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STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND
CLUSTER CATEGORIES

CLAIRE AMIOT, OSAMU IYAMA, AND IDUN REITEN

Dedicated to Ragnar-Olaf Buchweitz on the occasion of his siztieth birthday

ABSTRACT. By Auslander’s algebraic McKay correspondence, the stable category of
Cohen-Macaulay modules over a simple singularity is triangle equivalent to the 1-cluster
category of the path algebra of a Dynkin quiver (i.e. the orbit category of the derived
category by the action of the Auslander-Reiten translation). In this paper we give a
systematic method to construct a similar type of triangle equivalence between the stable
category of Cohen-Macaulay modules over a Gorenstein isolated singularity R and the
generalized (higher) cluster category of a finite dimensional algebra A. The key role is
played by a bimodule Calabi-Yau algebra, which is the higher Auslander algebra of R as
well as the higher preprojective algebra of an extension of A. As a byproduct, we give a
triangle equivalence between the stable category of graded Cohen-Macaulay R-modules
and the derived category of A. Our main results apply in particular to a class of cyclic
quotient singularities and to certain toric affine threefolds associated with dimer models.
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INTRODUCTION

There has recently been a lot of interest centered around Hom-finite triangulated Calabi-
Yau categories over a field k, especially in dimension two. The work on 2-Calabi-Yau cat-
egories was originally motivated by trying to categorify the ingredients in the definition of
the cluster algebras introduced by Fomin and Zelevinsky [FZ02]. It started in
through the cluster categories together with a special class of objects called cluster tilting
objects, and in [GLS06, BTRS09, [GLSO7, TO09] through the investigation of preprojective
algebras and their higher analogs.

The generalized n-cluster categories associated with finite dimensional algebras of global
dimension at most n were introduced in |Ami09, |(Guol(]. In these categories, special
objects called n-cluster tilting play an important role. The cluster categories are a special
case of the generalized 2-cluster categories, and the 2-cluster tilting objects are then
the cluster tilting objects. The generalized n-cluster categories can be considered to be
the canonical ones among n-Calabi-Yau triangulated categories having n-cluster tilting
objects.

On the other hand, a well-known example of Calabi-Yau triangulated categories was
given in old work by Auslander [Aus78|, where the stable category of (maximal) Cohen-
Macaulay modules over commutative isolated d-dimensional local Gorenstein singularities
are shown to be (d—1)-Calabi-Yau. Recently they are studied from the viewpoint of higher
analog of Auslander-Reiten theory, and the existence of (d — 1)-cluster tilting objects is
shown for quotient singularities in and for some three dimensional hypersurface
singularities in [BIKROS|. They are further investigated in [IY0S8] [KROS, KMV11].

It is of interest to understand the relationship between these two classes of Calabi-Yau
triangulated categories, i.e. the stable categories of Cohen-Macaulay modules and the
generalized n-cluster categories. A well-known example is given by Kleininan singularities.
They are given as hypersurfaces R = k[z,y, 2]/(f) as well as invariant subrings R = S¢
of G, where S = k[X,Y] is a polynomial algebra over an algebraically closed field k of
characteristic zero and G is a finite subgroup of SLy(k). The correspondence between f
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and G is given as follows.

type A, D, Es E; Eg
f anrl +yz l,nfl +xy2 +22 .IA +y3 +22 x3y+y3 +22 .1'5 +y3 +22
G I binary binary binary binary
cyclc dihedral tetrahedral octahedral icosahedral

In this case the stable category CM(R) is equivalent to the mesh category M(Q) of
the Auslander-Reiten quiver of CM(R), which is the double @ of a Dynkin quiver Q
[Rei87, RVSY]. On the other hand, M(Q) is equivalent to the 1-cluster category C;(kQ)
of @, i.e. the orbit category DP(kQ)/7 of the derived category DP(kQ) by the action of
7. Hence we can deduce an equivalence

(0.0.1) CM(R) ~ C,(kQ),

which is in fact a triangle equivalence (see Remark [5.9). One of the aims of this paper is to
prove this type of triangle equivalences for a more general class of quotient singularities.

Some crucial observations in the above setting are the following, where R and S are
the completions of R and S at the origin respectively:

o [Her78, [Aus86] We have CM (R) = add S and CM (R) = add S. In particular R is
representation-finite in the sense that there are only finitely many indecomposable
Cohen-Macaulay modules.

e [Aus86] The Auslander algebra End;(S) (respectively, Endg(S)) is isomorphic to
the skew group algebra SxG (respectively, S * G). In particular, the AR quiver
of CM (R) is isomorphic to the McKay quiver of G, which is the double of an
extended Dynkin quiver @ (Note that in this case one has a triangle equivalence
between the stable categories CM (R) ~ CM (R))

e [Rei87, RVK9, BSW10] S * G is Morita-equivalent to the preprojective algebra IT
of @ Hence k@ is the degree zero part of a certain grading of II.

In particular the equivalence (0.0.J]) is a direct consequence of the above observations.

Also we have the following bridge between R and k@), where e is the idempotent of
Endg(S) ~ S * G corresponding to the summand R of S:

Auslander algebra i degree 0 part ~ —/{e)
e(—)e preprojective algebra
We will deal with the more general class of quotient singularities S¢, where S = klx1, ..., z4]

and G is a finite cyclic subgroup of the special linear subgroup SLy(k) with additional
conditions, where no g # 1 has eigenvalue 1. We will construct in Theorem [5.1] a triangle
equivalence

(0.0.2) CM(S6) = Cy 1 (A)

for the generalized (d — 1)-cluster category Cy_1(A) of some algebra A of global dimension
at most d— 1, which we describe. This is shown as a special case of our main Theorem [4.11
There we start from a bimodule d-Calabi-Yau graded algebra B of Gorenstein parameter
1 (e.g. B is the skew group algebra S * G when we deal with quotient singularities with
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additional conditions). For an idempotent e satisfying certain axioms, we have a similar
picture as above:
(d — 1)-Auslander algebra degree 0 part —/(e)
eBe B BO Bo/<€>

e(—)e d-preprojective algebra

Our main result asserts that there exists a triangle equivalence
CM (eBe) ~ Cyq_1(By/{e)).

In addition to the quotient singularities already mentioned, this also applies to some
examples coming from dimer models.
The main step of the proof consists of constructing a triangle equivalence

CM?(eBe) ~ D (Bo/(e))

where CM?%(eBe) is the category of graded Cohen-Macaulay eBe-modules. This inter-
mediate result in the case where B = S x G recovers a result due to Kajiura-Saito-
Takahashi [KST07] and Lenzing-de la Pena [LP11] for d = 2 and due to Ueda [Ued0§]
for any d and G cyclic. Moreover the triangle equivalence (0L0.2) was already shown in
[KROS] for the case d = 3 and G = diag(w,w,w) where w is a primitive third root of
unity. It would be interesting to generalize our result to non-cyclic quotient singularities.
This could then be regarded as an analog of a triangle equivalence CM*(S%) ~ DP(A) for
some finite dimensional algebra A given in [IT10].

Results of a similar flavor have been shown in previous papers. In [Ami09, [ARTT11]
ATRT12], it was shown that the 2-Calabi-Yau categories C,, associated with elements w
in Coxeter groups in [BIRS09] are triangle equivalent to generalized 2-cluster categories
Cy(A) for some algebras A of global dimension at most two. In [IO09], it was shown that
the stable categories of modules over d-preprojective algebras of (d — 1)-representation-
finite algebras are triangle equivalent to generalized d-cluster categories of stable (d — 1)-
Auslander algebras. We were able to use some of the ideas in these papers for d > 2.

We refer to [TV10] for similar independent results based on the language of quivers
with potential. We thank Michel Van den Bergh for informing us about his work with
Thanhoffer de Volcsey.

Some results in this paper were presented at a workshop in Oberwolfach (May 2010)
[Tyal0], Tokyo (August 2010), Banff (September 2010), Bielefeld (May 2011), Paris (June
2011), Shanghai (September 2011), Trondheim (March 2012), Banff (May 2012) and Gua-
najuato (May 2012).

In section 1 we give some background material on n-cluster tilting subcategories in
n-Calabi-Yau categories and on generalized n-cluster categories. Let B be a bimodule
d-Calabi-Yau algebra (see Definition 2.1]) with an idempotent e, and let C' = eBe. In
section 2, under certain conditions on B and e, we show that C'is an Iwanaga-Gorenstein
algebra (see Definition [[T]), and that Be is a (d — 1)-cluster tilting object in the category
CM (C) of Cohen-Macaulay C-modules. In section 3, which is independent of section 2,
we assume that B = @,., By is graded, and give sufficient conditions for B to be the
d-preprojective algebra of A = By. In particular A is a (d — 1)-representation-infinite al-
gebra in the sense of [HIO12] and a quasi extremely-Fano algebra in the sense of [MM10].
In section 4, we use results from sections 2 and 3 to prove our main result, which gives
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sufficient conditions for the stable category CM (C) to be triangle equivalent to a gener-
alized (d — 1)-cluster category. The application to C' being an invariant ring is given in
section 5. In section 6 we apply our main result to Jacobian algebras constructed from
dimer models on the torus.

Notation. Let k£ be a field. We denote by D = Homy(—, k) the k-dual. All modules are
right modules.

For a k-algebra A, we denote by Mod A the category of A-modules, by mod A the
category of finitely generated A-modules and by fd A the category of finite dimensional
A-modules. We let ® := ®; and A° := A’® A. For a Z-graded k-algebra B, we denote by
Gr B the category of all Z-graded B-modules, by gr B the category of finitely generated Z-
graded B-modules and by grproj B the category of finitely generated Z-graded projective
B-modules. We often regard B¢ in a natural way as a Z-graded algebra, and consider the
category Gr B¢ of Z-graded B®-modules.

For an abelian category A, we denote by C(A) the category of chain complexes, by
K(A) the homotopy category and by D(A) the derived category. We denote by CP(A) the
category of bounded chain complexes, by K"(A) the bounded homotopy category and by
DP(A) the bounded derived category.

For a k-algebra A, we let D(A) := D(Mod A). We denote by per A the thick subcategory
of D(A) generated by A. We denote by D (A) the full subcategory of D(A) consisting
of objects X satisfying dimy(H*(X)) < oo. For a noetherian k-algebra A, we denote by
DP(A) the full subcategory of D(A) consisting of objects X satisfying H*(X) € mod A.

We denote by ¢f the composition of morphisms (or arrows) f: X - Y andg:Y — Z.

1. BACKGROUND MATERIAL

In this section we give some background material on cluster tilting subcategories and
on generalized cluster categories.

1.1. Cohen-Macaulay modules over Iwanaga-Gorenstein algebras. The following
class of noetherian algebras was given by Iwanaga [Iwa79].

Definition 1.1. A noetherian algebra C'is called [wanaga-Gorenstein if inj.dim,C < oo
and inj.dimg., C' < 00.

For example, commutative local Gorenstein algebras and finite dimensional selfinjec-
tive algebras are clearly Iwanaga-Gorenstein. [wanaga-Gorenstein algebras have a distin-
guished class of modules defined as follows.

Definition 1.2. Let C be an Iwanaga-Gorenstein algebra. The category CM (C) of (maz-
imal) Cohen-Macaulay C-modules is defined by

CM(C) :={X € modC' | Ext;(X,C) =0 for any i > 0}.

The stable category CM (C') has the same objects as CM (C'), and the morphisms spaces
are given by

Homem () (X, Y) := Home (X, Y)/[C](X,Y)
where [C](X,Y) consists of morphisms factoring through the smallest full subcategory
add C' of mod C' stable under direct summands and containing C'.
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If C'is a local commutative Gorenstein algebra, then CM (C') is exactly the category of
maximal Cohen-Macaulay C-modules. If C is a finite dimensional selfinjective algebra,
then CM (C) is just mod C.

Let us give basic properties of the category CM (C).

Proposition 1.3. Let C be an lwanaga-Gorenstein algebra.

(a) CM(C) is a Frobenius category and CM(C') is a triangulated category [HapS88,
Thm 2.6)].
Home (—,C)

(b) We have dualities CM(C') CM (C°P) which are mutually quasi-inverse

Homgop (—,C)
and preserve the extension groups.
(c) We have a triangle equivalence CM (C) ~ D"(C) /per C. [Buc87, Thm 4.4.1],[KV8T7,
Ric89)

When an Iwanaga-Gorenstein algebra C is a Z-graded algebra, the category CMZ%(C)
of graded Cohen-Macaulay C'-modules is defined by
CMZ(C) == {X € grC | Ext;(X,C) =0 for any i > 0}.

Then the stable category CM?%(C) is defined similarly as above.
We have the following parallel results.

Proposition 1.4. Let C be a Z-graded Twanaga-Gorenstein algebra.

(a) CM%(C) is a Frobenius category and CM*(C) is a triangulated category.
Home (—,C)

(b) We have dualitiecs CM*(C) CMZ(C°P) which are mutually quasi-inverse

Homgop (—,C)
and preserve the extension groups.
(c) We have a triangle equivalence CM*(C) ~ D"(grC') /grperC'.
1.2. d-Calabi-Yau categories and d-cluster tilting objects.

Definition 1.5. A k-linear triangulated category 7 is said to be d-Calabi- Yau if it is
Hom-finite and there is a functorial isomorphism

Hom7(X,Y) ~ DHom+ (Y, X[d]) forall XY € T.
Definition 1.6. [BMR+00],[Ilya07al, 2.2],[KRO7, 2.1] A d-cluster tilting subcategory V in
a triangulated category T is a functorially finite subcategory of T such that
V={XeT,Hmr(X,V[i]) =0, V1<i<d-1}
={X € T,Homr(V,X[i]) =0, V1 <i<d-1}.
An object T € T is called d-cluster tilting if the subcategory add (T') C T is d-cluster
tilting.

Cluster tilting subcategories are interesting because they determine the triangulated
category in the following sense:

Proposition 1.7. Let T and T’ be triangulated categories and ¥V C T and V' C T’
be d-cluster tilting subcategories. If F :T ——=T' s a triangle functor such that its

restriction F|y to V is an equivalence F|y :V ——=V' | then F is a triangle equivalence.
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Proof. The proposition is clear for d = 1 since 7 =V and 7’ = V'’ hold in this case. It is
proved in [KRO8, Lemma 4.5] for d > 2. Note that the proof in [KR08] does not use the
fact that 7 and 7' are d-Calabi-Yau. O

1.3. Generalized cluster categories. Let n > 1 be an integer.
Let A be a finite dimensional algebra of global dimension at most n. Denote by © =
©,(A) a projective resolution of

RHomy (DA, A)[n] ~ RHomye(A, A®)[n] ~ RHomper (DA, A)[n] in D(A®).

Definition 1.8. [Kellll TO09] We denote by A the differential graded category (DG
category for short) of bounded complexes of finitely generated projective A-modules. We
define a DG functor by

F=—,0:4— A
The DG orbit category A/F has the same objects as A, and
Hom 4/ r(X,Y) =
colim(@zzo HomA(FZX, Y)— @620 HomA(FgX, FY) — @620 HomA(FfX, F2Y) — ...

We denote by D(A/F) the derived category of A/F. The generalized n-cluster category
Cn(A) is defined as the smallest thick subcategory of D(A/F') containing all representable
functors of A/F.

L

Let S = — ®, DA be the Serre functor of the category DP(A), and denote by S, the
composition S, := S o [-n]. Then we have an isomorphism S;! ~ — ®, © of functors on
DP(A). From the construction of the generalized cluster category C,(A), we have a triangle

functor 7y : DP(A) — C,(A) which induces a fully faithful functor D*(A)/S,, — C.(A) for
the orbit category D(A)/S,,.

Remark 1.9. e For n = 2 and an algebra A of global dimension 1, one gets the usual
cluster category DP(A)/S, constructed in [BMR+06].
e For n = 2, and an algebra A of global dimension 2, the construction is given
in [Ami09] in the case where Cy(A) is Hom-finite.
e The generalization of results of [Ami09] from 2 to n > 2 is described in [Guol()].

The functor 7 : DP(A) — C,(A) is also described by a universal property (cf [Kel05)
Ami09]). Here is the version we will use in this paper (see appendix [I009]).

Proposition 1.10. [Kel05, [Ami09],[IO09, Thm A.20] Let A be a finite dimensional alge-
bra of global dimension at most n. Let C' be an Iwanaga-Gorenstein algebra and T be in
DP(APRC). If there exists a morphism T — O @5 T in DP(A°?®C) whose cone is perfect
as an object in DP(C), then there exists a commutative diagram of triangle functors

D) T h(C)
Ca(A) M (C).
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Generalized cluster categories also have a nice description using certain DG algebras
called derived preprojective algebras.

Definition 1.11. [Kellll TO09] Let A be a finite dimensional algebra of global dimension
at most n. The derived (n + 1)-preprojective algebra of A is defined as the tensor DG
algebra

IL, 1 (A) :=Ta(B,(A) =ADOD(O®\O)D....

The (n + 1)-preprojective algebra of A is defined as the tensor algebra
I,41(A) := TAEXt} (DA, A) ~ H°(IT, 1 (A)).

The next result is shown in [Ami09, Thm 4.10] for n = 2. The generalization to n > 2
is done in [Guol()].

Theorem 1.12. [Ami09} [Guol0],[Iyalll Thm 1.23] Let A be a finite dimensional algebra
of global dimension at most n. Then the generalized n-cluster category C,(A) is Hom-finite
if and only if the (n+ 1)-preprojective algebra 11, 1(A) is finite dimensional. In this case,
we have the following properties.

(a) The category add{S! A | i € Z} is an n-cluster tilting subcategory of DP(A).

(b) The category C,(A) is n-Calabi- Yau, and the object w(A) is n-cluster tilting with

endomorphism algebra 1, 11 (A).
(c) We have a triangle equivalence C,(A) ~ perIL,;1(A)/D™ (IL,41(A)).

2. CALABI-YAU ALGEBRAS AS HIGHER AUSLANDER ALGEBRAS

Under certain conditions on a bimodule d-Calabi-Yau algebra B and an idempotent
e € B, we show in this section that C' := eBe is an Iwanaga-Gorenstein algebra, and
that Be is a (d — 1)-cluster tilting object in the category CM(C) of Cohen-Macaulay
C-modules.

Definition 2.1. [Gin06l (3.2.5)] Fix an integer d > 2. We say that a k-algebra B is
bimodule d-Calabi- Yau if B € per B® and RHompg. (B, B®)[d] ~ B in D(B°®).

Note that if B is bimodule d-Calabi-Yau, then so is BP.

Ezample 2.1. Let R = k[xy,---,x4) be a polynomial algebra. If an R-algebra B is a
finitely generated free R-module and satisfies Homg(B, R) ~ B as B®-modules, then it is
bimodule d-Calabi-Yau |Gin06, Thm 7.2.14],[IR08, Thm 3.2].

Let B be a k-algebra, and e an idempotent in B. Assume that B and e(# 1) satisfy
the following conditions.

(A1) B is bimodule d-Calabi-Yau.

(A2) B is noetherian.

(A3) B := B/(e) is a finite dimensional k-algebra.
The aim of this section is to prove the following results.

Theorem 2.2. Let B be a k-algebra, e € B be an idempotent and C' := eBe. Under
assumptions (A1), (A2) and (A3), we have the following.

(a) C is an Iwanaga-Gorenstein algebra.
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(b) Be is a Cohen-Macaulay C-module.

(¢) We have natural isomorphisms Endc(Be) ~ B and Endcor(eB) ~ B°P which
induce isomorphisms Endem (o) (Be) ~ B and Endem (cor)(eB) ~ B,

(d) Be is (d — 1)-cluster tilting in CM (C).

The above statements (c) and (d) show that B is a higher Auslander algebra of C' in
the sense of [Iya07b|, Section 1].
If moreover B is a graded k-algebra, we have the following additional information.

Proposition 2.3. In addition to assumptions (A1), (A2) and (A3), assume that B =
D~ B is a graded k-algebra such that dimy, B, is finite for all € Z. Then we have the
following.

(a) Be is a graded Cohen-Macaulay C-module.
(b) The isomorphisms in Theorem [2.3 preserve the grading, i.e. they induce isomor-
phisms

Home,c(Be, Be(l)) ~ By, Homg, cory(eB,eB({)) ~ B,”,
Homew (o) (Be, Be(l)) ~ B, and Homcyzcor)(eB, eB(()) ~ B,".
(¢) The category add {Be(i) | i € Z} is a (d—1)-cluster tilting subcategory of CM%(C)).

The proof of Theorem 2.2]is given in the next two subsections. Assertions (a), (b) and
(c) are proved in subsection 21l Subsection 2.2]is devoted to the proof of (d).

2.1. C' is Iwanaga-Gorenstein. In the rest of the section we assume that the algebra
B satisfies (A1), (A2) and (A3).
The following is a basic property of bimodule d-Calabi-Yau algebras.

Proposition 2.4. Let B be a bimodule d-Calabi-Yau algebra.

(a) [Gin06l, Prop 3.2.4][Kel08, Lemma 4.1] For any X € D(B) and Y € D (B), we
have a functorial isomorphism

HomD(B) (X, Y) ~ DHOI’T‘ID(B) (Y, X[d])

In particular, D™ (B) is a d-Calabi- Yau triangulated category.
(b) We have gl.dimB = d.

Proof. (b) For any X,Y € D(B), it is easy to see that we have
RHomp(X,Y) =~ RHom . (B, Homy (X, Y)) = Homy(X,Y) ®pe RHomye (B, B°)
~ Homy(X,Y) ®pe Bl—d].
In particular, for any X,Y € Mod B, we have
Ext (X, Y) ~ H™! (Homy(X,Y) ®pe Bl—d]) = 0.

Hence the global dimension of B is at most d. It is exactly d since Exth(B, B)
DHompg(B, B) # 0 holds by (A3) and (a).

Let us make the following easy observations.

Lemma 2.5. (a) For any X € fd B, we have Extlz(X, B) =0 for any i # d.

R
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(b) For any X € mod B, we have Extiy(X,eB) =0 for any i € Z.
Proof. We only prove (b) since (a) is simpler. Since dimy X < oo by (A3), we have
Extly(X,eB) ~ DExtL(eB, X)
by Proposition 4 If i # d, then Ext% “(eB, X) is zero since eB is projective. If i = d,
then it is zero since X € mod B. O
Proposition 2.6. We have

0 ifl<i<d—2

Extl(Be, C) ~ { 0 4i70 and Ext.(Be, Be) ~ { B ifi=0

eB ifi=0
Proof. We consider the triangle

L L
Be®oeB B ——~ X —— Be®ceBll] inD(B°),

mult.

L
where f is the composition Be ®¢ eB — Be ®c eB —> B of natural maps. Applying

— (}%B Be, we have an isomorphism f (}%B Be. Thus X (}%B Be = 0 holds. This means that
H(X)e =0 and hence H(X) € mod B for any i € Z.

By Lemma [2.5(b), we have RHomp (X, eB) = 0. Applying RHomg(—, eB) to the above
triangle, we get

L
eB = RHomp(B,eB) ~ RHomg(Be ®¢ eB, eB)
~ RHom¢(Be, RHomg(eB,eB)) ~ RHomg(Be,C) in D(C? ® B).
Thus the first assertion follows.
Similarly we have

L
RHomg(Be ®¢ eB, B) ~ RHom¢(Be, RHomg(eB, B)) ~ RHom¢(Be, Be) in D(C? ® B).

, L
Since Be and eB are concentrated in degree 0, H'(Be ®¢ eB) vanishes for ¢ > 0, and then
H{(X) =0 for any i > 0. Hence we have H'(RHomp(X, B)) = 0 for any i < d again by
Lemma 2.5(a). Applying RHomg(—, B) to the above triangle, we have an exact sequence

L
HomD(B)(X, B[’L]) — HomD(B)(B, B[’L]) e HomD(B)(Be ®C GB, B[l]) e HomD(B)(X, B[’L + 1])
In particular, for any ¢ with 0 <i < d — 2, we have isomorphisms

. L
Exty(Be, Be) ~ Hompp)(Be ®c eB, Bli]) ~ Hompg) (B, Bli])
which show the second assertion. O

Now we are ready to prove Theorem 2.2(a), (b) and (c).

(i) First we show that C' is noetherian.

This follows from (A2) by the following easy argument: Any right ideal I of C' gives
a right ideal [:=1Bof B satisfying Te = I. Thus any strictly ascending chain of right
ideals of C gives a strictly ascending chain of right ideals of B. Thus C' is right noetherian.
Similarly C' is left noetherian.
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(ii) Next we show that C' is an Iwanaga-Gorenstein algebra.

For any X € ModC, we shall show Ext4 (X, C) = 0. Let Y := X ®¢ eB and P, be
a projective resolution of the B-module Y. Then P,e is a bounded complex in add ¢(Be)
which is quasi-isomorphic to Ye ~ X. Since by Proposition Ext.(Be, C) vanishes for
any ¢ > 0, we have

ExtiH (X, C) ~ H™! (Homc(Pae, 0)).
Since we have isomorphisms
Hom¢ (Pse, C) ~ Homg (P, ®p Be, C') ~ Homg(P,, Homg(Be, C)) ~ Hompg(P,, eB),
we get
Exté (X, C) ~ H* ! (Homp(P,, eB)) ~ Ext} ™ (Y,eB) = 0
by Proposition 2.4l

(iii) We show that Be is a Cohen-Macaulay C-module.

By Proposition 2.6l we only have to show that Be is a finitely generated C-module. By
(A2), the right ideal (¢) = BeB of B is finitely generated. There exists a finite generating
set of the B-module BeB which is contained in Be. Clearly it gives a finite generating
set of the C-module Be.

(iv) We show Theorem 2.2(c).

We have End¢(Be) ~ B by Proposition Hence we have an equivalence

Homq(Be, —) : add ¢(Be) — proj B
which sends C' to eB. Thus we have
Endcm (o) (Be) = End¢(Be)/[C] ~ Endg(B)/[eB] ~ B/BeB = B.

Here we denote by [C] (respectively, [eB])the ideal of Endc(Be) (respectively, Endg(B))
consisting of morphisms factoring through add C' (respectively, addeB).
Similarly we have B ~ Endcer(eB) and B°® ~ Endcm (cory(€B). O

We end this subsection with the following observation (which will not be used in this
paper) asserting that C' enjoys the bimodule d-Calabi-Yau property except that C' may
not be perfect as a bimodule over itself.

Remark 2.7. We have RHomge(C, C®)[d] ~ C in D(C®).

Proof. Let P, be a projective resolution of the B®-module B. Applying eB ®p — ®p Be,
we get an isomorphism eP,e ~ C' in D(C*®). By Proposition 2.6, we have

RHom¢e(eB ® Be,C°) = RHomeer(eB,C) ® RHome(Be, C)
= Homcer (eB,C') ® Home(Be,C') = Homee(eB ® Be, C°).
Thus each term ePe in eP,e satisfies Exts.(ePie, C°) = 0 for any i > 0, and we have
RHomg.(C, C°) ~ Homge(ePse, C°).
Since the functor
eB ®p — ®p Be : proj B® — mod C*
is fully faithful by Theorem [2.2)c), we have

Homee(ePie, C°) ~ Hompg:(P;, Be ® eB) = eHompg:(P;, B)e
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Consequently we have
RHom¢.(C, C°) ~ Homee(eP,e, C°)
~ eHomp:(P,, B®)e
~ eRHomg. (B, B®)e
~ ¢(B[—d])e = C[-d]. O
2.2. Be is (d — 1)-cluster tilting. In this subsection we prove Theorem 2.2/(d).

By Proposition 26, we have Ext,(Be, Be) = 0 for any i with 1 < i < d — 2. The
assertion follows from the following lemmas.

Lemma 2.8. For any X € modC', we have proj.dimgo, Home (X, Be) < d — 2.

Proof. Let P, P X 0 be a projective presentation of X in modC'. Ap-

plying Hom¢(—, Be), we have an exact sequence
0 —— Hom¢ (X, Be) — Hom¢ (P, Be) — Hom¢ (P, Be)

of B°®-modules. Then Hom¢(P;, Be) is a projective B°°-module for i = 0,1. Since
gl.dim B°? = d by Proposition 2.4 we have proj.dim go, Homg (X, Be) < d — 2 O

Lemma 2.9. If X € CM(O) satisfies Exto (X, Be) = 0 for any i with 1 <1i < d—2, then
we have X € add(Be).

Proof. Let
0 — Q42X P, 5 B X 0

be a projective resolution of the C-module X. Applying Hom¢(—, Be), we get an exact
sequence

0 — Hom¢ (X, Be) — Homg(Py, Be) — - - - — Hom¢(Py_3, Be) — Hom (472X, Be) — 0

of B°*-modules, where we used that Exts,(X, Be) = 0 for any ¢ with 1 <4 < d — 2. By
Lemma 2.8 we have proj.dim go, Homa(Q%2X, Be) < d — 2. Since each Hom¢(P;, Be) is
a projective B°P-module, it follows that Hom¢ (X, Be) is a projective B°°-module. Thus
we have Hom¢ (X, C) = eHom¢ (X, Be) € add cor (eB) and

X ~ Hom¢ep (Home (X, C), C) € add cHomeer (e B, C') = add (Be)
by Propositions and O

Lemma 2.10. If X € CM(O) satisfies Exto(Be, X) = 0 for any 1 <14 < d — 2, then we
have X € add (Be).

Proof. Let (—)* := Homg(—,C) : CM(C') — CM(C°P) be the duality in Proposition [[.3l
Then we have (Be)* = eB by Proposition Since the duality (—)* preserves the
extension groups, we have Exticop (X*,eB) = 0 for any i with 1 < i < d — 2. Applying
Lemma 29 to (B, C, Be, X) := (B°®,C°,eB, X*), we have X* € add cor(eB). Applying
(—)* again, we have X € add¢(Be). O

Now Theorem 2.2/(d) is a direct consequence of Lemmas 2.9 and 2.0
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3. GRADED CALABI-YAU ALGEBRAS AS HIGHER PREPROJECTIVE ALGEBRAS

In this section, which is independent of Section 2, we work with a graded algebra
B = @ézo By such that dimy, By is finite. We show under assumptions of d-Calabi-Yau
type on B, that B is isomorphic to the d-preprojective algebra of A := Bj.

3.1. Basic setup and main result.

Definition 3.1. Let d > 2. Assume that B = @,., B is a positively Z-graded k-algebra.
We say that B is bimodule d-Calabi- Yau of Gorenstein parameter 1 if B € per B® and there
exists a graded projective resolution P, of B as a bimodule and an isomorphism

(3.1.1) P, ~ P)Y[d](—1) in C"(grproj B°),

where we denote by (—)¥ = Hompg.(—, B°) : C*(grproj B®) — C®(grproj (B°)°P) ~ C’(grproj B°)
the natural duality induced by a canonical isomorphism (B®)°P ~ B¢,

Remark 3.2. If for any ¢ € N the homogenous part B, is finite dimensional, then the
category gr B is Hom-finite and Krull-Schmidt. Hence the graded algebra B is bimodule
d-Calabi-Yau of Gorenstein parameter 1 if and only if there exists an isomorphism

RHompg:(B, B°)[d](—1) ~ B in D(Gr B°).
In this case, the minimal projective resolution P, of B as a B-bimodule satisfies (B.1.1])

Throughout this section we assume
(A1%) B is bimodule d-Calabi-Yau of Gorenstein parameter 1.

The aim of this section is to prove the following.

Theorem 3.3. Let B be as above with A := By finite dimensional. Then we have the
following.
(a) A is a finite dimensional k-algebra with gl.dimA < d — 1.
(b) The derived d-preprojective algebra I14(A) is concentrated in degree zero.
(c) There exists an isomorphism I4(A) ~ B of Z-graded algebras, where I14(A) is the
d-preprojective algebra of A.

Note that as a consequence of this Theorem, we obtain that dim, B, is finite for all
(>0 since By ~ ExtyH (DA, A) @4 - - @4 Exty (DA, A).

~~

¢ times
The main step of the proof consists of the following intermediate result.

Proposition 3.4. Let B be as above, A := By and © = ©,4_1(A) be a projective resolution
of RHom e (A, A®)[d — 1] in D(A®). Then there exists a triangle

O®4B(-1) —>B—"~A——~0®, B(—-1)[1] inD(Gr(A® @ B))

where a : B — A is the natural surjection.
Before proving Proposition 3.4 and Theorem B.3, let us give an application.

Definition 3.5. [HIO12] Let n be a positive integer. A finite dimensional algebra A is
called n-representation infinite if gl.dim A < n and S;°A belongs to mod A for any 7 > 0.



14 CLAIRE AMIOT, OSAMU IYAMA, AND IDUN REITEN

Clearly an algebra A with gl.dim A < n is n-representation infinite if and only if I, 1(A)
is concentrated in degree zero. Thus we have the following immediate consequence.

Corollary 3.6. Let B be a graded algebra which is bimodule d-Calabi- Yau of Gorenstein
parameter 1, with dimy By < co. Then By is (d — 1)-representation infinite.

The n-representation infinite algebras are also called extremely quasi n-Fano and stud-
ied from the viewpoint of non-commutative algebraic geometry in [MM10]. In particular,
Corollary was proved in [MMI10, Thm 4.12] using quite different methods. We note
that combining with Keller’s result [Kellll, Thm 4.8], we have a bijection between bimod-
ule d-Calabi-Yau algebras of Gorenstein parameter 1 and (d — 1)-representation infinite
algebras (see [HIO12, Thm 4.35]).

3.2. Splitting the graded projective resolution. Let us start with the following ob-
servation.

Lemma 3.7. Let B be a positively graded algebra, and A = By. Let Qs be a complex in
C®(grproj B®) such that each term is generated in degree zero.

(a) The degree zero part (Qs)o is isomorphic to A ®p Qs @p A in C°(proj A°).
(b) We have isomorphisms B ®4 A ®@p Qe ~ Qo ~ Qs @ A ®4 B in C*(grproj B®).

Let B, P,, and A = By be as in subsection 3.1l The following observation is crucial.

Lemma 3.8. In the setup above, the following assertions hold.

(a) There exist complezes

Qe = (Qa—1 cee Q1 Qo) and
Re = (R4 e Ry Ry)  in C"(grproj B°)

and a morphism f : Re(—1) — Q. in C"(grproj B®) such that P, is the mapping
cone of f and each Q; and R; are generated in degree zero.
(b) We have Ry ~ QY[d — 1] and Q. ~ RY[d — 1] in C*(grproj B).

Proof. (a) Since the resolution P, of B is minimal, and since B; = 0 for any ¢ < 0, each
P; is generated in non-negative degrees. If P; has a generator in degree a > 0, then by
the isomorphism ([B.I.1) P;_; has a generator in degree 1 — a, which implies 1 — a > 0.
Therefore a has to be 0 or 1, and each P; is generated in degree 0 or 1.

For each i = 0,...,d we write P, := P? @ P!(—1), where all the indecomposable
summands of P? and P! are generated in degree zero. By the isomorphism (B.I.]), we
have P! ~ (P9 _,)V for any i € Z. Since the B®-module B is generated in degree zero, we
have P} = 0 and so P? = 0. Then the map d; : P, — P,_; can be written

a; b
0 —C;

d; : P? @ P(-1) P) @ P (-1)
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Therefore we have

P. = (P, Py B—2= .p—" .p)
Qo := (0 PY py—2 . pb_ . Ppo

| Joo
Ro(~1) = (0 — P}(=1) — ... —> P}(~1) =~ P}(~1) =2~ P}(~1))

Hence P, is the mapping cone of the morphism f : Re(—1) — Q..
(b) We have an exact sequence

0 Q. P, Ro(=1)[1] —=0 in C"(grproj B°).

Applying (—)¥(—1)[d] and using the isomorphism (B.1.I]), we have an exact sequence
0— RY[d— 1] —= P, — QY(—1)[d] —=0 in C"(grproj B°).

Since ), is generated in degree zero and the degree zero part of Q) (—1)[d] is zero, we have
Home(grproj Be)(Qh Q\./(_l)[d]) = 0. Slmllaﬂy Home(grproj Be)(R:/[d - 1]7 RO(_I)[I]) =0

holds. Thus we have a commutative diagram
0 Qe P, R(—1)[1] —=0
0——=R/[d—1] — P. —= QJ(-=1)[d] —0
which implies Q, ~ R/[d — 1] and R, ~ Q][d — 1]. O

Lemma 3.9. Let ), be as defined in Lemmal3.8 We have the following isomorphisms.
(a) A®p Qs ®p A~ A in D(A®).
(b) A®p Qe ~ B in D(Gr A® @ B).

Proof. (a) Since P, is isomorphic to the mapping cone of f : Re(—1) — s, we have an
isomorphism
(P.)o =~ Cone((Ra)_1 — (Qd)o) in C"(proj A®)
where (X), is the degree ¢ part of the complex X € C"(grproj B¢). Since B is only in
non-negative degrees, then so is R,. Hence we have
(P)o = (Qu)o in C"(proj A°).

Since P, ~ B in D(GrB°®), we have (P.)y ~ By = A in D(A®). Therefore we get
A®p Qe @p A~ (Qs)o =~ A in D(A®) by Lemma B.71

(b) We have the following isomorphisms in D(Gr (A® ® B)):

ARp Qe ~ (AR Qe ®p A) R4 B by Lemma 3.7
L
~A®sB~B by (a). O
Proposition 3.10. We have gl.dmA < d — 1.



16 CLAIRE AMIOT, OSAMU IYAMA, AND IDUN REITEN

Proof. By Lemma , ARp Q. @p A is a projective resolution of the A°-module A. Thus
we have gl.dim A < proj.dim A <d — 1. O

Lemma 3.11. Let R, be as defined in Lemma 3.8 Then we have the following isomor-
phisms.

(a) ARp Re ®p A~ 0O in D(A°).
(b) A®p Re ~ O ®4 B in D(GrA°® ® B).

Proof. (a) We have the following isomorphisms in D(A°®):

ARp Re®p All —d] ~ A®p Q] ®p A by Lemma [3.§]
~ A®p Hompg:(Q,, B°) ®p A
~ Hompe(Q., A°)
~ Homp:(B®4 A®p Qe ®p A®4 B, A°) by Lemma [3.7]
~ Hom e (A ®p Qo @p A, A°)

~ RHom e (A, A°) by Lemma [3.9
(b) We get the following isomorphisms in D(Gr (A® @ B)):
A®Rp Ry ~ (A®p Re ®@p A) @4 B by Lemma B.7]
~O®yB by (a). O

Now we are ready to prove Proposition B.4]
By Lemmal[3.8there exists a triangle Ro(—1) Q. P, RJ(—1)[1] in D(Gr B®).

Applying the functor A (}Ié) p — to this triangle we get the triangle
A®Rp Re(—1) — A®p Qo —= A®p Po —= A®p R(—1)[1] in D(Gr(A® ® B)).
By Lemmas and B.11] we get a commutative diagram
A®p Re(—1) —= A®p Qe —> A®p Ps —> A®p R.[1](—1)

R

O ®4 B(—1) B = A O ®4 B(—1)[1]

in D(Gr (A°® ® B)) with the natural surjection a. O

We end this subsection with recording the following observation, which is not used in
this paper and follows easily from Lemmas and B.11]

L
Remark 3.12. We have isomorphisms Qs ~ B®4 B and Ry ~ B®4 0 ®4 B in D(A°).

3.3. Proof of Theorem [3.3l From Proposition 3.4, we have a triangle

O @4 B(-1) —2~B—~A——0®, B(—1)[1] in D(Gr(AP ® B)).

Since a is the natural surjection, « is an isomorphism except for the degree zero part.
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For any ¢ > 1 we use the following notation:
e* 2:9®A@®A-'-®AQ€D(A6).

£ times

Definition 3.13. Let oy : ©° ®4 B — B(f) be a morphism in D(Gr(A°%® @ B)) defined
as the composition

lge—1®aa(l) lge—2®ac(2) all)

O @4 Bl — 1) =% B(0).

Ozgi@g®AB @gil ®AB(1)

For any ¢ > 0, the degree zero part of oy is an isomorphism in D(A°):
(a)o: (0" ®a B)o=0"—=B(l)y= By .

Applying H®, we have an isomorphism in Mod (A°):

ﬁg = Ho(ag)o . HO(@Z) —N> Bg.

Now we are ready to prove Theorem [3.3]

(a) This is already shown in Proposition

(b) Since we have an isomorphism (ay)g : ©° — By, in D(A®) for any ¢ > 0, we have
that TI4(A) = TA© is concentrated in degree zero.

(c) Consider the following diagram for any ¢, m € Z:

Loty ®ABm Be®AalB,y,
>

H°(©%) @4 H'(O™) H(©" ®4 B, —— B;®4 By,

ll N lmult.
B£+m (a%)m

HO (@Z—i—m) ~ BZer

The left square commutes since i, = ag(m) o (lge ®4 a,y,) holds, and the right triangle
commutes since H°(ay) : H°(O©%) ®4 B — B({) is a morphism of right B-modules. In
particular, the k-linear isomorphism

@420 Be: Ty(A) = @zzo HO(@Z) —— DB = @zzo B,

is compatible with the multiplication. O

The next lemma, which we will use later, follows immediately from the definitions of
ayp and fSy.

Lemma 3.14. (a) The following diagram is commutative:
HO(@Z) = Homp(A)(A, @E)
L
l-@AB
Ul Be HomD(GrB)(B, @E ®A B)

la[

HOI’T'ID(Gr B) (B, B(g))

~

B,
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(b) B¢ is equal to the composition

B1®a®aB1 mult

Be: HY(OY) —= HY(O) @4 - @4 H'(O) ——"> B, ®4 ... ®4 B ™ B,.

4. MAIN RESULTS

Let B =& (>0 Be be a positively Z-graded algebra such that dimy By < 0o. Let A := By
and let e € A be an idempotent. Assume that the conditions (A1*), (A2) and (A3) are
satisfied, and in addition

(A4) eA(1 —e) =0.
. . . eAe 0 -
That is, we have an isomorphism of algebras A ~ [(1 —¢)Ae A} Combining Propo-
sition B.I0 and (A4) we immediately get that gl.dimA < d — 1. Moreover recall from
Section 2 that C' := eBe is also noetherian and that we have Be € CM(C) and eB €
CM (C°P).
The aim of this section is to prove the following result.

Theorem 4.1. Under assumptions (A1%), (A2), (A3) and (A4), we have the following.

L
—®aBe

(a) The functor F :DP(A) S Db(A)

angle equivalence. Moreover Be is a tilting object in CMZ(C).
(b) There exists a triangle equivalence G : Cy_1(A) — CM (C') making the diagram

D" (grC) —= CM%(C) is a tri-

D(4) —— CM*(C)

lﬂ lnat.
G

Ca-1(4) CM(C)

commutative, where Cq_1(A) is the generalized (d — 1)-cluster category of A.

As a consequence we obtain that CM (C') is (d — 1)-Calabi-Yau.

4.1. Notations and plan of the proof. Let us start with some notations which we use
in the proof.

We denote as before by © = ©,4_1(A) a projective resolution of RHom 4 (A, A°)[d — 1]
in D(A°), and by © = ©,_1(A) a projective resolution of RHom 4¢(A, A®)[d — 1] in D(A°).
For ¢ > 1 we put

@Z::@®A@®A"'®A@J€D(Ae) and @f::@@) @®A-~-®A@€D<Ae)-

(.

l t?I:leS ¢ t;;nes
We denote by ©~! a projective resolution of DA[1 —d] in D(A°®), and by © " a projective
resolution of DA[1 — d] in D(A®). For £ > 1 we put

@76 =0 Xa...R%24 @7116 D(Ae) and @_Z I@_l XA ... ®AQ_1 € D(Ae)

-~

. Vv
£ times ¢ times

Then for any ¢, m € Z we have isomorphisms ©‘®,40™ ~ ™ in D(A®) and of ® 0™ o~
Qﬁ-i-m in D(Ae)-
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The proof of Theorem [4.1] is given in the next subsections. It consists of several steps
which we outline here for the convenience of the reader.
In subsection 4.2 we construct for all £ > 0 an isomorphism

(4.1.1) Homp(a)(4,0") ~ B, (Lemma E.3)
compatible with composition in D(A) and product in B.
L L
In subsection .3 we construct a map A®4 Be(l) - O ®4 Be in D(Gr (A ® C')) whose

cone is perfect as an object in D(GrC') (Proposition [4.8). With F' as in Theorem [4.1](a),
it gives us a commutative square for any ¢ € 7Z

DP(A) T CM*(C) (Proposition EJ)

_®A®Zl l(@

DP(A) F . cM% ()

and an isomorphism
(4.1.2) F(0" ~ Be(f) (Proposition {J).

Moreover we can use this to show that F induces a triangle functor G : C4_1(A) — CM (C)
(Proposition [.10).

In subsection L4 we show that the isomorphisms ([AI1) and (£I1.2) are compatible
with the map F)y g¢ for any £ > 0, that is, there is a commutative diagram

Faet

Hom (4 (4, ©F) Homey 2(cr (F(A), F(€Y)) .
([Z_:I:[])lz leIZblz
B, Homcy () (Be, Be(l))

Proplzgkb)
It implies that the map F; ¢ is an isomorphism (Proposition E12).

The last step of the proof consists of using (d — 1)-cluster tilting subcategories in the
categories DP(A) and CMZ(C), (resp. C4_1(A) and CM(C)) and Proposition [T to show
that I : D(A) — CMZ(C) (resp. G : Cq_1(A) — CM(C)) is a triangle equivalence.

4.2. Preprojective algebras. Using the following observation, we identify A® 40O ®4 A
and O in the rest of this section.

Lemma 4.2. We have an isomorphism A ®4© ®4 A — © in D(A°).
Proof. We have the following isomorphism
A®40O ~RHom (DA, A)[d—1] in D(A® ® A).

Let I, be an injective resolution of A as an A°-module. It follows from (A4) that I, is also
an injective resolution of A as an A-module. Hence we have the following isomorphisms
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in D(A®):

A©40 @4 Al — d] ~ RHom,(DA, A) &4 A
~ Homyu (DA, I,) ® AA
~ Homgop (D1,, A) @4
~ Hom oo (D1, A)
~ Homyer (D1, A)
~ Homy (DA, I,) ~ O[1 — d|. O
Denote by py : A — A the natural projection in Mod (A®). For ¢ > 1 we define the map
: 0 = 0 in D(A°®) as the following composition:
O~ ARIORIARLIO R 1O R4 A

lp0®A1@®APO®A“'®APO
AR1ORAARIOR- - RO R4 A
|
(A1 O®AA) R4 (ARIO R4 R4 (AR O R4 A) ~ 6",

Lemma 4.3. Let B, : H*(©%) = By be as in Definition [313. Then there exists an
isomorphism H°(©%) = B, making the followmg diagram commutative.

H°(6Y) By
lHO (pe) ‘/nat.
H°(6) ~ B,.

Proof. Let E := H°(©), E := H°(©) and for £ > 1
E'=E®4E®4...04E and E':=EQ4E®s...94E.

J/

v ~~
£ times £ times

Then we have isomorphisms Ef ~ H°(©%) and E* ~ H°(8").

(i) We show that 3, : E = B; induces an isomorphism E = B;.

Taking H° of the isomorphism © ~ A®4 0 ®4 A constructed in Lemma 2], we obtain
isomorphisms

E B,
E~AQuFE®y A~ ~ B, in Mod(A°).
L=A8A B84 AeF + EeA AeB; + BieA in Mod (4%)
(ii) We show that £ = B, in (i) induces an isomorphism E‘ = B, for any £ > 1.
Note that for M and N in Mod(A®) we have a canonical 1somorphism M®s N ~

M ®4 N. Thus we have the following isomorphisms

o B E Fog _(TsE
~ AeE+ EeA “1 T 7Y AeE + EeA Zf:o Eiegt-i  \ (e) J,
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Using the isomorphism of Z-graded algebras T4 E ~ B in Theorem [3.3] we obtain

£=(15).> (@), =2

(iii) We show that the natural map

0 0
nat, : pt LOVEa-Sal0) 5o QLE~E®4...... o4 B = B

makes the following diagram commutative:

HO(@g) _ Eg 51®A:®A51 Bl ®A o ®A Bl mult. Bg
lHO(pg) inat. ‘/nat.
HY(Q') ———— E' = B,

The right pentagon is clearly commutative since both horizontal maps are induced by
the isomorphism of Z-graded algebras Ty F ~ B.
We then show that the left square is commutative. Since the square

AR A—22 L A, A" A@4 A

| l

A Po A

is clearly commutative, we have the assertion from the following isomorphisms:

(H°(p1))®4* = (H°(po ®4 1o ®4p0))®*
~ Hpo) ®4 (Lpoe) ®a H(po ®4 o)) @4 1poe) @a H(po)
~ H°(po) ®a (Lpoe) ®a HO(po))®4* ! @4 1poe) @4 H(po)
~ H°pe).
(iv) Now the assertion follows from the commutative diagram in (iii) since the upper
horizontal map is S, by Lemma [3.14] O

From Lemma (.3 we immediately get the following consequence.
Corollary 4.4. We have an isomorphism I1;(A) ~ B of Z-graded algebras.

By hypothesis (A3), the algebra B is finite dimensional. Therefore we get the following
consequence of Theorem [L.12

Corollary 4.5. Let Cy—1(A) be the generalized (d — 1)-cluster category associated to A.
Then the following hold.

(a) Cq—1(A) is a (d — 1)-Calabi- Yau triangulated category.

(b) The object m(A) is a (d — 1)-cluster tilting object in Cy—1(A).

(¢) The category add{©° | £ € Z} C D (A) is a (d — 1)-cluster tilting subcategory of
Db(4).
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4.3. Compatibility of gradings. Using the isomorphism A® ,©O®4A ~ O in Lemmal4.2]
we prove the following.

Lemma 4.6. For any M € D(A), the cone of the map

L
1o 0®apo®alBe

L L L
M ®40 ®4 Be M®s10®s ARy Be~M®,0 ®4 Be

is perfect as an object in D(GrC').

Proof. From the triangle AeA A A AeAl[l] in D(A®) we deduce that the

L L
cone of (1ye,0) ®apo @a lpe is (M @4 0 ®4 AeA) ®4 Be. Since A has finite global
dimension, the object M ® 4 © is in per A. So the object M ® 4O ®4 AeA is in thick (AeA),

L
which is contained in thick (eA) by hypothesis (A4). Thus (M ®4 © ®4 AeA) ®4 Be €
thick (eBe) = perC. O

For ¢ > 1 we consider the map
L
Ye ‘= Oy Xp 1Be . @g Xa Be—)Be(ﬁ) in D(Gr(A°p®C))
L L
Lemma 4.7. The morphism 1, @471 : A®4 0O @4 Be — A®4 Be(1) is an isomorphism
in D(Gr (AP @ ().

Proof. The cone of this morphism is A ®4 A(1) ® Be = A®p Be(1) = Ae(1) =0, so we
have the assertion. O

From Lemmas and [£.7 we get the following fundamental consequences.

Proposition 4.8. The cone of the composition map

L

(1a®ay1)"t

L
(1A®A@)®Ap0®AlBe

L L L
A®4 Be(l) A®10®4 Be A®1O R4 AR Be~ 0 ®q Be
in D(Gr(A® ® C)) is perfect as an object in D(GrC).

L
—®aBe

Proposition 4.9. The functor F : D(A) Jes, DP(A)
make the following diagrams commute up to isomorphism:

DP(4) ——— CM*(C) DP(4) ———— CM*(C)

—®_9l l(l) _®A91l

DP(A) L. cMm? () DP(A) T _.¢

In particular, for any { € Z we have F(8°) ~ Be() in CM%(C).
Proof. Since Proposition implies

(1) 0 F = (- ©4 (A®4 Be(1))) = (— ®4 (Q G4 Be)) = F o (— ©4 0),

we have the left diagram. The right diagram is an immediate consequence. O
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Combining Proposition [4.§ with the universal property of the generalized cluster cate-
gory (Proposition [[LT0), we get the following consequence.

Proposition 4.10. There exists a triangle functor G : Cq—1(A) — CM(C) such that we
have a commutative diagram

DP(A) L. ¢

fa—

Co1(A) —F—= CM(O).

L L
Proof. Let T := A®4 Be. Then Proposition 4.8 gives a map 7" — ©@ ®4 T in D(A® @ C)
whose cone is perfect as an object in D(C'). Thus the assertion follows from Proposition
1O 0

For any ¢ > 0, we consider the map

L ) gL . Z
G =pr®alp. 0" ®4Be = 0" ®4 Be in CM7(C).

L
This is an isomorphism for ¢ = 0 since we have AeA € thick(eA) and eA ® 4 Be = C.
The following isomorphism in CM%(C') plays an important role.

Proposition 4.11. The morphism in Proposition [{.§ gives an isomorphism

L L
§:F(0©)=0®4Be —>A®4Be(l) = F(A)(1) in CM*(C)
such that the following diagram commutes:

q1

@@ABG

A ®A Be(l)

Proof. Consider the following diagram:

@®ABe 7

0®4a(leg 4 Be)
L
(14® 40)®4P0®AlBe

L
m A®40O ®y Be A®RA0O R4 A®4 Be s

L
14®am
L
90(1)=po®alpe(1)

L
A@A Be(l) A@A Be(l)

The upper square is commutative by definition of ¢;, and the right square is commutative
L
by definition of . The left square is commutative since both compositions are py ® ;.

Thus the assertion follows. O
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L L
For any ¢ > 1, let 0, : ©° ®4 Be - A®4 Be(f) be an isomorphism in CMZ(C) defined
as the composition

L
L lge—2®40(1) L
01 &, Be(1) 2~ @ &4 Be(l — 1) XY Be(o),

L
lge-1®a6

L
8, : ©'®4 Be

L
Then &, gives the isomorphism F(©°) = ©°®4 Be — Be(f) in CM”(C) given in Proposi-
tion [4.9

4.4. F and G are triangle equivalences. The following result is the key step for
proving that the triangle functors F' and G are triangle equivalences.

Proposition 4.12. The map
L L
Fem gt : Homp()(©™, 8°) — Homep () (0™ ®a Be, O ®4 Be)
s an isomorphism for any m,{ € 7.
In order to prove this we need the following intermediate lemmas.

Lemma 4.13. The isomorphism B, ~ Homcyz o (Be, Be(f)) of Proposition[2.3(b) makes
the following diagram commutative:

HO(@Z) Homp(A)(A, @Z)
v Be \LéABe
By Homcyz (o (Be, O' ®, Be)

nat. \L’\/Z'

Bﬁ HomcﬂZ(C)<Be7Be<£))

Proof. The above diagram is a part of the following:

HO(@Z) HomD(A)(A, @Z)
l L
—®aB
8 Homp(cr (B, ©' ® 4 B) 22 Homp(ar ¢ (Be, ©° @ 4 Be)

s -

B, —=— Hompyc, 5)(B, B(£)) —22*~ Homp(c, ¢ (Be, Be(())

(
nat. l
(

B, = Homep 2oy (Be, Be(?))

The upper left pentagon is commutative by Lemma [3.14. The upper right square is

L
commutative since by definition 7, = ay®p 1g.. The lower pentagon is commutative since
the isomorphism of Z-graded algebras B ~ (B, Homeyz ) (Be, Be(()) is induced by
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the isomorphism of Z-graded algebras B ~ &,., Homg, 5(5, B({)) (Proposition 2Z.3(b)).
Hence the original diagram is commutative. 0

Lemma 4.14. For any ¢ > 0 the following diagram commutes.

HO(0Y) H°(p) H(8")
2 ?l
Homp(a)(A, 09 Homp4) (A, e
o |-Bumemr, o
@ - q

L L
Hommz(c)(Be, O' ®, Be) Hommz(c)(é ®4 Be,0' @4 Be)

Proof. The above diagram is a part of the following, where ¢(—, —) is Homeyz (o) (—, —):
0
HY(6') ————— H'(&) = Homp(4)(4,€")
l l lnat.
Homp(a)(4, ©°) = Homp4)(4, ©") = Homp(4)(A, ©°)
L L L
—®a4Be —®aBe —®aBe

qe: *q0

L L L L
c(Be, 0" @4 Be) c(A®4 Be,0' ®4 Be) c(A®4 Be,0' ®4 Be)

~

The upper squares are clearly commutative. The lower squares are also commutative since
L
by definition ¢, = py ®4 15.. O

Lemma 4.15. We have the following commutative diagram in CM*(C):

O’ ®, Be * 0 &, Be
‘/'YZ lé[
0 L
Be(f) ©O A, Be(?)

Proof. For the case ¢ = 1, the assertion is shown in Proposition .11l Assume that the
assertion is true for £ — 1. Consider the following commutative diagram:

po®a (1 )
/—1 L lo®aqe—1 /—1 L @@AgefléABe 1—1 L
O ®40"7" @4 Be O®s40" ®4 Be O®A0" ®aBe
lo®ave—1 L1®®A521 lo®ade—1
po®al
1(_)®Aq()(€—1) é%ABe(Z—l)

O ®q Be(l —1) @®AA<§)AB€(£—1) @@AAQ%ABe(E—l)

v1(€—1) 61(0-1)

q0(€)

Be(0) A G4 Be(l)
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Clearly the upper right square is commutative. The upper left square is commutative
by our induction assumption, and the lower pentagon is commutative for the case ¢ = 1.
Thus the commutativity for the case ¢ follows from the biggest square. O

Proof of Proposition[4.13. We only have to show the statement for the case m = 0. For
( < 0, we have Homp(4)(4,0) = 0 by gl.dimA < d — 1, and Homeyz oy (F(A), F(8")) ~
Homeyz(c) (Be, Be(f)) = B, = 0 by Proposition 2.3(b). Hence F ¢ is an isomorphism
in this case.

For ¢ > 0 consider the following diagram:

HO(py)

By = H(©) H(@')
2 2

HomD(A)(A, @Z) HomD(A) (A, @e)

L L
nat. —®aBe —®aBe=F, o
’ a - g L o L
HommZ(C)(Be,@ ®A Be) HommZ(C)(A ®A Be,@ ®A Be)

Ye: IARYE

a0 - g5t L L

B, Homcyz(c (Be, Be(()) — Homcy (o) (A ®a Be, A®a Be(())

By Lemma [£.13 the left hexagon is commutative, by Lemma [.14] the upper right hexagon
is commutative, and by Lemma the lower square is commutative. Hence the whole
diagram commutes.

Moreover by Lemma E.3] the map £, : H(©) ~ B, induces an isomorphism H°(©") ~
B,. Therefore the following diagram is commutative:

HO(py)

H(©") H°(&) Homp(a)(4, ©)
Faet
U Be t HommZ(C)(F<A)aF(@€))
t qo(0)~16, - qo
B, pat. B, —— Homgyz (¢ (Be, Be(l))
Thus F ¢ is an isomorphism. O]

Proof of Theorem[4.1l By Proposition .9 the functor F' restricted to the subcategory
add{©‘ | ¢ € Z} c D"(A) induces a dense functor:
add{0"| ¢ € Z} — add{Be(() | ¢ € Z} c CMZ*(0).

This is an equivalence by Proposition £.121 These subcategories are (d — 1)-cluster tilting
subcategories by Corollary L5|(c) and Proposition 2.3(c¢). Thus F is a triangle equivalence
by Proposition [L.7]
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Since we have a commutative diagram

D°(4)/(— ®4 8) —— (CM*(C))/(1)

lﬂ Lt

Ca1(A) —F——CM(C).

whose vertical functors are fully faithful and F)y g¢ is an isomorphism for any ¢ € Z, we
have that the map G4 -4 is an isomorphism. Since 7A € Cy_1(A) and G(rA) = Be are
(d — 1)-cluster tilting objects by Corollary E5(b) and Theorem 22(d), we deduce that G
is a triangle equivalence again by Proposition [I.7l 0

5. APPLICATION TO QUOTIENT SINGULARITIES
In this section we apply the main theorem in the previous section to invariant rings.

5.1. Setup and main result. Let S be the polynomial ring k[xy, ..., 24| over an alge-
braically closed field k of characteristic zero, and G be a finite subgroup of SLy4(k) acting
freely on k?\{0}. The group G acts on S in a natural way. We denote by R := S¢
the invariant ring and by S % G the skew group algebra. Then R is a Gorenstein iso-
lated singularity of Krull dimension d. We assume that G is a cyclic group generated by
g = diag(¢™, ..., (%) with a primitive n-th root ¢ of unity and integers a; satistfying

(B1) 0 < a; <nand (n,a;) =1 for any j with 1 < j <d.

(B2) ay +---+aqg=n.

We regard S = kfz1,- -+ ,z4] as a Z-graded ring @, S« by putting degz; = 2. Since
G acts on S by g - x; = (“x;, the invariant subring is given by
SG - @ Sg.
LeT
Now we define graded S“-modules for each i with 0 < i < n by
Ti = @ SZJr%a
tez

where the degree ¢ part of T is S,, :. Then we have T9 = SY. Let

n—1 n—1
T := @Ti and T := @T
=1

=0
Note that we have T ~ S as (ungraded) S“-modules. Define k-algebras by
A = EndGr(Sc)(T), A = EndmZ(sc)<T)
B = Endsc(T), E = Endcﬂ(sc)(T)
Then B and B are graded algebras such that A = By and A = B,. We will give explicit
presentations of B, A and A in terms of quivers with relations in Proposition (5.5
Let e be the idempotent of B = Endge(T') associated with the direct summand 7° of
T. Then we have eBe ~ S% A~ A/(e) and B ~ B/(e).

Our main result in this section is the following.
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Theorem 5.1. Under the assumptions and notations above, we have the following.

(a) The functor F :DP(A) === DP(A) “9abe D"(gr S¢) —— CM%(S%) is a tri-

angle equivalence. Moreover T ~ Be is a tilting object in CM?%(S%).
(b) There exists a triangle equivalence G : Cq_1(A) — CM (SY) making the diagram

D"(4) ———=— CM*(5°)
Ca-1(A) —Z—— CM(S%)

commutative, where Cq_1(A) is the generalized (d — 1)-cluster category of A.
As a consequence, we recover the following results.

Corollary 5.2. In the setup above, the following assertions hold.

(a) [AusT8| II1.1] The stable category CM (S¢) of mazimal Cohen-Macaulay R-modules
is a (d — 1)-Calabi- Yau triangulated category.
(b) [fya07a, Thm 2.5] The SY-module S is a (d — 1)-cluster tilting object in CM (S%).

As a special case of Theorem [5.]] we have the following.

Corollary 5.3. Let G C SL3(k) be a finite cyclic subgroup satisfying (B1). Then the
stable category CM (SY) of mazimal Cohen-Macaulay modules is triangle equivalent to the
generalized 2-cluster category Co(A) for a finite dimensional algebra A of global dimension
at most 2.

Proof. We only have to check the condition (B2). Let g = diag(¢®*, (*2, () be a generator
of G. Since 0 < a; < n and g € SL3(k), we have a; + as + ag = n or 2n. If this is n, then
(B2) is satisfied. If this is 2n, then g7' = diag(¢" ™, ("%, ("~ %) satisfies (B2) since
(n—ay)+ (n—ag)+ (n—az) =n. O

Remark 5.4. (a) The triangle equivalence F : DP(A) — CM%(S%) is obtained by
Ueda [Ued08|]. Our proof is very different since he uses a strong theorem due to
Orlov [Or]05].

(b) The triangle equivalence G : C4_1(A) — CM(SY) is an analog of an indepen-
dent result proved by Thanhoffer de Vélesey and Van den Bergh [TVI10, Propo-
sition 1.3]. They use generalized cluster categories associated with quivers with
potential instead of those associated with algebras of finite global dimension.

5.2. Proof of Theorem [5.1l Let G be a finite cyclic subgroup of SL;(k) generated
by g = diag(¢®,...,(%) as above, and let S B, B, A and A be as defined in the
previous subsection. Then B = Endge(.S) is isomorphic to the skew group algebra S * G
by [Aus86), [Yos90], which is known to have global dimension d. We want to show that
conditions (A1*) to (A4) in the previous section are satisfied in this case. We start with
condition (A1*), and here we need some notation.

First we give a concrete description of the McKay quiver @) of the cyclic group G
[McKS80]. The set Qq of vertices is Z/nZ. The arrows are

vi=x;i—ita; (i€Z/nZ, 1<j<d).



STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND CLUSTER CATEGORIES 29

Proposition 5.5. (a) A presentation of B is given by the McKay quiver with com-
mutative relations

i+a; g i+ay . L.
xy, "V wi=x; 0wl (i€ Z/nZ, 1< 5,5 <d).

(b) A presentation of A is obtained from that of B by removing all arrows x; =i

with i > 1'.
(c) A presentation of A is obtained from that of A by removing the vertex 0.
Proof. (a) This is known (e.g. [CMTQ7, Prop. 2.8(3)],[BSW10, Cor. 4.2]).
(b) By our grading on T, the degree of the morphism @ : T" — T% is 0 if i < ', and 1
otherwise. Thus we have the assertion.
(c) This is clear. O

We denote by ), the set of paths of length ¢, and by kQ, the k-vector space with basis
Q¢. Then k(@) is a k-algebra which we denote by L := k). Clearly we have
kQEZZCQl(X)L"‘@LleJ-

TV
£ times

Define a vector space U, as the factor space of k), modulo the subspace generated by
VR, QT; QV + vz, Qx; QU
We denote by v; Avg A --- A v, the image of v ® 19 ® - - - ® vy in U,. Then U, has a basis
consisting of
Tj, Nxj,_ N Nxj

where

x4 ZBJ'Q T4

. J1 . Je .
t—1+a;; — - —>1+a; +--+ay
is a path of length ¢ satisfying j; < jo < --- < jo. Now let

4, 0q— d
P,ZI(B@LUd®LB—d>B®LUd71®LBﬁ)"'—1>B®LUO®LB>7

where ¢, is defined by

54(87 ® (le NZjg Nvos NTjy N sz) ® b,)
L
= Z(_l)i_l(bxﬁ ® ($j1 ARRE '}Z/‘ji A sz) @b +b® ($j1 AR ';I:/‘ji A xje) ®xjib/)'
1=1

Then we have the following result which implies the condition (A1*).

Theorem 5.6. The complex P, is a projective resolution of the graded B®-module B
satisfying Py ~ PY[d](—1) in C®(grproj B®). In particular B is a bimodule d-Calabi-Yau
algebra of Gorenstein parameter 1.

Proof. The assertion not involving the grading is known and easy to check (e.g. [BSW10,
Thm 6.2]). We will show that each ¢, is homogeneous of degree 0 by introducing a certain
grading on P,. Define the degree map ¢ : Q1 — Z by

ST 0 0<i<i<n,
9@ =) =31 g<i<i<n
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Then we have a well-defined degree map

9(@jy Ao Nawg,) = g(wg,) + - + glay,)
on basis vectors of U,. Since the value is always 0 or 1 by the condition (B2) a;+---4aq =
n, we have a decomposition
U=UoU;
where U} (respectively, U}) is the subspace spanned by the elements of degree 0 (respec-
tively, 1). We regard U} as having degree 0 and U} as having degree 1. Then each map
0 is homogeneous of degree 0. U

We proceed to show the other conditions.

Lemma 5.7. The graded algebra S x G satisfies the conditions (A1*), (A2), (A3) and
(A4) in Theorem [{.1.

Proof. (A1*) This was shown in the previous theorem.

(A2) The ring B = S * G is clearly noetherian.

(A3) S is an isolated singularity by (B1). Then the stable category CM (S¢) has finite
dimensional homomorphism spaces [Aus78|, [Yos90]. Hence dimy, B is finite.

(A4) It is a direct consequence of the definition of A that the vertex 0 in the McKay
quiver is a source. We use the idempotent e corresponding to this vertex. O

Now Theorem 5.1l is an immediate consequence of Theorem (4.1l and Lemma (.71 O

In the subsections [5.3] 5.4l and 5.5, which are devoted to examples, we use the notation
L(ay, ..., aq) for the element diag(¢™,..., (") € SLy(k), where a; +...+aq =n and ( is
a primitive n-root of unity.

5.3. Example: Case d = 2. Let G C SLy(k) be a finite cyclic subgroup. Then there
exists a generator of the form %(1, n — 1). The algebra S % G is presented by the McKay
quiver

SRS

3 n—2 Y n—1

Y
1 z 2 T

with the commutativity relation xy = yx. The grading induced by the generator %(1, n—1)
makes the arrows x of degree 0 and the arrows y of degree 1. The idempotent correspond-
ing to the direct summand Tj of T" corresponds to the vertex 0 of the McKay quiver. Hence,
the algebra A = End¢y Z(SG)(T) is isomorphic to kQ where @ is A,_; with the linear ori-
entation. Hence by Theorem [5.1], we obtain a triangle equivalence CM (S%) ~ C;(A,_1).
More generally, if G is a finite subgroup (not necessarily cyclic) of SLy(k), the algebra
B = Sx (G is Morita equivalent to the preprojective algebra Hg(é) of an extended Dynkin
quiver @ There exists a Z-grading on B such that A := By is Morita equivalent to the
path algebra ké and B is bimodule 2-Calabi-Yau of Gorenstein parameter 1. Moreover
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B has an idempotent e such that eBe = S¢ and e is the exceptional vertex of @ Thus
by Theorem 1] we have a triangle equivalence C;(kQ) ~ CM (SY) for Q := Q\{e}.

Moreover, the category C;(kQ) is equivalent to the category projIls(kQ), where I (kQ)
is the preprojective algebra associated to the Dynkin quiver (). Hence we recover the
well-known proposition below.

Proposition 5.8. Let G C SLy(k) be a finite subgroup and Q) be the corresponding Dynkin
quiver.

(a) [Rei87, RV8Y, BSWI0, [Ami07] We have a triangle equivalence CM (SY) ~ C;(kQ)
and an equivalence CM (SY) ~ projTly(kQ).

(b) [KSTO7, ILP11] We have a triangle equivalence CM*(S%) ~ D*(kQ) and an equiv-
alence CM%(S%) ~ grproj I, (kQ).

Remark 5.9. From [Rei87, [RV89, BSWT0], we get an equivalence CM (S¢) ~ C;(kQ). This
equivalence implies that the category CM (SY) is standard, that is, is equivalent to the
mesh category of its Auslander-Reiten quiver. Since it is also an algebraic triangulated
category, one deduces that it is a triangle equivalence by [Ami07, Theorem 7.2]. Tt was also
proved in [Ami07, Corollary 9.3] that the category projIly(k(Q) is naturally triangulated.

Remark 5.10. Let A be a finite-dimensional algebra of global dimension at most 1. Then,
if k£ is algebraically closed, A is Morita equivalent to the path algebra k(@) of an acyclic
quiver ). The 1-cluster category C; (k@) is Hom-finite if and only if @) is of Dynkin type.
Thus we obtain a kind of converse of Theorem [4.1l for d = 2: every 1-cluster category can
be realized as the stable category of Cohen-Macaulay modules over an isolated singularity.

5.4. Example: Case d = 3. Let G C SL3(k) be the subgroup generated by %(1,2,2).
Then B = S % (G is presented by the McKay quiver
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with the commutativity relations zy = yx, yz = 2y, zx = xz. By the choice of the
grading, the algebra A, which is the degree 0 part of B, is presented by the quiver

//;\E\

0

with the commutativity relations. The idempotent e of the algebra B corresponds to the
summand S¢ which corresponds to the vertex 0. Therefore A is presented by the quiver

/y

4&E—r——3

with the commutativity relations. By Theorem Bl the category CM(S%) is triangle
equivalent to the generalized cluster category Co(A) .

Now take another generator of the group G given by %(3, 1,1). Then the algebra B is
same as the above, but has a different grading. We denote by A’ its degree zero subalgebra.
One then easily checks that the algebra A’ is given in this case by the quiver

1/ 72,"4» 2,

X Zy
L]
4/<7Z 3

—Y

with commutativity relations.

By Theorem B.1] the category CM (S%) is triangle equivalent to the generalized cluster
category Cy(A’). Hence we get a triangle equivalence between the generalized cluster
categories Co(A) =~ Cy(A’), that is,the algebras A and A’ are cluster equivalent in the
sense of [AO10]. However, one can show that the algebras A and A’ are not derived
equivalent since they have different Coxeter polynomials. (One can also see this using
results of [AO10].) Now we have two different gradings on S, which we denote by Z and
7Z!. Then we have

CM*(S9) ~ D"(A) # D*(A') ~ M7 (5).



STABLE CATEGORIES OF COHEN-MACAULAY MODULES AND CLUSTER CATEGORIES 33

5.5. Example: General d. Now let d = n and G be generated by 5(1, ..., 1). Then,
proceeding as before, it is not hard to see that B = S * G is presented by the McKay
quiver

I I
1 T2 2 T2 3 d—2
T4 T4

Ty——= d—1

Tg—

with the commutative relations x;x; = x;x;. Then, with the grading corresponding to the

generator é(l, ..., 1), one can check that the algebra A is the d-Beilinson algebra and the

algebra A is given by the quiver
pal ol

1 T2 2 T2 3 d—2
Tq Zq

T ——
B—— d—1

Tg—

with the commutativity relations.
For the case d = 3 the triangle equivalence Co(A) ~ CM (SY) was already proved in
[KROS8] using a recognition theorem for the acyclic 2-cluster category.

6. EXAMPLES COMING FROM DIMER MODELS

In this section we show that our main theorem applies to examples coming from dimer

models which do not come from quotient singularities. This builds upon results from
[Bro12, TU09, Davii Bocll] which we recall.

6.1. 3-Calabi-Yau algebras from dimer models. Let I" be a bipartite graph on a
torus. We denote by I'y (resp. I'y, and I'y) the set of vertices (resp. edges and faces) of
the graph. To such a graph we associate a quiver with a potential (@), W) in the sense of
[DWZ08]. The quiver viewed as an oriented graph on the torus is the dual of the graph
I'. Faces of (Q dual to white vertices are oriented clockwise and faces of () dual to black
vertices are oriented anti-clockwise. Hence any vertex v € I'y corresponds canonically to
a cycle ¢, of (). The potential W is defined as

W = E Cp — E Cyp-
v white v black

Assume that there exists a consistent charge on this graph, that is, a map R : Q)1 — Ry
such that

e Vo el Do ace La) =2
o Vi€ QO Zate,s(a):i<1 o R(CL)) + Zate,t(a):i(l - R(a’)) =2
For such a consistent dimer model, there always exists a perfect matching, that is a
subset D of I'; such that any vertex of I'y belongs to exactly one edge in D. Since @ is
the dual of I" we regard D as a subset of ();. We define a grading dp on kQ) as follows:

dD(a):{l ifae D

0 else.
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Since D is a perfect matching, for any vertex v € I'y the cycle ¢, contains exactly one
arrow of degree 1, and then the potential W is homogeneous of degree 1. Hence D induces
a grading dp on the Jacobian algebra B. In other words D is a cut of (Q, W) in the sense
of [HI11].

Proposition 6.1. Let B be a Jacobian algebra coming from a consistent dimer model.
Any perfect matching induces a grading on B making it bimodule 3-Calabi- Yau of Goren-
stein parameter 1.

Proof. We define the following complex P, of graded projective B-bimodules:

where

PO = @ZEQO Bei X GZ‘B

P = Dueq, (Bera) @ 50 B)(—d(a))
Py = @eq,(Besp) @ exp)B) (1 — d(b))
P3 = @ BGZ®GZB(—1)

1€Qo0

and where the maps 0y, 0; and 0, are defined as follows.

Oa(ei ®€i) = Dqsa)=i 0@ €i = Dpsp)=i & O b;
d(esw) @) = Duco, TaW where 0,4 (bpag) = p ® q € Beya) @ esa) B;
a0(625(@) X es(a)) = a® €s(a) — €t(a) X a.

By [Brol2, Thm 7.7] this complex is a projective resolution of B as a bimodule and
satisfies P ~ P[3] in C"(projB®). It is then easy to check that, as a graded complex,

it satisfies P ~ P[3](—1) in C"(grprojB°). Hence the graded algebra B is bimodule

3-Calabi-Yau of Gorenstein parameter 1. O

Remark 6.2. Tt is proved in [Brol2, Davill Bocll] that the Jacobian algebra B =
Jac(Q, W) is a non-commutative crepant resolution of its center C' = Z(B) which is
the coordinate ring of a Gorenstein affine toric threefold. Moreover the coordinate ring

of any Gorenstein affine toric threefold can be obtained from a consistent dimer model
[Gul08, TT09].

The following result gives an interpretation of the stable category of Cohen-Macaulay
modules over certain Gorenstein affine toric threefold in terms of cluster categories.

Theorem 6.3. Let I' be a consistent dimer model, and denote by B = Jac(Q, W) the
associated Jacobian algebra. Assume there exists a perfect matching D and a vertex i of
Q with the following properties:

e the degree zero part A of B with respect to dp s finite dimensional
e | is a source of the quiver QQ — D.
e the algebra B/(e;) is finite dimensional.
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Denote by C' the center of the algebra B, and A the algebra A/{e;). Then the algebra C
1s a Gorenstein isolated singularity, and we have the following triangle equivalences

D°(4) ———— CM*(0)

| l

C2(4) — CM(C)

where Co(A) is the generalized 2-cluster category associated to the algebra A.

Proof. The algebra B satisfies (A1¥)) by Proposition The algebra C' is a Gorenstein
affine toric threefold and B is a finitely generated C-module, hence B is noetherian. The
hypothesis on the perfect matching D and the vertex i are clearly equivalent to (A3) and
(A4). Moreover by [Brol2, Lemma 5.6], the center of B is isomorphic to eBe for any
primitive idempotent e of B. Hence Theorem is a consequence of Theorem (.1 O

6.2. Examples. Let I' and D be given by the following picture.

3 4 3
o Emm=.

2 1 2
o ==

O

The associated Jacobian algebra B is presented by the quiver

43

21

Wa | W1 Y1) (Y2
with potential W' = wy21y121 + Wa2oYoo — W122Y1To — W2 Yo L1.
T

1 2

T2

The center C' of this algebra is the semigroup algebra C' = C[Z> N V] where ¢V is the
positive cone

1 1 —1 —1
o' = {Mni+danat+Asnz+\ng, N > 0}, ny= |1| ,ng= |=1| ,n3=|1|,ny=|-1
1 1 1 1

The algebra C' is a homogenous coordinate algebra of P! x P!

Then the perfect matching D corresponds to {z1, z5}. Thus the quiver of the subalgebra
A = By is acyclic so A is finite dimensional and the vertex 1 becomes a source in the
quiver of A. Moreover, the algebra B = B/(e;) is the path algebra of an acyclic quiver,
so it is finite dimensional. Therefore we can apply Theorem and we obtain a triangle
equivalence Co(A) ~ CM (C') where A is the path algebra of the quiver 2 —=3 —= 4.
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We end this paper by giving a non-commutative example. Note that in Theorem [4.1]
the algebra C' is not necessarily commutative, and the idempotent e is not necessarily
primitive.

Let I be the following dimer model.

—Q16A64043031 — Ae5A53A32026 — A21 Q15054042

\ 3

with potential

W = 6505404332021 Q16 + Q26064042 + Q15053031
—

In this case it is easy to check that the algebra B/(e) is not finite dimensional for any
primitive idempotent e, or in other words, the center of B is not an isolated singularity.
However, the degree zero subalgebra A = By and the algebra B = B/(e;+e5) are the path
algebras of acyclic quivers, and are therefore finite dimensional. We can apply Theorem
[4.1] with the perfect matching D described in the picture above. We obtain a triangle
equivalence Co(A) ~ CM (C') where A is the path algebra of the quiver

— W
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