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DARMON’S POINTS AND QUATERNIONIC SHIMURA VARIETIES

JEROME GARTNER

ABSTRACT. In this paper, we generalize a conjecture due to Darmon and Logan (see [DL03] and
[Dar04], chapter 8) in an adelic setting. We study the relation between our construction and
Kudla’s works on cycles on orthogonal Shimura varieties. This relation allows us to conjecture a
Gross-Kohnen-Zagier theorem for Darmon’s points.

1. INTRODUCTION

The theory of complex multiplication gives a collection of Heegner points on elliptic curves over
Q, which are defined over class fields of imaginary quadratic fields. These points allowed to prove
Birch and Swinnerton-Dyer’s conjecture over Q for analytic rank 1 curves, thanks to the work of
Gross-Zagier and Kolyvagin.

Let us briefly recall the construction of Heegner points. If E is an elliptic curve over Q then we
know that E is modular. Let N be the conductor of E. There exists a modular form f € S3(N)
such that L(E,s) = L(f,s). Denote by ®y : T'o(N)\'H — E(C) the modular uniformization
which is obtained by taking the composition of the map zg € H +— cf;(; 2mif(z)dz (here ¢ denotes
the Manin constant) with the Weierstrass uniformization. Let zp € H N K, where K/Q is an
imaginary quadratic field. A Heegner point is given essentially by 27i f;i f(2)dz modulo periods
of f. Tt is the Abel-Jacobi image of zy in C/Ag ~ E(C). The theory of complex multiplication
shows that these points are defined over class fields of K.

In [Dar04], Darmon gives a conjectural construction of Stark-Heegner points, which is a gener-
alization of classical Heegner points. These points should help us to understand, on one hand the
Birch and Swinnerton-Dyer conjecture, on the other hand Hilbert’s twelfth problem.

In more concrete terms, assume that F is a totally real number field of narrow class number 1.
Let 7; be its archimedean places, and K/F some quadratic “ATR” extension (i.e. K has exactly one
complex place). Darmon defines a collection of points on elliptic curves E//F which are expected
to be defined over class fields of K. In this case, the (conjectural, but partially proved by Skinner
- Wiles) modularity of E gives the existence of a Hilbert modular form f on H" whose periods
appear as a tensor product of periods of E;, = E ®p,, C. The construction explained in [DLO3]
can be seen as an exotic Abel-Jacobi map.

In this paper, we generalize Darmon’s contruction by removing the hypothesis “ATR” on K
(but we assume that K is not CM) and the technical hypothesis that F' has narrow class num-
ber 1. We replace the Hilbert modular variety used in the “ATR” case by a general quaternionic
Shimura variety and define a suitable Abel-Jacobi map. We are able to specify the invariants of
the quaternion algebra using local epsilon factors and to give a conjectural Gross-Zagier formula
for these points. We conclude the paper by establishing a relation to Kudla’s study of cycles on
orthogonal Shimura varieties, in order to give a Gross-Kohnen-Zagier type conjecture.

Let us summarize the main construction of this paper. Let F' be a totally real field of degree d

and let 71, ..., 74 be its archimedean places. Fix r € {2,...,d}, and and a quadratic extension K/F
such that the set of archimedean places of F that split completely in K is {7a,...,7-}. Let B/F be
a quaternion algebra which splits at 71, ..., 7. and ramifies at 7, 41,...,7q. Let G = Resp/qB*. We

will denote by Shy (G, X) the quaternionic Shimura variety of level H (a compact open subgroup
of G(Ay)) whose complex points are given by

Shy (G, X)(C) = GIQ\(C~R)" x G(Ay)/H.
Date: April 17, 2011.
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Fix an embedding ¢ : K < B. There is an action of (K ® R)}/(F ® R)* on (C ~ R)".
By considering a suitable orbit of this action, we obtain a real cycle T} of dimension r — 1 on
Shy (G, X)(C). Using the theorem of Matsushima and Shimura, we deduce that there exists an
r-cycle Ay on Shy (G, X)(C) such that A, is an integral multiple of 7.

Let E/F be an elliptic curve, assumed modular, i.e., there exists a Hilbert modular eigenform ¢
satisfying L(E, s) = L(, s). We will assume that this form corresponds to an automorphic form ¢
on B by the Jacquet-Langlands correspondence. There exists a holomorphic differential form w,, of
degree r on Shy (G, X)(C) naturally attached to ¢. In general, the set of periods of w,, is a dense
subset of C. Fix some character 3 of the set of connected components of (K @ R)}/(F ® R)*.
Following Darmon we define a modified differential form wf, whose periods are, assuming Yoshida’s
period conjecture, a lattice, homothetic to some sublattice of the Neron lattice of F.

The image of (a suitable multiple of) the complex number [ A, o.)g in C/Ag is independent of the

choice of Ap. Hence it defines by Weierstrass uniformization a point Pbﬁ in E(C). We conjecture
Conjecture (5.1.1). Pbﬁ = (IAb wg) € E(C) lies in E(K) and

Vae Al recx(a)Py = Blacs) Pl ()

Let us assume this conjecture is true and denote by K gr the field of definition of Pbﬁ . Letm=m(p)
be the automorphic representation generated by ¢; fix a character y : Gal(K ;r /K) — C*. Denote
by (7 x X, 1) the sign in the functional equation of the Rankin-Selberg L-function L(m x x, s) and
by nx : Fa /F*Ng/p(Kx) — {£1} the quadratic character of K/F. The following proposition
proves that B is uniquely determined by K and the isogeny class of E/F.

Proposition (5.3.1). Letb € B* and assume conjecture 5.1.1. If

x(P))= > xlo)oP] € BK))® L]
oc€Gal(K, /K)

is not torsion, then :
1 1
Vv { 0o Ni,o(—1)e(my X Xo, 5) =inv,(B,) and e(m Xy, 5) =-1

The last part of this paper is focused on a conjecture in the spirit of the Gross-Kohnen-Zagier
theorem. Assume that E(F) has rank 1. Denote by Py some generator modulo torsion. For each
totally positive t € O such that (t) is square free and prime to dg/r, denote by K[t] the quadratic
extension K [t| = F(v/—Dot), where Dy € F satisfies 7;(Dp) > 0 if and only if j € {1,7+1,...,d}.
Let P;1 be Darmon’s point obtained for K[t] and b = 1, and set

Pt = TrK[t]T/FPt’l.

The point P; is in E(F) and there exists some integer [P;] € Z such that P, = [P;]Py. In the spirit
of conjecture 5.3 of [DT08] we conjecture that :

Conjecture (6.3.5). There exists a Hilbert modular form g of level 3/2 such that the [Pi]s are
proportional to some Fourier coefficients of g.

In our attempt to adapt Yuan, Zhang and Zhang’s proof in the CM case [YZZ09] to prove this
conjecture, we obtained a relation between Darmon’s points and Kudla’s program, see Proposi-
tion 5.5.3.2.

Acknowledgments. This work grew out of the author’s thesis at University Paris 6. The author is
grateful to J. Nekovar for his constant support during this work, and to C. Cornut for many useful
conversations.

2. QUATERNIONIC SHIMURA VARIETIES

In this section we recall some properties of Shimura varieties associated to quaternion algebras.
The standard references are Reimann’s book [Rei97] and [Mil05]. The content of this section is
more or less the transcription to Shimura varieties of what is done for curves in [CV07] and [Nek07].
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Let F be a totally real field of degree d = [F : Q] and 7y, ..., 74 its archimedean places. Denote
by Q C C the algebraic closure of Q in C so 7; : F < Q. Fix r € {2,...,d} and a finite set Sp
of non-archimedean primes satisfying

[SB| =d—r mod 2.
Let B be the unique quaternion algebra over F' ramified at the set
Ram(B) = {741,...,74} U SB.
For each j € {1,...,d} we put B;, = B®pF-; R. It is not necessary but more convenient to fix for
each j € {r1,..., 7.} an R-algebra isomorphism
B, — M,(R).

The constructions given in this paper are independent on the choice of these isomorphisms, as in
the author’s PhD thesis [Garl1].

Let G be the algebraic group over Q satisfying G(A) = (B ®q A)* for every commutative
Q-algebra A. We will denote by nr : G(A) — (F ®q A)* the reduced norm and by Z the center
of G. For j € {1,.. d} let G; be the algebraic group over R given by G; =G ®rr, ] R; thus Gr

decomposes as G1 X - -+ X G4. For any abelian group A, denote by A the group A ® Z.
Let X be the G(R ) conjugacy class of the morphism % : S = Resc/r(Gm,c) — G(R) =

G1(R) x -+ x G4(R) defined by
< x y) 1,...,1
Y y T Y Y )

= ()
T+ 1y — ,
-y x
d—r times

7 times

The set X has a natural complex structure [Mil90] and the following map is an holomorphic
isomorphism between X and (C <~ R)"

ghg_lb—>g-(i,...,i):<all+b1 arz—|—br)

Cli-l-dl,”.7 cri+d,
where g = (g1,...,94) € G(R) and for j € {1,...,7} g; is identified with <CCLJ ZJ>
J 4y
Quaternionic Shimura varieties. Let H be an open-compact subgroup of B*. The quaternionic

Shimura varieties considered in this paper are algebraic varieties Shy (G, X) whose complex points
are given by

Shy (G, X)(C) = BX\(X x B*/H)),
where the left-action of B* and the right-action of H are given by
vk € B* VheHV(x,b)eXxﬁX k- (z,b) - h = (kx, kbh).

Such Shimura varieties are defined over some number field called the reflex field. In our case this
number field is

er(a), acF|cQcc.

We will denote by [z,b]y the element of Shy (G, X)(C) represented by (z,b) and by [2,b], », the

corresponding element of the modified variety Shy (G/Z, X)(C) = B*\(X x B*/HZ)).

Remark 2.1.1. The complex Shimura varieties are compact whenever B # My (F'). The Hilbert
modular varieties used by Darmon in [Dar04] chapter 7 and 8 are obtained when B = Ms(F') and
r=d.

The Shimura varieties form a projective system {Shy (G, X)} g indexed by open compact sub-
groups in B*. The transition maps pr : Shy (G, X) — Shy/ (G, X) are defined on complex points
by

[{E, b]H — [x, b]H/
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There is an action of B* on the projective system {Shy (G, X)}r. The right multiplication by
g € B* induces an isomorphism [-g] : {Shy (G, X))}y —> {Shu (G, X)}4-1my, defined on complex
points by
[-g][x,b]m = [z, bg]g’ng'
Complex conjugation. Fix j € {1,...,7}. Let h; : S — G, r be the morphism obtained by
composing h with the j-th projection Gr — G;r and X; the G;(R)-conjugacy class of h;. For
T; = gjhjgj_l € Xj, the set Im(gjhjgj_l) is a maximal anisotropic R-torus in G;r. The map
L xj — Im(z;) satisfies |€j_1(€j(xj))| = 2, thus there exists a unique antiholomorphic and G r-
equivariant involution
tj : Xj — Xj
such that

Voje Xy 4 (0(g) = {wg, t5(z5)}

More precisely, under the identification X; — C\R, the map ¢; satisfies ¢; (z+iy) = { (_xy g) }
and éj_l(éj (x +1y)) = {z + iy, z — ty}. Note that the map t; can be extended to complex points
of the Shimura varieties by t;([z,b]x) = [t;(x), b]a; t; acts trivially on X, for k # j.

Differential forms. In this section we recall some facts concerning differential forms on Shimura
varieties. We will denote by Qp = Qp/ps the sheaf of differentials of degree r on Shy (G, X)
and by Q37 the sheaf of holomorphic r-differentials on Shy (G, X)(C), provided that Shy (G, X)
is smooth. Recall that the GAGA principle gives us the following isomorphism between global
sections

F(ShH(G, X), QH) QR C AN F(ShH(G, X)(C), Q?)

Notice that in general, Shy (G, X)) is not smooth. In this last case we will fix some integer n > 3 such
that for each p in Ram(B) we have p { nOp and for each v | nOp isomorphisms ¢, : B, = My(F,).
The group

H = {(hv) € H, st.Yv | nOp h, = ((1) (1)) mod nOFU}

is of finite index in H and Shy (G, X) is smooth. The map Shy/ (G, X) — Shy (G, X) is a finite
covering. We define Qp = ﬁ Ym0 = (). By abuse of language, we shall call
an element of I'(Qy) = I'(Shu (G, X), Qu) = (3, e/ o)V (Sha (G, X),Qn) a global r-form on
Shy (G, X). Remark that the space of global holomorphic r-forms hﬂ " '(Q37) is equipped with a
canonical action of B* given by pull-backs [-g]*.

Let ¢ € {£1}" and denote by T'((237)¢) the space of r-forms on Shy (G, X)(C) which are
holomorphic (resp. anti-holomorphic) in z; if €; = +1 (resp. if ¢; = —1). The maps ¢; pulled-back
on I'((237)¢) satisty

£ D(O3)) — Q)7

where g} = ¢, for k # j and € = —¢;.
When o € [[j_o{£1} we will define ¢; € {0,1} by 05 = (=1)% and t; by [[j_,(t;)%. Let
B i Tlj—o{£1} — {£1} be a character and w € I'(Q'). We shall denote by w” the element
W =3 e a1y B(O)t; (w) of . T((237)%)- R
Automorphic forms. Let S37 be the space S5' 5 5 ((BJ) of functions ¢ : B ~ G(R)xB* — C
satisfying the following properties :

(1) Vge B* Vbe By ¢(gb) = »(b),

(2) Vg€ (R*)" x Gra(R) x - x Ga(R) CG(R) Vb€ By ¢(bg) = (D),

(3) Vhe HVb e By (bh) = ¢(b),

(4) Vg € Bx Y(01,...,0,) € R"

cosf; —sinb, cosf, —sind, 1 1) =
v\9 sinf;  cos6; 0\ sinf,  cos0, L o
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5) For all g € Bx, the ma
( g A P

. . 1 Yy T Yr Ty
(1 +iy1, ...,z +iy,) — yﬁp(g[( o 1 )l ,1,....1
is holomorphic on H" where ‘H denotes the Poincaré upper-half plane.

Remark that we do not need any assumption to obtain cuspidal forms as B will be assumed to
differ from My (F).

There is an action of B* on Sy = J,; S defined by
Vg€ B*, Vo€ Sy, Vo e By g-¢(a) = p(g);
thus SI’ is the space of H-invariant functions in Sa.

By modifying the properties 4 and 5 above we obtain the following new definition :
Definition 2.1.2. Let ¢ : {r1,...,7} — {£1} and &; = ¢(7;). The space (S5)¥ is the space of
maps ¢ : BX ~ G(R) x B* — C satisfying 1-3 above and

4’ for all g € B and (6;...6,) € R"

cosf; —sinby cosf, —sinb, 1 1
v\9 sinf; cosf; T sinf,  cosf, Ty

_ 6721'5191 % 72%7‘97“(,0(9)

- X e

5. for all g € By the map

. . 1 Yy1 T Yr Ty
(m1—|—zy1,...,xr+zyr)»—>yl.”yrg0<g<< 01 ),...,< 01 N |

is holomorphic (resp. anti-holomorphic) in z; = z; +iy; € Hif ¢; =1 (resp. ¢; = —1).

We will denote by S (resp. (S5)F”) the space of elements in Sy (resp. S5) which are F*-
invariant.

We are now able to affirm the existence of relations between r-forms on Shy (G, X)(C) and
automorphic forms :

Proposition 2.1.3. There exist bijections compatible with the B*-action between the following
spaces :

(Q3) and SH
L((Q5)°) and  (S5)"
L(Shpr(G/2,X)(C), (7)7) and (S5)"F
This statement is completely analogous to section 3.6 of [CV07], see [Gérl1], Propositions 1.2.2.4
and 1.2.2.5 for more details.
Matsushima-Shimura theorem. The decomposition of the cohomology of quaternionic Shimura va-

rieties given by Matsushima-Shimura theorem will be usefull in the following sections. Let us recall
this result when B # My (F) [MS63] and [Fre90]. Denote by h}. the narrow class number of F'.

Theorem 2.1.4. Let m € {0,...,2r}. We have the following decomposition :
<Vect Nicacir,...rm1y 252 dzl/\dzl) if m#£r

laj=m/2

H™(Shy (G, X)(C),C) ~ s
<Vect Nicac{t,...rm1y 5=t dzl/\bd%) 2 @Ee{ﬂ}r(sg)f’ ifm=r

la|l=m/2
and
(Vect /\zeaC{L B dz; Adzl) if m#£r
la|=m/2 vi

H™($h11(G/Z, X)(C), C) ~ )
<V9Ct Nicacir,...r—13 M) ® @Ee{il}r(SS)Hﬁx if m=r,

jal=m/2 .

where s (resp. s') is the number of connected components of Shy (G, X)(C) (resp. of Shy(G/Z, X)(C)).
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3. PERIODS

3.1. Yoshida’s conjecture. Let E/F be an elliptic curve, assumed modular in the sense that
there exists a cuspidal, parallel weight two Hilbert modular form ¢ € S3(GL2(Fa)) satisfying
L(E,s) = L(p, s). We shall assume that the automorphic representation generated by ¢ is obtained
by the Jacquet-Langlands correspondence from ¢ € SF ) (By)-

Denote by m = 7o @ ¢ the automorphic representation of By /Fx generated by ¢. We shall
assume until section 3.3, only for simplicity, that dim Wf:{ =1.

Let M = h'(E) be the motive over F with coefficients in Q associated to E. Yoshida [Yos94]
conjectures the existence of a rank 2" motive M’ over the reflex field F’, with coefficients in Q,
satisfying M’ = @ (r1,....7y Resg M. This motivic conjecture is the following :

yeuay

Conjecture 3.1.1 (Yoshida, [Yos94]). The motive M’ over F' is isomorphic to the motive associ-
ated to the part H*(Sh &, (G, X)) E) of the cohomology for which Hecke eigenvalues are the same
as E.

While looking at the f-adic realization, this conjecture is in fact the Langlands cohomological
conjecture. This case is known, up to semi-simplification, thanks to Brylinski and Labesse in the
case B = My(F) [BL84], Langlands in the case B # My (F') for primes of good reduction, [Lan79]
and Reimann (- Zink) [Rei97, RZ91] for a more general cases.

Recall the following decompositions given by Yoshida in [Yos94] section 5.1, when we focus on
7/ : F' < C induced by 7/ : Q — C.

Betti cohomology. There exists an isomorphism of Q-vector spaces

I My Q) Mp -,
j=1
de Rham cohomology. The map
Gal(Q/F")

T

F Mg — ® (MdR QF,r 6)

Jj=1

is an isomorphism of F’ -vector-spaces. The right hand side is a tensor product of Q-vector spaces
and the action of o € Gal(Q/F") is givenby @, - 1(Ts®Fsas) = Qycpry  ry (s @Fas 0(as)).

Comparison isomorphisms. Let I = ®;:1 I+, where

I, : Mg, ®q C — Magr ®p,r, C
are isomorphisms of C-vector spaces, and I’ be the following isomorphism over C :
I': Mf; ®q C — M/ @5 C.
The maps I o (S ®qidc) and (f @ idc) o I’ satisfy :

(*) Io (ﬂ RXqQ idc) = (/ Rpr idc)OI/ : M]/_;) RXqQ c= ®(MdR QF,r; C)

j=1

Yoshida’s period conjecture consists of the isomorphisms .#, ¢, I and I’ satisfying (x). It is the
Hodge-de Rham realization of the motivic conjecture above.

Complex conjugation : Let c;, be the complex conjugation on Mp ,,. We will need the following
hypothesis, which allows us to compare c;; with ¢ on M) ®p C.

Hypothesis 3.1.2. The action of t on M @pr C corresponds via the isomorphism

(# ®qidc)o (I')": Mg ®p C — M} ®q C —> <® MBJ,C) ®q C,
k=1

to the action of c;; on Mg ;.
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3.2. Lattices and periods. Fix some w, # 0 in F" M. By definition of M’, there exists a finite
set of places S of F such that for v ¢ S, T,w, = a,(E)w,.
Let Qg p be the sheaf of differentials on E/F. Fix n # 0 € H*(E,Qg/p) = F'Mgg. For
je{l,...;n}, let
N, =1®ps 1€ H° (E ®r, Q, Q(E®F,Tj6)/6) = (FlMdR) ®rr, Q.

Then _
, Gal(Q/F")

QR e | Q) (F' Mar ©r., Q) = 7 (F'Mly)
j=1 j=1
and there exists o« € F'* such that
S (awy) =m @ @

Let j € {1,...,r} and E; = E ®p,, C. We shall denote by H; ([}, Z)* the eigenspaces of the
complex conjugation action on H(E;,Z). Then

{/Tnj, TeHl(Ej,Z)i} = 797,

where Qj € R~ {0} and ©2; € iR\ {0} are determined up to a sign. We fix the signs by imposing,
e.g., Re (Qj) > (0 and Im (Q;) > 0.
Fix a character §: {1} x [Tj_o{£1} = {£1}, and write 8 = [];_, 5;. We set

T

wl = > Bo)ts | we =[] (14 Bi(=1)t5) we
oe{l}xH;_:z{:tl} j=2

and
B _ Bi(—1)
0 _HQj’ .
j=2

The following identities

Q) Mz -, | ©q C = Q) Homz(H:(E;, Z),C) = Homz | (X) Hi(E;,Z),C
j=1

j=1 j=1

and Yoshida’s conjecture show that the image of awg under the map

(J @qidc)o ' =1 o(f @p idc) : Mijg ®p C — [ Q) Ma.r, | ©q C
j=1

is identified with the linear form

(1) { ®§:1 Hl(Ej,Z) — C
Ti@ 0T = fyg gy, &)y (14 5;(=1)t5) 0

Hypothesis 3.1.2 allows us to be more explicit. Let T, ® ---® T, € ®§:1 H,\(E;,Z), then

T

/T1®---®h g (1+B(=1)t5) n; = </T1 771> jll/rj(l + B;(=1)t;)n;

= 771) / ;-
</f1 H Tj+8i(=1)e; X ’

Jj=2

and the linear form (1) takes values in A1Q° = (ZQ] + ZQ;)QP.
Under the dual isomorphism .#* of .#, the lattices

é{) 2H1(E;,Z) C ® QM. and Im(H,(Shy(G/Z X)(C),Z) — (Mp)")

j=1
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are commensurable. Thus there exists £ € Z ~ {0} such that
¢l (H,(Shy (G/Z, X)(C), Z) — (Mp)") € 7™ | QzHi1(E;, Z)
j=1

This proves the following proposition :

Proposition 3.2.1. Under the hypothesis made in this section (E is modular, the multiplicity one
in Yoshida’s motivic conjecture and 3.1.2), there exist o« € F'* and £ € Z ~ {0} such that

Yy € H,(Shi(G, X)(C), Z), V8 : ﬁ{il} — {£1}, g/awg € AP,
i=2 U

3.3. General case. When mpy(m) = dim W;I(QD) > 1 Yoshida’s conjecture is the following

mpg ()
Conjecture 3.3.1. The motive H" (Shy (G, X)) ") is isomorphic to ( X ResF/F/M> .

{7'1;~~~7T7‘}

In general the motive H” (Shy (G, X))®) has rank # 27. We shall provide Betti and de Rham
realizations of a submotive M’ C H"(Shg(G,X))®) of rank 2" and an isomorphism M’
®{Tl7...,7’7‘} ResF/FIM'

We need 0 # w, € FTH}, (Shy(G/Z, X)/F')F) satisfying
de Rham cohomology. The F'-vector space

M= [ @ Crilw, o) | 0 Hin(Shu(G/2,%)/F)E)
oce{£1}"

has dimension 2".
Thus

F" Mg i= Mg N F"Hig (Sh(G/Z,X) [ F)P) = Fluw,.
Betti cohomology. Let
' H(Shi(G/Z, X)(C), Q)™ ©q C = Hin(Shi(G/Z, X)/F')® ©p C.
The Q-vector space
My := I'"N (M} @ C) N H(Shi(G/Z, X)(C), Q)P
has dimension 2".

Definition 3.3.2. An element w, € F"H} (Shy(G/Z, X)/F')®) is said rational if it satisfies the
equations above.

Comparison isomorphisms. There exist isomorphisms

I Mpy 5 (R) M -,
j=1
. Gal(Q/F")
S Mg = | Q(Mar @7, Q) ;
j=1
and
L—j : MB,TJ' RXqQ C — Mgr ®F,7—j C.

Set I = @j_, I,- We have

(*) Io (ﬂ RXqQ idc) = (j Rpr idc)OI/ : M]/B RXqQ c= ®(MdR QF,7; C)

Jj=1

As in Proposition 3.2.1 we have
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Proposition 3.3.3. Let w, € F'H'z(Shy(G/Z, X)/F")E) be rational. If E is modular and if
Yoshida’s conjecture is true, then there exist o € F'* and & € Z ~ {0} such that

Vv € H,.(Shy (G, X)(C),Z), V5 : ﬁ{:l:l} — {£1}, f/ awg e M5
=2 g

Example. Let Hy, Hy C BX be compact open subgroups such that there exists g € BX satisfying
g 'Hig C Hy. Let wy,, € F"H}x(Shpy,(G/Z,X)/F')F) be rational. Let us explain a way to
obtain w,, € F"Hy(Shy, (G/Z,X)/F")F) rational.
Let
pr:Shy-1py,,(G/Z,X) — Shp,(G/Z, X)
be the map given by
[CC, b]g—1H1g — [xa b]Hz
and
[-9] : Shy, (G/Z,X) — Shy-1p,4(G/Z, X)
by
[SE, b]Hl — [CC, bg]g—lng~
Let pry : Shy, (G/Z, X) — Shy,(G/Z, X) be the composition of pr with [-g].
Choose 0, € Q. Set
Wy 1= Z Oy Pry(we,),

g€§><
s.t. g_lngCHz

(M{)ar = (Z Oq Pr;) (M3)ar
and '

(M) = (Z Oq pr;) (M;).

Proposition 3.3.4. Ifw,, # 0, then the map Z 04pry is injective on @D, ¢ 11y Cto(we, ® 1)

g€§><
s.t. g HygCH»

and wy, € FTHY: (Shy, (G/Z, X)/F)E) is rational.

Proof. Assume that w = 3 i yr Aotowe, € D cqs1yr Cto(wy, ® 1) (where A; € C) is such
that > 64pry(w) = 0. We have the following equalities :

Z Ogpryw = Z fypr,, Z Aot W,
) g o
= Z Aoth Z gprywe,
o g
Z Ogpryw = Z Aot -
g o

Thus

Y Aotiw, =0 P Ctiw,,,
g

se{£1}r
and

Vo e {£1}" Agtiw,, =0.
Hence Vo € {£1}" A\, € 0. The map >
and is an isomorphism @ Ctiw,, — @ Ctiw,,. Hence w,, € (eaoe{j:l}T Ctl (we, ® 1)) N
FrHY, (Shy, (G/Z,X)/F")P) is rational.

~ * 1
s€B% a4, g-LHigCHa fypr; commutes with Tp,, v ¢ S

O
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4. TORIC ORBITS
Let K/F be a quadratic extension satisfying the following properties :

(1) The places 72, ..., 7, of F' are split in K.
(2) The places 71,7741, ..., 74 are ramified in K.
Thanks to the Skolem-Noether theorem, there exists an F-embedding ¢ : K < B, unique up to

conjugacy. We will denote by ¢; (resp. ¢,qa) the induced embedding K — B, (resp. K — B,
Ka <> Ba). For each place v of F, set K, = K Qp F,.

4.1. Cycles on X. Let T = Resg/q(Gm)/Resp/q(Gm). Thanks to Hilbert’s Theorem 90 we have
T(A) = (Koq A)"/(F®q A)”

for every Q-algebra A.

Fix an embedding ¢ : T < G/Z(G). The group T(R) is identified with H?:l KX /FZ which
allows us to define g; : K7 /FX — G Rr.

Let mo(T'(R)) be the set of connected components of T'(R) and denote by T'(R)° the component
of the identity. Fix a multi-orientation on T'(R)° = H?:l(KTXj /F7)° (ie. an orientation of each
factor (K2 /F7)°) and remark that

mo(T(R)) = T(R)/T(R)° ~ _H{il}-

We will focus on the orbits in X under the action of ¢(T'(R)°) by conjugation.

Proposition 4.1.1. Let 7° be an orbit of ¢(T(R)°) in X. Then J° decomposes into a product
of orbits in X; under ¢;(T(R)°) and is multi-oriented.

Proof. The first part of this assertion follows from the natural decomposition X = X; x ... X,.
The orbit .7° decomposes into orbits under ¢;((K7 /F7)°). For j =1, q; (KX /FX)°) ~ St ora
point and the orientation does not change. For j € {2,...,7}, ¢;((K%/FX)°) ~ R}. The action
of R} on itself by multiplication does not change the orientation. Hence the multi-orientation
induced on .7° by T(R)° is well-defined.

O

In the following sections we shall fix some ¢(T'(R)®)-orbit .7° whose projection on X; is a point.
Proposition 4.1.2. 7° is a connected multi-oriented submanifold of real dimension r — 1.

Proof. Recall that 7° is decomposed as 7° = {21} x F x --- x Z,. Fix & € X such that
7° = q(T(R)° - x. Then for j € {2,...,r} we have J; = ¢;((K% /F)°) - pr;(z). The group
q; (K7 /FX)°) is naturally identified with R} and J; is a connected oriented manifold of real
dimension one.

O

As a corollary, we have the following decomposition :
T ={z} X2 X+ X,

when z; is one of the two fixed points in the action of ¢;(T(R)°) on X; and +; is an oriented
connected submanifold of real dimension one in Xj;.

When we use the identification of X with (C~\ R)", the action of T(R) on X by conjugation is
an action of PGLy(R) on (C \ R)" by homography. Let z € K \ F. For j € {2,...,r} the matrix
qj(2) is hyperbolic with exactly two fixed points in P!(R), z; and z§ The manifold v; is then a
circle arc in the Poincaré upper half-plane joining z; to z§ (or a line if 23 = 00). Figure 1 gives
some examples of what could the 7;s be in the case of circle arcs.
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FIGURE 1. Case of circle arcs.

4.2. Tori on Shy(G/Z,X)(C). Let b € B*. We will denote by Z,° the following subset of
Shy(G/Z, X)(C)
TP = {[x,b]HﬁX,xE ﬂo}.

Proposition 4.2.1. 7,° is an oriented torus of real dimension r — 1.

Proof. Let x,2’ € 7° and b € EX; we know that

< 3dke B and hec HF*  (ka',kbh) = (,b)
e ke B*NbHF*b™' ki’ ==

[, 0]

WA
apx = &bl pp

Since the projection of .7° on X; is a point, we have k € BN g1 (K, ) = ¢1(K) and
keq(K*)NbHF*b".
Thus the stabilizer # of 7,° under the action of ¢(K*) is
W =q(K*)N (bHF*b™ 1)
which is commensurable with O[X(’ +/ Oj. This quotient has rank r — 1 over Z as a consequence of
Dirichlet’s units theorem :
Ok 4+/OF ~ torsion x Z" 1,
and the torsion is finite. The action of T'(R)° on .77° is given by H;ZZ (KX /FZ)° and there is an

isomorphism
T

[z /P> =R

j=2
The image O of Ok /OF in R"~! is isomorphic to Z* with s < r — 1. Denote by 6;{ the image
of OF in (K @ R)* Nx/@=1 Ag

H KX /FX and
J J
G {2,

(K ® R)><, Ng/q=1
05

are compact, R“l/@ is compact. Thus, the image of (’)IX<7+/O§ in R"! is a lattice.
The set .7,° is a principal homogeneous space under

()W =~ (R/Z) .

It is a real torus in Shy(G/Z, X)(C) of dimension r — 1, which is oriented by the fixed multi-
orientation on .7°.
O

For each u € mo(T'(R)) and b € B* let
Ty = {[q(u) 2] e, @ € 9}

It is a real oriented torus of dimension r — 1.
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Proposition 4.2.2. The set
{F"| be B*, uem(T(R))}
does not depend on the choice of q: K — B.

Proof. Let §: K — B be another embedding. Thanks to the Skolem-Noether theorem there exists
a € B* such that

Vk e K q(k) = aq(k)a™".
Let xg € X, and assume that 7° = ¢(T'(R)°) - xo. We have T° = Jd(T(R)°) - a(xg) = a-T° and
for each u € mo(T'(R))
a-qu)- 7°=qguT(R)°) - a-xo.
Let b € BX. As a € B* we have

F = dw 7] = la-ql) - 77,0

HFx
The map b+ a~'b is a bijection. Thus

{F", be B*, uem(TR)} ={F", be B*, ucm(TR))}

Action of Gal(K*/K). Let us denote by K®" the maximal abelian extension of K and by recg :
KX/K* — Gal(K*/K) the reciprocity map normalized by letting uniformizers correspond to
geometric Frobenius elements.

The group K 5 acts on {Z* | b € B*, u e m(T(R))} by

Va = (ase,a5) € KX =KX x KX Vbe BX  a-F = %q(<“°)°b)“.
af

The action of k € K* is trivial; as ¢(k) € B*, the definition of Shy(G/Z, X)(C) gives:
k-7 = la(R)q(w)T°, q(k)b] o = la(w) T°, 0]y = S

HFx HFx

The action of Fy is trivial. For a = (aw,ay) € FX, and b € BX, qas)b = bglas) and
q(as0)q(u) 7 ° = q(u).7° hence

a- ‘%u = [Q(aoo)q(u)gov Z]\(a‘f)b]Hﬁx = [Q(u)yoa b]H;"\X = %u
4.3. Special cycles on Shy(G/Z, X)(C). In this section we construct some r-chain on Shy (G/Z, X)(C).
Proposition 4.3.1. The homology class [,°] € H,—1(Shu(G/Z,X)(C),Z) of F,° is torsion.
Proof. Let us denote by pr the map
pr: X x {b} — Shy(G/Z,X)(C).
Z,° is in the image of pr and
prt(F7) = ({z} X 2 X x ) x (b}
Let w € H'(Shy(G/Z, X)(C), C). Thanks to the Matsushima-Shimura theorem, w = wypiy +
Weusp- As 7 — 1 # r we know that w = wyniv-
o If r — 1 is odd, then H"~!(Shy(G/Z,X)(C),C) = {0}.
e If r — 1 = 2sis even, w is the pull-back of /\;:2 w@) | where
dxj A dyj
v;

With the notations of the proof of Proposition 4.2.1, .7,° is a principal homogeneous space

w =1 or

under 7. Fix a fundamental domain # of # in 5 X --- X 7. The incompatibility of

degrees gives
/ o /~w<2>/\_._/\w<r> _o,
l)o v
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W € H™=(Shu(G/Z, X)(C), C) / w=0.
7

This proves that [°] = 0 € H,(Shy(G/Z, X)(C),C) and [F°] € H,(Shy(G/Z,X)(C),Z) is
torsion.
[l

Definition 4.3.2. Let n € Z~( be the exponent of H,_1(Shy(G/Z, X)(C), Z)tors.- Then
n[Zy7] = 04y
for some piece-wise differentiable r-chain AJ.
Proposition 3.2.1 proves that the value of
(%&1 /A ) wﬁ) eC
5

o

modulo A; does not depend on the particular choice of Ay. If T(R)® is fixed, then we have the

following proposition.

Proposition 4.3.3. Let ° and T'° be two special cycles such that pri(T°) = pry(T'°) =
{z1}. Assume that pr;(7°) and pr;(7'°) lie in the same connected component of X; for each
j€{2,...,r}. Let n be the exponent of Hyr—1(Shu(G/Z, X)(C), Z)tors and let Af and AY satisfy

n[Z°] = 0A; and n[F,/°] = 0AY.
Then we have

/ wg :/A/ wg (mod £ 1o 1QPA).

Proof. Our hypothesis allows us to decompose A)° — Ay into
AY — Ay =pr({z1} xC)+ D,
where D is a cycle with 9D = 0 and pr is the map
b1 { X — Shy(G/Z,X)(C)

T — [mab]fo

D @ C Dy fo--
S A;

/0
T =7 pr({a} x0)
b D

Let us show that [y, .. w? € & 1a"1QPA;.
et us show tha fA_Ab%eg a 1
We have

W= w. € o I'(Shy(G/Z, X)(C), (QF)°),
5 e{r1,.., = {£1}"
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Each w. € I'(Shy(G/Z, X)(C), (Q3})°) satisfies
pri(we) = dzg Awl
We have

/ oJE:/ dz; Awl =0,
pr({z1}xC) {z1}xC

B8 —
w, = 0.
~/{21}><C v
Thanks to Proposition 3.2.1 we have
/ o.)g S 5_1a_1QBA1
D

and the result follows. O

thus

Corollary 4.3.4. The value modulo Ay of
1
—fa/ wﬁ) eC
(Qﬁ ag

depends neither on the choice of T° whose projection on X1 is {z1} nor on Ay satisfying n[7,°] =
OAy.
Definition 4.3.5. We set JbB = o5éa [ro wg (mod A;) € C/Ay, the image of .,° by an exotic

b
Abel-Jacobi map.

Properties o JP. For each u € mo(T'(R)) let A} be some piece-wise differentiable chain satisfying
b b

n [[q(u) - T°, 0] — DAL,

Hﬁx}
Proposition 4.3.6. We have
1
JP = e > Blu) /A w, (mod Ay).
uwemo(T(R)) b

Proof. Let us identify mo(7T'(R)) with ngz{il} and assume that the image of T(R)® is (1,...,1).
Then

W= Butiw,).

ueno(T(R))
The chains ¢, A} and A} are in the same connected component. Thus using 4.3.3, we have
Josgo=
N Ay

and the result follows.

Recall that z; € X is fixed by ¢(KX).

Proposition 4.3.7. Let 7° and T'° be two q(T(R)°)-orbits such that pry(.7°) = pr,;(T'°) =
{z1}. There ezists a unique u € wo(T(R)) such that, for all j € {2,...,r},

Prj(g/o) and prj(Q(u) - T°)

are in the same connected component of X;;.
If Jé’B € C/A; denotes the value obtained from 7'°, we have

77 = Bu)gy.
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Proof. Let x,2’ € X be such that .7° = ¢(T'(R)°) -« (resp. Z'° = q(T(R)°) - 2’). There exists
u € mo(T(R)) such that for all j € {1,...,r}, pr;(¢(u) - ¥) and pr;(2’) are in the same connected
component of X;. As 7'° = q(u)-.7°, the chain A}° whose boundary up to torsion is [.7"°,b] ;; g« ,
equals A}, Thus

> s [, NERD S0 /. Lee=i 3 ) / e

w emp(T(R)) w emp(T(R)) u” €mo(T(R))
O
Let ¢,¢' : K < B be two embeddings and x € X, 7° = ¢q(T(R)°)-x (resp. I'° = ¢ (T(R)°)-2').

There exists a € B* such that

q/ _ aqcfl

thanks to the Skolem-Noether theorem. For each j € {1,...,7}, pr;(7°) and pr;(7'°) are in the
same connected component of X; if and only if 7;(nr(a)) > 0.

Using 4.3.7 we obtain
Proposition 4.3.8. If

a = (sgnoj(nr(a))jeqr,..ryp € {E1} 7,
then
= By

Let Npx (K*) be the normalizer of K* in B*. Let a € Npx (K*) ~ K*. After multiplying a

by an element in K* we may assume
Vie{2,....r} 7j(nr(a)) > 0.
We have
pri(q(a) - 7°) =t1(21)
and
vied{2,....r}  prlgla) - T°) =pr;(T°)

but the orientations of pr;(¢q(a) - 7°) and pr;(7°) are not the same.

Thus

o _ ° N 0 ~ N1
[tl y ’ b]Hﬁ'\x - [q(a)y ’ b]Hﬁ'\x - [9 ’ q(a’) b]HI/:'\x ’
but the orientations differ by (—1)"~1. Hence

Proposition 4.3.9. The tori J,° and t; fﬁa)b are the same up to orientation.

5. GENERALIZED DARMON’S POINTS

5.1. The main conjecture. Let ®; : C/A; — F;(C) be the Weierstrass uniformization; i.e. the
inverse of @ is the Abel-Jacobi map for the differential 7;,. For each ao € KZ, fix some r-chain
q(axo) - Af satisfying nlg(as) - %B] =q(aco) - A'g and denote by f(ax) the following sign

ﬂ(aoo) = H ﬁ SgI H Qoo w
j=2

w]T;
Conjecture 5.1.1. The point

Pl =, <$ga/ﬂ ws(,) =®,(J]) € E1(C)

b

lies in E(K®P) and

Va = (ax,af) € Kx rec(a)Pl = &, §_a/ wy | = Blas) P2 .
q(aoo)vAf‘\ ‘I(af)b
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KX
Remark 5.1.2. The choice of z; € Xfl( ) fixes a morphism hy : S — G'1 R, hence a morphism

C* =8S(R) — Gi1r(R) = B = (B ®F-, R)* satisfying h1(C*) = q1(K%). This fixes an
embedding 71 i : K < C such that the following diagram

h1

Cx (B QFm R)X

T1,K
(K QF7 R)X
commutes. We may fix 77 : K ab , C above T1,K, such that

T1

F R

S)

T1,K

K K.ab
commutes. Moreover the isomorphism

{ Gal(K**/K) 5 Gal(f(K®)/m1 x(K))
o — Floood !

does not depend on the choice of 7;. If 7{ is another embedding above 71 g, then 7/ = 71 0 ¢’ with
o’ € Gal(K*"/K) and
Vo € Gal(K**/K) Flogod t=Fodoo tort=FoooF?

because Gal(K*/K) is commutative. Hence the Galois action of 5.1.1 does not depend on the
particular choice of 7.

Remark 5.1.3. Using conjecture 5.1.1, we obtain

Vaoo € K2 reck (aoo) P = ﬁ(aoo)PbB.
Va € F{ recy (a)P) = PP

5.2. Field of definition. Let B} = {b € B* | Vj € {2,...,r}, 7;(nr(b)) > 0}. It is diagonally
embedded in (B® R)*. Set

Kj _ (Kab)recK(qgl(bHFXb’lBi)) and K = (Kab)recK(qgl(bHﬁxb—lBX)) C Kj.
Note that K3 and K;' depend on the choice of ¢ : K — B.
Proposition 5.2.1. The point Pf is defined over K; : PbB € BE(K;").
Proof. Let a = (loo, bhfb™)(a0o, 15) € gat (GHE*b"'BY) with f € F* and h € H. We have
rec(a) P! = rec(gx (1o, bhfb~ )P = P P =P’

bhfb—1b — Lbhf

Remark that recx induces a surjection

(K®@qR)™

R : WQ(T(R)) = (F ®qQ R)X(K ®XQ R)j—

o~ ﬁ{il} — Gal(K, /Kp).

Jj=2
Thus, we have

Proposition 5.2.2. The points Pbﬁ lie in Kf = (K )RKer 8),

Remark 5.2.3. As Kerf has index 2 in H§:2{il}, the field Kf has degree 1 or 2 over Kj,.
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Assume that the conductor N of E decomposes as N = N;N_ with N = pq...p, p; distinct
prime ideals of Op and ¢ = d — r mod 2. If Ram(B) = {7p41,..., 74} U {p1,...,p:} and H =
(R®z Z)* where R C B is an Eichler order of level N, then K} is a ring class field of conductor

fo and K, lj‘ a ring class field of conductor fpfeo, Where fo, = H;ZQ T

5.3. Local invariants of B. Let 7 be the irreductible automorphic representation of B generated
by ¢ and

i =ni/e: Fx/F Ny p(Kx) — {£1}
the quadratic character of K/F. For each place v of F let inv,(B,) € {£1} be the invariant of B:
inv,(B,) = 1 if and only if B, ~ Ms(F,).
Fix b € B* and a character
x : Gal(K,/ /K) — C*,
which will be identified with
KX ™% Gal(K**/K) — Gal(K,  /K) 2% C*.

Let L(w x x, s) be the Rankin-Selberg L function, see [Jac72] page 132 and [JL70] section 12.
This function admits, since 7 has trivial central character, a holomorphic extension to C satisfying
L(m x x,8) =e(m x x,8)L(m x x,1 —s).

In this section, we prove the following

Proposition 5.3.1. Let b € B* and assume conjecture 5.1.1. If

x(B)= Y. xl)®F €E(K)® 2K

o€Gal(K, /K)
is not torsion, then = Xoo,
1 1
Yo #£ 1 NK,o(—1)e(my X Xo, 5) =inv,(B,) and &(m X X, 5) =—1.
We shall use the following theorem ([Tun83] and [Sai93]).
Theorem 5.3.2. The equality 1 .(—1)e(my X Xo, 3) = inv,(By) holds if and only if there exists
a non-zero invariant linear form
Ly iy X Xy — C

unique up to a scalar satisfying

Va € K} Yu € T, Lo(qu(a)u) = xol(a) ™ ey (u)
i.e. L, is q(K.0)-invariant.
Proof. (of Proposition 5.3.1) We follow the proof of [AN10], Proposition 2.6.2.

Let S’ be a finite set of finite places of F' containing the places where B, 7 or K ;r /F ramify,
and such that the map r = (r, : K — Gal(K, /K)),es obtained by composition

ro [ KX — KX =5 Gal(K*™ /K) — Gal(K,|/K)
veS’
is surjective.
For each v € S let

. K, < B,
o { ko o— b lgy(k)b,
and
j: (jv)UES/ : H K'U — H Bv-
veS’ veS’
As S’ does not contain any archimedean place of F,

vae [[ KX (7% @@l ypx = [T°,05(@)] ypox
veS’
and
n B B
Va € 11 K) Vbe B* reci (a)P, = PEﬁ(a)b = Pyia-
veES’
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Let (K)° C K be the inverse image of (KUX/O[X(}U)GM(K/F) C K)S/Oxk,
We have

0 if v is inert in K/F
K /Og JF) 5 Z/2Z if v ramifies in K/F
Z if v splits in K/F,

the quotient (K)°/F) is compact and

N Z if v splits in K/F
p— >< >< ©
Dy =K /(K[)" — { 0 otherwise,

(KX)° /O ~, { Z/27Z if v ramifies in K/F
Kol 0 otherwise.
For each v € S', O, = O, NKer(r,) is an open subgroup of O, and V) = (K)°/F)C, is
finite.
Let V, be the following subset of KX /F*C
e if v does not split in K/F, V. = K} /F)}C, and V,, := V2.
o If v splits in K/F, we fix some section of K — K)/(KX)° — Z. Hence K} =
(K))° x D, and there exists n, > 1 such that Ker(r, |p,) = nyDsy.
Fix a set of representatives D! C D, of D,/n,D, and set V,, = V2D, C K} /F}C,.
Let V.= [],ce Vo C [les KJS/F)SCy, which is stable under multiplication by the abelian
group V° = [],cq Vi and such that V < J] KX/FXC, 5 Gal(K, /K) is surjective with

veSs’
. . V]
fibers of cardinality [Gal( /R We have

V] 8 V] 5
7+6Y(Pb):7+ Z X(U)®‘7'Pb
Gal (K, /)| Gl Rl 22

=> xla)® Py
acV

Fix some open-compact subgroup Hi C Nyey J(a)Hj(a)™!. Using the maps

Shy, (G2, X) 29 Shj(a) Vinj(a)(G/Z2,X) 2= Shy(G/Z, X),

we have
S [ wi= x| Ly
acV Agj(a) acV b
— [ x@litee
z?aeV
:/ wf,
5
where
wl =Y x(@)li(@)] W]
acV
Whenever % (PB) Y ey X(a) ® Pj(a) € Zlx| ®z E(K;") C Z][x] ®z C/A; is not

torsion, there exists o : Z[x] < C such that

o3 |3 @l el ¢ Q- A,

b acV
where % = o o x. The vector

i =Y x(a)l(@)] w, € T AT (Shy, (G/Z, X), Q)
acV
is non-zero and invariant under j([[,cq (K)°). Moreover,

vae [T oo =X Ha)wr.

veSs’
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Let
s Q) T = Q) 7 — C(x )
veS’ ves’

be the j([[,cq (K)°)-invariant projection on Cw;.
Assume that v € S’ does not split in K. In this case (K)° = K0 and g induces a g,(K,S)-
invariant linear form %, : m, — C(%x,!). We have %, (w1 ) # 0, where

Wi = Z ’x 0 rv(av)['jv(av)]*ww
ay,€Vy

As e,(my X7 Xy, 3) is independent of o : Z[x] < C, Theorem 5.3.2 shows that

1 .
Ni.v(—1)e(m X Yo, 5) = inv,(B,).
When v € S’ splits in K or v ¢ S" U S., the equality
1
5) =1=inv,(By)

follows from calculations which may be found for example in [Nek06] Proposition 12.6.2.4.
Global sign. If v = 7; is an archimedean place, then (m, X Xu,2) = 1. Moreover ng ,(—1) =
1if and only if j € {2,...,7} and inv,(B,) =1 if and only if j € {1,...,r}. Thus

77K7v(_1)5(77v X X,

Ix1 ifj=1
NK,»(—1)inv, (B,) = 1x1 ifjed{2,...,r}
—1x-1
and
. 1 . 1 i =1
Vie{l,....d} eu(my X Xos 5) = NK,»(—1)inv, (B,) x { 1> 1
Hence

O

5.4. Global invariant linear form and a conjectural Gross-Zagier formula. For any open
subgroup H' C H, b € B* and u € m(T(R)) fix AY, , € C"(Shy(G/Z,X)(C),Q) such that
ONY,, = [T ), where Ty, = {[q(w)a, bl 5., @ € T°)

Recall that /

H/I/:\'xi

Vu' € mo(T(R))  twAl, = Ap.
Let mo be the archimedean part of m. Fix ¢ € 7o a lowest weight vector of weight
(2,...,2,0,...,0) of Tos and w,, such that w, = Yoo ® @ € Too @ s C S2(By).
——

T

Let us denote by g7y the sub Q[EX]—module of ¢ generated by 5.
Proposition 5.4.1. The space qmy is a Q-vector space and qny ®¥q C — 7y is surjective.

Proof. The space Im(qny ®q C — 7y) is a zero subvector space of my invariant under Bx. As 7f
is irreducible, we have Im(q7y ®q C — 7¢) = 7y and 7y ®q C — 7y is surjective. O

Fix n # 0 € HY(E, Qg r). There exists a € F’* such that
I (aw,) = .

Fix a continuous character of finite order x : Kx/K*Fx — Z[x|*. Let H' C H be any open
compact subgroup of B* satisfying y (qgl(H’FX )) = 1. Assume that there exists by € B> such
that by 'H'by C H. Let pr, be the map Shy (G/Z,X) — Shy(G/Z,X) defined on complex
points by

[z, b] = [z, bbo] -

H/Fx
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Proposition 5.4.2. If balH’bo C H for some by € EX, then
vZ' € C"(Shy (G/Z, X)(C),Z) / pry, (wX=) € Qa1 OX= Ay,
Z/
Proof. Let Z = pr,, (Z') € C"(Shy(G/Z,X)(C),Z). We have

/ pry,wX= = deg(pry, : 2" — Z)/ wXe.
7 z

Thanks to Proposition 3.3.3, we have [, wX> € Qa~'QX~A; hence [,, prj wX> € Qo 'QX=A;.
O

Denote by pr : Shy/(G/Z,X) — Shy(G/Z,X) the natural projection, and by (K ® R)}
the set of elements in (K ® R)* whose norm to F is positive at each place of F. We have

— (KQR)™
mo(TR)) = Grgry= (remy
The following formula

1
(W) = r s [ W (m0dQeaQai A,
X [H : H’]deg(ﬂH/,b LN <7[-[’5) ZKX Ao @
ac A H',q(ay)
4y (H/F)(KOR)S

where 9AY) = [79%=) | s independent of the specific choice of A“2) : we can assume

H',q(ay) H',q(ay) H’,q(ay)

that w’ = pry (w,) for some by € B* ; decompose each a € KXo (H'FX) (K @ R)Y as a =
(af,150)(1f,a00). Remark that

KX /ax' (H'F{)(K @ R)Y = K> /g "(H'F*) x (Ko R)* /(K © R)7,

hence af € K>/ Y(H'F*) and a0 € (K @ R)* /(K ® R)Y.
Thanks to Proposition 5.4.2, the following formula

D Xoolaoo) / W'=Y xeolaso) /A tq(ace) PrbWe

AQ(GOO) ~
llooeK;; H/ q(a ) IIOOGKOXO H' q(ay)
— X -10x
= / WX (mod Qa ™ "QX>*Ay)
H,q(ay)
does not depend on the specific choice of A‘gf"ﬁ() X
.alay

Thus, the expression of £, (w’) above defines a linear form
t: 837 0 QIE w, — Qy) ©q (C/Qa™ 0¥ Ay).
To simplify the notations, let
S = deg( Ty = i)  and  Wg = KX Jqat (H'FX)(K @ R)Y.
Thus 1
W)= g
) = e o e [

q(aco)

a€EWyy AH’,;\(af)

Proposition 5.4.3. (1) Let H" € H' C H be open compact subgroups such that x(qx (H'FS)) = 1
and pr* the map pr* : 83 (BX) — S (BX).
If ' € S (BX) N Q[BX|wy, then £y (w') = £y (pr*(w')) and £ defines a linear form on
Q[B* |w,.

(2) We have
Vo€ KX Vwe QB Jw,  L([-dlag)] w) = xp(a) oy (w).

(3) If x factors through Gal(K,  /K) and if Pf = o (fAH,b wg) ®1 e C/QAy, then

ex(Br=)= Y xlo)@a(P) € Qx) @q E(K;) C Q(x) ®q (C/QA1)
Gal(K;'/K)
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equals @1 ({4 ([-b]*wy)), up to a non-zero rational factor.

H”,:]\(llf)) - AH/7:1\(af) and

/ pr*w/ = deg(ﬂHu?b — gH’,b)/ w' = 5H”,H’/ w'.
AH//,IJ AH/,IJ AH/,IJ

As x(qx (H'FY)) = 1, we have (thanks to Proposition 5.4.2)

Proof. Proof of 1. Let a € K*. We have pr(A

1
*o! = *W' _1QXOOA
) = Gy 2 M@ ooy P (mod QU0 2q Qa2 A
H H' q(ay)
5 " ’
=iy 2 X@e / o (mod Q(x) B Qa1 Q< Ay)
H".H a€EWyn Aq(ai\o)
H H' q(ay)
= U S () @ / W (mod Q(x) ©q Qo X< Ay)
[H : H”](SHN’H ac Aq(ai\o)
u H',q(ay)
[H': H"] / ) 1
=T o QXA
[H : H”]éHQH ae%; x(a) ® A(aco) w (mod Q(x) ®q Qo 1)
"’ H'jq(ag)
=l (w').

Proof of 2. Assume H” is sufficiently small such that [-g(af)]*pr*w € S5, We have

O ([qlap)]"w) = 6 ([-glag)]"priw)

_ 1 ! ~ * * —10)Xoo

T L Xe [ e e (med QM) se Qulex Ay
a EI/VH” H//,;\(a./)

— 1 ! * -1 X oo

B [H . H”](SH//’H / Z X(a ) “ ‘/Aq(alof\) prw (mOd Q(X) ®Q QOZ Q AI)
a EWH// Y qlaa’)

_ 1 n_—1 * —1O)Xoo

[H:H"opnn ,,Z e )®/Aq<ag’o> ptw (mod Q(x) ®q Qo™ ¥~ Ay)
a EWH// H”,;\(a“)

=xys(a)”! ! Z x(a") @ priw  (mod Q(x) ®q Qa1 OX<A;)

! [H : H”](SH’QH A9@5) Q

a"eWyn -~
H H'" q(a’")

= xr(a) Uy (w)
Proof of 3. As w, € S2(BX) = Uy SH¥(BJ), there exists H' sufficiently small such that
w, €8 and  [bFw, € ST

Let m = [Kx /qa (H'FX)(K @ R)} : Gal(K;  /K)] and v = B2 We have :

1
ldeg( Ty — Tw) "
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(ol b]"wy) = v > Xs(ag)xoo(aoe) ® / [Dw,  (mod Q(x) ©q Qo 'QX<A,)

A‘l(ﬂoo)
X ~
KA

A H' q(ay)
T Er ) (Kem X

=V ZXf(af) ® Z XOO(aOO)reCK(af) : / trecK(am)wtp (mOd Q(X) ®Q Qa_lgxmAl)

af Aoo H’.b

=rvm Z X(U) ® /A ZXoo(aoo)treCK(aoo)wtp (mOd Q(X) ®qQ QailgxooAl)

o€Gal(K,M/K) LTS
=vm Yy, xo)® / wy (mod Q(x) ®q Qa1 Ay),
o€Gal(K /) Anrp

hence
eY(PbXOC) = 01 (£ ([b]*wy)).
]

Let us consider the Néron-Tate height Axt : E(K?*) x E(K*) — R extended to an hermitian
form

hnt @ E(K*®) ® C x E(K**)® C — C.

Recall the condition

(2) Yo #1 e(my X Xo, %)m{m(—l) = inv,(B)

from Proposition 5.3.2: if 2 fails, then P> € E(K?®) is torsion.
In general, there should be some k(b,w,) € C such that

Vo :QO) = C (e (PX=)) = k(b,w,)L (7 x °x, %),

as in Gross-Zagier, Zhang and Yuan-Zhang-Zhang [GZ86, Zha0l, YZZ09).
This formula explains the following conjecture :

Conjecture 5.4.4. Let K, = (K2P)YKer() be the extension of K trivializing x. If

1
Yo #T e(my X Xo, 5)771(,@(_1) = inv,(B),

then there exists b € B* such that k(b,w,) # 0 and we have the following equivalences :

{, # 0 <= 3 € B such that K, C K, and ex(PX>) € Z[x] ® E(K,) is not torsion
1
< J0:Q(x) = C L'(7r><”x,§)7é0

< Vo:Q(x) — C LI(TFXUX,%) # 0.

6. A RELATION TO KUDLA’S PROGRAM

The theorem of Gross-Kohnen-Zagier asserts that the positions of the traces to Q of classical
Heegner points are given by the Fourier coefficients of some Jacobi form. The geometric proof
of Zagier explained for example in [Zag85] has been recently generalized by Yuan, Zhang and
Zhang in [YZZ09] using a result of Kudla-Millson [KM90]. In this section we establish a relation
between Darmon’s construction and Kudla’s program. This is a first step in an attempt to apply
the arguments of Zagier [Zag85] and Yuan-Zhang and Zhang’s [YZZ09] to Darmon’s points.
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6.1. Some computations. Let us fix a modular elliptic curve E/F of conductor N = Ny N_.
Assume Ram(B) = {7,41,...,74} U{v | N_} and that the quadratic extension K/F satisfies the
following hypothesis

Vo | Ny splits in K Vo | N_ is inert in K.

In particular, the relative discriminant dg/p is prime to N. Let R be an Eichler order of B of
level N,. Identify K with its image in B by ¢ and assume K N R = Ok, H = R~ (which implies
that dimwf =1).

Recall that h,, defines an embedding 71 x : K — C and denote by c¢ the non-trivial element of
Gal(K/F). Assume that Conjecture 5.1.1 is true for § =1 and let P = Trps /b1 € E(K).

Proposition 6.1.1. If ¢ is the global sign of E/F, i.e. A(E/F,s)=¢cA(E/F,2—s), where A is
the completed L-function of E/F, then ¢(P) = —¢P.
Proof. Assume that K = F(i) and B = K(j), with i? = a € F*, j2 =b € F* and ij = —ji.
Recall that
=Ty p
with .7° = {z1} X 72 x -+ x 7,. Thus
o(F°) = {triza} x Y2 x - X Y, U e = (1)1 H(T°), 1 1y o
and
o(7°) = (1) T,
since j € B*. This shows that ¢(P) = (—1)""'P;. We will write P; using only P;. We
will make the following abuse of language. For each place v of F, j, shall denote the element
(1,...,1, jy ,1...) € Bx and we will use the following lemma
N~

Lemma 6.1.2. Let b € BX and v a place of F. When v | Ny, set k, € K corresponding to
1 0
<0 Ordv(N+)> , where w, is an uniformizer of K,. If b, =1, then
Wo

—EvPb if v | N_
Pyj, =< epreck (ky V)P, if v | Ny
Pb if v J[ N

Proof. (of the lemma)
For each v inert in K/F we have

invy(B) =1 <= B, ~ My(F,)

= b€ Ng,/p, (K)) = O F)*

<= 2| ordy(b)
As j = —j, we have nr(j) = —j% = —b and

inv,(B) =1 <= 2| ord,(nr(jy)).
If v | N_. then H, = O;v, where Op, is the unique maximal order in B, hence H, < B} and
B} /H) ~ Z by chosing some uniformizer. As H, is normal in B¢, the map
[4v] : Shy(G/Z, X)(C) — Shjngj,U(G/ZvX)(C)

is well-defined on Shy(G/Z, X)(C). Thus [.7°,bju]ypx = [Jo][7°, ]y px and

/A ch:/Ag['jv]*ww:/A o (Ju)Wep-

biv b
Decompose m = 7(p) = @, m,. We have

Mt BY 2 X 2N 7 797 = {41},
Let us denote by « the following unramified character

a:FX 287 5 7/27 5 {£1})
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satisfying m, = conr.
As v | N_, F has multiplicative reduction in v. The character « is trivial if and only if £ has split
multiplicative reduction in v, i.e. g, = —1.
Hence
e . ] we ifa=1
[]v] Wy = a(nl"(]v))wso - { (_1)ordv(nr(j))w otherwise.
Asv| N_, v € Ram(B) is inert in K/F and inv,(B) = —1, thus 2 { ord,(nr(j)). Hence
T . ] we = —gywy, fa=1
[Jo]"we = a(nr(jy))w, = { —w, = —yw, otherwise
and iju = —6vPb.
If v | Ny. then we fix some uniformizer @, of F, and an isomorphism B, ~ M (F,) which identifies

K, with the set of diagonal matrices and R, with { (Ccl Z) € M2(Opy) ‘ w?fd“(N” | c}.
As inv,(B,) = 1, j, is a local norm. There exists k, € K, such that j, = Nk /p, (ky). We may

assume that j2 = 1. Moreover j, is in the normalizer of KX in B¢ we thus identify j, to (O )

1 0
0 1 1 0 0 1 .
W, = <wgrdv(N+) 0) = (0 wgrdv(NJr)) <1 0> - kv]v'

This matrix is in the normalizer of R, in B,. As W, normalize H,,,
[go’ ij]Hﬁ'x = [907 bk;1WU]HFX = ['WU][907 bkgl]Hﬁ‘X .

Decompose w, = (@v‘N+ wy ® w', where w, satisfies|-W,]*w, = e,w,; then

Set

As b, =1,
Py, = epreck (ky 1) Dy,
If v f N. then by a similar calculation we obtain

ijv = I‘eCK(k'U_l)Pb.

O
End of the proof of Proposition 6.1.1. Lemma 6.1.2 implies that
co(Py) = )=t H —&y) H eorecy (k1) Py
o|N_ o| N,
and
Va € K c(reck (a)Py) = )T ! H —&y) H eyreck (k recK( )P
o|N_ i
As P € E(K), we know that reck (k~1)P = P. Thus
(3) o(P)=(-1)""" ] (=) [] &vP = DN T e, P
v|N_ v Ny vfoo
We have to show that (—1)"~! [Ln_(=€v) 1w, €0 = —€. For each v | co we have &, = —1.

Since [],o = (—1)%, the sign in equation (3) is

dHE _p)HeIN

\,_/

=¢
Recall that {v | N_} = Ram(B) N Sf. As |[Ram(B)]| is even, we have
(_1)\{UIN—}\ — (_1)|Ram(B)mSoo\ _ (_1)d—r.

Hence

c(P) = (—1)%e(—=1)" " (=))tINHp = —ep.
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O

Remark 6.1.3. The above computations are a particular case of a result of Prasad, [Pra96] The-
orem 4, which asserts that if Hom .« (7,,1) # {0}, then the non trivial element in N x (K )\ K}

acts on Hom y x (my, 1) by multiplication by inv, (B)e, = invy (B)e(mo, 1) € {1}

6.2. Orthogonal Shimura manifolds. Until the end of this paper we shall assume h; =1

Let us recall some definitions used by Kudla [Kud97] in the particular case r = 1. Let n € Z>
and let (V, Q) be a quadratic space over F' of dimension n + 2. We assume that the signature of
1% QF,r; R is

(n,2) x (n+1,1)"" x (n+2,0)4".
Denote by D the symmetric space of G = Resp/qGSpin(V). D is the product of the oriented
symmetric spaces of V; = V @ r R Thus D = Dy X ... Dy, where Dj is the set of oriented
positive subspaces in V; of maximal dimension. For each x € V let x; be the image of = in
Vj. Assume that Q(z) is totally positive. Set V, = z*, G, = Resp/qGSpin(V;) and for each
jed{l,...,d}
Drj = {ZG Dj ZJ_J?]}

We shall focus on the following real cycle on the Shimura manifold G(Q)\D x G(Q)/H.

Definition 6.2.1. Let H be an open compact subgroup in G(Q) and g € G(Q) The cycle
Z(x,g; H) is defined to be the image of the map

Zo.g i) | Co(@\D: x Go(Q)/H — G(Q\Dx G(Q)/H
T G+(Q)(y,u)HY — G(Q)(y,ug) HF™,

where HY denotes Gm(Q) NgHg™ .
Example (including Proposition 6.2.2) : Fix Dy € F satisfying
Tj(D()) >0 if je {1,7’+1,...,d}
Tj(.DQ) <0 1f]€ {2,...77‘}
Set
(VaQ) = (BTr:Oa-DO : DI‘).
(V®p+, R,7j 0 Do - nr) has signature
(1,2) if j=1
(2,1) ifje{2,....r}
(3,0) ifje{r+1,...,d}.

Let G = Resp/qGSpin(V'). The action of B* on V' by conjugation induces an isomorphism

B* = GSpin(V)
b — (v bobTY),
thus G ~ Resp/q(B*).
Let x € V such that Q(z) > 0, and denote by z; its image in V ®p,, R. Denote by K the

quadratic extension F' + Fz and T' = Resg;q(Gm)/Resp/q(Gm) as above. Let g be the inclusion
K—V = B.

Proposition 6.2.2. The set
Dy =Dy, XX Dy,
is a ¢(T(R))°-orbit in D whose projection on Dy is a point.
Proof. As x € V, Tr(z) = 0 and 2% = —nr(z) = —%z) € F*. Let j € {1,...,r}. We have
7;(Q(z)) > 0 hence 7j(x?)7;(Dy) < 0. Thus 7 ramifies in K and 72,...,7, are split. Moreover

¢1(K ™) fixes z1 by defintion of K.
O
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Let us focus on the general case when V has dimension n. Fix ¢t € F' satisfyingVj € {1,...,r} 7;(t) >
0. G(Q) acts on Q; = {r e V(F)| Q(x)=t} by conjugation.
Let ¢ be a Schwartz function on V(ﬁ) Assume Q; # 0 and fix x € Q;. Denote by Z(y, p; H)
the following sum
Z(t, o H) = > plg™" - 2)Z(x,9; H).
9€G(Q\G(Q)/HF*
Proposition 4.3.1 showed that for n =1 [Z(x,¢9; H)] =0 € H,_1(Shy(G/Z,X)(C),C). A natural
invariant to consider is the refined class
(Harm" (Shy (G/Z, X)(C))*
Im(H,(Shy(G/Z, X)(C),Z) — Harm" (Shy (G/Z, X)(C))*)’
where Harm" (Shy (G/Z, X)(C)) is the set of harmonic differential forms on Shy(G/Z, X)(C).
In order to adapt the work of Yuan, Zhang and Zhang, we need the following conjecture

Conjecture 6.2.3. In the situation of the above example (V,Q) = (B™=", Dy - nr), the sum

> {2t ¢ H)}g'
teOp
t>0

is a Hilbert modular form of weight 3/2.

{(Zt, g H)} =we J] €

In [YZZ09], the authors work by induction. To apply their method we would need to prove that
the refined classes {Z(t,p; H)} are compatible with the tower of varieties attached to quadratic
spaces V, < V of signature (n,2) x (n +1,1)""! x (n 4+ 2,0)9"" (in which case a generalization
of [KM90] should imply that Y +co - [Z(t,; H)]q" is a Hilbert modular form of weight & + 1 with

>

coefficients in H™1(Shy(G/Z, X)(C), C)).

6.3. A Gross-Kohnen-Zagier-type conjecture.
The Bruhat-Tits tree. In this section we recall some basic facts about the Bruhat-Tits tree (see
[CJ] and [Vig80]).

Let v be a finite place of F. The vertices of the Bruhat-Tits tree of PGLy(F,) are the maximal
orders of Ma(F,). Such maximal orders are endomorphism rings of lattices in F? ([Vig80], lemme
2.1). There is an oriented edge between two vertices @7 and O, if and only if there exist L, Lo
lattices in F? such that O; = End(L;), Ly C Ly and L1/Ly ~ Op, /w,OF,. The intersection of
the source and the target of paths of length n correspond to level v™ Eichler orders.

Fix some quadratic extension K/F. This data allow us to organize the Bruhat-Tits tree. Let
U : K, < Ma(F,) be a F,-embedding of K,. Let My(INV) be the set of matrices in My (F,) which
are upper triangular modulo N. If

U(Ox,) = U(K,) N Mo(N),

we say that W has level N. We can organize the vertices of the tree in "levels”, by privileging a
direction. Each level corresponds to a level of embedding relatively to Ok, i.e. to orders which are
in the same orbit under K ‘. The maximal orders in PGLy(F,) which are maximally embedded
are on the bottom of the tree.

Figures 2, 3 and 4 illustrate the dependence on the ramification type of v in K.

Darmox}\’s points, Kudla’s program and a Gross-Kohnen-Zagier-type theorem. Recall that H =
(R ®z Z)*, where R is an Eichler order of B of level Ny and that K = F + Fx satisfies the
following Heegner hypothesis.

Hypothesis 6.3.1. Each prime p | Ny splits in K and each prime p | N_ is inert in K.

The group G, is isomorphic to K * and Z(x, 1; H) is the image of K*\ D, XIA(X/H inShy (G, X)(C).
Note that

Z(x, 1, H) = Z' +1(7)),
where 7' = [Uyer, (rr))a(u) - 7°,1] 5. -
Let ¢ = 15,,_,. We are able to prove an analogue of Proposition A.L1 of [Kud04] when N =1,
B = M;s(F), R =M2(0p), t = Q(x) = Donr(z) € F and K = F' 4 Fx is such that K N R = Ok

and Og = Op + Opz. Set c1(F1) = {[t1(x),b] , 7, b€ BX}.
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FIGURE 2. Bruhat-Tits tree of PGLy(F),) when v is split.

FIGURE 3. Bruhat-Tits tree PGLy(F,) when v is ramified.

AN /

FIGURE 4. Bruhat-Tits tree of PGL2(F),) when v is inert.

Proposition 6.3.2. If N =1, r =d, B = My(F), H = R* with R = M2 (OF) and if O =
Or + Opx, then Z(t,p; H) is equal to

Z(a, L H) = T+ () = T — e T,

Remark 6.3.3. Under the strong hypotheses above, ¢ = (—1)¢ and the cycle obtained is zero
when d is even.

Proof. By definition
Z(t,p;H) = S dpnsolg ) Z(z, g H).
geﬁx\ﬁx/ﬁx
We have to determine g € K*\B*/R* satisfying ¢~ 'zg € R™° ie. z € gR™ g1 As
F* C K%,
EX\B*/F*R* = [['"K;\B) /RY = [[' K \B) /F)R.

v v
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This allows us to work locally with K\ B*/F,* R, which is identified to the K -orbits of maximal
orders of PGLy(F,). This gives the following condition, z, € g,R,g; *.

First let us consider those g, € BX/R}F) satisfying z, € g,R,g, . The ring g,R,g, " is a
maximal order containing x,. Using the fact that Ox = Op 4+ Opx, we have

T, € ngng_1 <= ngvgv_l NK, =0kg,.

Hence the maximal order g,R,g, ! is maximally embedded in K,. It is identified to a vertex at
the lowest level of the Bruhat-Tits tree. As each vertex at the same level is in the same K -orbit,
we have
Yo gp=1€ K;\B)/F)R).
Thus Z(t,p; H) = Z(z,1;H) and as D,, is a set of two points, Z(z,1; H) is identified with
Tt +a( AL = 7 — e}, thanks to Proposition 6.1.1.
O

We now consider the case when N = Ny N_ # 1 is prime to dg,r. The following proposition
is true even if B # May(F) but we still assume that R is an Eichler order of level N and Ok =
Or + Opx.

Proposition 6.3.4. Let N be the conductor of E. If N is prime to dk,p, then

Z(t, o H) = [[(1 + invy(B)ey) Z (2, 1; H).
v|N
Proof. The proof is analogous to the proof of Proposition 6.3.2. Let us first compute the number of
terms in Z(t, p; H). We need to determine for each v the number of K -orbits of oriented paths of
length ord, (N4 ) in the Bruhat-Tits tree; this is equal to the number of g, such that x, € g, R,g; .
e If v N then the same argument as in Proposition 6.3.2 shows that there is only one orbit.
e If v | N_, B, is ramified and v is inert in K. Hence K}\B)/RXF) = {1,m,} where
my, € B is an element whose reduced norm has order 1 at v; 7, corresponds to the
Atkin-Lehner involution.
e If v | Ny, v splits in K. Denote by v the level of the order R,. Each Eichler order of
level v? is the intersection of the origin and the target of an oriented path of length 4.
By hypothesis those orders are maximally embedded in K, and the path corresponding to
guR,g, ! is contained in the lowest level of the tree. As K¢ acts by translations on this
level, there are exactly two K, -orbits corresponding to g, depending on the orientation.
We have g and g, which are exchanged by the Atkin-Lehner involution corresponding to

0 %)

Let n be the number of prime ideals in the decomposition of N. The sum Z(t,¢; H) has 2"
factors. Let W be the sets of these factors. By definition Z(z,g;H) = [-9]Z(x,1; H). Using
Proposition 6.1.1 we obtain

Z(t, o H) = > [g)Z(x,1;H) = [[(1 + invy(B)ey) Z(x, 1; H).
geEW v|N
O
Let us conclude this paper by another conjecture. Assume that E(F') has rank 1. Denote by Py

some generator of E(F) modulo torsion. For each t € Op totally positive such that (¢) is square
free and prime to dg,, denote by K[t] the quadratic extension

K|[t] = F(\/—Dot),
which satisfies the hypothesis used to build Darmon’s points. Let P, ; be Darmon’s point obtained

for K[t] and b =1, and set
Pt = TrK[t]T/FPt’l'

The point P; lies in E(F) and there exists an integer [P;] € Z such that
P, = [P;]Py modulo torsion.

Proposition 6.3.4 together with Conjecture 6.2.3 suggest the following (as in Conjecture 5.3 of
[DT08]).
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Conjecture 6.3.5. There exists some Hilbert modular form g of level 3/2 such that the [Pi]s are
proportional to some Fourier coefficients of g.

Remark 6.3.6. Using the analogy with the Gross-Kohnen-Zagier theorem, the integers [P;] should
be (proportional to) square roots of L(E_p,, 1), where E_p,; is the twist of E by —Dyt.

Let us end this paper with two open questions.

Question 6.3.7. Does Bruinier’s genralization of Borcherds products [Bru| give anything inter-
esting in this situation ?

It is natural to expect that results of Cornut and Vatsal [CV07, CV05] hold also for Darmon’s
points.

Question 6.3.8. Would it be possible to deduce such a result from suitable equidistribution
properties for the real tori Z,° 7
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