N
N

N

HAL

open science

Gaussian stationary processes over graphs, general

frame and maximum likelihood identification

Thibault Espinasse, Fabrice Gamboa, Jean-Michel Loubes

» To cite this version:

Thibault Espinasse, Fabrice Gamboa, Jean-Michel Loubes. Gaussian stationary processes over graphs,
general frame and maximum likelihood identification. 2011. hal-00586905v2

HAL Id: hal-00586905
https://hal.science/hal-00586905v2

Submitted on 16 Jun 2011 (v2), last revised 21 Mar 2012 (v3)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00586905v2
https://hal.archives-ouvertes.fr

Gaussian stationary fields over graphs, general frame
and maximum likelihood estimation

T. Espinasse, F. Gamboa and J-M. Loubes
June 16, 2011

Abstract

In this paper, we give a construction of some stationary Gaussian fields indexed
by graphs as image of adequate invariant functions. This construction also relies on
spectral theory of Hilbertian operators defined on a graph. We then extend Whittle
maximum likelihood estimators of the parameters of the corresponding spectral density
and provide their asymptotic behavior.

Contents

1 Definitions and useful properties for spectral analysis and Toeplitz opera-
tors

2 Analytic construction

3 Convergence of maximum approximated likelihood estimators
3.1 Framework and Assumptions . . . . . . . . .. ...
3.2 Convergence and asymptotic efficiency . . . . . .. . ... ... ... ..

4 Algebraical construction of covariance operators on a graph

5 Homogeneity and spectral measure

6 Simulations

7 Appendix

7.1 Szegd Lemmas . . . . . . . . ...
7.2 Proofs of the Lemmas of theorem 3.1 . . . . . . . . .. ... ... .. ....
7.3 Proof of the technical lemmas . . . . . . . . . . . .. ...

16

20

23



Introduction

In the past few years, much interest has been paid to the study of random fields over graphs,
driven by the growing needs for both theoretical and practical results for data indexed by
graphs. On one side, the definition of graphical models by J.N. Darroch, S.L. Lauritzen and
T.P. Speed in 1980 [9] fostered new interest in Markov fields, and many tools have been
developed in this direction (see, for instance [26] and [25]). On another side, the industrial
demand linked to graphical problems has risen with the apparition of new technologies. In
very particular, the Internet and social networks provide a huge field of applications, but
biology, economy, geography or image analysis also benefit from models taking into account
a graph structure.

The analysis of road traffic is at the root of this work. Actually, prediction of road traffic
deals with the forecast of speed of vehicles which may be seen as a spatial random field over
the traffic network. Some work has been done without taking into account the particular
graph structure of the speed process (see for example [11] and [19] for related statistical
issues). In this paper, we build a model for Gaussian random fields over graphs and study
statistical properties of such stochastic processes.

A random field over graph is a spatial process indexed by the vertices of a graph, namely
(Xi)ieq, where G is a given graph. Many models already exist in the probabilistic literature,
ranging from Markov fields to autoregressive processes, which are based on two general kinds
of construction. On the one hand, graphical models are Markov fields (see for instance [15]).
They are built by specifying a dependency structure for X; and X, conditionally to the
other variables, as soon as the locations ¢ € G and j € G are connected. This particular
dependency structure must be chosen by the statistician. For graphical models, we refer
for instance to [9] and references therein. On the other hand, the graph itself, through
the adjacency operator, can provide the dependency. This is the case, for example, of
autoregressive models (see [16]). Here, the local form of the graph is strongly used for
statistical inference.

In this paper, we will provide a new framework that takes into account advantages of
both points of views. Hence, we extend some classical results from time series to spatial
fields over general graph. In particular, we study regular ARMA processes on graphs. For
this, we will make use of spectral analysis of time series and extend to our framework some
classical results. In particular, the notion of spectral density may be extended to graphs.
This will enable us to construct a maximum likelihood estimate for the parameters of the
spectral density. This also leads to an extension of the Whittle approximation (see [13],
[2]). Actually, many extensions of this approximation have been performed, even in non-
stationary cases (see [8], [22], [12]). The extension proposed in this paper concerns spatial
autoregressive processes. We point out that we will compare throughout all the paper our
new framework with the G = Z¢,d > 1 case.

The paper falls into the following parts. Section 1 is devoted to recall some definitions
of graphs and spectral theory for time series. Then we state the definition of general spatial
ARM A processes over a graph in Section 2, and one of our main theorems is given in Section



3. Section 4 provides some way to modify the graph itself, in order to consider a larger class
of processes, which leads to the construction of a large class of Markov fields. Section 5
gives the definition of the spectral measure for the graph, and a sufficient condition for its
existence. Some simulations are provided in Section 6. The last section provides all necessary
tools to prove the main theorem, in particular Szegoé Lemmas are given in Section 7.1, while
the proofs of the technical Lemmas are postponed in Section 7.3.

1 Definitions and useful properties for spectral analy-
sis and Toeplitz operators

In the whole paper, we will consider a Gaussian spatial process (X;);eq indexed by the
vertices of an infinite undirected weighted graph.
We will call G = (G, W) this graph, where

e (i is the set of vertices. G is said to be infinite as soon as G is infinite (but countable).

o W € [-1,1]9%C is the symmetric weighted adjacency operator. That is, |[W;;| # 0
when ¢ € G and j € G are connected.

We assume that W is symmetric (W;; = Wy;, i, j € G) since we deal only with undirected
graphs.

For any vertex i € GG, a vertex j € (G is said to be a neighbor of 7 if, and only if, W;; # 0.
The degree deg(i) of i is the number of neighbors of the vertex 7, and the degree of the graph
G is defined as the maximum degree of the vertices of the graph G :

deg(G) = max deg(i).
From now, we assume that the degree of the graph G is bounded :
deg(G) < +oo.

Assume also that the entries of W belong to [—1,1]. This is not restrictive since re-
normalizing the adjacency operator does not change the objects introduced later. In partic-
ular, the spectral representation of Hilbertian operator is not sensitive to a renormalization.

When G = Z, we will use the renormalized adjacency operator

1
z o
VVZ(] )= §ﬂ{|i—j|:1}a (4, € Z).

Here, deg(Z) = 2. This case will be used in all the paper as an illustration example.

To introduce the spectral decomposition, consider the action of the adjacency operator
on I?(G) as

Yu € X(G), (Wu); =Y Wyu;, (i € G).
jeG

We denote by Bg the set of all bounded Hilbertian operators on [?(G). The operator

space Bg will be endowed with the classical operator norm

VA € BG? ||A||2,op = Sup ||Au||2 )

u€l?(G), [lull,<1
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where ||.||, stands for the usual norm on I*(G).

Notice that, as the degree of G and the entries of W are both bounded, W lies in Bg.

Recall that for any bounded Hilbertian operator A € Bg, the spectrum Sp(A) is defined
as the set of complex numbers A such that AIdg —A is not invertible (here Idg stands for
the identity on [2(G)). Since W is bounded and self-adjoint, Sp(W) is a compact non-empty
subset of R [23].

We aim now at providing a spectral representation of any bounded normal Hilbertian
operator. For this, recall first the definition of a resolution of identity (see [23]):

Definition 1.1. Let M be a o-algebra over a set Q2. We call identity resolution (on M) an
application
E:-M— BG

such that,
1. E0)=0,E(Q) =1.
2. For any w € M, the operator E(w) is a self-adjoint projection operator.
3. For any w,w € M, we have

Ewnuw') =FEWw)EW) = EW)EW).

4. For any w,w' € M such that wNw' =0, we have
E(wUw') = E(w) + E(W').
Therefore, for all x € I*(G) and y € I*(G), the functional E,, defined by
Eyy(w) = (E(W)l“,y)zZ(G)
is a complex measure on M.

We can now recall the fundamental decomposition theorem (see [23])

Theorem 1.1 (Spectral decomposition). If A € Bg is normal (A commutes with its adjoint),
then there exists a unique identity resolution E over all Borelian subsets of Sp(A), such that

A / ME().
Sp(4)

Moreover, for any U € Bg such that UA = AU, every projector E(w),w C Sp(A) commutes
with U

Since W is self-adjoint in our case, it is a normal operator, so Theorem 1.1 may be
applied.

We obtain the spectral representation of the adjacency operator W thanks to an identity
resolution F over the Borelians of Sp(W)

W = AE(N).
Sp(W)
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Moreover, with this decomposition, we can give a spectral representation for the powers
Wk k € Z of W. Define first, for any i € G, the sequences ¢; in I2(G) by

0i := (Lp=i)rec-
For any 7,7 € GG, the sequences ¢; and d; define a real measure y;; by
Vw C Sp(W), pij(w) := Es,5,(w) = (E(w)di, 6;)r2(c)-
Hence, we can write :
Vk e N,Vi, 5 € G, (Wk)” = / Ard ;.
Sp(W)

In the usual case of Z, an explicit expression for p;; can be given. Denote Tj(X) the
k*-Chebychev polynomial (k € N). We can provide the spectral decomposition of W (%)

- Ty ()
vi.jez (W) = / AR gy
1, € 4, (( ) )ij —1,1] /1 — 22

This shows that, in this case, and for any ¢, j € G, the measure dyu;; is absolutely continuous
with respect to the Lebesgue measure, and its density is given by

dpy;— Tj-4(N)

dAx V1 -\

Note that we recover the usual spectral decomposition by setting :

1
Vi, j € G,dfu;(t) := 5 C08 ((j —i)t)dt.

We get
Vi,j € Z, ((W(Z))k) = / cos(t)Fdju; (t).
v [0,27]

This corresponds to another choice for the identity resolution. Further on, this enables
to handle the usual case of processes indexed by Z.

Since our aim is to study some kind of stationary processes indexed by the vertices G of
the graph G, recall once again what happens for the usual case of Z. In particular, let us
introduce Toeplitz operators associated to stationary processes.

Let X = (X});ez be a stationary Gaussian process indexed by Z. Since X is Gaussian,
stationarity is equivalent to second order stationarity, that is, Vi, k € Z, Cov(X;, X;1x) does
not depend on ¢. Thus, we can define

T 1= COV(XZ', XH_]Q)

In this example, we assume that (r3)rez € (1(Z). This leads to a particular form of the
covariance operator I' defined on [*(Z) by

\V/Z,] S Z, FZ] =T
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Recall that By denotes here the set of bounded Hilbertian operators on I?(Z). Notice that,
since (ry,)kez € I(Z), we have T' € By (see for instance [6] for more details). This bounded
operator is constant over each diagonals, and so is called a Toeplitz operator (see also [5] for
a general introduction to Toeplitz operators).

Toeplitz operators enjoy the following representation,

1

B 27 [0,27]

where ¢ is the spectral density of the process X, defined by

g(t) :==2 Z i cos(kt) + ro.

keN*

This expression can be written, using the Chebychev polynomials (T})gen,

g(t) =2 Z &7 (cos(t)) + roTp (cos(t)) -

This falls in the framework of Theorem 3.1, by setting

YA€ 1AL F(A) =2 ) mTu(A) + roTp(N).

keN*

We get, using the family (/;;); jez defined above,

\V/Z,] S Z, Fij = (COS(t)) dﬂw(t)
[0,27]

Notice that the last expression may also be written as I' = f(W(#)), and the convergence
is ensured by the boundedness of W@ together with the boundedness of the Chebychev
polynomials, Ty ([—1,1]) C [~1,1],Vk € Z, and the summability of the sequence (7y)xez.

Finally, we will extend usual M A processes to any graph, using this theory. This will be
the purpose of Section 2.

We first recall some properties about the moving average representation M A, of a process
on Z. This representation exists as soon as the log of the spectral density is integrable (see
for instance [6]). In this case, there exists a sequence (ay)ren, With ag = 1, and a Gaussian
white noise € = (€ )kez., such that the process X may be written as

Vi € Z, X, = Z Ar€i_f-
keN
Defining the function h over the unit circle C by
Vo e C, h(z) = Zakxk,
keN

we recover, with a few computations, the spectral decomposition of the covariance operator
['of X:



\ﬁ,jez,rij:/ ‘h(eit)‘2dﬂ,~j(t).
[0,27]

This implies the equality
f (cos(t) = [h(e®)[".

Recall that when A is a polynomial of degree p (with non null first coefficient), the process
is said to be M A,. In this case, f is also a polynomial of degree p. Reciprocically, if f is a real
polynomial of degree p, and as soon as f (cos(t)) is even, and non-negative for any ¢ € [0, 27],
the Fejér-Riesz theorem provides a factorization of f (cos(t)) such that f (cos(t)) = |h(e™)|’
(see for instance [18]). This proves that X is M A, if, and only if, its covariance operator
may be written f(W®), where f is a polynomial of degree p.

This remark is fundamental for the construction we provide in the following section (see
Definition 2.1).

2 Analytic construction

In this section, we will define moving average and autoregressive processes over the graph
G. In the whole section, we deal with the adjacency weighted operator W of the graph G.

As explained in the last section, since W is bounded and self-adjoint, Sp(1/) is a non-
empty compact subset of R, and W admits a spectral decomposition thanks to an identity
resolution F, given by

W = AAE(N).
Sp(W)

We define here M A and AR Gaussian processes, with respect to the operator W, by
defining the corresponding classes of covariance operators, since the covariance operator
fully characterizes any Gaussian process.

Definition 2.1. Let (X;);eq be a Gaussian process, indexed by the vertices G of the graph
G, and T its covariance operator.
If there exists an analytic function f defined on the convexr hull of Sp(W), such that

r- / L faEo,

we will say that X 1s
) MA[(]W) if fis a polynomial of degree q.

. ARZ(,W) if% is a polynomial of degree p which has no root in the convex hull of Sp(W).

° ARMAI(XZ) if f= g with P a polynomial of degree p and Q) a polynomial of degree q
with no roots in the convex hull of Sp(W).



Otherwise, we will talk about the MAY) representation of the process X. We call f the
spectral density of the process X, and denote its attached covariance operator by

['=K(f)-

Remark Actually, this last construction may also be understood as

in the sense of normal convergence of the associated power serie. However, the spectral
representation will be useful in the following (see Section 5) and allows weaker regularity.

This kind of modeling is interesting when the interactions are propagated time by time
and locally (that may be for instance a good modeling for traffic problems).

The notation C(.) has to be understood by analogy with the notation 7(.) used for
Toeplitz operators.

Notice that, in the usual case of Z, and for finite order ARM A, we recover the usual
definition as shown in the end of the previous section. So, the last definition may be seen as
an extension of isotropic ARM A for any graph G. Besides, note that this extension is given
by the equivalence, for any g € 1.2 ([0, 27]), such that f[0,27r} log(g) < 400,

vf € L*([-1,1]), (g = f (cos(t)) & T(g) = K(f)).

This means that, in the usual case G = Z, the definition of spectral density in our framework
is the usual one, up to an change of variable A = cos(t) (see Section 1).

Now, we get a representation of moving average processes over any graph G. The fol-
lowing section gives the main result of this paper. It deals with the maximum likelihood
identification, and Section 4 proposes a general definition of stationary processes indexed
by the vertices of a graph, and shows the stationarity of M A representation thanks to this
definition. We underline here that the definition given in Section 4 allows constructions of
M A processes built with some “isotropic modifications” of W.

3 Convergence of maximum approximated likelihood
estimators

In this section as before, G = (G, W) is a graph with bounded degree. Let also (X;)icc be
a Gaussian spatial process indexed by the vertices of G with spectral density fp, (defined in
Section 2) depending on an unknown parameter 6, € ©. We aim at estimating y. For this,
we will generalize classical maximum likelihood estimation of time series.

We will also develop a Whittle approximation for ARM A processes indexed by the ver-
tices of a graph. That is an approximation of the likelihood that provides convergence of
likelihood estimate. We follow here the guidelines of the proof given in [2] for the usual case
of time series.



3.1 Framework and Assumptions

Let us now specify the framework of our study. Let (G, ),en be a growing sequence of finite
nested subgraphs. This means that if G,, = (G,,, W,,), we have G,, C G,,;1 C G and that for
any i,j € G,, it holds that W, (i, j) = W(i, 7).

Let m,, = Card(G,,). We set also

(Sn = Card {’L c Gn, E'j S G\Gn, Wij 7A 0} .

The sequence (m,,)n,ez may actually be seen as the “volume” of the graph G,,, and §,
as the size of the boundary of G,. For the special case G = Z? and G,, = [-n,n]?, we get
m, = (2n + 1)¢ and 6, = 2d(2n + 1)41.

The ratio r‘;—’; is a natural quantity associated to the expansion of the graph that also
appears in isoperimetrical [21] and graph expander issues. We will assume here that this ratio
goes to 0 when the size of the graph goes to infinity. We also assume that W is normalized.
In short, we set

Assumption 3.1.
o sup;jec Wiy <
e 0, =o(my,)

Notice here that the first assumption implies that Sp(W) C [—1,1]. The second as-
sumption is a non-expansion criterion which is satisfied for the last examples G = Z% and
G, = [-n,n], but not for a homogeneous tree, whatever the choice of the sequence of
subgraphs (G, )nen is.

We will now choose a parametric family of covariance operators of MAM) processes as
defined in the last section. First, let © be a compact subspace of R.

We point out that for sake of simplicity, we choose a one-dimensional parameter space
O. Nevertheless, all the results could be easily extended to the case © C R*¥ k& > 1.

Define F as the set of positive analytic functions over the convex hull of Sp(W).

Let also (fg)gco be a parametric family of functions of F. They define a parametric set
of covariances on G (see Section 2) by

K(fo) = fo(W).

As in [2], we will need a strong regularity for this family of spectral densities.
Let us introduce a regularity factor for any analytic function f € F, f(z) = >, frz® (z € Sp(W)),
by setting

alf) =Y _Iful (k+1).

keN
Now, let p > 0 and define,

Fp=Af € F,allog(f)) < p}.

Notice that for any f € F,, we have a(f) <e”, a(5) < e’.

We need the following assumption

Sl



Assumption 3.2.

e The application 0 — fy is injective.
o For any A\ € Sp(W), the application 0 — fp(\) is continuous.
e V0 cO, fpcF,.

From now, consider 6, € ©. Let X be a centered Gaussian M A process over G with
covariance operator K(fy,) (see section 2).

We observe the restriction of this process on the subgraph G,, defined before. Our aim
is to compute the maximum likelihood estimator of #y. Let X,, = (X;);eq, be the observed
process and /C,,(fg) be its covariance :

Xy~ N (07 Icn(feo)) .

The corresponding log-likelihood at 6 is

L.(0) := —% (mn log(27) + logdet (KC,.(fp)) + Xg(lCn(fg))_an> :

Recall what happens in the usual case of time series (G = Z, G,, = [—n,n]). Using
the notations of Section 1, we assume that X is a stationary process indexed by Z with
covariance operator I'. Recall that, as explained in Section 2, if the usual spectral density
g € L*(]0, 27]) is such that log(g) is integrable, then the function f € L?([—1,1]) defined by
g(t) = f (cos(t)), is the spectral density of our framework. That means that

It is usual to maximize an approximation of the likelihood. The classical approximation
is the Whittle’s one ([13]), where

“logdet (T (g)

is replaced by
1

27 [0,27]

log (g (¢)) dt.

Back to the general case, we aim at performing the same kind of approximation. For
this, we will need the following assumption to ensure the convergence of log det (K,,(fs)) (see
Section 2 for the definition of i) :

Assumption 3.3. There exists a positive measure i, such that

" reGp

Here, D stands for the convergence in distribution

10



The limit measure p is classically called the spectral measure of G with respect to the
sequence of subgraphs (G, )nez (see [20] for example). In Section 5, we give some sufficient
conditions to ensure the existence of the spectral measure.

As in the case of time series (for G = Z), we can approximate the log-likelihood. It
avoids an inversion of matrix and a computation of a determinant. Indeed, we will consider
the two following approximations.

L(6) = (mn og(2m) -+ [ og(faa))ute) + X7 (0, ) Xn) .

fo
Generally, approximated maximum likelihood estimators are not asymptotically normal.
Indeed, the derivate of the approximated log-likelihood has to be asymptotically unbiased
[2].
To overcome this problem in Z¢, the tapered periodogram can be used (see [15], [14], [7]).
The following corresponds to graph extensions of standard time series models.
This is tractable only in two cases :

L(0) = —% (mn log(27) + / log(fo(x))dp(z) + XT (/cn ( ! )) Xn) |

e The MAp case : There exists P > 0 such that the true spectral density fy, is a poly-
nomial of degree bounded by P.

e The ARp case : There exists P > 0 such that all the spectral densities (for any 6 € O)
of the parametric set are such that ﬁ is a polynomial of degree bounded by P.

So, to define the unbiased approximated log-likelihood, we first introduce the unbiased
periodogram in one of this cases. Now, let P > 0.
Define a subset Vp of signed measures on R as

VP = {:U“ijai>j € GadG(Z>]) S P}a

where dg(7,J),4,j € G stands for the usual distance on the graph G, i.e. the length of the
shortest path going from 7 to j.
This set gives all the possible local measures j;;,%,j € G (see Section 1) over the graph

G.

To get the asymptotic normality, we need the following assumption

Assumption 3.4. The set Vp of possible local measures over G is finite, and n is large
enough to ensure that
Vo € Vp,3(i,j) € G2, pij = v.

Remark This assumption is quite strong, and holds for instance for graphs built by re-
producing a finite graph (the pattern) at each vertex of a distance transitive graph. In
particular, this holds for any Cayley graph or distance transitive graph. This assumption
may be relaxed, but it is a hard and technical work that will be the issue of a forthcoming

paper.
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Define now the matrix B™ (the dependency on P is omitted, for clarity) by
Card{(k:, l) e G, x G, Mil = ,U/ij}

Card {(k,1) € G, x Gy, i = pij}’
= 1lifdg(k,1) > P.

The matrix B™ gives a boundary correction, comparing, for any v € Vp the frequency
of the interior couples of vertices with local measure v with the boundary couples of vertices
with local measure v. Actually, this way to deal with the edge effect is very similar to the
one used for G = Z< (see [7], [14]).

As example, let us now describe the case G = Z2, for P = 2. In this case W& is

o N 1
\V/'l,], kal € Za W(Z ) ((7’7‘7)7 (k7l)) = Z]]‘V—j“"‘k_”:l'

In this example, we set G, = [1,7n]?, and we can compute the matrix B(™. Indeed, it
only is needed to notice that

[(in ) (in ko +0) = Hin,ga),(in+erkjoteal)s 015 425 J15 J2, Ky L € Zy €1, €62 € {—1,1}.

This means that the local measure of a couple of vertices depends only of their relative
positions (stationarity and isotropy of this set of measure). So, we need to count the con-
figurations given by Figure 1 since we consider only couples of vertices u,v € Z? such that
dgz (u,v) < 2.

Figure 1: Possible configurations for couple of vertices

We get, for any 7, j € Z,

(") n< __
® Bijjiy = m =1
(n) _ pn) _ 4n(n—-1)
® B gty = Bijary = dmr
(n) _ 4(n—1)2
® Biij)ix141) = (n2) :

12



_ p) _ 4n(n—=2)
i B(zy ),(5,5+2) — B(i,j),(i:l:2,j) T 4n?

One can notice that

BY —1| — 0.

n—o0

sup
]
The assumption 3.5 ensure that this property holds for the graph we consider.
Back to the general case, let f € F,. We define the unbiased periodogram as

Lx

T

where
Qu(f) == B™ © Ku(f).

Here, the operation ® denotes the Hadamard product for the matrix i.e.

ij
Notice that this is actually a way to extend the so called tapered periodogram (see for
instance [14]).

We now define the unbiased empirical log-likelihood, for any 6 € ©

00) = — (o togtzn) 4, [0g(eaute) + X2 (,(5)) %)

We denote respectlvely Hn, 0,,6,,0™ the maximum likelihood estimators associated re-
spectively to L,, Ly, Ly, L
We will need the followmg assumption,

Assumption 3.5. There exists a positive sequence (uy,)nen Such that,

u, — 0,

n—o0

and

n)
i~ 1‘ < u,,.

Notice that the last assumption holds for example in the case G = Z%,d > 1.
To prove asymptotic normality and efficiency of the last estimator 9&"), we will need also
the following assumption.

Assumption 3.6. Assume that

o There exists a positive sequence (Vy)nen Such that v, = o(\/my,) and

1
Yf € Fo | Tl () - [ fau] < el
e For any 6 € O, fy is twice differentiable on © and

2
ﬁ(f 0) € Fp.

The first assumption means that the convergence of the empirical measure of eigenvalues
of K(f) to the spectral measure p is faster than /m,. The second assumption is more
classical. For example it is required in the case G = Z (see [2]).

d
@(fa) € Fy,

13



3.2 Convergence and asymptotic efficiency

Let p > 0. We can now state the fundamental theorem :

A~

Theorem 3.1. Under Assumptions 3.1, 3.2 and 3.3, the sequences (0n)nen, (On)nen, (én)neN
converge, as n goes to infinity, Py, -a.s. to the true value 0y. If moreover Assumption 3.5
holds, this is also true for (65)nen.

Proof. The proof follows the guidelines of [2]. We highlight the main changes performed
here. First, we define the Kullback information on G, of fy, with respect to f € F,, by

HKn(f@oa .f) = IEPfQ0

and the asymptotic information (on G) by

HK(f@ov f) = hgn minHKn(me f)

whenever it is finite.
The convergence of the estimators of the maximum approximated likelihood is a direct
consequence of the following lemmas :

Lemma 3.1. For any f € F,, and under Assumptions 3.1, 3.2 and 3.3, the asymptotic
Kullback information exists and may be written as

_ 1 f90 f@o
(s ) = 5 [ (tosie) - 14 22 )

Furthermore, if we set 1,,(0, X,,) = minLn(é’, X,), we have that Py, -a.s.,
L (B0, X,) = 1a(6. X,) = TK(fay. fo)

uniformly in 0 € ©.

This property also holds for 1, := m%bf’n and l~n = milf/n

Furthermore, for P > 0, and for both the ARp or the MAp case (see above), this also
holds for It := - L{".

Lemma 3.2. Let fp, be the true spectral density, and (€,)nen be a deterministic sequence of
continuous functions such that

Vo € @a gn(QO) - gn(e) n:)oo HK(.fOoa f@)
uniformly as n tends to infinity. Then, if 0, = argmaxy (,(0), we have
en — 90.

The proof of these lemmas are given in Appendix (Subsection 7.2). O
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Theorem 3.2. In both the ARp or M Ap cases, and and under all previous assumptions
3.1, 3.2, 3.3, 3.4, 3.5, 3.6, the estimator oL of Oy is asymptotically normal:

Vi (6% — 6p) njooN< ( /GZZ) du)_l)

Furthermore, the Fisher information of the model is

=3 [ () o

Hence, previous estimator is asymptoticly efficient.

Proof. Here again, we mimic the usual proof by extending the result of [2] to the graph case.
Using a Taylor expansion, we get

(159 (Bo) = (187) (85) + (B0 — 0) (152" (6),
where 0, € }6’#), 0 [ As 0" = argmax 1", we have

(1) (62) = 0.
So that, B
V(0o = 007) = (189" (0)) /(i) (6).

The end of the proof relies on three lemmas :
Lemma 3.3 provides the asymptotic normality for ,/ (l(“ )'(6p). Combined with Lemma

3.4, we get the asymptotic normality for \/m,, (6 — ) Finally, Lemma 3.5 gives the Fisher
information.

Lemma 3.3.

vmyon 2w (o5 [ (%) an),

Lemma 3.4.

Lemma 3.5. The asymptotic Fisher information is :

o3 f (1) o

The proof of these lemmas are given in Appendix (Subsection 7.3)
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4 Algebraical construction of covariance operators on
a graph

In Section 2, we dealt with the case of ARMAM) processes indexed by the vertices G of a
graph G. We built all processes using the weighted adjacency operator without specifying
a general notion of stationarity. In this section, we give a definition of stationarity for
Gaussian processes on a graph, compatible with the construction of ARMAM) processes
given in Section 2.

This leads to a large class of covariance operators. In this class, we lay a special interest
in general ARM A, built with operators different from W . Actually, that may be seen as a
modification of the graph on which we build ARM A processes. So this section is devoted to
modify the weights in an “isotropic” way, and locally, for finite order operators (see Definition
4.2). Now, let us give a sense to this “isotropic” modification.

For clarity, each time we will define a quantity of interest we will illustrate it for the case
G="7%.

To define a notion of stationarity (with respect to W) for Gaussian processes indexed by
G, a first idea is to use the set of all automorphisms of G. Recall that, a permutation ¢ on
G is an automorphism if it leaves W invariant :

Vi,j € G, Woirots) = Wi

In the case of Z, the automorphisms are the symmetry and the translation operators. Sta-
tionarity is defined through invariance by these transformations of the covariance function.
More generally, the definition of stationarity on Z?, homogeneous trees or distance transitive
graph may be set in the same way [14], [1], [17]. Unfortunately, as the generic situation for a
graph is to a have a trivial set of automorphisms (reduced to the identity operator), this way
to define stationarity is a dead-end. Indeed, in this approach any covariance operator would
be stationary. To get away from this dead-end we choose to take another path defining
stationary covariance operators as images of W by adequate invariant functions.
We recall here that W € Bg where Bg is the set of all bounded Hilbertian operators on
I2(G). We denote also by Y¢ the set of permutation of G. Let us define the operator M,
attached to the permutation o € X by

Vi,j e G, (M) = Limo(5)-

Let F be the set of all continuous linear operators from [}(G) to [*(G). We first define
the class of invariant functions.

Definition 4.1. We call invariant a function
D Dom(é[)) C Bg — Fg,
that satisfies the following assumptions:

e Dom(®) is stable by any permutations and by transposition

VA € Dom(®),Vo € Y¢, M;*AM, € Dom(®), AT € Dom(®).
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e For any permutation o € X, ® commutes with the conjugation by M,

Yo € g, VA € Dom(®), ®(M;AM,) = M, ®(A)M,.

o & commutes with the transposition

VA €€ Dom(®), d(AT) = &(A)T.

We will denote by Zg the set of invariant functions from a subset of Bg to Fg.

Remark Notice that any invariant function ® € Z is given by a family of functions ®;; all
defined on a subset Dom(®) of Bg. Let 1g,2¢ € G be two vertices of G. Actually, thanks to
the invariance, the functions ((IDZ-]-)Z.J. < are completely determined by their domain Dom(®),
and two real-valued functions ¢ := ®;,1, and ¢ := ®; 5, from B to R such that

e For any k£ € G, for all A € Dom(®), and for any permutation o € ¥ such that
0’(1@) = k‘,
Orp(A) = o(M;TAM,).

e For any k,l € G,k # [, for all A € Dom(®), and for any permutation ¢ € ¥ such
that O'(lg) = ]{7,0'(20) = l,
Pri(A) = p(M;TAM,).

e For all A € Dom(®), and for any permutation o € ¥ permuting 15 and 24

V(A) = (M TATM,).

Note that we also get

e For any k € G, for all A € Dom(®), and for any permutation o € g letting 1g
invariant

$(A) = (M, AM,).

e For any k € G, for all A € Dom(®), and for any permutation o € ¥ letting 15 and
2 invariant,

P(A) = p(M; AM,).
An example is given by the discrete Laplacian. Recall that the discrete Laplacian L (W)
of W on the graph G is defined by :

vije G LY =1, Y Wi - w9,
keG

Set, for A € Bg,

[\DlH

(Z A+ Ale> ,

keG keG

17



and
¢L(A) = _Alg2G>
where ¢ and 1 are defined in the last remark. We get

1
¢1(A)yy = Lizy; <Z A + ZAlc’f) — Ay = L.

keG keG

The domain of & is the set of the operators A € Bg such that, for any i € G, the
sequences (A )rec and (Ay;)ree are summable. This domain is stable by permutations and
transposition. Moreover, we can verify the invariance property, writing, for any permutation
o€ g,

1
CL(A)otirot) = Loti=oti)) 3 (Z Akt + D Aa(i)k) — As(i)a(y)

keG keG
1
=Timj5 | D Actiotr + D Actro) | — Avtiroty
(k)eG@ (k)eG@
= O (M, AM,);;.

and

1
Vo € Xg, ®r(AT)y; = ]11:15 (Z A + ZAkz> — Aji

keG keG
1
1 (S D) -
keG keG keG
=&, (M, AM,),;.
Then, this shows that
d; € Ig.

We go back to the general construction. One can have the intuition that the functions
®,;;,1 € GG associated to an invariant function ® contains information on the exploration of
the graph from the vertex ¢ € G. This leads to the definition of the order of an invariant
function. This order may be either finite or infinite and roughly speaking depends on the
exploration size. Recall that the natural distance dg on G measure the length of the shortest
path going a vertex to another. This distance depends only on the edges, and not on the
weights.

For any r > 0, let us define B™)(i,7) as the ball of radius r (for the natural distance
dg) centered on a vertex i € G:

BM(i,r) = {j € G,da(i,j) < r}.

We now precisely define the order of an invariant function.

18



Definition 4.2. Let ® be an invariant function in Zg, we will say that ® is r-local for some
r >0 if for any W € Dom(®), ¢(W) depends only on (ij,j, ke B(W)(l(;,’f’)), and (W)
depends only on

(L@}k,j,k c £3UV7(1g,7) LJZ?OV)(Qg,T)),

where the functions ¢ and 1 have been defined in the previous Remark. The order of ® is
define as the smallest r > 0 such that ® is r-local.

The order of an invariant function is an important notion. Indeed, Definition 4.1 builds
a large class of invariant functions. This class of function will lead to a class of covariance
operators of stationary processes (see Definition 4.3). Therefore, this last class of stationary
covariance operators will be very large too. Defining the order of an invariant function gives
a way to classify stationary processes.

Back to the general construction, we recall that Fg is the set of linear continuous operators
from ['(G) into [*°(G). Any covariance operator lies in this set, so we can define stationarity
over the graph G with some subclasses of F; using the invariant functions Zg.

We are now able to state an extension of isotropic stationary Gaussian processes to any
graph.

Definition 4.3. We say that a Gaussian process (X;)ieq is stationary of order r, if its
covariance operator I' verifies

. T =o(W),® €Zg,® has orderr
Fesi(w):= { ' is positive definite }
We say that an operator W' is an admissible modification of the graph G of order r if we
have

W' =®(W),® € Zg, P has order r
W'e S{(W) =

(Wi =0=wj =0)

Remark A stationary process of finite order r > 0 has the following property.
Let (i1, j1), (i2, j2) € G2 be two couples of vertices such that B™'“)(iy, r) is isomorph
to BW ) (iy,r) and BW)(jy,r) is isomorph to BW“)(jo, 7). Then for any stationary

covariance operator I' of order less or equal to r,

I'iy,="T

11J1 i2]2°
That means that, if the graph is locally the isomorphic in two different regions, then the
correlations will be also identical in this areas.

To close this section, let us notice that if the entries of W takes their values in a finite set,
then the entries of any admissible modification of finite order r > 0 take also their values in
a finite set, since there is a finite number of possible subgraphs of size bounded by deg(G)~.

Remark All the previous work (Sections 2 3) may be applied to a admissible modification
W' of the graph instead of .
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In very particular, any AR; model built with a isotropic modification of G provides
a graphical model [9]. That was one of the main motivation for this section. Indeed the
definition of stationarity we propose here leads, on one hand, to usual stationary processes
when it is well defined (Z?, the homogeneous tree...).

On the other hand, for a graph with a trivial set of automorphism, we recover many
classical kind of modeling as ARM A processes and Markov fields. This falls into a very
classical point of view on Gaussian fields, and allow us to used all general tools developed in
this framework for our case.

To end this section, let us deal with an example with the usual case of G = Z. In this
case, the last construction recover any covariance operator I'; even non regular. Indeed, set

Vi,j € Z,Ti; = iy,

and define, for any A € By such that the following is well defined, and for any p € N, i, j € Z,

q)(p)(A)ij _ Z Z o Z Aigy Ay - Aiy 1527

ki #i,J €L kaFij k1€ kp_17i,,kn, e kp—2€L

We can define ® € Z, for any A such it is well defined, as

D(A) =D 0P (A).

p=>0

Notice that W® € Dom(®). Thus we get that

L= a(W®),

which proves the statement.

Remark Back to the general case, if I' is the covariance of an ARMA process over the
graoh G, build with any admissible modification W’ of the graph, then I' € S, so ARMA
processes are always stationary processes with respect to Definition 4.3.

In the framework of raod traffic modelling, as in other modelling issues, W' may be
seen as a structural generating operator. That means that the physical evolution of the
underlying temporal process (diffusion...) is given by this operator. The parameters of the
ARMA process gives the particular state of the field at a given time.

One example of this construction will be given in an applied forthcoming paper.

5 Homogeneity and spectral measure

This section is entirely devoted to the study of the convergence of the spectral measure (see
3.3). As before, we will work with the adjacency operator W and a sequence of finite nested
subgraphs (G,,)nen, but this work can be extended to any admissible modification W' € S°
of the graph G.
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Recall that m,, denotes the cardinal of the subgraph G,,. Let W, denote the restriction
of W over the subgraph G, (see Section 3), and Aﬁ") )\mn its eigenvalues (written with
their multiplicity orders). Define

1 &

1] ._
/,,Ln = m, 4 6)\(7L),
=1

and

2] = Z Mz,

(EGGTL

where the measure p,, is defined in Section 1. Define also
Recall that Assumption 3.3 deals with the convergence of ,un to the spectral measure pu.
Actually, under Assumption 3.1, this last assumption is equivalent to the following.

Assumption 5.1. Weak convergence of the spectral measure

= .
n—oo

in the sense of the weak convergence.

To prove the equivalence between Assumption 3.3 and Assumption 5.1, we just have to

notice that :
/ NduD () — / Nedu) ()
Sp(W) Sp(W)

1””‘”

Mn 5 erGn
1 1
= m—n Tl" ((Wgn)k) - m—n Tl" ((Wk)(;n) .

So that, we get the result by lemma 7.1.

This is a classical graph theory assumption, usually verified in the frame of random graph
(in which (G, )nen is not a growing sequence of nested subgraphs, but a sequence of graphs
of size n whose spectral measure converges weakly to a particular law.). For instance, the
spectral measure of some random graphs with given degree distribution converges to the
spectral measure of regular tree (see [3] [4], [20]).

In the frame of road traffic, we provide also another assumption about the sequence of
graphs, that ensures the convergence of the spectral measure.

We first define, for any [ > 0, the [-type of a vertex k € G by

ti(k) = Wi,

The I-type of a vertex is the number of loops around k, counted with their weight. Define

also a subset U; of R as
U ={t(k), ke G}.

This set gives all the possible values among the vertices k € G of the [-type of k. Notice
first that when the entries of W takes their values in a finite set, U; is finite for any [ > 0. In
particular it is also true for any admissible modification of W of finite order (see Section 4).
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Assumption 5.2 (Homogeneity assumption). The sequence (Gp,)nen and the operator W

satisfy :
VI >0,Yn > 1,0 € U, t{j € G, i(j) = v} . pg}z)‘

My, n—o00

Remark : This last assumption may be understood as an homogeneity hypothesis on
the frequency of the type for the vertices of G,. Figure 2 shows an example of admissible
sequences of subgraphs.

Figure 2: Example of admissible sequences of subgraphs.

Proposition 5.1. Under Assumption 5.2, the spectral measure is convergent. That is, there
exists . with
/431 LN W, n distribution.

n—o0

Proof. Under homogeneity assumption, we have

1 l 0)
m—nTI' ((W )Gn> njoo va V.
vel;
Define
p = "phv.
veJ]
Since sup, ;o5 |Wi;| < %, we also have
W g0 < 1.
So that
VI >0,U C Sp(W) C [-1,1].
And

,u(l) < 1.

Since the series ¢t — > ,u(l)l% has a positive convergence radius, there exists a probability
measure g with moments (p"));59. The weak convergence of the measure is derived from
the convergence of the moments, and the tightness of p. This finishes the proof of the last
proposition. ]
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6 Simulations

In this section, we give some simulations over a very simple case, where the graph G is built
taking some rhombus connected by a simple edge both on the left and right (see Figure 3).

Figure 3: Graph G

The sequence of nested subgraphs chosen here is the growing neighborhood sequence (we
chose a point = and we take G,, = {y € G,dg(z,y) < n}). We study an AR, model, where,

=111,

Jolz) = (1 —1993)2(9 co).

Here, we take for W the adjacency operator of GG normalized in order to get sup; ;e Wi <
ﬁ(G)' We chose 6, = %, m, = 724. We approximate the spectral measure of G' by the
spectral measure of a very large graph (around 10000 vertices) built in the same way. Figure

4 shows the empirical spectrum of the graph G with respect to the sequence of subgraphs

(Gn>n€N-

Figure 4: Empirical spectrum

6—

a—

- MLJW b
0a T ITnT|:|111T||'n11Tl‘|-|'|_,_ L
-1.0 -0.8 -0.6 -0.4 -0.2 0

.0 0.2 0.4 0.6 0.8 1.0

To compute (K, ( fg))_l, we use the power series representation of fy, and truncate this
expression after the 15 first coefficient. This choice ensures that the simulation errors are
neglectible with respect to the theoretical ones.

Figure 5 gives the empirical distribution of

] ) 6w
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We observe that given the size of the subgraphs chosen, the error is a little less concen-
trated than the asymptotic error (in red) which is a N'(0, 1).

Figure 5: Empirical distribution
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7 Appendix

7.1 Szego Lemmas

Szeg6 Lemmas [13] are useful in time series analysis. Indeed, they provide good approxima-
tions for the likelihood. As explained in Section 3, these approximations of the likelihood
are easier to compute.

In this section, we generalize a weak version of the Szegé Lemmas, for a general graph,
under Assumption 3.1 (non expansion criterion for G, ), and Assumption 3.3 (existence of
the spectral measure p).

For any matrix (B;;); jeq,, we define the block norm

= 5 Z |Bw|
7 jEGN
We can state the equivalent version of the first Szeg6 lemma for time-series

Lemma 7.1. Asymptotic homomorphism
Let k,n be positive integers, and let gy, , gy be analytic functions over [—1,1] having
finite reqularity factors (i.e. a(g;) < +o00,i=1,--- k). Then,

E—1

b (KCn(g1) -+ - Knlgr) — Kn(g1---gr)) < 7@(91) o gr).

Corollary 7.1. For any g € F, (see Section 3), and under Assumptions 3.1 and 3.3,

Llogdet(/Cn(g)) — [ log(g)dp.

n n—oo

Proof. of Lemma 7.1 This proof follows again the one of [2]. We will prove the result by
induction on k.

First we deal with the case k = 2. Let f and g analytic functions over [—1, 1] such that
a(f) < +oo and a(g) < +o0o. We write

bn(Kn(f)Kn(g) — Kn(fg))

_ %Z ST Kl K9y — 3 (al )it (a9)),
= iZ S IRl o)l

1,j€Gn k‘EG\Gn

Using K(g) = > 7o, 9gnW", Fubini’s theorem gives, since all the previous sequences are
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in I1(@),
b (K (f)C0(g) — Kn(f9))

1
< = ()i (Knl0)),
" ,iEGR keG\Gn
1 o
< i — W)k
< {am o) 15 3 3 Smio
< (supZIlC zk|> ><z:|9h|_ Z Z | (W")is] -
" keG\Gy JEGR
Introducing
Aj = sup — ‘ Wh
NeN On keg\:GN j;;:N k]
we get

bn(Ka(F)Knl9) = Kn(Fg)) < sup D K(f m\th\Ah.

ZEG

The coefficient A}, is a porosity factor. It measures the Welght of the paths of length h
going from the interior of GG,, to outside.
Note that A, < h + 1, so we get

[e.e]

> lonl A < alg).

h=0
Now, we define another norm on Bg :
HBHoom = SupZ|Blk| BEBG)
ZGG

We thus obtain
Ko = suvac fikl

kGG

h=0

< > AL .
h=0

<

00
D1l = 1ot
h=0

Finally, we get

bn(Ke, (f)Ka,(9) — Ke, (f9) < I fll1 o ¥(9)
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To conclude the proof of the lemma, by symmetrization of the last inequality, and since
1 < (h+1), we have,

b (Kal£)Kal9) ~ Kl f9)) < S(f)als).

To perform the inductive step, we need the following inequalities [24]:
a(fg) < a(f)alg),
bn(B + C) b (B ) ( ),
(Moo = Nl por < ()

Let £ > 1, and assume that for all j < k — 1, Lemma 7.1 holds. Under the previous
assumptions, and the inductive hypothesis for k — 1 we get,

b (Kn(g)x -+ xKu(gr) — Knlgr- - gx))

<
<

< KA (90 sgim On (Kn(g2) -+ - Kn(gk) = Knlg2 - - - k)
+bn, (Kn(91)Kn (g2 -~ k) — Knlg1 -+ - gx))
< a3 2ale) - alg) + salg)alo )
< oo alg),
which achieves the induction step and proves the result. O

Proof. of Corollary 7.1
Let g € F,, and k be a positive integer. Using Lemma 7.1, we have

T (Kal)* — Ka(61)) < by (Kl9) — Koalg")) (1)

n

Thus, we have, thanks to Assumption 3.1

L Tr (ICn(g)k — lCn(gk)) — 0.

mp n—-+4oo

Denote ,u[gl} the real measure whose k**-moment is given by

1
Fdpl = lim — Tr (K, (g)"
/x g = lim —Tr (Ka(9)") ,

n

and ,ug] the real measure whose £™-moment is given by

/ kduf] = lim L Tr (K. (%)) -

n My

Notice that both of this measures have support between infg > e > 0 and supg <
e? < +oo, since a(log(g)) < p (see Section 3). Therefore, the equality of the moments given
by Equation 1 gives the equality of the measures ,ug] and ug}.
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So that, we get

milog (det (/Cn(g)»—iTr(/cn (log(g)) — 0.

n my, n—-+o0o
Assumption 3.3 achieves the proof of the Corollary since it implies that

L 1k, (og(9)) — / log(g)dj.

mp n—-+o0o
]
The following lemma enables to replace C,,(g) by the unbiased version Q,(g) (see 3).

Lemma 7.2. Under assumptions 3.1,3.3, 3.4 and 3.5, and if f or g is a polynomial having
degree less than or equal to P, we have

L (K (HKa(9)” — (K (£)Qu(0))?)

Mn

< 2"upa(f)’a(g)?

Proof. We define, for any f,
fabs(z) = Z |fk| Ik
k

Actually, the proof is based of the following idea: as soon as f or g is a polynomial having
degree less than or equal to P, we have to control only the number of path of length less
than or equal to P (counted with their weights).

Let p be a positive number. Recall that Qn(%) =BM o lCn(é) (see Section 3), we have,
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(k) - (nad))

S m Z Z H Zzll2l+1 " g)l2l221+1’C (f)i2[+17;21+2
n

1€Gn t0=1,i1, - ,i2p=1 1=0---p

1
— m—n Z Z H ICn 121121+1 (f)i21+1i2l+2

1€Gn tlo=1t,i1, ,i2p=1 [=0---p

S Mo i 7 Sup H Blzl+1lzl+2 - 1
n 11,02, 02p 41 ). p—1
X E , E : H 221Z21+1IC (f)izz+1izz+2
1€Gn t0=1,i1, - ,i2p=1 1=0---p
1 (n)
< My i Sup. H Bi21+1i21+2 -1
L P W
X E E H ]C abs io1io141 n(fabS)i21+1i21+2
1€EG R 10=1,11," ,12p=1 [=0---p
() 1 g
n
< s | [ Bt H (Ko (o) (o))

11,82, ,82p+1 1=0--p—1 2,in

. 1
< sup I B ...—1a(f)fa=)r.

502,21 |20 g

Using Assumption 3.5, we get,

(k) - (kanend))

< [(1tu)y -1 a(f)pa(é)p

< (1= 1) (4w 4 () o D) alfPalC )

g
1
< Jua (27 =1)) Oé(f)pa(g)p
1
< u2’a(f)Pa(=)P
g
This ends the proof of the Lemma. O

Finally, the following lemma explains the choice of B™. The unbiased quadratic form
Q,, is no more than a correction of the error between IC,,(f)K,(g) and KC,,(fg).
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Lemma 7.3 (Exact correction). Let f, g € F,, and assume that either f or g is a polynomial
of degree less than or equal to P (see section 3). Then, the unbiased quadratic form Q,(fs)

verify
Tr (K (f)Cun(g)) = Tr (Kn(f9)) -

Proof. of Lemma 7.3
First, notice that

Tr (K, (f = Y Ka(f)iKulg)i B
1,j€Gn

Since this expression is symmetric on f, g, we can now consider the case where f is a poly-
nomial of degree less than or equal to P.

Actually, since f is a polynomial, /C,,(f);; = 0 as soon as d(i,j) > P (i,j € G). Then, if
i,7,k,1 € G are such that p;; = p, we have

Kn(£)iiKn(9)i; = Kn(F)uln(g) -

So that, we may here denote, for convenience, K(f),,;-
Using Assumption 3.4, this leads to

Tr(Ka(£)Qu(9)) = 3 Kul(f)iKulg)yBY

1,J€Gn
- Z Z Icn(f)vlcn(g)sz(JN)
vEVP 1,jEGn
Hij =, dG(i J)<P
= > Ka(f)oKn(g)oCard {(i, j) € Gn x G, puij = v}
veEVP

" Card{(¢,7) € G,, x G, p;; = v}
Card {(i,j) € G, X Gy, p1ij = v}

= > > KdhKaule)B

veEVp  (i,J))EGnXG,
rij=v,dg (4,5) <P

= Y Kulf)iKalg)yBY

(4,§)€EGn xG
= Tr(K.(fg)).

That finishes the proof of Lemma 7.3, and ends this section. O

7.2 Proofs of the Lemmas of theorem 3.1

Recall that the theorem relies on two lemmas. Lemma 3.2 states a condition on deterministic
sequences to provide the convergence of the maximizer of these sequences.

Proof. of Lemma 3.2 Recall that fy, denotes the true spectral density. Let (¢,)n,en be a
deterministic sequence of continuous functions such that

1 Joo Joo
VO € ©,0,(00) — £,(0) = 5/ <—log(%) -1+ T, )
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uniformly as n tends to infinity. Denotes moreover #,, = arg maxg £,,(¢). We aim at proving
that
en — 90.

Using the compactness of O, let 0, be an accumulation point of the sequence (6, ),en, and

(0, )ken be a subsequence converging to 6. As the function § — 3 [ (— log(feo) -1+ ﬁﬂ) du

fo fo
is continuous on ©, and the convergence of (¢,,(6y) — £,,(0))nen is uniform in 6, we have
—oo 1 . .
0= 0 55 L [ gy 1y
2 Jo Jose

But we can notice that, thanks to the definition of 6,,, ¢, (6p) — ¢, (65,) < 0 So, since the
function x — —log(z) + x — 1 is non negative and vanishes if, and only if, z = 1, we get
that fp, = fo... By injectivity of the function 6 — fy, we get 0., = 0y, for any accumulation
point 0., of the sequence (6,,),en, which ends the proof of this first lemma. O

Lemma 3.1 provides the uniform convergence of the contrasts of maximum likelihood and
approximated maximum likelihood to the Kullback information. The proof may be cut into
several lemmas.

Proof. of Lemma 3.1
First, notice that by construction, we have, for any 6 € O,

K (fop fo) = B0 E |~ (L, X) = Lo(fo. X,)

n

when it exists. Then, we can compute

s Xo) = afos Xo) = =5 (Jog det(ICu(fo) — o det(Ku ()
e (XK X = XK ()1 X,)

Corollary 7.1 of Lemma 7.1 provides the following convergence

1
— (log det (K, (fa,)) — log det (K, (fo))) — /log <@) du
my n—o0o f@

To prove the existence of IK(f,, fp), it only remains to prove the Py, -a.s. convergence
of m%LXg’Cn(fe)_an to [ %‘)du as n goes to infinity.

This is ensured by the following Lemma.

Lemma 7.4 (Concentration lemma). For respectively A = K,(+), A = (K.(fs))™! or

fo
A= Qn(f—le), we have,
1
— XTAX, — /@du,ﬂvh — a.s..
Jo °

n n—o0
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Lemma 7.4 combined with Corollary 7.1 ensures the Py, — a.s. convergence of l~n( foo) —
Ln(fo), In(foo) = Ln(fo) to TK(fg,, fo). It provides also the Py, —a.s. convergence of lg“)(feo) —

ZSL")( fo) to IK(fy,, fo) in the ARp or M Ap cases (see Section 3). To achieve the assertion of
3.1, it only remains to show the uniform convergences on © of the last quantities. This will
be done using an equicontinuity argument given by the following Lemma.

Lemma 7.5 (Equicontinuity lemma). For alln > 0, the sequences of functions (1,,(foy, Xn) — ln(fo, X))
is an Py, -a.s. equicontinuous sequence on ({f,0 € O}, |.||,,). This property also holds for

L,.l. Furthermore, the sequence <l£1u)(f90, X, — l%")(fg, Xn)) is also Py, -a.s. equicontin-
neN
wous, on (0,0 € O}, ], )

We can now achieve the proof of Lemma 3.1 :
First, notice that the space { fs, 0 € ©} is compact for the topology of the uniform conver-

nEN

gence. This also holds for <{f9, 6o}, H'Hl,pol)’ So, there exists a dense sequence (fy, )pen-

Then, using Lemma 7.1 and Corollary 7.1, the sequence (ln(fgo,Xn) —1n(fo,, X"))neN con-
verges Py, -a.s. to IK(fy,, fo,)-

If a sequence of functions is equicontinuous and converges pointwise on a dense subset of
its domain, and if its co-domain is a complete space, then the sequence converges pointwise
on all the domain [23].

Using this well known property, we obtain, Py, -a.s., the pointwise convergence of (Lo (foo, Xn) = La(fo, X,
to IK( fg,, fo), for any 6 € ©.

Furthermore, if a sequence of functions is equicontinuous and converges pointwise on its
domain, then this convergence is uniform on any compact subspace of the domain [23].

Thus, we get, Py, -a.s., the uniform convergence on © of the sequence (ln(foos Xn) — Ln(fo, X0n))
to ]IK(fGOa fG)

Using the same kind of arguments, this uniform convergence also holds for I,,l, and 18
This finishes the proof of Lemma 3.1.

neN

O

7.3 Proof of the technical lemmas
Proof. of Lemma 7.4
Let # € ©. First, consider the case A,, = IC, <f—10) We aim at proving that

1 T fGo
— X, A X, njoo / Ed'u’Pf@o —a.s..

Mp

To do that, we make use of classical tools of large deviation (see [10]). We compute the
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Laplace transform of XTA, X, :

E 2
n
P fa [6’

)’1—2,\/cn(%))xn

1 /6%X2((/€n<f90>
(V2m)me /et (K, (f,))

1 -1 NI
B ol<et</cn<feo>>Jdet({(K"(m>> _Mn(ﬁ)} )
1

\/ det (1, = 2MC, (o) HCa( )/l fon)F) |

These last equalities hold as soon as Ig, — 2M\C,( fgo)%lCn(ﬁ)lCn( fo,)2 is positive. This is
true whenever A < 0 or small enough.
Now, for A < 0, define

1 AXTKn(£)Xn
Pn(A) == m—nlog( Eey,, [6 ) D ;

This function verifies

bn(\) = —21 log det ([Gn - QAKn(fgo)élCn(%)lCn(fgo)é) .

Define also

G(N) = lim 6, ().
We get, using Corollary 7.1,

o) = —% /log <1 - 2)\%) :

2(L0)2
¢//()\) :/ﬂ%du>o

_oxT)2
2\ f:)
As very usual, we define the convex conjugate of ¢ by

¢*(t) := sup [Mt — ¢(N\)],t € R.

AeR—

We can also compute

As soon as ¢ is strictly convex, ¢*(t) > ¢(0) = 0, for any t # ¢/(0) = [ gdu.
We can now write, for A <0,

1 1 1
— log(P(— X, An X > 1)) = — log(P(eMn AnXn > gmadty)
1 1
< —log (e7™M) + —log (E[exngnan
n my,

< AL+ (V).
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Then we get, Vi > [ %d,u,

lim sup <mL log(P(iXZAan > t))) < =Mt +o(N)

n n n

So that, taking the infimum on A\, we get

1 1
lim sup (— log(P(— XA, X, > t))) < —¢*(t) <0

We can obtain the same bound for ¢ < [ gd,u. By Borel-Cantelli theorem, we get the
Py, -almost sure convergence of anX,? A X, to gd,u. To prove the same convergence with

A, = (K.(fs)) ™!, we have to show that the difference between the spectral empirical measure
of Kn(fgo)%lCn(ﬁ)lCn(fgo)% and Ko, (f9,)2Kn(fo) " Kn(fg,)? converges weakly to zero. It is
sufficient to control the convergence of every moment, because this two last measures both
have compact support.

For this, we make use of the Schatten norms. For any A, B matrices of M, (R), we

define
[Allsen = (D2 su(4y) "

where s (A) are the singular values of A.
Note that

=

[ Tr(AB)| < [[ABl[gen,1 < [1Allsen1 1Bl sen oo -

Recall that since fy € F,, we have e™” < fy < e”. Hence, for any p > 1,

o [T (R R ) = KU (a))|
< a2 e | (KGR ~ 1)
Sch,1
e
- 7751—26—2/110 (f€)2pa(;9>2p d 0.

To obtain the same bound with A,, = Qn(f—la), we have to prove that the difference between

the spectral empirical measures of K, ( fgo)%lCn(f—le)lCn( fgo)% and /C,( fgo)%Qn(%)lCn( fgo)%
converge weakly to zero. This last assertion is a direct consequence of Lemma 7.2. So,
we get

1 fo
—XTA, X, 2P, — as.
. n —)/ fg foo a.s
O

Proof. of Lemma 7.5
Recall that we aim at proving that, Py, -a.s., the sequence of functions (ln(foo, X0) — L fo,

is equicontinuous on { fp,# € O}, and that this property also holds for I,,l, and 1,
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First, we will prove the equicontinuity of the sequence

n

<mi log det(lCn(fg))) R

Let 0,0 € ©.

Denote )\; the eigenvalues of I, (for) ™ (Kn(for) — Kn(fo)). Since fy € F,, we have e <
fo < e’
Notice that we have

sup (] = [[Kalfo) ™ (Kalfo) = Knlf)
< el Hf@’ - feHoo :

So that, to prove the equicontinuity, we may assume that 6 is close enough to €’ to ensure
that sup,_; .., [Ai| < 3.
We have

mi log det(fC, fir)) — log det(/Ca(fo))|

n

= mi ‘log det (IGn - Kn(feo)_l (Kn(for) — Icn(f(’)))‘
< migcj log(1+ )|

1
< — sup [log(1 4 X))
mn ieGn

< 2log(2) sup [Aj|

ZGGn

< 2log(2)e” || for — follos -

Furthermore, the sequence ( [log(fs)du)nen is also equicontinuous since, using a Taylor

formula,

Now we tackle the equicontinuity of the sequences (X, IC(fo) ™' X)), s (Xff ICA#)X,L)

and (X7 Qu(£)X,)
ne
Notice first that, for any matrix B € M, (R),

g | log(fe)du‘ < Ify— Pl

neN

1 1
o }XEBXn} S m—n ||B||2,op ‘XZXN} :

Mn

It is thus sufficient to prove the equicontinuity of the sequences (K,,(fs) ™! )nen, (ICn(ﬁ))nGN
and (Q,,(fo) ')nen, for the norm ||.||27Op
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Note that

1 1 1 1
EEARE v |Fe Tl
< e | for — foll
Then,
0Ca(£)) ™ = onl o)™ .0 < 1R (£)) T F)) ™ |5 0 10 (F)) = (Ko ()0

< e | fo — foll

Then, recall that, for any symmetric matrix B € M,(R), we have

1Bllz,0, < 1B

oo,0p *

Recall also that Q,(fy) = B™ ® K,(fs). Denote

1 1
Qn —Qn < HQn —Qn
H (f9' (fG) 2,0p (fel (f€> 00,0p
1 1
< sup |BY )IC,L — Kn(= ‘
s sw 1By ( f(,,) ( f(,) .
1 1 :
< (14 uy,) — (see Assumption 3.5).
f@’ f@ 1,pol
Since the map fy — f_la is continuous over F,, which is compact, we get the uniform
equicontinuity of the map fy — Xan(f—le)Xn (for the norm ||.[|; ,,)-
This concludes the proof of Lemma 7.5 O
Proof. of Lemma 3.3
We aim at proving the asymptotic normality of /m ( ) (6o)-
Using the Fourier transform, it is sufficient to prove that
: (u) . (fﬁg)
hinE [exp( i/mpt ((157) (6 )))} =exp | — 4 7 (t)du(t)
0o
Recall that we have
Jo
1y " Qn
(L (F2 72 5)Xn

We can compute

Vi () 0] = v (5 / ot g (K@) ) )

_F<__/§22d + - ( <f90;:)>) (see Lemma 7.3)
< Cup/m,, — 0 (see Assumption 3.6).

n—oo

36



If we define )

2m,,

Jo
13

L [f
7=t~ [ 104y,
2/f9 H

vm, (E[Z,] - Z) — 0.

It holds here only if fp, is a polynomial, or if all the fp,0 € © are polynomial. This
brings out that the second theorem holds for the ARp or M Ap case. It also explains the
denomination of unbiased estimator of the approximated likelihood for 6.

Then, it is sufficient to show

Z, =1 X9, (L

5)X

and

the last equality means that

| | - (40
i e (17 (2, ~ BLZ)] = oo (- [ {1 = ()

If 7, denotes the eigenvalues of the symmetric matrix

!/

Mn = %’Cn(f@o)é (f ) (f@o)%a

fa

then we can write

mn

= —ZTkYk

where (Y;)req, has the standard Gaussian distribution on R™.
The independence of Y} leads to

08 (8 exp (175 (2~ E(Z)) = = 35 (i + log(1 ~ 2 ).

The 7 are bounded, thanks to the following inequality:
Jo,

t 1 1
[ Mrllye = §/Cn(feo)§Qn(§)’Cn(feo)5
0 2,0p
t 1 fo 1
_]Cn 0) 2 n 0 o) 2
< |3atmt| e w\ ),
t 1 o 1
S _Icn o 2 Qn O lcn o 2
2 (fe ) 2,0p (f90 1,0p H (fe ) 2.0p

< el fy,)a(for)* (1 + un).

The Taylor expansion of log(

\/;Tn) gives
log (E [exp (ix/m, (Z, — E|[Z, = _—ZTk + R,.
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3
Tk|

With |R,| < Cr mzm”
Since the 75, are bounded the assertion will be proved if we show that

(M) - kz e [ (J;%‘)o)(()>du(t).

This last convergence is a consequence of Lemmas 7.1 and 7.2.
This provides the asymptotic normality of /m (l(“ ) (6p) and achieves the proof of
Lemma 3.3:

U 60 = N5 [ (f—éOfdm

n—o0 fGO

Proof. of Lemma 3.4
We aim now at proving the Py, -a.s. following convergence:

ey 3/ 5)
(1) (g </ d +x70, <%@;é’fe) Xn) |

which leads to

{96 < L= U? |, I (209 é’fe))d% Py s

n—00 2 f93

Since the sequence 1 i equicontinuous and ¢, — 6y, we obtain the desired convergence :
n—oo

(lﬁl“))”(é”) d %/ <(J;é;2)>2) du, Py, -a.s.

O

Proof. of Lemma 3.5
We want to compute the asymptotic Fisher information. As usual, it is sufficient to
compute

1 , 1
p— Var (L), (0y)) = h;n v

where M, (0) = Ko (fo) " Kn(f5)n(fo) " Kl foo)-
This leads, together with Lemma 7.1, and Assumption 3.3 to

Tr(Mo(6o)°),

n

—Var(L’ (90)) 2/(f90) d,u

My, feo

This ends the proof of the last lemma. O
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