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NONSMOOTH LYAPUNOV PAIRS FOR INFINITE-DIMENSIONAL
FIRST-ORDER DIFFERENTIAL INCLUSIONS*

SAMIR ADLYT, ABDERRAHIM HANTOUTE!, AND MICHEL THERAS

Abstract. The main objective of this paper is to provide new explicit criteria to characterize weak lower semi-
continuous Lyapunov pairs or functions associated to first-order differential inclusions in Hilbert spaces. These
inclusions are governed by a Lipschitzian perturbation of a maximally monotone operator. The dual criteria we
give are expressed by the means of the proximal subdifferential of the nominal functions while primal conditions
are described in terms of the Dini directional derivative. We also propose a unifying review of many other
criteria given in the literature. Our approach is based on advanced tools of variational analysis and generalized
differentiation.

Key words. Differential inclusions, maximal monotone operators, Lipschitz perturbations, lower semi-
continuous Lyapunov pairs and functions, invariance of sets, subdifferential sets, contingent derivatives.

AMS subject classifications. 37B25, 47J35, 49J52, 93B05.

1. Introduction. With the ever-increasing influence of mathematical modeling and engi-
neering in various branches of applications, it is not surprising that the theory of differential
inclusions has played a central role in the understanding of various applications, including for
instance, physical problems, biological and physiological systems, population dynamics. The
stability analysis of the different systems involved in real applications and more precisely the
characterization of the evolution of a point to its stable state has been studied by many authors
since the pioneering work by Lyapunov at the end of the 19th century.

The main feature of Lyapunov’s approach is that it does not require an explicit expression
for the solutions of the dynamic system. In order to find good candidates (energy-like) functions
which well-behave with the underlying trajectories, we only need to use the involved data. In the
literature such functions are termed Lyapunov’s functions. This indirect method is very useful
especially when dealing with complex real-world applications, where only the behavior of the
system is of major interest (such as, for instance, the behavior at infinite-time or the stability of
the equilibrium sets).

The aim of this paper is to provide explicit primal and dual criteria for weakly lower semi-
continuous (Isc, for short) Lyapunov functions, or, more generally, for Lyapunov pairs associated
to a first-order differential inclusion of the type:

&(t;xo) € f(x(t;x0)) — Ax(t;z9)  a.e. t >0, zp € cl(Dom A). (1.1)

The resulting criteria in the approach we propose are given explicitly by means of the proximal
subdifferential of the involved functions and therefore, an a priori knowledge of the semigroup
generated by —A is not required. Hence, this work follows the spirit of the Lyapunov indirect
method since it only calls upon the known data f and A present in (1.1).

Here, and thereafter, cl(Dom A) denotes the closure of the domain of a multivalued max-
imally monotone operator A : H = H defined on a real Hilbert space H, and f is a Lips-
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chitz mapping defined on cl(Dom A). A pair of proper extended-real-valued lsc functions V, W :
H — R U {400} is said to form a Lyapunov pair for the differential inclusion (1.1) if for all
xg € cl(Dom A) the solution x(-;x¢), in the sense that will be made precise in Sect. 3, satisfies

V(x(t;zo)) — V(x(s;20)) —|—/ W (z(1;20))dr <0 for all t > s > 0. (1.2)

Observe that for W = 0 one recovers the classical notion of Lyapunov functions; e.g., [34]. More
generally, instead of (1.2), we are going to consider functions V, W satisfying, for some a > 0,

t
eV (z(t;z0)) — eV (z(s;70)) Jr/ W(x(T;20))dT <0  forallt>s>0.

In this case, the (weighted) pair (V, W) will be refered to as an a-Lyapunov pair. The main
motivation in using a-Lyapunov pairs instead of simply functions is that many stability concepts
for the equilibrium sets of (1.1), namely stability, asymptotic or finite-time stability, can be
obtained just by choosing appropriate functions W in (1.2). The weight €% is useful for instance
when exponential stability is concerned. So, even in autonomous systems like those considered
n (1.1), the function W or the weight e** may be useful since, in some sense, they emphasize
the decreasing of the Lyapunov function V.

Lyapunov pairs have been considered in [14,15,17,25,30] among many contributions. For
instance, Céarjad & Motreanu [15], using arguments based on tangency and flow-invariance, have
given a characterization of Lyapunov pairs for a general initial value problem with a possibly
multivalued m-accretive operator on an arbitrary Banach space by means of the contingent
derivative related to the operator. In [14], they also have given an infinitesimal characterization of
Lyapunov pairs of functions for the flow generated by a semilinear evolution equation on a Hilbert
space by means of a suitable contingent derivative formulation. Kocan & Soravia in [24,25] have
considered Lyapunov functions for infinite-dimensional dynamical systems governed by general
maximal monotone operators. They have obtained a characterization of Lyapunov pairs by means
of the associated Hamilton-Jacobi partial differential equations, whose solutions are meant in the
viscosity sense. The criteria in [14, 15,24, 25] are given by means of the semigroup generated by
—A; see also [8,10,16] for related results. In the case of a differentiable semigroup generated
by —A, explicit characterizations for some classes of invariant sets are given in [8], by means of
the tangent cones to these sets. Criteria for Lyapunov pairs with respect to the homogeneous
counterpart of (1.1) (i.e., f = 0) were given in [30] in term of the resolvent of A (see Corollary 5.2
in Sect. 5). Using deep tools from nonsmooth analysis, Clarke et al gave in [20] sufficient criteria
by means of Hamilton-Jacobi equations whose solutions are the lsc Lyapunov functions (called
by these authors functions that weak or strong decrease along the trajectories). This approach
applies to (1.1) when the right-hand-side (RHS) is replaced by an upper semicontinuous set-
valued mapping with nonempty convex and compact values. Nonsmooth Lyapunov functions
were also investigated for different models; in [7,18,32] for locally Lipschitz Lyapunov functions,
in [12] for convex Lyapunov functions, in [5, 6,17, 25,30, 37] for lsc Lyapunov functions, etc.
In [1] and [23], smooth Lyapunov functions were used in the framework of the stability of second
order differential equations and non-linear mechanical systems with frictional and unilateral
constraints.

If we assume that V is sufficiently smooth (of class C!' on H for example), then by an
elementary derivation of the composite function t — eV (z(t;z0)), it is not difficult to show
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that (V, W) forms an a-Lyapunov pair for (1.1) if, for instance,

sup sup (V'(y)(F(y) = ") +aV(y) + W(y)) <0 (1.3)
yEH y*€Ay
(with the convention supy = —o0). Hence, provided that V' and W have a good behavior around

the equilibrium sets of (1.1) (namely, semidefiniteness and appropriate continuity of V'), one
can derive many stability properties of the solution z(:; zg). Meanwhile, the assumption on the
smoothness of V' reduces the efficiency of this general approach as long as complex systems
are considered. Therefore, relaxing the condition on the smoothness allows more flexibility in
determining such functions. Our approach is also useful especially when dealing with multiple
isolated equilibrium sets for (1.1). More precisely, to study each equilibrium set separately, a
candidate Lyapunov function can be chosen to have infinite value outside a neighborhood of
this set. This fact is possible if one considers lsc extended real-valued candidate functions as
we do in this paper. Since our goal is to provide criteria for nonsmooth (lsc) Lyapunov pairs,
with respect to (1.1), instead of the derivative of V in (1.3), our study will involve the usage
of appropriate tools of advanced variational analysis and generalized differentiation, namely the
proximal, horizontal, and the limiting subdifferentials, normal cones, Dini directional derivative,
etc.

It is useful to recall that the concept of Lyapunov pairs can be equivalently written in terms
of (forward) invariance. We recall that a nonempty closed set S C H is invariant for (1.1) if the
whole trajectory z(-;xo) is kept in S whatever it starts in S (zg € S Ncl(Dom A)). In general,
in the framework of general differential inclusions, if for every zy € S one can find at least one
solution starting at xp and which remains all the time in S, then S is termed a viable set for
this differential inclusion; there exists a wide literature on viability theory (see for instance the
books by Aubin [2] and Aubin & Cellina [3] and the references therein). In our setting, due to
the uniqueness of the solution of (1.1), both concepts are equivalent. On another hand, it can
be easily shown that V' is a Lyapunov function for (1.1) if and only if its epigraph is invariant
for the (augmented in H x R) differential inclusion

2(t; xo,0) € f(z(t;a:o,ozo)) - gz(t;zo,ozo) a.e. t >0, 2(0,zq, ) = (x0,ap) € cl(Dom A),

where f := (f,0) and A= (A,0) are defined on H x R. Conversely, a nonempty closed set S is
invariant for (1.1) if the indicator function of S is a Lyapunov function for (1.1). In this respect,
Nagumo’s Theorem (e.g., [16,36] and the references therein) states that a closed set S is invariant
for an ODE of the form

&(t; o) = F(z(t; 20)) (1.4)

if and only if for each y € R™ the vector F(y) of the RHS is contingent in the sense of Bouligand
to S at y. Next, this result was adapted by Brézis [11] to non-autonomous ODE in infinite-
dimensional (Banach) spaces, under some supplementary Lipschitz continuity conditions of the
RHS; see also [29] for related results.

The organization of the rest of the paper is as follows. In Section 2, we present briefly tools
and basic results that are necessary for our approach. In Section 3 we focus on new primal and
dual criteria for weakly Isc Lyapunov pairs. This is achieved in Theorem 3.3 using many dual
conditions involving the subdifferential of the nominal functions. The particular case when the
topological interior of the set co(Dom A) is nonempty is addressed in Theorem 3.4. While, the
primal condition involving the directional derivative is given in Theorem 3.5. The counterpart
of these results for the invariance of closed subsets is established in Theorem 3.6. These abstract
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results are illustrated in Section 4 in which we exhibit some concrete examples of nonsmooth
Lyapunov pairs. In Section 5, we make a review of some other criteria for Lyapunov pairs.
Section 6 is devoted to complete the proofs of the main results given in Section 3.

2. Notation and main tools. In this section we introduce some fundamental definitions,
properties and notations which are needed. Throughout the paper, H stands for a (real) Hilbert
space, endowed with the inner product (-, -} and associated norm ||-||, and identified to its topo-
logical dual H'. If H is a finite Cartesian product of Hilbert spaces (H;, ||-||;), ¢ = 1,--- , k, then
we use the ¢'-norm given by || = [, + - ||l - We write —, — (or weak-lim) to denote the
strong and weak convergence, respectively, and = ? if the convergence is restricted to a set
S C H. The null vector in H is denoted by 0. For x € X, B,(x) is the open ball with center
x and radius p > 0 so that B := B;(f) is the unit open ball. For a,b € R := RU {400, —00},
[a,b) is the line segment excluding b, and a™ := max{0,a}. The following notations and facts
are basically standard in convex, variational, and set-valued analysis; the reader can consult the
books [19,27,31] for more details, discussions, and further references.

Given a set S C H (or S C H x R), by coS, Int S, and cl.S (or S), we denote the convex
hull, the interior, and the closure of the set S, respectively. The indicator function of S and the
distance function to S are given, respectively, by

ds(z) :=0if x € S; + o0 if not, d(z,S) :=inf{|lz -yl :y € S}
The orthogonal projection mapping, Ilg, onto S is defined as
Us(z) :={y € S: |z —yl = d(z, )}
For a multivalued operator A : H =% H, the domain and the graph are given, respectively, by
Dom A:={zx € H| Az # 0}, gph A:={(x,y) € H x H |y € Ax};

it is convenient to identify an operator A to its graph in H x H. The inverse operator of A is
A~l: H = H defined as

(y,z) € A7 = (2,9) € A.

For A > 0, the resolvent and the Yoshida approximation of A are given, respectively, by

1
Jai= T+ XA Ay = X(I =),

where I : H = H stands for the identity mapping. The operator A is said to be monotone if
<y1 —Y2,T1 — $2> Z 0 for all (x“yz) c A, 7 = 1’27

and mazimally monotone if A is not properly included in any other monotone operator. If A is
maximally monotone, it is well known (e.g., Simons [33]) that cl(Dom A) is convex, and the set Ax
is convex and closed for every x € H. We recall that, for every X\ > 0, J) is defined everywhere,
single-valued, nonexpansive, and satisfies Ayz € A(Jyz) and limy_,g+ Jyz = x for every = €
cl(Dom A). If Int (co{Dom A}) # (), then Int (Dom A) = Int (cl(Dom A)) = Int (co {Dom A}),
and A is locally bounded on Int (Dom A). Moreover, if (Az)° denotes the set of points of minimal
norm in A(z), i.e., (Az)° :={y € Az : ||y|| = min,ca, ||2]|}, then, for every 2 € Dom A we have
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that limy o+ Axz = (Ax)° = IT14,(0), or, more generally,

lim Ax(xz+ \y) =14, (y) for every y € H. (2.1)

A—0t

In particular, if A = 0h is the subdifferential in the sense of convex analysis of some Isc convex
proper function h: H — R (see (2.4)), then A is typically an example of a maximally monotone
operator (however, not all maximally monotone operators are convex subdifferentials) and we
know that

Dom A C Dom h C cl(Dom h) = cl(Dom A).

Given a function ¢ : H — R, its (effective) domain and epigraph are defined, respectively,
by

Dom ¢ :={z € H | p(z) < +o0}, epip:={(zr,a) € H xR | p(x) < a}.

For A € R, the set [¢p > \] := {x € H | ¢(z) > \} signifies the open upper-level set of ¢ at height
A. We use the notations

F(H) :={¢: H— R |y proper and Isc}, F,,(H) := {¢: H — R | ¢ proper and weakly lsc},
(2.2)
and denote by F(H) and F,} (H) the subsets of those functions, respectively in F(H) and
Fw(H) which are nonnegative. If ¢ € F(H), x € Dom ¢, and £ € H. We call £ a prozimal
subgradient of ¢ at x, written & € Opp(x), if there are p > 0 and o > 0 such that

ely) > o(z) + &y —a) — oy —=|* forally € B,(a).

We recall that dpp(z) is convex, possibly empty, and not necessarily closed. More generally, &
is said a Fréchet subgradient of ¢ at x, written £ € dpp(z), if

oy) > o(x) + &,y —z) +o(||ly — z||) forall y € H.

Associated to these concepts, limiting objects have been introduced: we call £ a limiting subdif-
ferential of ¢ at x, written £ € dOp¢(x), if there exist sequences (xg ), (&)r C H such that

Th 2 T (e, zp — z, p(z1) — @(2)), & € Opp(ar), & — &,

while, ¢ is a horizontal subgradient of ¢ at xz, written £ € Juo(z), if there exist sequences
(o) C Ry and (zg)k, (&)r C H such that

ap — 0%, ap 2o &k € Opp(ak), arbp — &.

For comparative purposes, we recall that in the present setting the Clarke subdifferential of ¢ at
x is defined by the so-called representation formula (see, e.g., [28])

dop(x) = co{drp(x) + 0 ()}, (2.3)

from which it clearly follows that Opp(z) C Orp(z) C Ore(x) C Jdow(x). In particular, if
¢ is Gateaux-differentiable at z and g (x) denotes its Gateaux-differential, then dpp(x) C
{og(x)} C dcp(z). If ¢ is Ct, then dpp(z) C {¢'(2)} = dcp(z) and dop(x) = {0}. If ¢ is C?,
then dpp(z) = dop(x) = {¢'(x)}. If ¢ is convex, then all these subdifferential concepts (except
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the horizontal) coincide with the usual Fenchel-Moreau-Rockafellar subdifferential set
Op(x):=={y € H|p(z)—p(r) > (y,z—x) forall z € H}. (2.4)

Finally, let us mention that if x ¢ Dom ¢, then by convention we set dpyp(x) = Ipp(z) =
Irp(r) = dcp(x) = 0.

From a geometrical point of view, if S C H is a closed set and = € S, the prozimal normal
cone to S at x is N5 () := 0pds(z) or, equivalently,

NE (2) = cone(Ilg' (z) — z) if IIg' (z) # 0; {0} if IIg' (z) = 0.
We shall also use N% (z) to denote the subset of N£ (z) given by
Ng(x) ={yeH:(y,z—z)<||z—=z||> forall ze S closed to z}. (2.5)

Similarly, N&(z) := 9,05(z) (= 05 (x)) is the limiting normal cone to S at x, and N§(z) :=
co{NL(x)} is the Clarke normal cone to S at z. We call contingent cone to S at x € S (or
Bouligand tangent cone), written Tg(z), the set

Ts(z):={y € H |z + myr €S for all k, for some yp — y and 7, — 07 }.

Moreover, we have that Opp(z) x {—1} = pricp(x,go(a:)) N (H x {-1}), Ox(x) x {0} =
Ngaw(ac, o(x)) N (H x {0}), and Tepi (2, p(z)) = epi¢/(z, ), where ¢'(z,-) : H — R denotes the

Dini directional derivative of ¢ at z, given by

¢ (z,v) := liminf Pz +tw) — (),

b
t—0+, w—v t

hence, if ¢ is convex, then ¢’ (z,v) = inf;~o t =1 (p(x+tv)—p(x)) is the usual directional derivative.

3. A general criterion for nonsmooth Lyapunov pairs. In this section, H is a Hilbert
space, and A: H = H, f : cl(Dom A) C H — H denote a maximally monotone operator and a
L ¢-Lipschitz continuous mapping, respectively. Our aim is to provide explicit characterizations
of weakly lower semicontinuous Lyapunov pairs with respect to the differential inclusion (1.1):

z(t; o) € f(x(t;x0)) — Ax(t;zg) a.e. t >0, g € cl(Dom A).

Let us first precise the sense in which we are considering solutions of (1.1); the reader is
refered to [12] for more details. Fix 7' > 0 and zo € cl(Dom A). By a strong solution we mean
a function x(+;xg) : [0,T7] — H defined and continuous on [0, T, verifying the initial condition
x(0; 29) = xo, absolutely continuous on every interval [a, b] C (0,7), and satisfying

x(t;z0) € Dom A, &(t;x0) € f(x(t;z0)) — Azx(t;z0) ae. t € (0,T).

If such a solution exists it must be unique. Further, we have that @(-;z¢) € L*([0,T), H) if
and only if £y € Dom A. In this later case, for all ¢ € [0,T), x(t;x9) € Dom A and x(-;zo) is
right-derivable at ¢t with

+
La(tz0) = (F((t20)) — Aelt; 20)))° = F(2(t:20) ~ Mg (FalB0))). (3)

For instance, a strong solution exists in each of the following cases (see Brézis [12]): z¢ € Dom A;
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Int (co(Dom A)) # 0; dim H < oo; A = 9y for some convex function ¢ € F(H); etc. In the
general case, it is well established (see e.g., [9]) that Equation (1.1) admits a unique weak solution
x(+;x0) € C(0,T; H) which satisfies z(t; 29) € cl(Dom A) for all ¢ > 0. Equivalently, there exists
a sequence (zx)ren C Dom A converging to xo such that the strong solution zj(-; zx) of the
equation

Tt 2i) € flaw(tzi) — Awe(t;2e)  ace. t 20, 2x(0,25) = 2, (3.2)
uniformly converges to z(-;x¢) on [0, T]. Moreover, we have that

x(s;x(t;x0)) = x(s + t;x0) for all s,¢ >0, (3.3)

lz(t; o) — x(t; 90)|| < elrt llzo — yol| for all ¢ > 0, zg,yo € cl(Dom A).

In the remainder of the paper, z(-;xo) will denote the weak (strong, if applicable) solution
of Equation (1.1).

DEFINITION 1. Let V € F(H), W € F(H), and a € R be given. We say that (V,W) forms
an a-Lyapunov pair for (1.1) if for all z¢ € cl(Dom A) we have that

eV (z(t; 20)) + /Ot W (x(7;20))dT < V(x0) for allt > 0.

In particular, if a = 0, we call (V,W) a Lyapunov pair and, in addition, if W = 0 then V is
said a Lyapunov function. The last inequality above is refered to as the Lyapunov inequality
associated to (1.1).

As we observe in the following lemma, for which a proof can be found in Clarke et al [21], the
lack of regularity of Lyapunov pairs is mainly due to the non-smoothness of the first component
function.

LEMMA 3.1. If W € FT(H), then there exists a sequence of functions (Wy)ren C F+(H)
converging pointwisely to W (for instance, Wy, /* W) such that Wy, is Lipschitz continuous on
every bounded subset of H. Consequently, for each k and y € H, we have that W (y) > 0 if and
only if Wi(y) > 0. Moreover, for given V.€ FT(H) and a > 0, (V,W) forms an a-Lyapunov
pair for (1.1) if and only if each (V,Wy) is an a-Lyapunov pair.

It is also worth recalling that the very essential point in Lyapunov’s theory is that a Lyapunov
function decreases along the trajectories of (1.1). Our definition also reflects this effect according
to the following proposition.

PROPOSITION 3.2. Let V € F,(H), W € F*(H), and a € Ry be given. Then, the following
are equivalent:

(i) (V,W) forms an a-Lyapunov pair for (1.1);

(ii) for every zo € cl(Dom A) we have that

t
eV (x(t;20)) — eV (z(s;20)) +/ W (z(1;20))dr <0 for all t,s > 0;
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(iil) for every xg € cl(Dom A) there is some § > 0 such that

eV (x(t; 1)) —|—/0 W (x(7;20))dT < V(x0) for all t € [0,0].

Proof. Implication (ii) = (iii) is immediate. To establish (i) = (ii), without loss of generality
(w.lo.g., for short), by Lemma 3.1 we might assume that W is continuous (which makes the
integrals easier to handle). Then, if 2y € cl(Dom A) is fixed, combining Definition 1 with (3.3)
it follows that, for all t > s > 0,

OV (3(s + £ 30) / W (a(rs20))dr
= eV (2(s; 2(t; 20)) / W (z(T;20) d7+/ W (z(r; 2(t; 20)))dT
< eV (x(t;x0)) / W (z(7; 2(t; o) dT+/ W (x(1;20))dT

+ /0S W (z(7;2(t; 20)))dT < eV (2(t;20)) +/O W (z(r;x0))dT;

that is, (ii) holds.
To show that (iii) = (i) holds, we fix z¢ € cl(Dom A) and set

§ = sup {(5 >0 | eV (x(t;20)) —|—/0 W (z(1;20))dr < V(zg) for all t € [076]} .

Taking into account the current assumption (iii), we observe that § > 0 . Proceeding by contra-
diction, we suppose that § < oo, and using the semi-continuity of V' we derive that

5
eV (2(8;20)) —l—/ W (z(r;20))dr < V().
0
But x(J;z0) € cl(Dom A), and so by (iii) there exists some & > 0 such that

eV (z(t; 2(8; 20)) —I—/O W (x(1;2(0; 20)))dT < V(2(5;20)) for all ¢t € (0,¢].

Hence, using again (3.3), for every t € (0, €], we obtain

e“(tf)V(x(t + 85 20)) ft+(i (1520))dT

= e“fe“tV(%(t;m(§,xo_ + fo T,xo))dr + f(f W (z(T;2(0; 20)))dr
< e (V(x(d;20)) + f05 W(m(T;xO))dT

< V($0),

and the contradiction d <e+6 <4. m

The next example shows the necessity of considering nonsmooth Lyapunov’s pairs or func-
tions; it will be continued in Example 4.4.
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ExAMPLE 3.1. We consider the one-dimensional systems with the parameter A € R,
Ea(t; o) € —Sign(xa(t;xo)) + Alxa(t;xo)| ae. t >0, zx(0;20) =20 € R, (3.4)

where Sign(a) :=1if @ > 0; —1 if a < 0; [—1,1] if @ = 0. These systems can be reformulated in
the form (1.1) by taking A=0]|-| and fA=A]|-|.
If A =0, then 0 is the unique equilibrium point and the solution is given by

(t;mo) = max{0,z9 —t} ifxg>0
0= min{0, 20 +t}  if 2o <0,

In view of (1.3), the smooth function Vy(z) := $2? is a Lyapunov function since that

(VVo(x), —Signz) = —|z| <0 for all z € R. (3.5)

It follows that the function V(x) = |z|, = € R, is also a Lyapunov function for (3.4), but
this fact could not be checked using (1.3) since |-| fails to be differentiable at 0.
If A > 0, the equilibrium points are {0, %} and the solution is given by

o max{0,eM(xo — % %} if zg >0
At o) _{ min{0,e*(zo — ) + 5} if 2o <0.

If we consider again the smooth function Vy(z) = $22, now (1.3) is written
(VVo(z), —Signz + A z|) = |z| (Az — 1),

so that an inequality as in (3.5) is valid only for x < % Consequently, an expected Lyapunov
function would be the Isc extended real-valued function

1 1
W(z) = 51‘2 if x < X and V) (z) = 400 otherwise.

The following theorem gives the desired characterization of weakly lower semicontinuous
Lyapunov’s pairs with respect to (1.1). More generally, we establish a general principle for the
Lyapunov inequality to hold locally on upper-level sets of the candidate function V.

We recall that F,,(H) (and F*(H)) and prlv( ,V(y)) are defined in (2.2) and (2.5),
respectively, and that by convention supy = —oo. The proof of the part (v) = (i) will be
completed in Section 6.

~ THEOREM 3.3. WeletV € Fyu(H), W € F*(H), a € Ry be given, and fix § € cl(Dom A),
A € [—00,V (7)), and p € (0,+00] so that

Bs(y) N[V > A NDom V C cl(Dom A).

Then, the following statements are equivalent:
(i) Yzo € B5(g) N[V > AN Dom V,

eV (x(t: 20)) + / W (x(r: 20))dr < V(wo) Vi € [0, plao)]
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where p(xg) is the positive (possibly +o0o) number given by

I 3p > 0 with B,(x0) C B5(y) N[V > ] s.t. Vs € [0,v] : ]
plwo) =5 p{ > 0‘ 2 |(s; 20) — zoll < p and | (e~ — 1) V(zo) — [ W (a(r; z0))dr|} < ’ })
3.6

(ii) Vy € B5(g) N[V > A] and § > 0,

sup liminf (€4 6(y — 2), f(2) —a=(f(2))) + aV(y) + W(y) <0,
£€0rV (y) “pom AY

sup  liminf (€ +y — 2, f(2) — a.(f(2))) < 0;
£€0:0V (1Y) “pom aY

(iil) Vy € B5(y) N[V > A] and § > 0,

sup liminf lim (£ +0(y — 2), f(y) — Ax(z + Af(2))) +aV(y) + W(y) <0
£€OPV (y) “pom aY 20T

sup  liminf hm E+y—2zfly) — Ax(z+ Af(2))) <05
€000V (Y) Ppam ¥ A0

(iv) Vy € B5(g) N[V > A] and & > 0,

sup liminf inf (€+0(y— 2), f(2) — 2*) + aV(y) + W(y) <0,
E€OPV (y) “pom aY 7 EAZ

sup  liminf inf (E+y—z, f(z) —2") <0;
£€0V (y) "pom Y2 EA2

(v) Yy € Bo(5) N[V > Al and (€,1) € NE (3. V(y)),

lim inf ing (E+y—=zf(z)—2") <naV(y) + W(y)).

(vi) If p = =\ = +o0, (V,W) forms an a-Lyapunov pair for (1.1).

Proof. The proof of the (main) statement (v) => (i) is postponed to Section 6. According to
Lemma 3.1, we may assume first that W is Lipschitz continuous on bounded subsets of H. Next,
for each xg € Bs(g) N[V > A NDom V, in view of the Isc of V and the continuity of z(-;zo),
we have that p(xg) > 0 or p(x9) = +o0o. Thus, by Proposition 3.2, the last statement (vi) is
equivalent to (i). The proof of (ii) = (iv) = (v) is immediate and the equivalence (ii)<=>(iii)
follows from (2.1).

We are going to establish the statement (i) = (ii): Let us fix y € By(g) N[V > A,
£ € 0pV(y)UdaV(y), 6 > 0, and denote

£(§) =11 € 0pV (y); 0if £ € 05V (y); (3.7)

hence, y € B;(5) N[V > AN Dom V C cl(Dom A) and (§,—x(£)) € NEL (v, V(y)). We also
fix e > 0, and let (yx)ren € Dom A be such that yr — y, and denote by x(-;yx) the (strong)
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solution of the equation

Tr(tiyr) € flar(t;yr)) — Azp(tiyr) ae. t >0, x1(0,y%) = Y.

By (i), and recalling that p(y) > 0, we let T € (0, p(y)) be such that

(J;(t; y), e "V(y) —e /0lt W (x(7; y))dT) cepiV Vtel0,T).

Let us introduce the mapping h : [0,7] C R — R given by

h@:=aa(@ﬂ”—nvwwﬂfﬁﬁxvmww»m). (3.8)

Therefore, by the definition of priv(y, V(y)), there exists o > 0 such that for all ¢t € [0,T]
(w.lo.g.)

5 < —alle(tiy) —yll* — ah(t) < () + &y — @ (t:w).

Next using the facts that (zx(-;yr))ren uniformly converges to z(-;y) on [0,7] and z(-;y) is
continuous, we may also suppose that, for all ¢ € [0,7T] and all k,

o o
o k= yl? = < (&yp — anltiyn)) + h(t) + o Nzt ) = yl* = e(t).

Then, for each k, we apply the Ekeland variational principle ( [22]), on the interval [0, k=77,
to find s; € [0, (2k)~1T)] such that %gp(sk) > —2¢ (we recall that xy(-;yx) is right-derivable
at s, and so is ¢). Therefore, by invoking (3.1) together with the fact that limg_, oo b/ (sg) =
—k(&)(aV (y) + W(y)), for k large enough we get that

(€+0(y — wr(srsyn), (f (wn(sriyr)) — Azi(sk; vr))°) < —r(€)(aV(y) + W(y)) + 2e.

Finally, using once again the continuity of z(-;y) and the uniform convergence of xy(-;yx) to
z(+;y) on [0,T], we obtain the convergence of x(sg;yx) to y. This completes the proof of (ii)
since ¢ is arbitrarily chosen. m

Let us give some preliminary remarks on Theorem 3.3.

REMARK 3.1. (a) The use of proximal subdifferentials provides sharper conditions since it
is generally strictly smaller than the Fréchet or the Clarke subdifferential (e.g., [31]). The weak
lower semi-continuity of V' is only needed for the implication (v) = (i).

(b) If V > 0, statement (i) of Theorem 3.3 can be also rewritten as: for all zg € B(g) N[V >

AlNDom V,

V(z(t; x0)) +/O [aV (x(T;20)) + W(x(T520))] dT < V(x0) for all t € [0, p(x0)] .

(c) Statement (iv) in Theorem 3.3 holds if, for instance, Yy € B,(y) N[V > A],

sup liminf (¢, f(y) — Axy) +aV(y) + W(y) <0, sup liminf (£, f(y) — Axy) < 0.
geapV(y) A 0" €69V (y) A0F
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Indeed, by taking yy := Jyy it follows that Ayy € Ayx, yx o Y and, for every £ € 9pV (y) U
om
0>V (y) and § > 0,

lim inf (E+ 0y —un), fly) — Any) < —r(8)(aV (y) + W (y)),

(k was defined in (3.7)) showing that (iv) holds.
(d) A careful reading of the proof of ”(v) == (i)” in Theorem 3.3 (postponed to Sect. 6) reveals
that Theorem 3.3(iv) is also equivalent to, Yy € B;(g) N[V > A] and 6 > 0,

sup sup liminf in

inf (E+6(y —2), f(2) —2") +aV(y) + W(y) <0,
£€APV (y) £>0 7 \¥ 7 €Az

sup sup liminf inf (£4+y—z, f(z)—2") <0,
€0V (y) €30 P 4¥ 27 €A==

where A, : H = H is defined by (e.g., Martinez-Legaz & Théra [26])
yr e Ay <= (yF — 2",y —2z) > —c forall (z%,2) € A.

The following result shows that Theorem 3.3 takes a simple form on Int (Dom A). The proof
of the statement (iv) = (i) is postponed to Sect. 6.

_ THEOREM 3.4. WeletV € F,(H), W € F*(H), and a € Ry be given, and fir j € Dom A,
A€ [—00,V(¥)), and p € (0,400] so that

Bs(g) N[V > A NDom V C Int (co(Dom A)) # 0.

Then, the following statements are equivalent:
(i) Vzo € B5(y) N[V > AN Dom V,

eV (z(t; z0)) —|—/0 W (x(7;20))dT < V(xo) Vit €[0,p(x0)],

where p(xo) > 0 is defined in (3.6);
(i) Yy € B5(g) N[V > A] and 6 > 0,

sup (&, f(y) —May(f () +aV(y) + W(y) <0, sup (£ f(y) — May(f(y))) < 0;
£€0rV (y) £€0V (1)

(iil) Vy € Ba(y) N[V > A] and § > 0,

sup inf (&, f(y) —y") +aV(y) + W(y) <0, sup inf (£ f(y) —y") <0
geapV(y) ¥ EAY €€0.V (y) VT EAY

(iv) Yy € By(5) N[V > A and (§,1) € NGy (v, V (1)),

epi V'

At (€, f(y) —y") < n(aV(y) + W(y).

Proof. The proof of (iv) = (i) is postponed to Sect. 6. Since that the statements (ii) =
(iii) = (iv) are obvious, we only need to show that (i) = (ii) holds. To achieve this goal,
we may first assume that W is Lipschitz continuous on the bounded subsets of H, according to
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Lemma 3.1. Next, we fix y € B;(y) N[V > A, (&, —k(€)) € N;iv(y,V(y)) (k was defined in

(3.7)), and ¢ > 0, so that y € Dom V N Dom A. Arguing as in the proof of Theorem 3.3, by (i)
we let 7> 0 and o > 0 be such that, for all t € [0, T,

(& alty) —y) —ale(ty) —y|* < ~(E) ((6_” - DV(y) - 8_‘”/0 W(x(T;y))dT> =: h(t).

Then, because z(+; y) is a strong solution (remember that y € Dom A), multiplying the inequality
above by t~! and next taking the limit as ¢ — 0" we obtain that

(€ f(y) = ay(f(y))) = (&, %x(O,y» < —k(§) (@V(y) + W(y)),

establishing (ii). m

Now, using the concept of Dini directional derivative, we give the primal counterpart of
Theorem 3.3.

~ THEOREM 3.5. With the notation of Theorem 3.3 we assume that, for everyy € By(y)N[V >
AJNDom V and 6 > 0,

liminf inf V'(y, f(2) — 2*) +6(z —y,2") +aV(y) + W(y) < 0.

z — 2Z*EAz
Dom Ay €

Then, for every xg € Dom V N Bs(y) N[V > A,
¢
eV (x(t; z0)) +/ W (z(1;20))dT < V(zg) Vit €0, p(x0)],
0

where p(xg) > 0 is defined in (3.6).

Proof. It is sufficient to verify Theorem 3.3(iv). Let y € Bs(y) N[V > A], § > 0, and £ €
OpV (y) U 05V (y) so that (&, —r(€)) € NP ... (y,V(y)), where s(-) is defined in (3.7); hence,

epi V.
y € Dom V. If € > 0 is given, by the current assumption there exists a sequence (yg, y5)r C A
such that

V' (y, f(yr) = vk) + 0y =y flyr) —yi) +aV(y) + W(y) <e, forkeN.
We may distinguish two cases: if oy := (y — y&, f(yx) — yi) > 0 for infinitely many k, then
fye) = v ) Iy
€ V' (y, ) C Tepiv(y, V(y)).
< £ — (K(f) _ 1)50% N aV(y) _ W(y) epl( (y )) P V(y (y))
But Tepiv(y, V(y)) is the dual cone of priv(y7 V(y)) (e.g., [19]), and so we write

(€ +0(y =), flyr) = yr) = (&, =r(€), (f (yk) — wk, € — (K(§) — 1)das — aV (y) — W(y)))
+r(§)(e —aV(y) = W(y)) — r(€)(k(§) — 1)day
< —r(§)(aV(y) + W(y)) +

=
—~
o
—
o
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which yields Theorem 3.3(iv), as & — 0. Otherwise, if a, < 0 for all k, we obtain that

€40y = k), [lyr) = yi) = (& —r(€)), (F(yr) = yps € — O — aV (y) = W(y)))
+r(E)(e —aV(y) - (y)) (1= w(§))dauk
< —R(E)(aV (y) + W(y)) + (e,
showing that Theorem 3.3(iv) also holds in this case. Thus, the desired conclusion follows. m
REMARK 3.2. It is worth observing that the conclusion of Theorem 3.5 also holds if for

every y € B,(y) N[V > A]NDom V and § > 0 we have that

liminf inf V'(y, f(y) —2%) + 8z —y,2*) + aV(y) + W(y) <0

o= Yy z*€eAz

From a geometrical point of view, Theorem 3.3 can also be viewed as a criterion for the
invariance (or viability ( [2,3])) of subsets with respect to (1.1).

DEFINITION 2. A nonempty subset S C H is said invariant for (1.1) if for all xg € SN
cl(Dom A) we have that x(t;z¢) € S for all t > 0.

In other words, S is invariant for (1.1) if and only if the function dgnci(pom 4) is a Lyapunov
function for (1.1); hence, Theorems 3.3 and 3.4 apply and yield:

THEOREM 3.6. Let S C H be a weakly closed set. Then, the following conditions are

equivalent:
(i) S is invariant for (1.1);
(i) Yy € SNcl(Dom A),

sup 11m1nf<§—|—y—z,f(z)—HAZ(f(z))> <0;

L — Y
geNSﬁcl(Dom A)(y) Dom A

(iii) Yy € SN cl(Dom A),

sup liminf lim <§+y7 z, f(2) — Ax(z + A f(2))) < 0;

€ENS 1 (Dom A)(y) Dom a¥ A0
(iv) Vy € SN cl(Dom A),

sup liminf inf (£+y— 2z, f(z) — 2*) <0;
geNsncl(Dom A) (y) Dom Ayz €Az

(v) if SNcl(Dom A) C Int (co(Dom A)), Yy € S,

sup inf (£, f(z) —2") <O0.

€eENL(y) ¥ EAY

By the very definition of the weak solution z(-,zg), it follows that the convex functions
dcl(Dom 4) and d(-,cl (Dom A)) are Lyapunov functions for (1.1). Likewise, the set cl (Dom A) is
invariant for (1.1). These facts can also be checked by using Theorem 3.3:

COROLLARY 3.7. Let be given y € cl(Dom A), £ € Neypom 4)(y), and § > 0. If

un =AW+ A W), vx = A"y +Af(y) =], A>0,
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h ¥ S A ) 11111 i d
then y)\ y)\ A y)\ y an
1/\1111 11 <£ é (y y/\)’ J (y>\) y}\> <—

Consequently, the conditions (i)—(vi) of Theorem 3.3 hold when V' either stands for dcipom a) 0T
d(-,cl(Dom A)), W =0, and a = 0.

Proof. First, we recall that y5 = Ax(y+Af(y)) € Ayx for every A > 0. Hence, invoking the fact
that 1 (y — Jay) € A(Jry), by the monotonicity of A we write

Ay = Dy) = A (W) +y—9a) Ly —ya) > 0.

But |[Jxy — iall> < (), ux — Ly < MF@)|° (as Jy is nonexpansive), and so limy_o+ yx =
limy o+ Jyy = y. Finally, observing that (y — yx, f(y) — %) = —A7!|lyx — yl|* < 0, we obtain
that

lim inf (£ + 0(y — — ) < liminf —yi) =liminf A7" —y) <0
iminf (€ +6(y —ya), f(ya) —93) < Lminf (€, f(ya) — y3) = Uminf A (€, ys —y) <0,

where in the last inequality we used the facts that £ € Neypom A)(y) and y) € Dom A. Hence,
the desired conclusion follows since dd(y, cl (Dom A)) = {6} (C Ngjpom 4)(y)) and

a1:’5cl(Dom A) (y) = 8oo(scl(Dom A) (y) = Ncl(Dom A) (y>7 8Pd(y7 Cl(DOHl A)) C Ncl(Dom A) (y)a
which completes the proof of the current corollary. m
4. Illustrative examples. To illustrate the previous results, we exhibit some concrete

examples of Lyapunov pairs. Throughout this section, 2 C R" is an open bounded set with
a sufficiently smooth boundary 9, and (LP(f2),]-[|,) is the usual normed space of Lebesgue

p-integrable functions; for simplicity, if p = 2, instead of ||-||, we write ||-|| and denote by (-, -)
the corresponding inner product. We denote (L?(£2))" the Hilbert space endowed with the inner
product ((u1,--- ,up), (v1, -+ ,vn)) = (u1,v1) + - -+ + (U, vy) and the norm |[(uy, -, up)|| :=

(lug|® + - + Junl®) 2, for (u1,--- ,un), (v1,---,vy) € (L2(22))". The Euclidean norm in R” is
denoted by |-|. If k > 0 is an integer and 1 < p < co, H¥(Q) is the Sobolev space of functions
u on the open set @ C R™ for which D% belong to L?(Q2) when |a| < k, with its usual norm.
HE(Q) is the closure of C§°(Q2) in H*(£2). We denote by c(n, Q) a (positive) Poincaré s constant;
that is, a constant depending only on €2 and the dimension n such that

c(n, Q) ||lul]* < ||Vul]® for every u € HE (). (4.1)
We consider a typical simple example of a partial differential equation (PDE, for short) given

by

u(t;z) =0 in
u(0,7) = up(z) € L*(Q)  in Q,

) x OO (4.2)

where A is the Laplacian operator (with respect to the state variable z), and p: R — R is a
given function such that the mapping f : L?(2) — L2(Q) defined as

f(u) = p(l[ul)u
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is Lipschitz continuous. The PDE in (4.2) can be rewritten in the form of (1.1) by defining the
operator A : L?(Q2) = L*(Q) as

Au = —Au, Dom A = {u € H}(Q) | Au € L*(Q)} = H}(Q) N H*(Q). (4.3)

It is well established, e.g. Brezis [12] for example, that A is a self-adjoint maximally monotone
operator with cl(Dom A) = L?(f2) (the closure is taken with respect to the L?(Q)-norm).

Given an integer p > 1, if we denote AP : L?(Q) = L?*() the p times composition of A with
itself, we know, for instance from Brezis [13, Theorem IX.25], that

Dom AP = {u € H**(Q) |u= Au=---= AP y =0 on 90}. (4.4)
We set A° for the identity mapping in L?*(£2), and we define for p > 0 the functions V,, W, :
L3(Q) — Ry U {+o0o} as

_ 3 | APu||® if uw € Dom AP
Vp(u) = +00 otherwise

W (u) = i [V (APw)|*  if u € H*+1(Q) and Adujpgg =0 for all g =0,1,--- ,p
PR +o0 otherwise.
Then, clearly Dom V,, = Dom A? and Dom W, = {u € H**1(Q)) | Alujso = 0 for all ¢ =
0,1,---,p} are convex subsets of cl(Dom A), and it can also be checked that both functions
V,, W,, are proper, convex, and (weakly) Isc on L?(Q), at the same time as
V,(u;v) = (APu, APv) for all u,v € Dom V,, (4.5)

W, (u;v) = (V(APu), V(APv)) for all u,v € Dom W),

In particular, we have that A = W, (see, e.g., [4]) and, so, for every ug € L?(Q) and T > 0
equation (4.2) has a unique strong solution u(-;ug) € C([0,T]; L(R)), which satisfies u(t;ug) €
Dom A for every ¢ € (0,T].

In the two examples below, we investigate concrete Lyapunov pairs with respect to (4.2) by
assuming some boundedness conditions on the function p. These examples have been studied in
the case p = 0 in [30] to provide some regularity properties of the solution of a general variant of
(4.2). Our main objective in the next examples is to show how our criteria can be applied, namely
even if in this situation it holds that Dom V,, C Dom A for every p > 1 and Dom W, C Dom A
for every p > 0, then it seems necessary to use approximate sequences to check the criteria of
Theorem 3.3.

ExXAMPLE 4.1. Given p € N, we suppose that the function p satisfies

¢(n, )
supp < 4

Then, we claim that the pairs (V,, W,,) and (W), 1V,41) form Lyapunov pairs with respect to
(4.2).

Proof. We fix p > 0, u € Dom V,, and 6 > 0, and for A > 0 we denote

uy = u+ Nuy = (I — A\A) " (u), (4.7)
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so that f(uy) € Dom V,, APuy € H}(Q), and APTuy € L%(Q). Moreover, since uy — u as
A — 0T, by the current assumption on the function p we may suppose that

(4.8)

[\D\H

Ap([luall) <
Now, using (4.5) and (4.7), we write
Vo (u; f(un) + Aun) = p([lua]) (APuy — AAP  uy, APuy) + (APuy, AP luy) — N APy |2

1 1
= ol DA+ (5 = Mollual) ) (A us, A7) + A%, AP ) = NP2

By the monotonicity of A = —A and the obvious fact A0 = 0 we have that
<Ap+1U)\, Ap’u,)> = 7<A(APIL)\), APU)\> S 0.

Hence, in view of (4.8) we derive that

1 p+1 P

5~ Aellluall) ) (AP un, APuy) <0,
and therefore, using the last estimate,

1
Vo (s f(un) + Auwn) < p(luaD[APuA* + 5 {APur, AP Huy). (4.9)

Now, by the Green formula we know that (APuy, APTluy) = —(V(APuy), V(APuy)). As a result,
the observation (4.9) and the current assumption sup p < o(n 49) together with (4.1) (recall that

APuy € H}(Q)) and the fact 6{u — uy, Auy) = =X Hju — uy||? <0, yield to

1
Voi(us f(ux) + Auyn) + 6(u — ux, Auy) < p(|[ua]])[[APux]]* — = ||V(APUA)||2 2 IV (APuy)|?

A

c(n, Q 1
_( fusl) - )) a7~ L 9%

| /\

1
IV (APu)|* = —5 Wa(un);

»JM»—‘

the last equality holds because u) € Dom W),. Invoking the lower semicontinuity of W,,, Theorem

3.5 applies and entails that (V,,, 3W,) forms a Lyapunov pairs for (4.2).

To prove that (W, 2V 1) is a Lyapunov pair, we take v € Dom W, and let (ux)x>o be
defined as in (4.7). Then, arguing as above, we observe that uy, f(ux), Auy € Dom W, so that
(4.6) reads

Wy (us f(ux) + Auy) = (V(APw), V(AP(f (ur))) + (V(APw), V(AP uy))

= plllual) [V(APur) | + (Apumn) - ;) |ar+iu,

1
I 5 fla7+ s
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Thus, by (4.1), (4.8), and the current assumption on the function p,

0 1
Wyt ) + Aus) + 30— s, ) < (p(lunl) — 52 ) QPP = § A+
1 2 1
S _Z ||Ap+lu/\H = _§Vp+1<U)\).

Hence, by Theorem 3.5 we deduce that (), %Verl) forms a Lyapunov pair for (4.2). =

Let us introduce the (Isc convex proper) functions V,, : L*(Q) — R4 U {+oo}, where
p € [2,+00) and g € N*, defined as

% ||Aqu||1£p(ﬂ) if u € Dom A? and A%u € LP(Q),
+o00 otherwise,

Vo) = {

where the operator A7 is defined in (4.4). It can be checked that for every w,v € domV, , =
{u € Dom A7 | A% € LP(Q)} one has that

Vo (us0) = (|ATuP " sign(A%u), A%v).
EXAMPLE 4.2. Given p € [2,+00) and ¢ € N*| we suppose that
sup p < 2¢(n, Q)(p — 1)p 2.
Then, we claim that:
(i) for ay := %, the pair (V, 4,a1V, ) forms a Lyapunov pair for (4.2);
(ii) if n > 3, there exists an ay > 0 depending only on n and 2 such that the pair of functions
(V},,q, as (‘/pn(n,Q)fl’q) RTJ) forms a Lyapunov pair for (4.2).

Proof. (i) We fix u € dom V), , and let (ux)a>o be as defined in (4.7). Thus, by the regularity
of Dirichlet’s problem in LP spaces (e.g. [13, Theorem IX.32]), for each A > 0 we have that wuy,
f(uy), Auy € domV), 4 and, so,

Vi.q(us f(u) + Auy)

= p(l[ull) [ATulll + A~ (| A% sign(ATu) — [ATuy [P~ sign(Atuy), Auy — Au)

+ (| A% [P sign(Aduy), AT ).
Since the function a — |a|’~" sign(a) is nondecreasing it follows that

(|ATP sign(A%u) — [A%uy P~ sign(A%uy), Aluy — Afu) <0,
and so, by the last inequality,
Vy gus £ () + Aun) < p([lul]) 1A%} + ([A%ux "~ sign(A%us), A uy).

In virtue of the Green formula, we have that

(AU """ sign(A%uy), AT uy) = —(V(|A%uy [P~ sign(A%uy)), V(A%u,)),
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and so
Vs £ (1) + Aur) < p(llul) | ATIE — (p — 1){|A%uAP~2 V(ATup), V(ATw))
= Al Al - -1 3 /Q [(aruy) 510, (0|
= p(lul) A%l - / v ((amt)]]

= p(lul)) 1A%u]? - 4(p - -2Hv (ATuy)?)

‘ . (4.10)

Thus, applying (4.1) to (A%uy)% (we remember that uy € domV, , so that A%uy € LP(Q) and
(A%uy)% € L?(Q); while the relation V((A%uy)?) € L?(Q) is a consequence of the last equality
above) we write

c(n, ) H(A’1u>\)g ’ < )2

|v(am))

, (4.11)
and so (4.10) infers
Vyq (s f () + Auy) < p([lull) |A%ulf} — de(n, Q)(p — p~ [ ATus]l}.

By the lower semicontinuity of V), , we have that ||Aqu||g = pV(u) < liminfy o+ pV(uy) =
[A%uy ||y, Thus, taking limits in the last inequality, and making use of the current assumption
on the function p,

1i)\rgélif V.o (s f(u) + Auy) + 2¢(n, Q) (p — p~2 AT
< (p(lull) = 2¢(n, Q) (p = 1)p~2) [|A%u]); < 0.

Consequently, as 6(u — uy, Auy) = —6 ||u — uy||* < 0, we obtain

liminf V7 (u; f(u) + Av) + §(u — v, Av) + 2¢(n, Q) (p — 1)p~ 'V, 4(v) <0,

dom ASv—u

which in view of Theorem 3.5 (together with Remark 3.2) achieves the proof of the statement
().

(ii) In the case where n > 3, applying the Sobolev inequality to (A%uy)
constant co > 0, also depending only on n and §2, such that

() S ()
Q

D
2 we also find a
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Hence, using once again (4.11), from (4.10) gives that
Vi q(us f(u) + Auy)
) )

< ol 17l — 2660, = 19~ 18705 — 2ea(p— 05 ([ 187t ™)
QDp-1

< p(lull) AT} — 2(p — Dp~2 |V ((A%) )

—2(p— 1p~2 |V ((A%) )

= p(llull) [A%ull}; — 2¢(n, Q)(

n—2

P2 (| AT

B pn = n—z
- 202(]9 - 1)p 2 <n_2) (Vpn(nf2)—1,q(u>\)) :

Consequently, taking into account the lsc of V, g and Vp,(—2)-1,4 (as p, pn(n —2)~! > 2),
together with the current assumption on the function p,

n—2

.. . _9 pn n ";2
lim inf V(w3 f(u) + Aun) + 265(p = 1)p (n_2> (Von(n—2)-1,4(ur)) ™ <0,

so that, applying Theorem 3.5 together with Remark 3.2, statement (ii) follows by taking as =
2co(p — 1)p~2 (%) " om

In the following example we investigate the invariance with respect to (4.2) of the convex
subsets C, C L?(2), p € N, given by

Co:={ue L*Q)|u(z) >0forzeQael,

and for p > 1 by

p 2 k 1 — —
Cp::{u€L2(Q) APy e L), Afu e Hg(Q) forall k =0,--- ,p—1, }

Jo vAPu >0 for all v € L2(Q) s.t. v >0 on Q a.e.

EXAMPLE 4.3. For every integer p > 0, the set C), is invariant for (4.2).

Proof. We fix p e N, u € (), and £ € N¢, (u); hence, as C), is a cone and 6 € C), we get that
(€,u) = 0. Next, we consider the sequence (uy)xo defined in (4.7); i.e. uy = (I — AA)~"1(u), so
that AFuy € H3(Q) for all k =0,...,p, and

2

)

/Q(Apu,\)_Apu ==\ Q(APuA)_ApHu,\ -, |(APuy)~

where (APuy )~ := —min{APuy(z),0} is the negative part of APuy. On another hand, according
to Tartar [35, Chapt. 4 Lemma 1.1], (APuy)~ € H}(2) and we have that

0 (APuy)” =0 if APuy >0, and 0 (APuy)~ = —88 (APuy) if APuy < 0. (4.12)
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Hence, according to the Green formula we obtain

/(APU)\)iApu:—)\/(APU)\)iAdeU)\'F/(APU)\)iApU)\
Q Q Q

:)\/QV((N’uA)_)V(APu,\)—/Q|(A1’u,\)‘]2.

Thus, using the decomposition APuy = (APuy)™ — (APuy)~, where (APuy)™ denotes the positive
part, and the fact that [, V((APux)")V((APuy)*) = 0 (remember (4.12)),

/Q(APUA) APy =\ /v (APuy) ")V ((APuy) T /|v (APux) )| 7/ [(APuy)~|?

:—A/\V (APuy)7)|? f/|A”uA*|

Consequentely, as [, (APuy)” APy > 0 (remember that u € Cp) it infers that (APuy)™(z) = 0,
for z € Q a.e., and so uy € C,. Finally, observing that (&, f(u)) = p(|lul|){€,u) = 0, by the
definition of £ it follows that

(& f(u) + Auy) < A HE uy —u) < 0.
Thus, the desired conclusion follows from Theorem 3.6. ®

ExAMPLE 4.4. (Continuation of Example 3.1) For fixed p € N, we consider the dynamical
systems given in R by

&p(t;x0) € — Sign(xp(t;20)) +pl|zp(t; zo)| a.e. t >0, z,(0;20) = z9 € R.
We define the functions V,, : R — R U {+o0} as Vy(z) := |z| and, if p > 0,
1
Vp(z) == |z| if |z| < ’ and V,(x) = 400 otherwise.

Then, V), is a Lyapunov function with respect to the system above.

Proof. We fix € R. Because each V,, is convex 0pV,(z) = 0V, (x) and, so, 0Vy(z) = {sign(z)},
95 Vo(2) = {0},

{sign(z)} if |z <1% {0} if |z| <1%
) [Ltoo)  ifx= ) [0,400) ifz =
IWVp(z) = (—o0,—1] ifz= ﬁ% » OoVp(z) = (—00,0] ifx= 3%
0 ifzg[-11]. 0 if 2 ¢ [~} 3]

Then, since that

(8Vo (), — Sign(z)) = (sign(x), — Sign(x)) = —(Sign(z))* < 0,
(0V,(z), — Sign(z) + p|z|) = (Sign(x))*(pr — 1) <0 if p> 0 and pz < 1,

1
(e, —Sign(z) +plef) =0 for @ €[0,+o0) and o = —, and

1
(o, — Sign(x) + plz|) =2a <0 for a € (—o00,0] and z = —
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Theorem 3.3(iv) applies and yields the desired conclusion. m

ExAaMPLE 4.5. We consider the differential inclusion given in R by
& € d(x,[0,1/4])(x — 1) — Ng, (),

where d(-, [0,1/4]) is the usual distance to [0, 1/4]. Then, the set [0, 1/4] is stable in the following
sense: for every € > 0, there exists § > 0 such that, for every zo € |1/4,1/2],

xo—1/4<§ = d(z(t;20),[0,1/4]) <e Vt>0. (4.13)
Proof. We consider the (convex) lIsc proper function V : R — R U {400} given by
1
V(z) := §d2(1', [0,1/4]) if z € [0,1/2] and V (x) := 400 otherwise,

so that, for z € [0,1/2],

0if x € ]0,1/4], .
OV (z) = r—1ifze ]1/4,1/2[, BV (2) = ?_lfxeo]]o',fl/Q_[,O
= ]—O0,0], 1fx:0, © T)= oo, Ul, mx =0,

[1/4, +oo[, if z = 1/2, 0, oo, if o =1/2.

Then, if x € [0,1/2], & € 9V (z) and & € 0,V (),

0eR_ if x € [0,1/4],
0> (61,d(,[0,1/4)(x = 1)) = ¢ (z—1/9)*(z—1) eR_ ifwe ]1/4,1/2[,
aeR_ if x =1/2;

0> (&, d(x,[0,1/4))(z — 1)) = { g ee IE: iffxxe:[(i,/lz/?[ 7

In other words, Theorem 3.3(iv) applies and entails that V' is a Lyapunov function. Consequently,
if xg € ]1/4,1/2], then by Lyapunov’s Inequality we obtain that

d(x(t;z0),[0,1/4]) <x9—1/4 forall t > 0.

Thus, for every given £ > 0 the inequality in (4.13) holds with § = v/2¢ for t > 0. m

5. Other criteria for Lyapunov pairs. In this section we make a unified review of many
other useful criteria for a-Lyapunov pairs with respect to (1.1).
The first result extends in our setting [30, Theorem 3.6].

COROLLARY 5.1. Let V. € Fy(H), W € F¥(H), and a € Ry be given, and fix § €
cl(Dom A), A € [—00,V (7)), and p € (0,400] so that

B;(g) N[V > A NDom V C cl(Dom A).

Let ¢ : R — R be a C'-concave function, with a positive derivative, and satisfying lirf Y(a) =
a— 100
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+00. Furthermore, let assume that, for every y € B;(y) N[V > A] and § > 0,

sup liminf inf (€+d(y —2), f(2) — 2*) + [ (V(y)] " (aV(y) + W(y)) <0,

E€EAPV (y) “pom Y 77 EAZ

sup liminf inf (€4+y—z, f(z) —2") <0.
§€0V(Y) "pom ¥ F EA2

Dom A

Then, for every xo € B;(y) N[V > AN Dom V it holds that

e (V (2 (t; 20))) + / W (e (rs o)) < $(V(o)) Vi € [0, p(ao)],

where p(xg) > 0 is defined in (3.6).

Proof. First, according to Lemma 3.1 we may suppose that W is Lipschitz continuous on
bounded sets of H. Let us use the notation V' := 1% o V + dpom v and remark that Dom vV C
Dom V; hence, B;(7) N [V > A] N Dom V C cl(Dom A). To show that V € F,(H), we pick
a sequence (yx)r that weakly converges to a given y € H, and without any loss of general-
ity, we may suppose that (yix)r € Dom V, y € Dom V, and (V(yx))r is bounded, and there-
fore sup, ¢¥'(V(yr)) < m for some m € Ry; otherwise, liminf, V(yx) = +oo and so, since
limg— 400 t(a) = 400, we deduce that lim_ e V(y) = limp—eo (V (y)) = 400 > V(y). Now,
invoking the concavity of v, for each k we get

V(y) = Viye) = (V) =0V () < ' (Vi) (V) = Vw):

and taking the limit as k — 400, we obtain

V(y) - lim inf Viys) < limkSUP V'V (V) = Vi) < m(V(y) - liminf V(yx)) <0,

showing that V € F, (H).
The next step consists of proving that, for every given y € Dom V (C Dom V),

OV (y) C ¥ (V()9pV (y), 9V (y) C 0V (y)-

Indeed, if € € 8p‘7(y), there exits a > 0 such that for all z € Dom V close enough to y one has,
using the current assumptions on 1,

(€2 =) <PV () —D(V) +ally — 2> < @' (V)V(z) = V() + ally - 2]
thus, &€ € o/'(V(y))dpV (y). While, for £ € .V (y) there are sequences yx — y, aj, — 01, and
%

& € apf/(yk) such that ax&r — & w.l.o.g., we may suppose that (yx)r C Dom 1% (C Dom V)
and (V(yx))r is bounded (as ¢(V(yx)) — ¥(V(yx)) € R). Also, subsequencing if necessary, in
view of the properties of ¥ and the fact that V(yk) — V( ) we may suppose that V(yx) — V(y)
and, so, Y 7Y and ¢/ (V (yx)) — ¢'(V(y)). Now, for each k, it follows from above that & :=

[/ (V ()]~ & € OpV (yr). Thus, since that G := ¢/(V(ye))ax — &/ (V()0F = 07, g —y

and arly = ol — & we deduce that § € OV (y). Finally, we conclude by appling Theorem
3.3(iv) to the pair (V,W). m
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The following result follows the lines of [25,30].

COROLLARY 5.2. Let V € F,,(H) satisfy Dom V C cl(Dom A), W € F(H), and a € R..
We assume that, for all y € Dom V,

i inf A7 V(NS (y) + ) = V()] +aV(y) + W(y) < 0.

Then, (V,W) is an a-Lyapunov pair for (1.1).

Proof. First, as in Corollary 5.1, w.l.o.g. W is assumed to be Lipschitz continuous on bounded

sets of H. We fix ¢ > 0 and take y € Dom V and (&,7) € ﬁfpiv(y,V(y)). By the current

assumption, we take sequences (\g); converging to 07 as k — 400 and (yx)x such that

i = Ia, S (W) +9) =y, ATy —wk) — y, and A\t gk — yl|* — 0,

together with

< V(y) + A [e —yZV(y) - W(y)] ) €epiV fork=1,2,---. (5.1)

Let us also set y;, for A,;l()\kf(y) +y —yx). Then, yi € Ay, and

lim inf(y — i, i) = liminf(y — ye, —f(y) = Ay (v = ge)) <0, (5:2)

Now, as (&,n) € priv(y, V(y)), from (5.1) we may suppose that, for each k € N*,

(3 Cruiem = wen ) Sl —olf 221 —av) - Wl

from which we obtain

(& Flur) —ui) = A HEm), (wr — y, Akle — aV(y) — W ()
+n(aV(y) + W(y) —e) + (& flyx) — f(y))
<Nl = ylP + A lle — aV(y) = Wyl
+n(aV(y) + W(y) —e) + (& flyx) — f(v)).

Hence, by the Lipschitz continuity of f on cl(Dom A), and by virtue of (5.2), we deduce that

liminf inf (€+y =z f(z) = 2%) < Hminf{€+y = ye. f(y) = vi) < naV(y) + W(y) - ).

z — Z*EAz
Dom Ay €

Finally, when e — 07, Theorem 3.3(v) follows as well as the desired conclusion. m
The following Corollary, originally given in [1], is an immediate consequence of Theorem 3.3.
COROLLARY 5.3. Let ¢ € F(H) be conver, V € F,(H) satisfy Dom V C cl(Dom ¢),
W e FY(H), and a € Ry. We assume that, for ally € Dom V and § > 0,

sup  liminf o(z —d(y — 2) — &) —p(2) + (& f(y)) +aV(y) + W(y) <0,
£€0PV (Y) *Dom (00)”
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sup  liminf (22 —y — &) — p(2) + (&, f(y)) <O0.
€€V (Y) *bom (00)”

Then, (V,W) is an a-Lyapunov pair for (1.1) when A = Op.

Proof. We take 6 > 0 and £ € 9pV (y) for some y € Dom V C cl(Dom ¢) (= cl(Dom (d¢))).
If ¢ > 0 is given, by the current assumption we find a sequence (yx,y;)r C Op such that (yx)k
converges to y and

o(yr —6(y —yx) — &) —p(y) + (& fyr)) <e—aV(y) —W(y) fork=1,2,---.

Then, for each k € N* we write

(E+ 0y — ), flyr) — i) =€+ — ), fur)) + (. —6(y — yr) — & — vk, Ui
€40y —wyr), fly)) +olyr — 0y —yr) — &) — o(yr)
5y — yk, [(yx)) —aV(y) = W(y) +e.

IN A

Thus, by taking limits as £ — +o0o and next letting ¢ — 0, we obtain that

sup liminf inf (€4 6(y — 2), f(2) — 2%) < —aV (y) — W(y).
E€OPV (y) "pom AY 27 €A

om A

Following the same argument we show that

sup liminf inf (€4+y—z, f(2) —2") <0,
£€0wV (y) “pom 4Y 7T EAZ

Dom

and, so, the conclusion follows from Theorem 3.3(iv). m

To fix ideas, let us end up the section by discussing the simple case A = 0 of an ordinary
differential equation. Then, (1.1) reads: for every zp € H there exists a unique x(-;z¢) €
CY(0,00; H) such that x(0;z9) = 2o and

&(t;x0) = f(z(t;z0)) for all £ > 0. (5.3)

In this case, Theorem 3.4 simplifies to (see [20,37] for related results):

COROLLARY 5.4. Let V € F,,(H) satisfy Dom V C cl(Dom A), W € F*(H), and a € Ry.
Then, the following statements are equivalent:

(i) (V,W) is an a-Lyapunov pair for (5.3);

(ii) for every y € Dom V,

V'(y, f(y)) +aV(y) + W(y) <0;

(iii) for every y € Dom V,

sup (&, f(y)) +aV(y)+W(y) <0,
€OV (y)

where OV either stands for 0pV, 0LV, OrV, or dc V.

Proof. The equivalence of (i), (ii), and ((iii) with @ = dp) comes from Theorem 3.4. So, we
only need to prove that (iii) for 9 = 9p implies (iii) for @ = J¢, since J¢ is the largest among
all the cited subdifferentials. We fix y € Dom V; if £ € 9.V (y), then there exist yi Y and
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(&k)r C H such that & € 0pV (yg) for each k and & — &. Thus, applying (iii) for = dp yields
(Sks f(yr)) + aV(ye) + W(yx) <0 for each k € N. (5.4)

Passing to the limit as k goes to 400, and taking into account the lower semicontinuity of V' and
W, it follows that

(& f(y) +aV(y) + W(y) <0.

Now, if £ € 0V (y), then there exist yy 7Y and aj — 0T, together with (§;)x C H, such

that & € 0pV (yx) for each k and ai&p — £. Thus, & and y; satisfy (5.4) which in turn, after
multiplying by ayj and next taking limits as k — 400, gives us (£, f(y)) < 0. Consequently, (iii)
for @ = O¢ follows from the representation formula (2.3): 9cV (y) = co{0LV (y) U0V (y)}. ®

6. Appendix: proof of Theorem 3.3((v) = (i)) and Theorem 3.4((iv) = (i)).
This section is devoted to complete the missing proofs of Theorems 3.3 and 3.4.
We begin by giving a couple of lemmas:

LEMMA 6.1. Let S C H be a weakly closed set. Then, for every x € H\ S we have that

ovd(-, S) (@) {W}

Proof. We fix € H\ S and pick £ € 9pd(-, S)(z). Then, there exist sequences (zx)k, (§x)r C H

such that zp — z, { € 9Opd(zy, S) for every k, and & — &. In particular, for each k, we
may suppose that xy ¢ S and so {IIg(zx)} is a singleton and &, = %}jff)” (see, e.g., [21]).
Furthermore, as ||z — Hg(zk)|| < d(zg,S) < |lzx — x| + d(z,S), the sequence (IIg(xy))y is
bounded and so, subsequencing if necessary, we may assume that it weakly converges, say to
some T € S. Hence, writing

i = 2] < liminf s, — T ()] = lim d(ar, S) = d(z, ),

it follows that Z € IIg(x) and, so,

x—z _x—1Ig(x)
Az, & d@8)

& = weak- h}Icngk = liingk =

as we wanted to prove. ®
The following lemma is the Gronwall Lemma (e.g., [1, Lemma 1]).

LEMMA 6.2. Givento >t >0, a #0, and b > 0, we assume that the absolutely continuous
function h : [t1,t2] — Ry satisfies b'(t) < ah(t) +b a.e. ¢ € [t1,t2]. Then, for allt € [t1,t2],

b pati—t) _ b
h(t) < <h(t1) + a> e o

6.1. Proof of Theorem 3.3 ((v) = (i)). Proof. First, according to Lemma 3.1 we
may assume (w.l.o.g.) that W is Lipschitz continuous on every compact subset of H; hence, we
shall use Ly to refer to its Lipschitz constant on Eﬁ(gj). We recall that Ly denotes the Lipschitz
constant of the mapping f on cl(Dom A).

In this first part we gather the notation that we will use in the remainder of the proof. We
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fix 29 € B;(y) N[V > A NDom V and according to the weak lower semicontinuity of V we fix
p > 0 such that

B, (w0) C B5(5) N[V > Al. (6.1)

Using the continuity of z(-;z¢), we also select v > 0 such that

sup 2|z (t;x0) — ol + (e~ — 1) V(zo) — /0 W (z(r;20))dr| < p. (6.2)

tel0,v]

Next, we fix T' > v and take a sequence (y,)nen+ C Dom A that converges to xg. Let x,,(;yn)
denote the (strong) solution of the differential inclusion

jjn(t; yn) € f(xn(tvyn)) - Axn(t;yn)7 a.e. t >0, xn(oa yn) =Yn- (63)

We know that the sequence (z,(+;Yn))n uniformly converges to z(-;2g) on [0, 7] and, so, we may
suppose that (see (6.1) and (6.2)), for all ¢ € [0,v] and every n,n’ > 1,

Tn(t;yn) € Be (o) (C Bs(¥)), (6.4)

2|2 (tynr) — ol + |(e7* = 1)V (z0) —/0 W (@n (75 yn))dr| < p. (6.5)

Now, if n € N* is fixed, we define the C!-function h,, : [0,7] C Ry — R, as

() = / W (00 (73 ) )7 (6.6)

and the functions v,(+) : [0,T] CRy — R, z,(-) : [0,7] CRy — H xR, and 0, : [0,7] C Ry —
R, given respectively by

Y (t) = e (V(z0) = hn(t)), 2n(t) == (@n(t; yn), W(?)), 1n(t) = %dQ(zn(t),epi V). (6.7)

We observe that each function 7, is Lipschitz continuous on every compact interval in (0, 7] so
that, using a well known chain rule (e.g. [19]), for all ¢ € (0,T") we obtain

Icnn(t) = d(zn(t),epi V)Ocd(z,(-), epi V)(t) # 0.
Thus we observe that if z,(t) € epi V, then dcn,, (t) = {0}.
In order to establish Theorem 3.3(i), we shall proceed by step. m

First, in the following lemma we give a general estimation of domny :

LEMMA 6.3. Welet n € N* and t € (0,T) be such that z,(t) € epi V. Then, we have that

domi | U (=0 () (i " imn ) ) |

(u,pn)€E
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where

& = Tepiv (a(1)) 1 (By(w0) X [ (0), m(0) + )
Proof. We take & € d(z,(t),epiV)0Ld(-,epiV)(2,(t)). Since that epiV is weakly closed in
H x R, by Lemma 6.1 there exists some (u, u) € Hepi v (25, (¢)) such that & = z,(t) — (u, 1), and,
as (2o, V(zo) + (1 — e~ *)h,(t)) € epi V (we recall that W € FT(H)),

max{| — (B, [lu = zoll} < [[(u, 1) — 20 ()] + | (t; yn) — o]
< |zn(t) = (0, V(o) + (1 — e~ *)hn ()] + lzn(t: yn) — ol -

(6.8)
Thus, by (6.2),
max{|p — v ()], [[u = wol[} < 2|2n(t:yn) — ol +[ (€™ = 1)V (20) — hn(t)] < p.
We also observe that V' (u) > ~,(t) because, otherwise, we would have
V() <n(t) < V(zn(t;yn))
which in turn yields the contradiction
d(zn(t),epi V) = [lzn(t) = (u, 1 ()] < [[(w; 1) = 20 ()] = d(2n(t), epi V). (6.9)
Consequently, we write
(u, 1) € Hepi v (zn () N (Bp(x0) X [y (t), 1 (t) + pl) ,
and so, from one hand, by (2.3) it follows that (see, e.g., [19])
d(za(t),epiV)Dod(zn(-),epi V() C o0 | | Do (zalt) = (u, 1), 20()) (2)| - (6.10)

(u,n)€E

On the other hand, set D := {t € [0,T] | zn(-;yn) is differentiable at ¢ for all n}; hence, the set
H \ D is of measure zero, for each n € N* there exists a number d,, > 0 such that

SUp [ (8 )l + 1in (8)] < On,
and, by the Lipschitz continuity of z,(-),
I (p*, zn(+))(t) = @{li;n(p*, Zn(tk) N Bs,) |ty — t; tp € D}.
Therefore, invoking the (||| x weak) upper semicontinuity of A, and taking limits as k — +o0

one obtains:
dc(p*, 2 ())(t) C { <p*, (f(ir;(ij(’;)))_eifzg(jf)’")) > } : (6.11)

Combining (6.11) to (6.10) yields the desired conclusion of the current lemma. m

Next, we improve the formula given in Lemma 6.3, provided that the current assumption
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(Theorem 3.3(v)) is assumed.

LEMMA 6.4. We let n € N* and t € (0,T) be given. Then, the following inclusion holds:

Ocnn(t) C (=00,2 (L + Lw)nu(t)] for all t € [0,v]. (6.12)

Proof. We suppose that V(z,(t;yn)) > 7v.(t) because, otherwise, don,(t) = {0} and the
conclusion obviously holds. Then, according to Lemma 6.3, it suffices to show that for every
fixed ), € Az, (t;yn) and (u, p) € Hepiv (20 (£)) N (By(xo) X [¥n(t), vn(t) + p]) it holds that

N o | R

Indeed, as the vector (u, ) (€ Ilepiv(2n(t))) obviously verifies

2 .
<27l(t) - (U,/.L), (’Ul, /.L/) - (ua ,U)> < ||(U/,/.L/) - (’lL, :U“)” v(ul7/~l/) € epl‘/a
we have that z,(t) — (u,u)ie ﬁfpiv(u, p) (remember (2.5)), with v € B,(z9) N Dom V C
cl(Dom A) N Bs(y) N[V > A], according to (6.1). Hence, taking into account the current as-
sumption (Theorem 3.3(v)), there exists a sequence (uy,u})r C A such that ux — w and, for all
k>1,

(6.14)

=

Ly llzn(tyn) — ull lu = ukll + llux — wll 1f(ur) = 25| <

(2n(t;yn) = wk, f(ur) = up) < (g (t) = p)(aV (u) + W(w)) + %
Thus, writing

<1‘n(t; yn) - u f(l‘n(t; yn)) - "I":;> = <xn(t§ yn) — U, f(xn(t§ yn)) - f(uk)>
xn(t; yn) — Uk, f(uk) - ult>

*

+
+ (@ (t;yn) —ug, uf —zk) (<0 as A is monotone)
+<uk —u, f(uk) - ‘ITL>7

and using the L ;-Lipschitz continuity of f yields
(@n(t;yn) = u, f(@n(tyn)) — 23) < Ly 0 (5 yn) — vl [|on (5 yn) — vk
1
+ (1) — p)(aV (u) + W () + -
+ Nk — ul || f (ur) — 2|

<AL pm(t) + (ut) — )@V (w) + W(w)) + 7,
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where in the last inequality we have used (6.14). Consequently, when k — +oo,

Y(u, p, 23,) = (2o (t;yn) — u, f(2n(t;yn)) — o7,)
+ a(pe = ()1 (t) + (1 — Y (t)) e W (zn(t; 25))

< 2L (t) — (10— v () (@V (u) + W (u))
+ a(p =7 (0)1n () + (1 = (t)e™ W (@0 (t; yn))

= a(p— () (W(t) = V(u) ( <0 in view of (6.9))
+ 2L (t) + (1 = () (e "W (2t yn)) — W (u))

< 2Lgna(t) + (b = ())e™ " (W (@n(tyn)) — W(w)).
But, u, z,(t;yn) € By(x0) C Bs(y) and W is Ly -Lipschitz continuous on Eg(gj), and so
P, py23,) < 2Lpn(t) + L [ = Yo ()| l2n (G yn) — ull < 2(Lg + Lw )i (),
establishing (6.13).

Finally, in the last lemma we obtain the desired conclusion.

LEMMA 6.5. Theorem 3.4(i) holds; that is, for all t € [0, p(zo)] we have that

eV (z(t; z0)) +/O W (x(1;20))dT < V(20). (6.15)

Proof. As the number v can be chosen close enough to p(xg) (remember (6.2)), in view of the
weak lower semicontinuity of V' and the continuity of z(-; z¢) it suffices to show that (6.15) holds
on [0, v]. For this aim, we fix t1,t2 € (0,v), ¢t € (¢1,t2), and n € N*. By invoking (6.12) together
with Lemma 6.2, we obtain that

e 2L TLWIN L e 4 Ly Yo (1) < e 2Bt Wt (L 4 Ly ) (11).

Thus, by making ¢; — 0, it follows that d ((z,(t;yn), €~ (V(xo) — hn(t))),epi V) = 0 which in
turn gives us, as n — 400,

eV (2 (t; 20)) +/0 W (z(7;20))dT < V(x0),

as we wanted to prove. ®

6.2. Proof of Theorem 3.4 ((iv) = (i)). Proof. Let us recall the notation used in
the proof of Theorem 3.3((v) => (i)) (see Page 26): for a fixed zg € B;(y) N[V > A] N Dom V,
the numbers p,v > 0 satisfy (6.1) and (6.2). For given T > v and (yn)nen C Dom A, zp,(;yn)
is the strong solution of (6.3) so that (6.4) and (6.5) hold, and z,(+; y,) uniformly converges to
x(;x) on [0,T]. As well, the functions hy,, vn(+), 2n(:), M (t), n € N*, are those defined in (6.6)
and (6.7).

As in the proof of Theorem 3.3, namely, Lemma 6.5, it suffices to show that the current
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assumption (iv) leads us, for every given n € N* and ¢ € (0,T) such that z,(t) € epiV, to
Ocnn(t) C (=00, 2(Lw + Lf)n,(t)] for all t € [0,v].
But, we know that (see (6.10) and (6.11))

domn(t) Ceo U . <(u,u),( f(an(tsyn)) — Azp(tiyn) >> )

- nt —e~at n t; n
(u,p)Ed(zn (t),epi V)Ord(-,epi V) (zn ary () € W(ZL’ ( Yy ))

and so we will be done if we show that, for every given (u, u) € d(zy(t),epi V)Ird(-,epi V) (zn(t))
and ¥ € Az, (t;yn),

f(mn(t§ yn)) -z, .
(0 i gy ) < 200+ e (6.16)

In this respect, by the definition of 91, we select sequences (yi, vk )k, (Ui, tr)r C H X R be such
that (see the proof of Lemma 6.1)

(s o) — (s pore) = (s 1), (Yo vk) = 20 (), {(ur, pr)} = Hepiv (yr, ve) Vhk > 1;

hence,

(Y, vk) — (ur, pr) € Ng)iv(uk,uk), Yo < py V(ug) = pig. (6.17)

Furthermore, arguing as in (6.8) and using the assumption on the operator A, we can assume
that

uy € By(z9) NDom V C B;(5) N[V > A]NInt (Dom A) Vk > 1;

that is, w.lo.g., (ux)r weakly converges to some % € B,(xo). So, taking into account the weak
lower semicontinuity of V, together with the current assumption (iv), we get that @ € B,(x¢) N
Dom V C B;(y) N[V > A]NInt (Dom A). In other words, using again the maximal monotonicity
of A, we may suppose that the sets {Aug}, k > 1, are uniformly bounded.

Now, we fix € > 0. If ug, — % > 0 for infinitely many &, (6.17) reads (ur — v&) ' (yx — ux) €
OpV (ug) so that by the current assumption we find uj € Auy such that

(e =) ™ (g — ), flun) — i) + aV (we) + W) < (e =)™ (6.18)
moreover, as the sets { Aug} are bounded independently of k, we may assume that (w.l.o.g.)
(Y — Xn(tyn),up —ay) <e forall k > 1.

Then, we write

(g — wi, F(ur) — 235) = (e — un, Fur) — Flur)) (< Ly g — ug]|)
Yk — zn(tiyn) uj —23,)  (Ze)
+(xpn(t; yn) — ug, uy — ) (< 0 by the monotonicity of A)
+<yk} - uk:af(“k) - U/Z>7
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and so, by (6.18),

(Yo — wpes flyn) — 25) < L lye — wel® = (u — ) (@V (ug) + W (ug)) + 2e.

Hence, recalling that V(ug) = pr > v (by (6.17)) and W > 0, we obtain that

<<'yVZ) - (ZZ) (—avf(i/ke)—_“t?/‘:;(yk)>>
= (yk — uns F(yr) — 27) + (e — ) (@ + e~ W (yx))

< Ly llye — well® = (e — ) (@V (ui) + W (k) + (e — ) (@V (ui) + W (yx)) + 2¢
= L lyr — wr])® + (e — ) (W (yre) — W (ug)) + 2.

But, uk,yr € By(xo) C Bs(y) (remember that yr, — ,(t;yn) € Bp(zo)), and so using the
Lyy-Lipschitzianity of W, the last inequality above gives us

Yk Ug f(yr) — ), 2 Lw ( 2 2)
- <Ly llye — Wy — _ %e:
<<’7k> (Mk>7 <—a’7k _ eatW(yk)>> < Ly llyr — uk|™+ 9 I = il ™+ Ny — unl]™ ) +2e;

that is, by taking the limits k¥ — 400 and next ¢ — 0,

flan(tyn)) — 3,
<(“’“)’(——ae-at<vwam>-—fuzu>>—-e—afwf<xn(t;yn>>
establishing (6.16).

Now, if pp — vk(t) = 0 for all k, (6.17) reads yr — up € OV (ug) and so by the current
assumption we select uj € Auy such that

>>§2@W+LH%@%

(yk — ug, flug) —ur) <e.

Moreover, as above we may assume that (yr — @ (t;yn), uj — 2) < €, for all k > 1. Therefore
the L ¢-Lipschitzianity of f together with the monotonicity of A, imply the relation

<(32> - (Zi)’ (_mf(i/kz—atﬁ}(yk)>> = (yr — ur, F(yr) — 23) < Ly lyne — ug]|® + 2,

from which we derive (6.16) by passing to the limit, first as k — 400 and then as e — 0. =
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