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The electron-phonon interaction in cuprates with c-axis polarised optical phonons, which is roughly one order of magnitude stronger than superexchange, bounds holes into mobile bipolarons. Bipolarons pin the chemical potential within the charge-transfer gap of doped Mott insulators, accounting for unusual kinetics and thermodynamics of doped cuprates such as the Nernst and giant proximity effects, pseudo-gaps, and normal-state diamagnetism. We propose that "quasi-particle" peaks, "Fermi-arcs", and high-energy "waterfalls" in the photoemission spectra of cuprates originate from the photo-ionization matrix elements of disorder-localised band-tails in the charge-transfer gap.

Bipolaron thermodynamics and kinetics of cuprates

A growing number of observations point to the possibility that high-T c cuprate superconductors [1] may not be conventional Bardeen-Cooper-Schrieffer (BCS) superconductors, but rather derive from the Bose-Einstein condensation (BEC) of real-space pairs, which are mobile bipolarons [2][START_REF] Alexandrov | Theory of Superconductivity: From Weak to Strong Coupling[END_REF][START_REF] Edwards | [END_REF]. A possible fundamental origin of such strong departure of the cuprates from conventional BCS behaviour is the unscreened Fröhlich electron-phonon interaction (EPI) with the polaron level shift of the order of 1 eV [5], routinely neglected in the Hubbard U and t -J models. EPI with c-axis polarized optical phonons is virtually unscreened since the upper limit for the outof-plane plasmon frequency ( 200 cm -1 [6]) is well below the characteristic frequency of optical phonons, ω 0 ≈ 400 -1000 cm -1 . As a result of poor screening the magnetic exchange interaction remains small compared with the Fröhlich EPI at any doping of cuprates. Consequently, in order to generate an adequate theory of hightemperature superconductivity, the finite-range Coulomb repulsion and unscreened EPI should be treated on an equal footing. When both interactions are strong compared with the kinetic energy of carriers, this Coulomb-Fröhlich model predicts the ground state in the form of mobile inter-site bipolarons [5,7].

A parameter-free estimate of the Fermi energy, F , using the magnetic-field penetration depth found a very low value, F 100 meV [8]. The low value of the carrier kinetic energy clearly supports a real-space (i.e individual) pairing in cuprate superconductors. Indeed, there is strong experimental evidence for a gap, Δ, in the normalstate single-particle density of states (DOS) of cuprates [2], which is known as the pseudogap. Experimentally measured pseudogaps are roughly 30 meV or larger [9]. If one accepts [10] that the pseudogap is about half of the pair binding energy, 2Δ, then the condition for real-space pairing, F 2πΔ, is readily satisfied in many cuprates [8].

Also magnetotransport and thermal magnetotransport data strongly support preformed bosons in cuprates. In particular, many high magnetic-field studies revealed a non-BCS upward curvature of the upper critical field H c2 (T ) (see [11] for a review of experimental data), in accordance with the theoretical prediction for the Bose-Einstein condensation of charged bosons in the magnetic field [12]. The Lorenz number, L = e 2 κ e /T σ differs significantly from the Sommerfeld value L e = π 2 /3 of the standard Fermi-liquid theory, if carriers are doublecharged bosons [13], as observed in the direct measurements of the Lorenz number using the thermal Hall effect [14,15]. The large Nernst effect [16] and diamagnetism, uncovered by torque magnetometery [17], as well as the giant proximity effect [18] have been readily explained as the normal state signatures of charged preformed bosons, Refs. [19][20][21] respectively. Most compelling evidence for (bi)polaronic carries in novel superconductors is the discovery of a substantial isotope effect on the carrier mass [22] predicted for the (bi)polaronic conductors in Ref. [23]. High resolution angle-resolved photoemission spectroscopy (ARPES) [24] provides another piece of evidence for the strong EPI in cuprates apparently with c-axis-polarised optical phonons, as suggested by us [5].

ARPES of impurity-band tails

Even though ARPES is continually strengthening our insights into the band structure and correlations in cuprates, it has also revealed many poorly understood phenomena, such as the incoherent "background", the sharp "quasi-particle" peaks near some points of the Brillouin zone, which form "arcs" of "Fermi surface" ( [25] and references therein), widely studied low-energy diphump and kink features (for review see [24]) and recently discovered steep downturn of the dispersion toward higher energies (the so-called "waterfall") [26,27].

ARPES of undoped and lightly doped cuprates [24,25,28] proved to be particularly critical in the assess- scribed by the Fermi-Dirac golden rule as

I im (k, E) = 2πe 2 m 2 e n(E) i | ψ f |A 0 • ∇| ψ i | 2 δ(E+Δ-E i ).
(1) We define all energies relative to the chemical potential, μ, which is situated at energy Δ above the top of the valence band within the impurity band as shown in Fig. 2. Only the impurity states with the binding energy E i below μ = 0 contribute at zero temperature. Here A 0 is the amplitude of X-ray vector potential, n(E) = 1/[exp(E/T )+1] is the Fermi-Dirac distribution function, and = k B = 1. While the LDA+GTB band dispersions fully accounts for the short-range Coulomb correlations in cuprates, the size of shallow impurity states is much larger than the lattice constant , so that their envelope function is roughly insensitive to the short-range correlations. Hence we can take the impurity wavefunction as, ψ i (r) = F i (r)ψ g (r), and the final state to be the normalized plane wave, ψ f (r) = (N v) -1/2 exp(ik • r). Here ψ g (r) is the itinerant state at the top of the valence band, renormalised by correlations, and F i (r) is a slowly varying envelope function (N is the number of unit cells of volume v in the crystal).

In the framework of GTB [32] one can expand ψ g (r) using the Wannier orbitals, ψ g (r) = N dipole matrix element in Eq.( 1) as

I im (k, E) = In(E) i |f i (k -g)| 2 δ(E + Δ -E i ), (2) 
where I = 2π(ed/m e ) 2 (A 0 • k) 2 /v is proportional to the valence band matrix element squared, which is roughly a constant in a wide range of k near g, d = drw(r) exp(ig • r), and f i (q) = (N v) -1 dr exp(iq • r)F i (r) is the Fourier transform of the impurity envelope function. Since the size of the envelope is large compared with the lattice constant, its Fourier transform strongly depends on q, which explains the experimental EDC and MDC, Fig. 1.

We choose the impurity state to be hydrogen-like, F i (r) = (N v/πξ 3 i ) 1/2 exp(-r/ξ i ) as the hydrogen model accurately predicts many properties of shallow levels in heavily doped semiconductors, so that f i (q) = 8π(ξ 3 i /πN v) 1/2 (1 + q 2 ξ 2 i ) -2 for 3D impurity states, and f i (q) ∝ (1 + q 2 ξ 2 i ) -3/2 for 2D states like localised surface states. It is important to recognisee here that ξ i is related to the impurity binding energy as ξ -2 i = mE i , where m is roughly the hole effective mass. As a result we get

I im (k, E) = xIn(E)M (k -g, E) with M (k -g, E) = 64π vm 3/2 (E + Δ) 5/2 [E + Δ + (k -g) 2 /m] 4 ρ im (E+Δ). (3) Here ρ im (E) = N -1 i i δ(E -E i )
is the band-tail density of states (DOS) normalized to unity, and x = N i /N is the impurity concentration per cell proportional to doping. In the 2D case the result is similar,

M 2D (k, E) ∝ (E + Δ) 2 [E + Δ + (k -g) 2 /m] -3 ρ im (E + Δ).
We notice that due to a very sharp dependence on q of the matrix element in Eq.( 2) any uncertainty of k z does not smear out the strong dependence of I im (k, E) on the in-plane momentum component, k . Since the chemical potential shifts towards the band edge with doping, Δ in Eq.(3) becomes smaller. Hence, the band-tail peak, I im (k, E), which is proportional to x, not only increases but also becomes sharper with doping as observed [25]. To provide more insight into the shape and momentum dependence of experimental EDC we approximate the band-tail DOS by the simple form, ρ im (E) = [n/Γ(p/n + 1/n)](E/γ) p exp(-E n /γ n ), where Γ(x) is the gamma-function with exponents n, p depending on the dimensionality and the correlation length of the disorder potential. We can separate impurity and band contributions by subtracting normalized ARPES intensity of the parent cuprate from the intensity of the doped one. Then, the band-tail ARPES, Eq.( 2), averaged over k z as described in Ref. [31], fits reasonably well the experimental relative intensities at all momenta around g with m = m e , n = 2, and p = 7/2, Fig. 1. It describes the substantial loss of intensity with changing the momentum by only a few percent relative to g, as well as the shape of the relative EDC.

The band-tailing also contributes to the waterfall effect [31]. There are impurity tails near local maxima of the LDA+GTB valence band at Γ point (0, 0) and at g 1 = (π/a, π/a), as shown in Fig. 2. Adding all three tail contributions,

I im (k, E) ∝ n(E)[M (k , E+E 2 )+M (k - g, E) + M (k -g 1 , E + E 2 )]
, where E 2 is roughly the valence band-width, describes qualitatively steep downturn of the dispersion toward higher energies and reappearence of the impurity peaks near (0, 0) and g 1 at high binding energies, as observed in a number of doped cuprates [26,27].

Our theory proposes that the ARPES intensity near (π/2a, π/2a) is proportional to the square of the Fourier component, f i (q), of the impurity wave-function envelope, Eq.( 2). Therefore, we can find the real-space image of the function, F i (r), by taking the Fourier transform of the square root of the experimental intensities, which reveals some band-mass anisotropy, and the size of the localised state of about 20 lattice constants justifying the "envelope" approximation used for the impurity wavefunction [31].

In summary, when holes are bound into bipolarons, the chemical potential remains within the in-gap bandtails at the bipolaron mobility edge in doped chargetransfer Mott insulators. Placing the chemical potential within the impurity band explains many unusual thermodynamic and kinetic properties of underdoped cuprates [START_REF] Alexandrov | Theory of Superconductivity: From Weak to Strong Coupling[END_REF]. In the framework of our bipolaronic scenario we propose an explanation for ARPES "quasi-particle" peaks, "Fermi-arcs", and high-energy "waterfalls" as a consequence of photo-ionization matrix-elements of disorderlocalised band-tails in the charge-transfer gap of doped cuprates [31].

We are grateful to ZX Shen and Teppei Yoshida for providing us with their raw ARPES data [25] and enlightening comments. This work was supported by EP- 

  FIG. 1: Band-tail EDC (solid lines) with pseudogap Δ = 300 meV and band-tail width γ = 300 meV compared with the experimental relative EDC (symbols) near (π/2a, π/2a). Relative intensities are obtained by subtracting ARPES intensities of the parent compound, La2Cu04 (a), shifted by δμ, from EDC of slightly doped La1.97Sr0.03CuO4 (b) as measured by Yoshida et al. [25]. Both intensities have been normalized by their values at E = -800 meV and the chemical potential shift between two samples has been taken as δμ = 70 meV.
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 t2 FIG.2: LDA+GTB valence band dispersion[32] amended with band tails (ladder lines) near Γ, (π/2, π/2) and (π, π) maxima (here k is measured in 1/a)
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