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Simulation of Dicke-narrowed molecular spectra recorded by off-axis high-finesse optical cavities
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We present simulations of molecular spectral profiles recorded in Dicke narrowing regime by off-axis high-finesse optical cavities. The influence of experimental parameters on the transmitted lineshapes is investigated on the basis of a model which takes into account the effect of the cavity transfer function. In particular, the collisional narrowing pressure range is found to shrink until disappearance as the molecular absorption increases. We also show that fitting the measured lineshapes with a pure Galatry function, i.e. neglecting instrumental effects, may lead to discrepancies of several tens percent in the extracted line parameters.

Introduction -Accurate modeling of line shapes plays a crucial role for a correct analysis of molecular spectra with particular relevance in the study of fundamental chemical processes [1], planetary atmospheres [2][3][4] and stellar dynamics [5,6]. Most experimental line shapes are properly described by the Voigt profile, which is a convolution of Lorentzian and Gaussian distributions.

However, this simplified model fails, for instance, in presence of collisional, or Dicke, narrowing [7]. Such effect is observed when the excited-state lifetime is long compared to the mean time between collisions. During this lapse the mean velocity of the molecule approaches zero, as the collisional averaging causes the latter to take on all possible velocities. Under collisional narrowing the line profile becomes Lorentzian-like putting on a width narrower than the Doppler one and inversely proportional to gas pressure. The specific functional form obtained for the lineshape depends on the assumptions made regarding the nature of the velocity-changing collisions and their correlation or lack thereof with collisions which perturb the internal state of the molecule [8][9][10][11]. In particular, Nelkin-Ghatak and Galatry profiles have been extensively used to determine the Dickenarrowing effect and extract fundamental line parameters from molecular spectra observed in different experimental conditions [12][13][14][15][16][17][18]. Meanwhile, some refined theoretical models have been proposed to describe more and more accurately collision-narrowed profiles [19,20]. However, only few works have dealt with the effects induced on the recorded spectral profiles by the transfer function associated with the specific measurement technique. Actually, such effects are negligible when spectra are measured with small relative absorptions, but may, vice versa, become significant when high-sensitivity spectroscopic techniques are implemented. In this frame, for example, the capability of retrieving precise spectral information from Dicke-narrowed lineshapes recorded by two-tone frequency modulation spectroscopy has been discussed [21].

In the case of extremely weak molecular transitions, enhancing the effective interaction pathlength by means of high-finesse optical cavities may be necessary to achieve a signal-to-noise ratio that is sufficient to allow accurate lineshape fitting. Among the most valuable schemes, off-axis integrated-cavity-output spectroscopy (ICOS) offers several advantages. It combines the detection principle of cavity-enhanced absorption spectroscopy (CEAS) with a much simpler setup, using a multipasslike alignment for the high-finesse cavity [22][23][24][25][26]. Recently, Gupta et al. have exactly reported absorption measurements of molecular hydrogen lines in Dicke-narrowing regime performed in the near infrared (8075 cm -1 ) by off-axis ICOS [27]. Then, by fitting directly a Galatry function to the measured profiles, the effective frequency of velocity-changing collisions could be extracted.

In this paper, we theoretically investigate the influence of the off-axis ICOS transfer function on molecular spectra recorded in Dicke-narrowing regime. In particular, we find that, under typical working conditions, the pressure range exhibiting the linewidth narrowing reduces as the cavity gain increases, and eventually even disappears for sufficiently high absorptions. Also, we show that, fitting the lineshape without accounting for the cavity transfer function may lead to significant discrepancies in the extracted line parameters.

The model -The off-axis geometry, while providing an interaction path-length enhancement of F/π, (with F as the cavity finesse), results in the excitation of an extremely dense mode spectrum so that the interaction between the laser and the cavity can be considered as always resonant. On the basis of this consideration, the cavity output intensity can be written as [22,26] ( )
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where I 0 is the incident intensity, C a factor between 0 and 1 describing the amount of incident radiation coupled to the resonator, and R m (T m ) the mirror reflectivity (transmittivity). Then, in presence of an absorbing species, Eq. 1 becomes ( )
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where L is the cavity length, p the gas pressure, and ( ) following assumptions. First, the effects of individual collisions are negligible, so that the velocity after a single collision is strongly correlated with the velocity prior to it, and only the cumulative action of many collisions results in an isotropic velocity distribution (soft-collision model). Second, velocity-perturbing collisions are statistically independent of state-perturbing collisions. It is worth noting that the soft-collision model is more appropriate for collisions with relatively light perturbers, albeit it is not restricted to this case. On the other hand, the hard collision model, from which the Nelkin-Ghatak profile is derived, explicitly assumes that every collision completely destroys the velocity correlation. For this reason, the soft collision model can be extended to more general situations with little numerical error. Furthermore, although the lineshape functions derived from the hard and soft collision models are different, the resulting profiles are numerically quite similar, particularly when collisional broadening is also significant. Following the standardized form suggested by Herbert [10], the Galatry profile is conveniently expressed as
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where M is the confluent hypergeometric function (note that
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). The dimensionless variables in Eq. 3 are defined as follows
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where 0 ν is the line center frequency, latter varies inversely with pressure so that Eq. 6 can be re-written as

p z z ⋅ = 0 ,         ⋅ ∆ ⋅ ⋅ ⋅ ⋅ ⋅ = 0 0 2 D m c T k z D B ν π (7)
where D 0 is a function of temperature and some constants related to the gas species [START_REF] Hirschfelder | Molecular theory of gases and liquids[END_REF][START_REF] Moeschlin | Experimental Stochastics in Physics[END_REF]. Now, if we denote with S the line strength and N L the Loschmidt number, the absorption coefficient of the selected transition takes the form
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Finally, molecular profiles measured by off-axis ICOS are recovered by inserting Eq. 8 into Eq. 2, so that the relative absorption signal on the cavity output is
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From the above formula one can better appreciate the cavity enhancement effect; indeed, as the mirror reflectivity approaches 1, the relative absorption tends to 100 %.

Results and discussion -In order to simulate the profile of Dicke-narrowed spectra as recorded by means of off-axis ICOS, we perform a umerical evaluation of Eq. 9. For this purpose we resort to Mathematica Software, where the hypergeometric confluent is compiled as a special function. In the following, we consider the case where the cavity is filled only with the absorbing gas (no buffer gas is present). Of course our treatment can be straightforwardly extended to more general configurations. Since Dicke narrowing can only be observed if the absorbing species has a Doppler width that is substantially greater than its pressure-broadened line width, we assume D ν ∆ =0.01 cm - 1 (≈300 MHz) and γ =0.001 cm -1 ⋅atm -1 , so that y 0 =0.1 atm -1 . The order of magnitude of such values is typical, for example, of light molecules like H 2 or D 2 [START_REF] Herzberg | [END_REF]13]. Indeed, a self-broadening coefficient as low as 5⋅10 -4 cm -1 at STP was found in the first studies of Dicke narrowing carried out on the hydrogen quadrupole lines belonging to vibrational-rotational bands observed in absorption from Jupiter [2]. Concerning the line shift per unit pressure, we set δ =0.001 cm -1 atm -1 which is close to the value measured for H 2 by Gupta et al. [27]. The order of magnitude of z 0 is estimated by applying the formula for the mass diffusion coefficient of gases [START_REF] Moeschlin | Experimental Stochastics in Physics[END_REF] and then using Eq. 6. In the case of the hydrogen molecule, for example, this procedure yields z 0 ≈1. It should be noted that, although the optical and the mass diffusion coefficients do not have the same physical significance, and therefore are not identical, they have the same order of magnitude. Indeed, z 0 =1 is very close to the value extracted by fitting a Galatry function to the hydrogen spectra recorded at 8075 cm -1 [27].

Finally, we set the mirror reflectivity R m =0.9997, temperature T=298 K and the center frequency 3000 0 = ν cm -1 . Table 1 just summarizes all the above parameters that are set once and for all.

(i) Let us start considering a molecular transition with a very weak line strength S=1⋅10 -27 cm/molec and set z 0 =1 atm -1 . First, we simulate the corresponding line shape by means of Eq. 7 for different values of pressure. Then, from each spectrum we extract the half-width at half maximum (HWHM). The result of this procedure, shown in Fig. 1 narrowing manifests itself till a minimum value for the HWHM is reached; after this, the line width starts to increase again according to pressure broadening. The corresponding spectral profiles, as recorded by off-axis ICOS, are simulated by use of Eq. 9 for four different values of the cavity length L. The obtained HWHM values are plotted in Fig. 1 (L=25 cm, rhombs), (L=50 cm, squares), (L=75 cm, stars), (L=125 cm, triangles). In this case, as already pointed out in a previous paper [31], a significant instrumental broadening of the lines is observed, which becomes more and more pronounced as the cavity length (and so the gain) increases. Another interesting feature is that, at the same time, the point of minimum width moves towards lower pressures, resulting in a shrinkage of the Dicke-narrowing pressure range. As an example, Fig. 1b shows the line shapes calculated for p= 1atm both for the pure Galatry function (Eq. 8) and the cavity-recorded profiles (Eq. 9). A similar effect is found as the mirror reflectivity is changed.

(ii) Now we address the issue of a correct fitting procedure for accurate extraction of the line parameters which characterize the Galatry profiles, namely the z 0 parameter. For this purpose, we set L=50 cm and z 0 =1 atm -1 . Then, the off-axis ICOS molecular profiles, simulated by Eq. 9 for different pressures, are exported in the form of spectra recorded by discrete data points. For each pressure value, the corresponding spectrum is fitted directly with the Galatry function (Eq. 8) by a nonlinear least-squares procedure (Matlab Software). This gives the best-fit determination z fit for z 0 , all the other parameters being fixed. The result of this procedure is summarized in Fig. 2a which shows, as a function of the gas pressure, the discrepancy (z 0 -z fit )/z 0 . This demonstrates that, neglecting the effects of cavity broadening can lead to errors of several tens percent in the determination of Galatry-lineshape parameters from the experimental data. The fitting curves together with the corresponding simulated spectra are also shown for the lowest and highest pressure (Fig. 2b). In order to investigate the extent of such fit discrepancy on the z 0 magnitude, the same procedure is repeated for a larger value (z 0 =2 atm -1 ). Results are summarized in Figs. 3, showing an even more marked deviation. Of course, when Eq. 9 is used, the fitting procedure rapidly converges to the z 0 value set in the simulation. In this case, however, a sufficiently accurate knowledge of the cavity parameters (R m and L) is needed. For this purpose, a previous determination of both the free spectral range (
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for the empty cavity must be carried out. The relative precision and accuracy routinely achieved from these measurements are of the order of 10 -5 and 10 -7 for L and R m respectively. When taken into account in the fitting procedure, such uncertainty levels are found to have practically no influence at all on the extracted parameter values (z 0 in this case) over the whole pressure range. (iii) Finally, we find that, for higher molecular line strengths, the Dicke-narrowing effect may be completely hidden by the off-axis ICOS transfer function. This is shown, for S=1⋅10 -26 cm/molec, in Fig. 4a (L=50 cm, z 0 =1 atm -1 ) where a flex around p=1 atm seems to take the place of the minimum. Examples of spectral lineshapes for two different pressure values, (p=0.1 atm and p=1 atm respectively), are shown in Fig. 4b, where the pure Galatry function (dashed line) is compared to the simulated cavity-output profile (continuous line).

In conclusion, we have presented a detailed study of the characteristics of spectral lineshapes measured in Dicke narrowing regime by off-axis ICOS. For this purpose, we have explicitly included the Galatry profile describing the absorption coefficient into the cavity transfer function.

From the simulated spectra we have extracted some interesting features for different experimental parameters. The first apparent effect is that the collisional narrowing pressure range shrinks as the cavity length increases due to the interplay between instrumental broadening and gain enhancement.

Of course, similar results are found when the cavity gain is varied by changing the mirror reflectivity. For higher molecular absorption levels, realized for example when considering stronger transitions, the Dicke narrowing region is even predicted to disappear. We have also dealt with the issue of a correct fitting procedure of the recorded spectral profiles. To this aim, the simulated spectra have been fitted directly with a Galatry function, i.e. neglecting the cavity transfer function, as it is usually done in literature. In this way, we have quantified the resulting discrepancies between the best-fit parameters and those used in simulations. In future, investigation reported here could be extended to the case of a speed-dependent Voigt profile, which, as recently shown in [32,33], describes more accurately the high pressure regime. 1a -Calculated HWHM values vs. gas pressure. Eq. 8 is used to simulate the Galatry function (empty circles), while Eq. 9 yields the corresponding spectral profiles recorded by off-axis ICOS for four different cavity lengths (rhombs→25 cm, squares→50cm, stars→75 cm, triangles→125cm).

Relative absorption in the considered pressure interval (0.1-3.5 atm) ranges from a few to several tens percent (1-33 % for L=25 cm, 2-49 % for L=50 cm, 3-59 % for L=75 cm, 6-71 % for L=125 cm). . First, Eq. 9 is used to simulate the cavity-recorded spectrum (normalized to peak value); then, by means of Eq. 8 the best-fit curve is found (continuous line) to extract z fit , all the other parameters being fixed. Left (right) frame, calculated for p=0.5 atm (p=2.75 atm), corresponds to the first (last) point in Fig. 2a. In the latter case a larger fit discrepancy, particularly visible in the wings, is found. cm/molec). Like in Fig. 1, Eq. 8 is used to simulate the Galatry function (empty circles), while Eq. 9 yields the corresponding spectral profiles recorded by off-axis ICOS (filled circles). Now, relative absorption ranges from 19 % (0.1 atm) to 91 % (3.5 atm). In this configuration, Dicke narrowing effect is completely hidden by the cavity transfer function. Dear Editor, we thank the referee for appreciating our manuscript and for giving useful suggestions to improve it. In the following, we report specific answers to the questions raised by the reviewers. The corresponding changes in the revised manuscript are evidenced by using red text.

Referee

1) The results of our investigation basically show that, in order to accurately retrieve the line parameters from the fit of the observed spectra, the cavity transfer function cannot be ignored. Of course, when Eq. 9 is used (rather than just the absorption profile given by Eq. 8), the fitting procedure rapidly converges to the z 0 value set in the simulation. When this method of analysis is adopted, the only request is a sufficiently accurate knowledge of the cavity parameters (R m and L). For this purpose, a previous determination of both the free spectral range (
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=

) and the ring-down time (

) 1 ( m R c L - = τ
) for the empty cavity must be carried out. Since relative precision of the order of 10 -3 and 10 -5 is routinely achieved for τ and FSR respectively, the resulting relative uncertainty is of the order of 10 -5 for L and 10 -7 for R m . Then, we have checked, over the whole pressure range, that such uncertainty levels practically do not affect the value of the parameters extracted from the fitting procedure (z 0 in our case). We clarify this point by adding the following sentence (Pag. 5, Line 8 from the bottom):

Of course, when Eq. 9 is used, the fitting procedure rapidly converges to the z 0 value set in the simulation. In this case, however, a sufficiently accurate knowledge of the cavity parameters (R m and L) is needed. For this purpose, a previous determination of both the free spectral range ( ) for the empty cavity must be carried out. The relative precision and accuracy routinely achieved from these measurements are of the order of 10 -5 and 10 -7 for L and R m respectively. When taken into account in the fitting procedure, such uncertainty levels are found to have practically no influence at all on the extracted parameter values (z 0 in this case) over the whole pressure range.

2) A thorough analysis of the molecular lineshape function which better describes the physics of collisions for each pressure regime is beyond the scope of the current investigation. The latter is, in fact, mainly intended to point out the influence of the transfer function of the widely used off-axis integrated cavity output spectroscopy technique on the interpretation of the recorded spectra. Indeed, we have shown that such effects are significant at low and intermediate gas pressures too, where the Galatry function describes the molecular line profile pretty well. Of course, as suggested by the referee, our study could be refined by including in the simulation the most appropriate lineshape function for each collisional regime (pressure range, colliding species…). We clarify this by adding the following sentence in the paper conclusions (last three lines) and two new references:

In future, investigation reported here could be extended to the case of a speed-dependent Voigt profile, which, as recently shown in [32,33], describes more accurately the high pressure regime. 

  absorption coefficient of the selected transition. Concerning the lineshape modeling, we choose a Galatry function to describe the molecular profile in the collision-narrowed regime. Such function is derived under the two

  Doppler halfwidth, δ the line shift per unit pressure, γ the collision width per unit pressure, k B the Boltzmann constant, T the gas temperature, c the speed of light, m the molecule mass, and D the so-called optical diffusion coefficient. The

  (empty circles), gives back the typical behaviour: the line width approaches the Doppler one at low pressures, then a marked Dicke-

  Fig.1a-Calculated HWHM values vs. gas pressure. Eq. 8 is used to simulate the Galatry function

Fig 1b -

 1b Fig 1b -Example of spectral profiles, (normalized to peak value), calculated for p=1 atm by use ofEq. 8 (dashed line) and Eq. 9 (continuous lines). The latter curves, ordered for increasing line widths, correspond to the four different cavity lengths considered in the text (L=25, 50, 75, 125 cm).

Fig 2a -

 2a Fig 2a -Percentage discrepancy vs. pressure between the parameter z 0 =1 atm -1 used in the simulation of the cavity-recorded spectral profiles and the value z fit extracted by fitting Eq. 8 to such line shapes.

Fig 3a -

 3a Fig 3a -Percentage discrepancy vs. pressure between the parameter z 0 =2 atm -1 used in the simulation of the cavity-recorded spectral profiles and the value z fit extracted by fitting Eq. 8 to such line shapes.

Fig 3b -

 3b Fig 3b -Example of fitting procedure for L=50 cm and z 0 =2 atm -1 . Left (right) frame, calculated for p=0.5 atm (p=2.75 atm), corresponds to the first (last) point in Fig. 3a. In the latter case a discrepancy as high as 70 % is found in the determination of the z 0 parameter.

Fig. 4b -

 4b Fig.4b-Comparison between Galatry function (Eq. 8) and cavity-output line shape (Eq. 9) for L=50 cm, z 0 =1 atm -1 , S=1⋅10 -26 cm/molec. Left (right) frame corresponds to p=0.1 atm (p=1 atm).
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Table 1 -

 1 List of parameters which remain the same in all the numerical calculations.
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