axially – symmetric features 

The typical form errors considered in the ISO standards for axially – 

symmetric surfaces are roundness and axis straightness. For all these tolerances the 

Intrinsic Derived Reference is the axis of the feature, which is estimated by using 

specific rules such as those presented in section 6.2. Roundness error evaluation 

requires that, in any cross-section of the corresponding non-ideal feature (cylinder, 
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cone and generic axially-symmetric), the non-ideal circumferential line be extracted 

(figure 8b). This line is compared to the circularity ideal reference and the error is 

calculated as the maximum radial distance between them. Axis straightness error 

evaluation requires the extraction of the median line of axially – symmetric features 

(cylindrical, conical and generic). The median line is the locus of the centres of the 

ideal circles associated with the non-ideal circumferential lines; in the GPS standards 

it is referred to as “associated derived centres” (UNI EN ISO 14660-2: 2002) (figure 

8c). The median line is compared to the reference axis and the error is calculated as 

two times its maximum distance from the centres.  

Thanks to the new techniques for geometric property measurement, which 

allow a large amount of point data to be automatically computed and virtual 

references to be simulated, new categories of tolerances can be introduced. This paper 

introduces the tolerance category of total roundness, suited to specify the maximum 

deviation from a nominal axially – symmetric surface. Traditional roundness 

performs single evaluations of the error, section by section (figure 8d). The total 

roundness error is similar to the run-out, but it is measured by virtually rotating the 

surface around its own estimated axis. Whereas the run-out requires that an external 

datum (axis) be assigned, total roundness is estimated from its intrinsic datum: its axis 

(its revolution axis). In this case, the intrinsic nominal references consist of a set of 

circles, all having their centre on the estimated axis (figure 8e). The algorithm used in 

this work for the automatic evaluation of the total roundness error is as follows: 

(1) identification of the reference axis (rules Π1 and Π2); 

(2) definition of a cylindrical coordinate system (ρ, θ, ζ) with ζ – axis coincident with 

the reference axis; 

(3) circular projection (along the θ direction) of the point cloud onto a plane passing 

through the reference axis; 

(4) evaluation of the local radial thickness of the projected point cloud. 

 

 

8. Application example 

The methodology, described in the previous sections, has been implemented in 

an original software, coded in C++, by using a library dedicated to the processing of 

tessellated geometric models, which has been developed in the University of 

L’Aquila. 

In order to verify the reliability of the proposed methodology, a specific test 

case, including different types of non-ideal features, has been analyzed. This test case 

(figure 9) refers to a real object whose acquisition has been carried out by an optical 

3D scanner (www.scansystems.it). This test case consists of five non-ideal features, 

four of which are analytical features. Figure 10 shows the identification of features 

with their respective labels. The areas recognized as non-regular are depicted in 

yellow and therefore automatically excluded from the error evaluation. The results of 

the error analysis are quoted in table 5.  

The rules used to estimate the intrinsic references play an important role in 

error evaluation. This is confirmed by the results reported in table 5, where it is 

possible to see how the different rules used give rise to differences in the estimated 

errors. For example, in the analysis of generic_axially-symmetric_1, different values 

for profile regularity errors are obtained by varying the rules for axis estimation (Π1 

and Π2) and for curve approximation (quadric and cubic polynomial).  
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Table 5. The results of the error evaluation for the test case under examination 

sphere_1 cylinder_1 cylinder_2 cone_1 

generic axially-

symmetric_1  

L2 L∞ L2 L∞ L2 L∞ L2 L∞ Π1 Π2 

Straightness -- -- 0.011 0.018 0.004 0.049 0.079 0.079 0.057 0.035 

Flatness -- -- -- -- -- -- --  -- -- 

Roundness -- -- 0.055 0.055 0.033 0.034 0.009 0.009 0.022 0.017 

Total Roundness Max -- -- 0.019 0.028 0.020 0.054 0.082 0.049 0.057 0.036 

Cylindricity -- -- 0.058 0.057 0.036 0.036 --  -- -- 

Conicity -- -- -- -- -- -- 0.082 0.032 -- -- F
o

rm
 e

rr
o

r 

Sphericity 0.043 0.037 -- -- -- -- --  -- -- 

Max -- -- 0.004 0.006 0.002 0.015 0.032 0.027 0.077 0.127 Quadratic 

polynomial Std -- -- 0.001 0.002 0.001 0.005 0.009 0.007 0.023 0.041 

Max -- -- 0.002 0.006 0.002 0.016 0.032 0.025 0.071 0.113 

P
ro

fi
le

 

Cubic 

polynomial Std -- -- 0.001 0.002 0.001 0.005 0.010 0.008 0.023 0.040 

Max 0.012 0.018 0.036 0.011 0.024 

R
eg

u
la

ri
ty

 e
rr

o
r 

Surface 

Std 0.003 0.004 0.004 0.002 0.003 

Max -- 0.017 0.0064 0.0103 -- 
Ruledness error 

Std -- 0.0034 0.0016 0.0026 -- 

 

The difference between the results obtained by using the L2 rule and those 

generated by means of the L∞ rule is due to the different concept of reference that is 

associated with them. This specific aspect has already been discussed in section 6.  

The errors are evaluated as the maximum or standard deviation of the acquired 

points from the intrinsic reference. The errors evaluated at a confidence level of 3σ 

are, in all the cases analyzed, close to the maximum deviation (table 5). The 

comparison between these two methods, especially when they show large differences 

in the error estimation, gives out a warning signal of a probable systematic factor 

affecting the measuring process.  

In figure 11 a screen capture of our developed system is depicted. 

Figure 12 presents an example of tolerances’ specification for the test case 

under consideration. In this case, the tolerance categories are denoted by a series of 

symbols whose meaning are explained in table 4. The rules to identify the intrinsic 

references are specified in braces. Each rule is separated by a comma. The way to 

measure the error by using the probabilistic approach is specified by means of the 

symbol σ.  

 

 

9. Conclusion 

This paper proposes a general approach to form error evaluation and 

specification. This approach is founded on the concepts of non-ideal feature and 

intrinsic nominal reference. The object to be inspected is segmented into a set of non-

ideal features and for each of them one or more intrinsic nominal references are 

identified. The recognizability of non-ideal features and the rules to identify the 

intrinsic references from a point cloud are the key elements of this approach to 

tolerance specification. The tolerance categories that can be specified are those 

referring to recognizable non-ideal features for which intrinsic nominal references can 

be identified. Recognizable non-ideal features, with their intrinsic references, define 

the signifiers of the signs in a language specifically oriented to form error 

specification. These signs are suited to be automatically recognized in the inspected 

object. Based on the above-mentioned considerations, new error categories have been 

introduced. Some of these errors have to do with the intrinsic references deduced 

through the recognized differential geometric properties.  
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The tolerances of the ISO specification standards are herein implemented with 

other tolerances similar to the traditional types, such as conicity, sphericity, total 

roundness, regularity and ruledness. These new tolerances are supported by the 

specific nature of the measuring process, which allows a large amount of point data to 

be automatically acquired and a virtual reference to be simulated. Since the surface 

sampling interval affects error evaluation, it must be selected according with tolerance 

specification.  

An important directive of GPS standards, which deals with the concept of 

imperfection, finds a concrete application in the regularity error. At present, the 

concept of imperfection still has not found a formal and rigorous way to be defined 

and measured. The measurement of the surface regularity error, which is here 

proposed, is useful for the evaluation of all surface imperfections (scratches, cracks), 

and it can also be carried out for surfaces that are not analytical. 

Another important concept, which is also introduced herein, is the ruledness 

which could be an effective substitute for the traditional generatrix straightness 

tolerance.  

The identification of intrinsic nominal references avoids the registration 

process between CAD model and data points. However, this approach does not rule 

out the possibility of supplementing tolerance verification by means of the 

comparison with a nominal representation of the inspected object performed by a 

CAD system. This integration could be useful to control the free-form features which 

cannot be automatically associated with analytical surfaces. 

Further work is addressed at extending the concepts of Intrinsic Nominal Reference 

also in the case of orientation and localization tolerances. 
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Figure 1. An approach to the automatic geometric inspection based on the recognition of the 

intrinsic references 

 

 
Figure 2. Flow Chart of the non-ideal feature recognition process  
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Figure 3. Approximation by a ruled paraboloid of the generatrix neighbourhood 

 

 
Figure 4. The weighting approach to define profile regularity: points on the profile with the 

superimposed weights function for curve approximation 

 

Figure 5. The weighting approach to define surface regularity: the point p (in red) and its 

neighborhood (in orange) with the superimposed weighting function 
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Figure 6. Flow Chart of the ruledness evaluation process 

 
Figure 7. Explanation of the steps in the ruledness evaluation process 
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Figure 8. Form error explanation 

 
 

Figure 9. The test case considered  

(mesh dimension = 0.25 mm) 

Figure 10. The result of the features’ 

identification with the respective labels 
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Figure 11. A screen capture of the our implementation system 

 
Figure 12. Examples of tolerance prescriptions applied to the drafting of the test case under analysis 
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