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A predictive model
for the adjustment of violin bowsFrédéri Ablitzer, Jean-Pierre DalmontLaboratoire d'Aoustique de l'Université du Maine (UMR CNRS 6613), Le Mans, FraneNiolas DauhezLaboratoire d'Ingénierie des Systèmes Méaniques et des Matériaux, Supméa, Saint-Ouen, FraneSummaryThe quality of a violin bow is generally thought to be essentially determined by the wood used tomake the stik. However, skilled bow makers are able to ameliorate the playing properties of a bowby �nely adjusting its tapering and amber. This study aims at a better understanding of the linkbetween the adjustment and the mehanial behavior of a bow. A �nite element model of a bow isdeveloped. The stik as well as the hair are modeled with beam elements. A o-rotational formulationis adopted to allow for geometri nonlinearity. The model is used to analyze the stati behavior ofa bow subjeted to modi�ations of amber. One result is that inreasing amber favors a high hairtension, whih also diminishes the lateral bending sti�ness of the stik.PACS no. 43.75.De1. IntrodutionAs an interfae between the player's arm and thestring, the bow is an all-important element in vio-lin playing. In spite of its apparent simpliity, it is avery elaborate mehanial devie, whih requires highexpertise from bow makers to meet the demand ofprofessional players.The primary fontion of a bow (Fig. 1) is to main-tain a hair ribbon under tension. This gives little lati-tude in the hoie of the wood [1℄, sine the stik mustremain slender in spite of the high tension it has towithstand. Moreover, the bow as we know it todayhas a very standard geometry, whih ould lead oneto believe that the quality of a bow only hangs on thewood used to make it. However, by doing subtle ad-justments on the geometry of the stik, experienedbow makers have the ability to draw the best fromdi�erent wood blanks with various mehanial prop-erties, or even to adapt the playing qualities of a bowto the needs of a spei� player. Atually, bow mak-ers play with three main parameters when making astik:

• wood (denstiy, elastiity, and maybe damping);
• tapering, whih denotes the gradually dereasingthikness along the stik;
• amber, whih is the onave urvature of the stik.() European Aoustis Assoiation

For the hoie of the wood, some bow makers om-bine their know-how with a sienti� approah. Theyuse spei� equipment (suh as a Luhimeter [2℄,or Lutherie Tools [3℄) to measure some of the woodproperties. Regarding tapering and amber, however,a spei� devie aimed at assisting bow makers doesnot exist at present. The mastery of these onep-tion parameters thus requires a high expertise fromthe bow maker. The aim of our study is to develop atool based on a physial model, apable of preditingthe mehanial behavior of a bow with regard to theadjustable design parameters.
frog

button stick head

tiphairFigure 1. Modern violin bow.In a previous study [4℄, an in-plane �nite elementmodel has been developped and used to investigatethe stati mehanial behavior of the bow resultingfrom di�erent settings of amber and hair tension.Simulations have pointed out the nonlinear stati be-havior of the bow and shown that the ompliane ofthe stik is signi�antly a�eted by amber. In thispaper, the model is extended to take into aount out-of-plane bending of the stik. In setion 2, we presentthe �nite element model and the generi geometry of
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27. June - 1. July, Aalborgbow on whih simulations are arried out. Numerialresults are presented in setion 3.2. Model of the bow2.1. General desriptionThe model presented in this paper allows one to sim-ulate, �rst, the tightening of the bow from its initialstate without hair tension (Fig. 2.a) to its playingstate (Fig. 2.b); then, the loading by a fore on thehair, either vertial or inlined (Fig. 2.). Throughoutthe simulation, the stik is lamped at the frog endand free at the other end. It should be noted that theseboundary onditions are a simpli�ed representation ofatual playing onditions. However, they o�er a on-venient way to haraterize the mehanial behavioras they an be easily reprodued experimentally.
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Figure 2. Model of the bow. (a) Initial shape of the stik,(b) tightened bow, () bow loaded by an inlined fore.The stik as well as the hair are modeled with Euler-Bernoulli beam elements. To take into aount geo-metri nonlinearity, a large displaement formulationbased on the o-rotational approah is adopted. Themain steps of the formulation (after Cris�eld [5℄) arenow presented.2.2. Co-rotational formulationThe main idea of the o-rotational approah is to sepa-rate the total displaements of the struture into rigid-body motion and loal deformation, as illustrated byFigure 3. The rigid-body motion an be arbitrarilylarge, while the loal deformation is assumed to re-main small. To eah element is assoiated a loalframe, materialized by base-vetors e1, e2 and e3 in

rigid body motion(arbitrarily large)+loal deformation(small)
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Figure 3. Illustration of the o-rotational approah.Figure 3, whih translates and rotates with the ele-ment.In the loal frame, the displaements aused by de-formation are desribed by a set of �loal� variables:axial elongation (ul), torsional angles (θl1 at node 1;
θl4 at node 2), bending slopes (θl2, θl3 at node 1;
θl5, θl6 at node 2). These loal displaements, gath-ered in vetor pl, are onjugate to loal internal ef-forts qil (axial fore, torsional moments, and bendingmoments, respetively). Sine the loal deformationis small, a linear relationship between loal displae-ments and internal e�orts an be written as:

Kl pl = qil , (1)where Kl is the loal sti�ness matrix (7 × 7), whihremains the same during the analysis.In any deformed on�guration of the struture, theloal displaements pl an be omputed from the�global� displaements p, whih relate to the globalframe and onsist of 3 translations and 3 rotations pernode. Moreover, it is possible to express a relationshipbetween in�nitesimal hanges of loal and global dis-plaements, resp. δpl and δp, as:
δpl = F δp , (2)where F is the transformation matrix (7 × 12). Con-trary to the loal sti�ness matrix, F depends on dis-plaements and has to be omputed at eah iteration.Knowing the transformation matrix, it is possible torelate the global internal e�orts qi to the loal inter-nal e�orts qil given by Eq. (1). For this, we expressthe fat that the internal virtual work has to be thesame in the global and loal frame, whih yields:
qi = FT qil . (3)
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27. June - 1. July, AalborgThe last step in the formulation is to express the tan-gent sti�ness matrix Kt. The stati equilibrium of thestruture is expressed by:

g = qi − qe = 0 , (4)where g is the vetor of out-of-balane e�orts and qethe vetor of external e�orts, whih are assumed hereto be independent of the displaements. Assumingthat the struture at iteration (i) is not in equilibriumand expanding g in a �rst-order Taylor series aboutthe urrent displaements p(i), Eq. (4) beomes:
g(i) +

∂g

∂p

∣

∣

∣

∣

p(i)

δp(i+1) = 0 , (5)where δp(i+1) is the vetor of inremental displae-ments between the urrent and next iteration, i.e.
p(i+1) = p(i) + δp(i+1). The tangent sti�ness matrixis then:

Kt =
∂g

∂p
= FT ∂qil

∂p
+
∂FT
∂p

qil after (3)
= FTKl F+

∂FT
∂p

qil .

(6)The �rst term in Kt orresponds to natural elas-ti sti�ness (dependent on material and ross-setionproperties), and the seond to geometri sti�ness, dueto the stress �eld in the struture.2.3. Generi geometry of the bowThe tapered pro�le is derived from a formula given byVuillaume. This violin maker of the 19th entury mea-sured a great number of Tourte bows and found the di-ameter to derease logarithmially along the stik [6℄.The diameter d at absissa x (0 ≤ x ≤ 650 mm) isgiven by:
d(x) = d0

(

1 + ε ln

(

x∞ − x

x∞

))

, (7)where d0 = 8.77 mm, x∞ = 825 mm and ε = 0.255.The distribution of amber along the bow is herede�ned so that the stik beomes straight under a�maximal� tension, whih is a riteria ommonly re-ognized by bow makers [7℄. In this on�guration, thedistane between hair and neutral axis of the stik isonstant, assuming that the frog and the head havethe same height h. Thus, the bending moment result-ing from maximal hair tension Tmax0 has a onstantvalue Mmax
0 = hTmax0 along the stik. The initial ur-vature of the stik an be determined by alulatingthe deformed shape of the initially straight stik sub-jet to moment Mmax

0 at its free end. The value of
Tmax0 determines the amount of amber, whih an bealso haraterized by the minimal hair-stik distanewithout tension, denoted by κ in the following.

3. Results from simulationsIn this setion, we examine the ompliane of thebow and its behavior for di�erent loading ases (verti-al/inlined fore, low/high amplitude). For this pur-pose, simulations are arried out on the standard bowwith �full amber� (κ = 0 mm), tightened up toan hair-stik distane of 10 mm. Then, we evaluatethe in�uene of two parameters on ompliane: hairtension and amber. In all simulations, the Young'smodulus of the stik is Es = 25 GPa. The rosssetion (0.39 mm × 1 mm) and Young's modulus(Eh = 5 GPa) of the hair give an equivalent longi-tudinal ompliane of 30 N/mm for a 65 m ribbon.3.1. Compliane of the bowSine the bow is often slightly tilted towards the �n-gerboard in playing (generally up to 30◦), the stikbends in both lateral and vertial diretions. To takethis into aount in the simulations, the fore appliedto the hair is inlined by angle ψ relatively to the bowreferene frame (Fig. 4).
ψ

axis of the string
zbow

ybow
ystring

zstring
Fz

Figure 4. Rear view of the bow in its referene frame, thex-axis of whih is de�ned by the line joining the front endof the frog and the tip.Figure 5 shows the simulated de�etion at the tipaused by a fore Fz , for two values of tilt angle,
ψ = 0◦ (�vertial�), and ψ = 30◦ (�inlined�). In bothases, the evolution of de�etion with fore is nonlin-ear. The ompliane, whih we de�ne as the slope ofthe fore-de�etion urve, inreases with fore. More-over, the ompliane is higher when the fore is in-lined. This has a simple interpretation: when out-of-plane bending of the stik ours, the hair tensionexerts an additional bending moment along the stik.This moment ats together with that aused by thefore, whih makes the de�etion higher.In the following, we examine the ompliane of thebow at Fz = 0 N and at Fz = 1.5 N, in an attempt toharaterize the behavior of the bow at both low andhigh fores (e.g. when playing pianissimo and fortis-simo, respetively). Although bow fores higher than1.5 N are not unrealisti in playing, this value an be
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Figure 5. De�etion vs amplitude of vertial (ψ = 0
◦) andinlined (ψ = 30

◦) fore Fz at the tip. The deviation froma linear evolution (dotted lines) indiates a nonlinear om-pliane, de�ned as the slope of the fore-de�etion urve(represented here at Fz = 0 N and Fz = 1.5 N).onsidered as an upper limit when playing near thetip.Figure 6 shows the ompliane along the bow atlow and high fores. For all the simulated load ases,the ompliane ontinuously inreases along the bow,reahing its maximal value at the tip. Regarding thevertial ompliane, two kinds of nonlinearity are ob-served. In the �rst two thirds of the bow length, in-reasing the fore diminishes the ompliane. This isdue to a rise in hair tension that makes the hair sti�er.In the last third, onversely, the ompliane inreaseswith fore. The inlined ompliane also exhibits thiskind of nonlinearity, but on a longer portion of thebow (seond half). At low fores as well as at highfores, tilting the bow o�ers a higher ompliane.Keeping in mind that the stik on its own behaveslinearly when loaded by a similar fore along its lengthand has the same bending sti�ness in lateral and ver-tial diretions (see Fig. 6, �stik only�), the range inompliane o�ered by the assembled, tightened bowis remarkable. In the simulation presented here, theompliane at the tip varies between 14.0 mm/N and36.5 mm/N (respetively, −18% and +112% with re-gard to the ompliane of the stik only). In the fol-lowing, we fous on the ompliane at the tip, in orderto show how hair tension and amber a�et the be-havior of the stik.3.2. In�uene of hair tensionStarting from the assembled bow at zero tension, thehair tension T0 was inreased up to maximum tension
Tmax0 , at whih the stik is straight. At eah tight-
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◦) om-pliane along the bow, at low fores (Fz = 0 N) and highfores (Fz = 1.5 N). The ompliane along the stik with-out the hair, obtained with the same four load ases, isplotted too.ening step, the ompliane at the tip for a vertialand inlined fore (ψ = 0◦ and 30◦, respetively) wasomputed. Figure 7 shows the numerial results.
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◦) and inlined (ψ = 30

◦) om-pliane at the tip vs hair tension, at low fores (Fz = 0 N)and high fores (Fz = 1.5 N). Dotted lines indiates valuesof hair tension orresponding to four values of hair-stikdistane (from 8 mm to 14 mm).It learly appears that the gap between vertial andinlined ompliane inreases with the hair tension.Regarding vertial ompliane at high fores, it should
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27. June - 1. July, Aalborgbe noted that the range between T0 = 0 N and T0 =
40 N is of little relevane, sine a vertial fore of 1.5 Nmakes the stik go through the hair. Of most interestis the range marked by dotted lines, for whih thehair-stik distane is omprised between 8 mm and14 mm, thus orresponding to plausible settings forplaying the bow. Moreover, it is in this region that thegap between vertial and inlined ompliane variesthe most with hair tension, espeially at high fores.3.3. In�uene of amberThe same load ases as in setion 3.2 were simulatedfor two amounts of amber, orresponding to two val-ues of minimal hair-stik distane without tension:
κ = 4 mm and κ = 0 mm. Figure 8 shows the om-pliane at the tip plotted against hair tension, in therange around plausible values of hair-stik distanefor playing. It should be noted that the two vari-antes of the bow when tightened up to a same valueof hair-stik distane, are indistinguishable from oneanother. This is beause only the amount of amberwas hanged, not its distribution along the stik.First, inreasing the amount of amber allows to in-rease the playing hair tension. Considering a playinghair-stik distane of 10 mm, for example, inreasingamber from κ = 4 mm to κ = 0 mm gives 66% morehair tension. Moreover, the range in ompliane at agiven hair-stik distane signi�antly inreases withamber, as well as the ratio between inlined and ver-tial ompliane. It also appears that the range inompliane o�ered by the bow is more sensitive tothe setting of hair tension when amber inreases. Itwould be tempting to dedue from these observationsthat the same bow o�ers more potential to the playerwhen it is muh ambered than less. Playing tests areneeded to better apprehend the onsequenes on play-ing.4. ConlusionA �nite element model of violin bow has been devel-opped and used to investigate the stati behavior ofthe tightened bow. In partiular, the in�uene of tilt-ing the bow on ompliane has been examined.Simulations have shown that the ompliane, whihalso depends on fore, is higher when the bow is tilted.An important result is that the ompliane of the as-sembled, tightened bow onsiderably varies with re-gard to that of the stik only. The range in ompli-ane o�ered by the bow is a�eted by parameters ad-justable by the player (hair tension) and by the bowmaker (amber).Playing tests of parametrized bows will be pre-sented. The aim is to evaluate how the player per-eives hanges in hair tension and amber. If signi�-ant trends emerge from this study, the model ould
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