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Abstract

We determine the asymptotic behaviour of the number of the Eulerian circuits in
undirected simple graphs with large second eigenvalue of the Laplacian matrix (the
algebraic connectivity). We also prove some new properties of the Laplacian matrix.

1. Introduction

Let D be a directed graph with vertex set VD and edge set ED. A walk of length m
on D is a sequence v, vy, ..., v, of vertices of D such that (v;_1,v;) € ED for 1 <i < n.
This walk is a circuit if v, = vy and (v;_1,v;) # (vj_1,v;) for 1 <i < j < m. The Eulerian
circuits in D are circuits of length |ED|. Two Eulerian circuits are called equivalent if one is
a cyclic permutation of the other. It is clear that the size of such an equivalence class equals
the common length of the walks in the class. Let Ful(D) denote the number of equivalence
classes of the Eulerian circuits in D.

If G is an undirected graph, we can define the concepts of walk, circuit, the Eulerian circuit
and Eul(G) in the same way. The only clarification needed is that a walk vg, vy, ..., v, is a
circuit only if {v;_1,v;} # {v;_1,v;} for 1 <i < j < m; ie., edges may be traversed in one
direction only. Also note that an eulerian circuit and its reverse are counted separately for
n > 1 in an undirected graph.

Consider the problem of counting the number of the Eulerian circuits in an undirected
graph. As the appearance of Euler’s name suggests, this problem is one of the oldest in graph
theory. In his 1736 paper on the famous Kénigsberg Bridges Problem, see [f], Euler proved
that Ful(G) = 0 if there is a vertex v € VG with odd degree. English translation of this
paper can be found in [J].

Even in the case of G = K, the problem of counting Ful(G) has a long history. The
value of Eul(K7) was calculated for the first time in [[J] as the number of legal circular
arrangements of the 21 dominoes (doubles excluded) over the set {1,...,7}. An asymptotic
formula for Ful(K,) as n — oo with n odd is given in [§|. (For more detailed history for the
case of G = K, see, for example, [§] and references therein.)

It was shown in [[I] that for any graph G the number of the Eulerian circuits can
be written as the solution of a triangular set of linear equations. However, the number of
equations is extremely large for the dense graphs.

The problem of counting the number of the Eulerian circuits in an undirected graph is
complete for the class #P, see [B]. Thus this problem is difficult in terms of complexity
theory.
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In the present work we continue studies of [§]. We determine asymptotic behaviour of the
number of the Eulerian circuits in simple graphs with all vertices of even degree as n — oo,
where n is the number of the vertices. The asymptotic formula for Ful(K,) and our main
result are presented and discussed in Section 2. In Section 3 we prove some basic properties of
the Laplacian matrix, which may be of independent interest. In Section 4 we express Eul(G)
in terms of an n-dimensional integral using Cauchy’s formula. The value of the integral is
estimated in Sections 5 and 6, using some Lemmas proved in Section 8. We prove the main
result in Section 7.

2. Asymptotic estimates of the number of the Eulerian circuits
In what follows we suppose that undirected graph G has no loops and multiple edges, i.e.
G is a connected simple graph. (2.1)

We also assume that
all vertices of G have even degrees. (2.2)

Define the n x n matrix @) by

-1, (vj,v) € EG,

ij — dj, j - k, y (23)
0, otherwise

where n = |VG| and d; is the degree of the vertex v; € VG. The matrix @ = Q(G) is
called the Laplacian matrix of the graph G. The eigenvalues \yg < A\; < ... < A\, of the
matrix @) are always non-negative real numbers and Ao = 0. The eigenvalue \; is called the
algebraic connectivity of the graph G. (For more information about the spectral properties
of the Laplace matrix see, for example, [H| and [[q].)

According to the Kirchhoff’s Matrix-Tree-Theorem, see [fj], we have that

1
t(G) - g)\l)\z e )\nfl, (24)

where ¢(G) denotes the number of spanning trees of the graph G.
Let p > 1 be a real number and x € R". We use notation

n 1/p
1], = (ZMV’) : (2.5)
j=1
For p = oo we have the maximum norm
el = maxfa]. (2.6)
The matrix norm corresponding to the p-norm for vectors is

Ax
4], = sup 12Xl
S T,

(2.7)
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We denote by ||A|| ;¢ the Hilbert-Schmidt norm of the matrix A.

Al s = (2.8)
If f is bounded both above and below by g asymptotically, we use the notation
f(n) = Ok, (9(n)) (2.9)
which implies as n — oo, eventually
kilg(n)| < [f(n)] < kalg(n)]. (2.10)

When functions f and g depend not only on n, but also on other parameters &, we use
notation (2-9) meaning that condition (E-I0)) holds uniformly for all possible values of €.
The main result of the present work is the following theorem.

Theorem 2.1. Let matriz ) be the Laplacian matriz of graph G with n wvertices. Let
conditions ([2.1), (2.3) hold and the algebraic connectivity A\; > on for some o > 0. Then as
n — oo

Eul(G) = Oy, <2E"21w"21\/t(a) H (% - 1) !) , (2.11)

where E = |EG)|, d; is the degree of the vertex v, t(G) denotes the number of spanning trees
of the graph G and constants ki, ks > 0 depend only on o.

Remark 2.1. We can replace condition Ay > on for some ¢ > 0 in Theorem P.]] by the
condition that for some o > 1/2 the degree of each vertex of G at least on.

For the complete graph K, one can show that A\; = n and ¢(K,) = n" 2. The following
theorem is the variation of Theorem 4 of [§].

Theorem 2.2. As n — oo with n odd

Bul(K,) = 2" 70"t ((” > L 1)!) (1 + O(n*1/2+6)) (2.12)

for any € > 0.

In fact, Theorem R.9 is stronger than Theorem P.1] in the case of G = K,,. However, the
asymptotic estimate of Theorem P.1] holds for considerably broader class of graphs.

3. Some basic properties of the Laplacian matrix

Consider the graph G such that conditions (2.1]), (B.2) hold. The Laplacian matrix @ has the
eigenvector [1,1,...,1]7, corresponding to the eigenvalue \g = 0. We use notation @ = Q+J,
where J denotes the matrix with every entry 1. Note that @) and ) have the same set of

eigenvectors and eigenvalues, except for the eigenvalue corresponding to the eigenvector
[1,1,...,1]T, which equals 0 for Q and n for Q.
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Since the spectral norm is bounded above by any matrix norm we get that

At = 11Ql2 < 1101l < [1Q1h = mJaXZ\ij\ =n. (3.1)
k=1
We denote by G, the graph which arises from G by removing vertices vy, vo, ..., v, and

all adjacent edges.

Lemma 3.1. Let conditions (2.1), (2.3) hold for graph G with n vertices. Then

)\1(G) S min dj, (32)
n — J
M(G) > 2mind; —n + 2, (3.3)
J
)\1(G7~) Z )\1(G) -, (34)

where \(G) is the algebraic connectivity of G and d; is the degree of the vertex v; € VG.
The proof of Lemma B.] can be found in [{].

Lemma 3.2. Let the assumptions of Theorem .14 hold. Then there is a constant coo > 0
depending only on o such that

~A A Coo
1Q7Hh = 1@ o < — (3.5)

Proof of Lemma [3.3. We consider x € R™ such that ||x||.. = 1. For simplicity, we assume
that |z1| = 1. We denote by J, the set of the indices j such that |z;| > o/8.
In the case of |J,| > on/4 we have that

o2
[|x[]2 > 1/ 6—40n/4. (3.6)

Since the algebraic connectivity A; > on, we get that

- . o3n
\ llQx[[Z, > [|Qx([2 > Ail|x[[2 > onl[x[|s > on 556 (3.7)

In the case of |J,| < on/4 we have that

1Qx]loc = (d + Dlza] = D ] =

J=2

>di+1= Y fol = Y layl > (38)

j€Jo j¢Js
>dy+1—on/4—no/8.

Using again A; > on and (B.2) we get that

n—1

d; > mind; > on > on/2. (3.9)
j
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Combining (B7), (B-§) and (B.9) we obtain that
1000 = el [X] oo, (3.10)

for some constant c,, > 0 depending only on o. ]

The following lemmas will be applied to estimate the determinant of a matrix close to
the identity matrix I.

Lemma 3.3. Let X be an n x n matriz such that || X||, < 1. Then for fived m > 2

m—1 (_1)T+1

det(/ + X) = exp (Z . tr(X") + Em(X)> : (3.11)

r=1

where tr is the trace function and

no |IXTy
| En(X)] < — : (3.12)
m 1— X,
Lemma B.J was also formulated and proved in [§.

Lemma 3.4. Let the assumptions of Lemma B.3 hold and all eigenvalues of X are non-
negative real numbers. Then

det(I — X) > exp (—%) . (3.13)

Proof of Lemma [3.4. Using Lemma .3 we get that

det (I — X) = exp <i <_1T)T+1 (-1)%(}(7")) (3.14)

r=1

Since all eigenvalues of X are non-negative real numbers
0 < tr(X") < tr(X) | X|I; (3.15)

Hence

r

r=1

det( — X) > exp (— e HXHS‘1> > exp (—%) NCRT

Lemma 3.5. Let the assumptions of Theorem [2.] hold. Then there is a constant c¢; > 0
depending only on o such that

det Q
|d6t M11| S C1 enQ, (317)

where My, denotes the (n — 1) X (n — 1) matriz that results from deleting the first row and
the first column of Q = Q + J.
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Proof of Lemma [7-3. Since the algebraic connectivity Ay > on, using (B-2), we get the
following estimate for the degree dj of the vertex v, € VG.

-1
dr > mind; > i on > on/2. (3.18)
j

Counsider the n x n matrix X such that

! if (v1,v;) € EG and (vy,v;) € EG
) @ 1, Uk ;
Xin { 1O, otherwise. (3.19)
After performing one step of the Gaussian elimination for Q + X, we obtain that
det(Q + X) = (dy + 1) det My, (3.20)
Since the spectral norm is bounded above by any matrix norm, we get that
X2 < [IX[l = 1. (3.21)
Since A; > on, taking into account (B.I)), we obtain that
A a_ 1 1
IXQ7 L < IX1LIQT L < - < — (3.22)
1 on

Combining Lemma B.3 with (B.23), we get that as n — oo
A A A 1
det (I +XQ7') = tr (XQ ') + By (XQ7')) < —+0(m™)). (323
o (14XG7) =ew (1 (x07) 4 22 (x07)) < 0 (1 +067Y) - 329

From (B:20() and (B-23) we have that as n — oo

(dy + 1) det My, = det <I + XQ_1> det Q < det Q exp (1/o+0(n™)). (3.24)
Since Q is positive definite, using (BI8) in (B24), we obtain (B.17). ]

Lemma 3.6. Let the assumptions of Theorem [2.1 hold. Let G, be the graph which arises
from G by removing vertices vy, vs, ..., v, and all adjacent edges. Then there is a constant
¢y > 0 depending only on o such that for any € € (0,1) and r < n¢

det Q(@)

(con)”

det Q(G,) > (3.25)

Proof of Lemma [3.4. We give first a proof for the case of r = 1. For our purpose it is
convenient to use notations Q = Q( ) and Q) = Q(Gl) Note that the matrix M;; that
results from deleting the first row and the first column of Q coincides with the matrix Q;
with the exception of the diagonal elements. In a similar way as (B.20) we get that

det(Q +Q+ X) = (dy + 1) det Qy, (3.26)

where X is such that

v | @ i (o) € EG and (v, v) € EG,

jk_{ 0, otherwise. (3.27)
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and € is such diagonal matrix that

R Rtk A 028
Taking into account (B.21)), we have that
192+ X2 < 2]z + || X[l < 2 (3.29)
In a similar way as (B:23) we get that
1@+ X)Q 7 o < 110+ X|LIQ b < 25 < — (3.30)
1~ on
Combining Lemma B.3 with (B.30), we get that as n — oo
det (I + (Q+ X)Q_l) = exp (tr ((Q + X)Q_1> + E, ((Q + X)Q_1>> >
(3.31)

> exp —ni + O(nl)) .
on
From (B.26) and (B.31]) we have that as n — oo
(dy +1)det O, = det <I F(Q+ X)Q—1> det @ > det Qexp (=2/o + O(n™")) . (3.32)

Since d; + 1 < n we get (B.25) for the case of r = 1.
Taking into account (B.4) and using r times (B.33) we get (B.25) for the general case. m

According to (P-4)), we have that

det Q

n2

1
t(G) - E)\I)Q M )\n,1 - y (333)

where t(G) denotes the number of spanning trees of the graph G.

Lemma 3.7. Let the assumptions of Theorem [2.1 hold. Then for some c¢5 > 0 depending
only on o the number of spanning trees of the graph G with mazimum degree greater than d
is less then ¢4 det Q/d! for all d > 0.

Proof of Lemma [3.7. According to Lemma 5 of [§] the number of labelled trees on n vertices
with first vertex having degree greater than d is less than 2n"2/d! for all d > 0. We have
that

det Q > A" > (on)". (3.34)

To complete proof it remains to note that the number of spanning trees with maximum degree
greater than d in GG does not exceed the number of such spanning trees in the complete graph
with n vertices. ]

Consider a spanning tree T of the graph G. We denote by G the graph which arises
from G by removing all edges of the tree T
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Lemma 3.8. Let the assumptions of Theorem [2.1 hold. Let T' be the spanning tree of G with
the mazimum degree at most on/4. Then the algebraic connectivity \(Gr) > on/2 and

det Q(G7) > ¢4 det Q(G) (3.35)
for some ¢y > 0 depending only on o.

Proof of Lemma [3.§. Note that

~ ~

Q(Gr) = Q(G) = Q(T). (3.36)

Since the spectral norm is bounded above by any matrix norm and the maximum degree of
vertex of T" at most on/4 we get that

QD)2 < [1Q(T)]lx < on/2. (3.37)
Therefore, since the algebraic connectivity A;(G) > on, we have that
M(Gr) 2 M(G) — [[QUD)|2 = on/2 (3.8)
and ) )
det Q(Gr) = det Q(G) det(I — X), (3.39)

where X = Q(T)Q(G)". Note that Q(G) is the matrix of positive definite quadratic form
and Q(T) is the matrix of quadratic form with non-negative eigenvalues. Considering the
basis in which both matrices are diagonal, we have that

tr(QT)Q(G)™) < tr(QM))IQ(G) ]2 (3.40)
and R
all eigenvalues of Q(T)Q(G)™! are non-negative. (3.41)
Using again the fact that the algebraic connectivity A;(G) > on and (B.37) we get that

on 1 1

IX1l < HRDILNQE) Ml < = = 2. (3.42)

Since T is the spanning tree tr(Q(7T)) = 2(n — 1). Using (B.40), we get that

(3.43)

r(X) < tr(QUT)IIQG) Mo < 2m = 2.

To complete the proof it remains to combine Lemma [B.4 with (B.39), (B:43) and (B.43). =

4. The result expressed as an integral

The reasoning below is similar to the arguments of Section 2 of [g]

An Eulerian orientation of GG is an orientation of its edges with the property that for
every vertex both the in-degree and the out-degree are equal. Any Eulerian circuit induces
an Eulerian orientation by orienting each edge in accordance with its direction of traversal.
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A directed tree with root v is a connected directed graph 7" such that v € VT has out-
degree zero, and each other vertex has out-degree one. Thus, T is a tree which has each edge
oriented towards v.

Let D be a directed graph with n vertices, and let v € V D. A directed spanning tree of
D with root v is a spanning subgraph of D which is a directed tree with root v.

The following famous theorem, sometimes called the BEST Theorem, is due to de Bruijn,
van Aardenne-Ehrenfest, Smith, and Tutte [,[[0].

Theorem 4.1. Let D be a directed graph with vertices vy, vy, . .., v,. Suppose that there are
numbers dy,ds, . .., d, such that, for every vertex v,, both the in-degree and the out-degree of
v, are equal to d,.. Let t. = t,.(D) be the number of directed spanning trees of D rooted at v,.
Then t,. is independent of i, and

BEul(D) =t, f[(dj — )L, (4.1)

Jj=1

Consider the undirected graph G with n vertices such that conditions (B.1]), (.2) hold.
Note that for every spanning tree T' of the graph G and any vertex v, € VG there is only
one orientation of the edges of T" such that we obtain a directed tree with root v,.. We denote

by 7, the set of directed trees with root v, obtained in such a way. For T' € J 7, denote by
r=1
EO(T) the number of the Eulerian orientations of G that the corresponding graphs contain

T.
From Theorem [.] in the case of a graph D corresponding to the Eulerian orientation of
the graph G we find that

Eul(D D] (— - 1) (4.2)

Jj=1

where d; is the degree of the vertex v; € VG. Let denote by £O the set of all graphs
corresponding to the Eulerian orientations of the graph G. Grouping the Eulerian circuits
according to the induced orientations, we obtain that

Eul(G)= > Eul(D)=]] (— - 1) > (D) (4.3)

Dego j=1 De&O

for any fixed natural number r < n.
Regrouping the terms of the final summation according to the directed subtrees rooted

at v,, we find that
Eul(G) =] (— - 1) > EO(T (4.4)
j=1

TeT,

For n > 1 and R > 0 we use notation U, (R) = {(x1, 22, ...,x,) | |z;| < R for all ¢}. The
value of FO(T) is the constant term in

1 1., 37;21%'
H (¢, x, +x xy) H — — , (4.5)

1 1
X5 xr X xX;
(Ujvvk)eEG ('Uj,Uk)EET ( J k + k j)
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which we can extract via Cauchy’s Theorem using the unit circle as a contour for each
variable. Making the substitution z; = ¢ for each j, we find that

Eul(G) =] (% — 1)1 2/FCImntlgmng, (4.6)

J=1

where

S = / H cos Ajj Z H (1+itanAj) d6, (4.7)

Un(7/2) (vj,vx)EEG Te€Tr (vjv,)EET

having put A, = 6; — 0 and using the fact that the integrand is unchanged by the
substitutions 6; — 6; + 7 if condition (B.7) holds.

We approach the integral by first estimating it in the region that would turn out to be
the asymptotically significant one. Then we bound the integral over the remaining regions
and show that it is vanishingly small in comparison with the significant part.

5. The dominant part of the integral

In what follows, we fix some small constant ¢ > 0. Define

O+...+0,

Vo=1{0 € U,(n/2): |0; — 0] < n V> where § = -

} (5.1)

and let Sy denote the contribution to S of @ € V. _Since the integrand is invariant under
uniform translation of all the 6;’s mod 7, we can fix § = 0 and multiply it by the ratio of its
range 7 to the length n~'/% of the vector 1[1,1,...,1]". Thus we have that

So = mn'/? / [T cosaund J] (t+itanay)dL, (5.2)

LNV, (v3:vk)EEG TeTr (vjv)EET

where L denotes the orthogonal complement to the vector [1,1,...,1]T.
The sum over 7, in the integrand of (f.3) can be expressed as a determinant, according
to the following theorem of [[2].

Theorem 5.1. Let wj, (1 < j, k <n, j#k) be arbitrary. Define the n x n matriz A by

A]k - { Zr;éj Wiy, ka :] 5 (53)

the sum being over 1 < r < n with r # j. For any r with 1 < r < n, let M, denote the
principal minor of A formed by removing row r and column r. Then

det M, = Z H Wik, (5.4)

T (v00)€ET

where the sum is over all directed trees T with VT = {vy,ve,...,v,} and root v,.
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Lemma 5.1. Let the assumptions of Theorem [2.1 hold. Let Q = @ + J, where J denotes
the matriz with every entry 1. Then for 8 € Vy as n — oo

eiBTQathr(AQA’l )2

zn: Z H (14+itan Aj) = - det Q(l + O(n’l/”&)), (5.5)

r=1T€eT, (’Uj ,Uk)EET

where o denotes the vector composed of the diagonal elements of the matriz Q*I, A denotes
the diagonal matriz whose diagonal elements are equal to the components of the vector Q8.

Proof of Lemma Pp.1. Define the n x n matrix B by

—tan Ay, for (v, vx) € EG,
o > tandy, for k= j,
B]k o l:(vj,n)EEG ’ (56)
0 otherwise .

Using Theorem [.]] with the matrix A = @ + iB, we get that

Y II a+itandy) => M, (5.7)

r=1T€eT, (vj WE)EET

where M, denotes the principal minor of A formed by removing row r and column r. Since
the vector [1,1,...,1]7 is the common eigenvector of the matrices @ and B, corresponding
to the eigenvalue 0, we find that

Z M — det( Q + ZB) (5.8)

Note that for 8 € Vj B B
Ajy = (6; — 0) — (6, — ) < 207V, (5.9)

Since the spectral norm is bounded above by any matrix norm we get that
1Blla < |IBlly = max Y _|Bji| = O(n*/>*). (5.10)
=
Let ® = BQ!. Since the algebraic connectivity A\; > on, we get that
. 1 e
|[l: < [|BlLIQ7|2 < )\—1||B||2 = O(n~"*%), (5.11)

Using Lemma (B.3) with the matrix i®, we find that as n — co

o : tr(2?) —1/2+43¢
det(I 4+ i®) = exp | tr(i®) + 5 +O(n ) ). (5.12)
Let
B = Bgpew + Bdiaga (513)

where B, is the skew-symmetric matrix and Bgq4 is the diagonal matrix. Since Q is the
symmetric matrix

tr(Bagew @) = 0. (5.14)
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Using (p.9), note that as n — oo
|| Biiag — All2 = O(n™1/2+%), (5.15)

where A denotes the diagonal matrix whose diagonal elements are equal to the components
of the vector (Y0. Since the algebraic connectivity \; > on, we get that as n — oo
17 (Buag = )Q")| < 0l Buag = ARIQ ™2 = O(n~1/24%) (5.16)

Using (b.14) and (p.1G), we obtain that as n — oo

tr(®) = tr(BaiagQ™") = tr(AQ™) + O(n™V23) = 0T Qax + O (n~1/2+3), (5.17)

where a denotes the vector composed of the diagonal elements of the matrix Qfl.
Using the property of the trace function tr(XY) = tr(Y X), we have that

tr (92) = tr ((Bsker*I)Q) +tr <(BdmgQ*1)2> +2tr (Bskerledmngl) . (5.18)
Since Bipey is the skew-symmetric matrix and Q*IBdmg@*I is the symmetric matrix

tr (Bskewéileiagc?il) = 0. (519)

One can show that ) )
tr (X?) < |[X|lis,

XY s < 1X s o 20
Therefore we get that
1 (BurewQ ™)) | < 1BureuQ s (5.21)
Since the algebraic connectivity A; > on, using (b.9), we obtain that as n — oo
|| Bsew@ s < [1Q7"||2]| Bskew! s < )\ilHBskewHHS = O(n~'?*). (5.22)

Using (b.9) and (.17), we get that

‘tr <(Bdmg — A)Qledmngl)

1 - €

< 155 | (Batag = Ml Byl = O ) (5.23)
1

and

< n—||(Baiag — N)||5 = O(n~27). (5.24)

svill!
A

Thus
tr ((BdmgQ’l)2> — tr <(AQ*1)2) 4 O(n 1), (5.25)

Combining (B-18), (b-19), (b-21)), (F-23) and (F.25), we obtain that

tr (92) = tr ((AQ—1)2 + O(n~ 1), (5.26)




Asymptotic behaviour of the number of the Eulerian circuits 13

Using (p-I7) and (p-26) in (p-17), we get that

tr ((AQ
det(I +i®) =exp | 107 Qa + M +O(n~ V23 | (5.27)

Combining (b.7), (b.§) and (5.27), we obtain (B.5). ]

We denote by P(0) the orthogonal projection onto the space L.

Lemma 5.2. Let the assumptions of Theorem [2.1 hold. Let Q = @+ J, where J denotes the
matriz with every entry 1. For positive constants a,b, c,dy,dy let sequence of vectors {a,}
and sequence of differentiable functions {R,(0)} be such that

|etn|loe < ¢/, (5.28)
R (0)] < da GTEO, (5.29)
R,(0) = R,,(P(0)) (5.30)
and for @ € U, (2n=1/2T) -
H Rgg >HOO <dyn” VP (5.31)

Forn > 2 define

Iy = /exp i0TQoy, —a Z A?j Z Ak+R 0) | dL. (5.32)

LAV (vj,06)EEG (vj,0p)EEG

I = Ok, ks (7? a2 nl/z/\/det ) (5.33)

where constants ki, ky > 0 depend only on a, b, ¢, dy, ds and o.

Then as n — oo

Lemma (.9 is proved in Section 8.

Lemma 5.3. Let the assumptions of Theorem .1 hold. Then as n — oo

So = Ok, ky (2’517r"§1n1\/det Q) : (5.34)

where constants ki, ky > 0 depend only on o.
Proof of Lemma [0.3. Using formula (B.2) with » = 1,2...,n and summing, we obtain that

nSy = iwnlﬂ / H cos A, Z H (1+itanAj) dL =
r=1

LAV, (Vivk)EEG T€Tr (vj,v,)EET

:ﬂnl/Z/ I1 cosAijZ [T (+itanAy) dL.

LAV, (iwk)EEG r=1T€Tr (vjv)EET

(5.35)
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By Taylor’s theorem we have that for @ € 1

o 1 1 4 —1+6¢
H cos Aj = exp ~3 Z A 12 Z Ay +0(n )| - (5.36)

(vj,vr)EEG (vj,vk)EEG (vj,vr)EEG

Combining (p-33) with (5.34) and Lemma [.J], we obtain that as n — oo

1 1
AT
exp | 16 Qa—é E A ~ 15 g A .+ R(O) | dL, (5.37)

LAV (vjv)EEG (vjv)EEG

where a denotes the vector composed of the diagonal elements of the matrix Q! and

R(6) = tr(AQ™")?, (5.38)

where A is the diagonal matrix whose diagonal elements are equal to the components of the
vector Q0. Since vector [1,1...,1]T is the eigenvector of @, corresponding to eigenvalue 0,
we have that

Q0 =QPr(0). (5.39)

Thus
R(0) = R(P(0)). (5.40)

Note that Lemma implies as n — 00
e < 1/m, (5.41)

where ¢; = ¢1(0) > 0. Since the algebraic connectivity A\; > on, using (5.20), we get that

IR(0)] < [|AQ 7|35 < |AlFs1lQ 75 =
= 1015 Q7[5 < |IQII§JIQ’1|I§ 1613 < (5.42)
167Q0 _ 167Q6

)\% )\1 - 0'3 n

1
<X I8l <’
1
Note that for 8 € U, (2n"/*™) and for some 1 < k <n

ALl < 3 1A = 0 (%), (5.43)

For 1 < k < n we denote by (Qfl)k the k-th column of the matrix Q. Using again A\, > on,
we get that

L= 1QQkll2 = M@ xll2 = anl|(Q )il (5.44)
Note that
STR = 2tr(g;\ Q—lAQ—l) - Qdk(Q_lAQ_l)kk + 2”(]\@—1/\@_1)’ (5.45)
k k
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where (Q'AQ ") denotes (k, k)-th element of the matrix Q~'AQ~! and the matrix A is
such that for any 1 < j <n the diagonal element |A;;| < 1. Since the algebraic connectivity

A1 > on, using (b.43) (£.44)), we get that as n — oo

S s . 1 e
[tr(AQTTAQT < [IAQTTAQT > < nIAll [[All2 35 = O(n ) (5.46)
1
and X R R

2di(Q7'AQ ™)k = 2 Mgk [ (Q )il I3 = O(n1/2+°). (5.47)

Thus for some d > 0, depending only on o

OR,(0
' 69( )H < dn Ve (5.48)

Combining (5.37), (6.40), (5.41)), (5.42), (5.48) and using Lemma we obtain (5.34). m

6. The insignificant parts of the integral

In this section we prove that Sy contributes almost all of S, even though it involves only a
tiny part of the region of integration, compare with Section 4 of [§]. We continue to use the
same value of € as in the previous section.

Let assumptions of Theorem 2.1 hold. Define E'T = {(v;, vx), (vg,v;) | (vj,v) € ET}.
We express the integrand of (I.7) as

FO)=>Y_ ]I r«(T.0), (6.1)

TeT, jkeEG
where
cos Ajp(1 +itanAj), (vj,vx) € ET,
[ik(T,0) =< cosAji(1 —itanAjy), (vg,v;) € ET, (6.2)
cos Aji, otherwise.

Note that |f;,(7,0)| <1 for all values of the parameters. One can show that

1 9
| cos(7)| < exp(—=a?) for |z| < —m. (6.3)
2 16
Divide the interval [—%7?, %7?] mod 7 into 32 equal intervals Hy, ..., H3; such that Hy =

[—a;7, 257 For each j, define the region W; C U, (7/2) as the set of points having at least

a1 coordinates in Hj. Clearly, the W;’s cover U, (7/2) and also each W; can be mapped to

Wo by a uniform translation of the §; mod 7. This mapping preserves the integrand of (.7)
and also maps V; to itself, so we have that

/ |F(0)]d6 < 322, (6.4)

Un(m/2)—Vo

where

7= / F(0)|d6. (6.5)

Wo—Vo
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We proceed by defining integrals Sy, ..., S; in such a way that Z is obviously bounded
by their sum. We then show that S; = o(Sy) for j = 1,2, 3, 4 separately. Write

F<0> = Fa<0) + Fb<0>7 (66)

where F,(0) and Fy(f) are defined by restricting the sum to trees with maximum degree
greater than on/4 and no more than on/4, respectively. Also define regions V; and V, as
follows.

1
Vi={0eWy| |0, > 357 for fewer than n® values of j},

1 (6.7)
Vo={0€V,||0;] > 67 for at least one value of j}.
Then our four integrals can be defined as
si= [ IF@)de.
Wo—V1
5.~ [ IE.0)/db,
" (6.8)

53:/|Fb(0)\d9,
Vo

Sy = / |F,(0)]d6.
Vi—Vo—Vy
We begin with Sy. If [6;] < &7 and |0, > 557 or vice versa, but (v;,v) € E'T, we have
that | f;x(T, 0)| < cos(g;m). Since this includes more than z5n'™ —n pairs (4, k), using (B1])
and (B.33), we get that as n — oo

Sy < H(G)(27)" (cos g—4)"1+6/32" = O(exp(—cn”e))fT_lw”Tln‘l\/ det Q) (6.9)

for some constant ¢ > 0 depending only on o.
To bound 53, we first note from Lemma B.7 that the number of trees with maximum de-
gree greater than on/4 is less than ¢ det Q/(on/4)!. Using (B.3), we see that

F(T,0)] < exp(— %) (6.10)

except for at most n* pairs (j, k) with |Ajz| > £m and fewer than n pairs in E'T. In those

excluded cases the value exp(—%A?k) may be high by a factor exp(%wQ). Hence, we have that

Sy <

@ det Q 1 . 1
(:;n/ll)! exp (§7r2(n +n? )) / exp | —5 Z A ] de. (6.11)

Lemma 6.1. Let the assumptions of Theorem 2.3 hold. Then

Un(7r/2) (vj,vk)EEG

n—1 n+1

1 22 m2n
/exp —5 Z A?j df < ———. (6.12)

Un(7/2) (vj,vr)EEG det Q
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Lemma [.]] is proved in Section 8. Combining (f-I1]) and (F-19), we obtain that as n — oo

Sy =0(n"") 2"T "% n 1/ det Q (6.13)

for some constant ¢ > 0 depending only on o.

We denote by G the graph which arises from G by removing all edges of the tree T
Let G be the graph resulting from from G by removing vertices, corresponding to those
values of j for which |0, > s=.

For 1 <r < nflet Ss(r) denote the contribution to Sy of those 6 € V5 such that [6;] > 1=
for exactly r values of j. If |0;] < g5 and |6 > 557 or vice versa, we have that

| f51(T, 0)] < cos (3—127T) (6.14)

unless (vj,v) € E'T. This includes at least r(on/2 — on/4 — n) pairs (j, k), because the
degree of any vertex of the graph G is at least on/2, see (B.3). For pairs (j, k) such that
1051, 10k| < s, but (vj,v) ¢ E'T, we use (6.10). We put 6’ = (61,...,6,_,). Then, allowing
n" for the choice of those values of j for which |6;] > =7, we get that

Sy(r) < 7m'n" (cos 3—7;>r(m/4n6) Z / exp —% Z A% ) a8, (6.15)

T Unfr(W/Q) (vj,vk)EEGT,g

where the first sum is over trees with maximum degree on/4. Using Lemma B.§ and then
Lemma B.§ for the graph Gr, we obtain that

M(Grg) > on/2 —nf (6.16)
and A
A det
det Q(Gre) > 6.17
€ Q( T,O) - (C5TL)T7 ( )
where ¢5 = ¢5(0) > 0 and Q = Q(G). According to Lemma [, we have that
1 ) ) 2n—;—1ﬂ_n—;+ln
exp | =3 > AL de < : : (6.18)
Un—r(7/2) (vjvi)€EEGT,0 det Q(GTﬁ)
Combining (b.17) with (6.17) and (f.18), we obtain that
n—r—1 n+r+1 T(Un/47n€) t T/Q
S3(r) < 2% T it <cos ;—2) UG (esn)™™ (6.19)

\/detQ

and, using (B-33), we can calculate that

S5=Y S3(r) = O(c™) 2T T 0/ det Q (6.20)
r=1

for some constant ¢ > 1 depending only on o.
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Since Aj, < %7‘(‘ for 8 € V; — V5 — Vy and the integrand is invariant under uniform

translation of all the 6;’s mod 7, we can fix § = 0 and multiply it by the ratio of its range
to the length n~1/2 of the vector %[1, 1,...,1]%. Thus we get that

Sy < mnl/? / |F,(0)|dL, (6.21)

LU, (n/8)— Vi

where L denotes the orthogonal complement to the vector [1,1,...,1]T. In a similar way as

(6.19) we find that

1
Si<mn? Y / ep =5 Y AL (6.22)

T LA, (r/8)-vo (vj, k) EEGT
where the first sum is over trees with maximum degree on /4.

Lemma 6.2. Let the assumptions of Theorem 2.1 hold. Then as n — oo

—1 n-—1
g nTnl/Q

exp 1 Z A7 | dL = O (exp( 27

/ 2 i o)) T —
L—Up(n—1/2+e) (vjvr)EEG det Q

for some ¢ > 0 depending only on o.

Lemma .9 is proved in Section 8. Using Lemma B.§ and combining (6.23), (6.22) and (B.33),

we obtain that as n — oo

(6.23)

= O (exp(—cn™)) QnT_lﬂnTln_lx/ det Q (6.24)

Sy=0 (exp(—che)) t(G)

()
0
3
R
3

det

for some ¢ > 0 depending only on o. Combining (£.9), (6.13), (6.20), (6.24) and Lemma .3,

we obtain the desired result.

Lemma 6.3. Let the assumptions of Theorem 2.1 hold. Then as n — oo
S = (1+ O (exp(—cn™))) So (6.25)

for some ¢ > 0 depending only on o.

7. Proof of Theorem [2-7]
According to ([£.6) and (E.7)

~ d

Eul(G) =] EJ_ 1)1 21ECntlg g (7.1)
7j=1

where

S = / H cos A Z H (14 itanAj) dO. (7.2)

Un(7/2) (vj,vx)EEG T€Tr (vjv,)EET
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Combining Lemma p.3 and Lemma we get that as n — oo

S = 6)]617]€2 (2712171'71;177,1 \/ det Q) s (73)

where constants k1, k2 > 0 depend only on o. Taking into account (B-33) we obtain (E.11]). m
If for some o > 1/2 the degree of each vertex of the graph G at least on, we can use (B-3)
and get that
M(G) >2mind; —n+2> (20 — 1)n. (7.4)
j
8. Proofs of Lemma p-2, Lemma B.1] and Lemma

Let assumptions of Theorem R.1] hold. We define

¢ = ¢(8) = (61(0), ... 6.(6)) = QF. (8.1)
We continue to use notation P(@) for the orthogonal projection onto the space L, where L
is the orthogonal complement to the vector [1,1,...,1]T. For any a > 0 we have that
/e“OTQOdH = W”/Qa’"ﬂ/\/ det Q (8.2)
R’Il
and
/e‘“eTQedL = /e_aeTQedL = WnT_la_nT_lnl/Q/\/ det Q. (8.3)
L L
Proof of Lemma [6.]. Note that
> AL =0"Q9. (8.4)
(vj,v)EEG

Since diagonal of U, (7 /2) is equal to 7n'/? and Q8 = QP(6) we have that

1 np
/ exp | =5 Z A d9§7m1/2/e 20°Q0],. (8.5)

Un(m/2) (v, 0x)EEG L
Using (B.3), we obtain (£.12). ]
Note that for some g1(0) = ¢1(0s,...,60,)
N 0)2
670 — 2 9). .
Qo = Sk 4 01(0) (3.6)
Using (B.9), we get that as n — oo
+oo +o0o +oo )
—a6700 —ag1(02,..00) —a 2107
e dg = [ --- [ e @902 e " artdh, | db,...d6,
R —0o0 —0o0 — 00 (87)
= (1 + O (exp(—cn*))) / e 07209

\(251 (9)\§%cgolnl/2+€
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for some ¢ > 0 depending only on ¢ and a, where c, is the constant of Lemma [.3. Combining
similar expressions for ¢1, ¢o, ... ¢,, we obtain that as n — oo

e 070 g — (1+ O (exp(—cn™))) /e“BTQBdH (8.8)
|1p(0)||o0 < F e nl/ 2+ R™
for some ¢ > 0 depending only on ¢ and a. Using Lemma B.2, we get that as n — oo
/ ea0"Q0 g — (14 O (exp(—cn™))) /e_aeTéedO. (8.9)
Un(gn=1/2%e) R

Proof of Lemma [6.3. Note that

1P(O)]loo =116 = O[1,1,..., 1] ||oo < 2/|6]]x, (8.10)
where
G_titbat. . 6, 5.11)
n
Thus
Un(%nlme) C {0 P(6) € Uy(n/2+)) (8.12)

Since Q8 = QP(0), using (B.4)) and (B.19), we get that

1 _lgT
exp | —5 Z A?j dL = e 2999,

LmUn(n—1/2+e) (UJ7UI€)6EG

_ / ~507Q0 19 / / —gne n'/ / ~307Q0 9.

P(B)GUn(n*I/QJFE) (1n71/2+e

Combining (B-3), (B-9) and (B.I3) we obtain (6.23). ]

To prove Lemma .2 we separate the integrand in (5.32) into three factors.

LUy (n=1/2+¢)

(8.13)

| \/

® exp (z GTQan) — the oscillatory factor,

e exp | a Z A?j — the regular factor,
(Uj;l)k)EEG

e exp (b Z Aj, + R,(6) | — the residual factor.

(vjvr)EEG
The proof consists of the following steps.

1. In Lemma B.3 we estimate an integral analogous to (5.33) but without an oscillatory
factor.
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2. Using Lemma B, we get rid of the oscillatory factor in (p.39).
3. Combining Lemma and Lemma B3, we complete the proof of Lemma (.2
At first, we prove two technical statements.

Lemma 8.1. For any a > 0 and sequence of functions r,(x) such that as n — oo

sup |rn(z)] = o(1). (8.14)
g <n—1/2+¢
Then as n — 0o
n71/2+6 n71/2+€
1
/ nale @) gy — (— + 0(1)) / e (@) gy (8.15)
a
_p—1/2+¢ _p—1/2+€
and
n—1/2+e n—1/2+e
3
nlate et (@) gy = (P + 0(1)) / e (@) (g (8.16)
a
_p—1/2+¢ _p—1/2+€
Proof of Lemma [8_]. Note that
ne “+o00 1 ne
/ e dt = (1+ O (exp(—cn™))) / e qt = (— + 0(1)) / e~ dt (8.17)
a
and
n¢ “+o00 3 ne
/ e~ dt = (1+ O (exp(—cn™))) / tre " dt = (p + 0(1)) / e dt.  (8.18)
a
Using (B.I4), we get that as n — oo
sup  |e"@ — 1] = o(1). (8.19)
\x\ﬁn_1/2+€

Making the substitution ¢ = y/nz and combining (B.I7) and (B:I§) with (B.I9), we obtain
(B-13) and (B.1G), respectively. ]

Lemma 8.2. Under the assumptions of Lemma 8.1, let r,(x) be differentiable and asn — oo

sup | (x)] = O(n~1/213). (8:20)
‘Z“Sn_l/2+€
Then as n — oo
n71/2+6 n71/2+€

_np—1/2+4e _p—1/2+4e
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Proof of Lemma [§.3. Note that
n* +o0 1
—a 2 2¢ —aQ 2 2¢
/te “dt = (1+ O (exp(—cn™))) / te” " dt = 5 T O (exp(—cn™)) . (8.22)
0 0
According to the Mean Value Theorem, we have that for some |Z| < |z|
|ern(@) — ern(=2)| — |er(@y! (7)24]. (8.23)
Using (B.20), we get that as n — oo
sup  |e@ — e =0 (n=1%). (8.24)
fel<n-1/24¢
We have that
n71/2+€ n71/2+6
/ pe~ @ (@) gy — / w7 (@ _ (=) gy (8.25)
,n71/2+e 0
Making the substitution ¢ = \/nx and combining (B.23) with (B.24), we obtain (B.21)). (]
We use notation .
pm = Y |65™ (8.26)
j=1
According to the Generalized Mean Inequality, we have that
/< (uafm)”. (8.27)
Since
dr=(dp+ 10+ > 0, (8.28)
(U)w’vj)EEG
and (see (B.1§))
dy, > on/2 (8.29)
we obtain that
2
0] < — <|¢>k| + |0j|> (8.30)
J#k
Using Lemma B.2, we find that
Coo Coo
Z 1051 < 110]]x < 7||¢||1 =, M (8.31)
7k
Combining (B:27), (B-30) and (B.31), we get that
16 c 4 16 4
4 00 1/4
00 < = (1onl+ =) < 0 (18] + e ua/m) 1) (8:32)
Using the inequality (z + y)* < 8(2* + y*), we obtain that
P Ha
0, < cd)n—’z + e (8.33)

where constants cg, ¢, > 0 depend only on o.
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Lemma 8.3. Let assumptions of Theorem[2] hold. Let {a,} be sequence of positive numbers
having limit a > 0. Then for any b >0 as n — oo

—a, 0700 — b Al de =06 /
/Un(n1/2+e) o ! “ Z 7 ke (

(Uj 71}]€)EEG R

e—%"T@"de) . (8:34)

where constants ki, ky > 0 depend only on a, b and o.

Proof of Lemma [8.3. Using the inequality (z + y)* < 8(z* + y?), we find that

Yo AL< 8nzn:9;¥. (8.35)
j=1

(Ujvvk)EEG

We define Ry(0) = 8n Y 67. Thus we have that
=1

J

/ exp | —a,07Q0 -0 > Al |do> / ¢~ an0"Q0-R1(0)gg (8.36)
Un(n_1/2+€) n

(’U]' 7vk)€EG

Using (B.9), we find that as n — oo

/ ¢%6‘“"9T@9_R1(9)d9 = / ¢%6_“"9TQ9_R1(9)d9+
Un(n=1/2+¢) Un(gn=1/2+e)

(8.37)
+0 (exp(—cn™)) / e~ 0" RQ0 10
for some ¢ > 0 depending only on a and o. It follows that
n—1/2+¢ n—1/2+e %n—1/2+e
/ o / / grem0TQ0-R @ g | qp, . qg, —
_p—1/2+4e _p—1/24+e \_4,-1/24 (838)
_ / éllefanOTQBfRﬂB)de +0 (exp(—cn%)) / efanBTQBde
Un(n—1/2+e) n
Using (B-9), we find that
n—1/2+e€ n—1/2+e %n*1/2+6
/ . / / gl 07010 g, | ap, ... 46, —
7n71/2+6 7n71/2+€ 7in71/2+€
n—1/2+e n—1/2+e grfl/27Le
2
= / .. / e~ ang1(02,...0n)—R2(6) / (b‘lle_“”%_%ng?dgl dbs . .. db,,
_n—1/2+e _n—1/2+e A —1/2+4€

(8.39)
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where Ry(0) = 8n ) 0;. Using (B.30), we get that as n — oo
j=2

in71/2+6
0 4 —a i—8bn€4 2 4 —a ¢—%—8bn94
/ e Al tdoy = (14 O (exp(—cn™))) / e Al tdh; (8.40)
~anSiase ol

Combining (B.38), (B-39), (B.40) and Lemma B.1 with = = ¢;/n, we obtain that as n — oo

/ (bite—aneTQe—Rl(e)de < c’n3/ e~ an0TQO-R1(0) 79 1
Un(n—1/2+¢) Un(n=1/2+¢) A (841)
+0 (exp(—cnzg))/ e 0" Q0 0

n

for some constants ¢, ¢ > 0 depending only on a and o.
Combining similar to (§-4]]) inequalities for ¢y, ¢a, . .., ¢, and using (B-33), we find that
as n — 00

/ Gfe’“"eTQO’Rl(g)dO < (co +Cu)cl/ efanOTQBle(ﬂ)dgjL
Un (n—1/2+¢) - n? Un (n=1/2+¢)

(8.42)
+0 (exp(—che)) / e~ 07 Q0 1
for some ¢ > 0 depending only on a and o. Note that as n — oo
n71/2+6 n71/2+€ n71/2+6
2
/ . / g~ n91(02,-0n) = Fa (6) / e a0 ge | ag, . dg, =
_n—1/2+e _n—1/2+e _n—1/2+e
(8.43)
n71/2+6
¢2
. / T (1 - 8bnfl + O (n2+)) db, | db ... db,
7n—1/2+6

Combining (B.43) and (B.43), we get that as n — oo

/ o—an0TQ-R1(6) 79 > (1 4 E)/ ¢—an0TQO—R2(0) g |
Un(n=1/2+c) ) JUn(n=1/2+e) (8.44)

+0 (exp(—cnzg))/ eman0Q0 g,

n

where ¢ depends only on a, b and o.
We continue similarly to (B.44)

/ e—anOTQO—Rk(B)dO > (1 + E) / e—anGTQG—Rk+1(9)d0+
Un(n=1/2+¢) N/ JUn(m=12%) (8.45)

+0 (exp(—chE))/ e~ 0@ g0,

n
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where
Ri(0) =8n> 0. (8.46)
j=k
Combining all inequalities of (B.47) for Ry, Rs, ..., R,, we get that
/ 0" QO-R1(0)gg > <1 + é) / e 0" Q041
Un(n=1/2+9) - n) Juamerr (8.47)
+0 (exp(—cn™)) / ¢80 19
Rn
for some ¢ > 0 depending only on a and o. Note also that
/ ¢ a0 Q0-1(0) 49 < / ean0"Q0 g (8.48)
Un(n—1/2+¢) Upn(n—1/2+¢)
Combining (B-9), (B:47) and (B-4§), we obtain (B.39). [

Lemma 8.4. Let the assumptions of Theorem [2.1 hold. For positive constants a,b, dy,dy let

sequence of differentiable functions {R,(0)} be such that

A
Re (R,(0)) < dy 2 7?9,
and for @ € U, (2n~1/2T)
aRn(e) <d —1/2+43¢
90, |~

Then as n — oo

/ gbkei%qbk—a OTQ9+R"(9)d0 _ @kth / ei%¢k—a BTQB-FRn(O)dO +

Un(n—1/2+e) Un(n—3/2+e)

+O(n71/2+46) / efaOTQOdO

Rn

and

/ qﬁei%qbk—a 0T Q0+R,,(0) 4O = @kth n / ei%qbk—a BTQO-l-Rn(O)dO +

Un(n—1/2+e) Un(n—3/2+e)

+0 (exp(—én™)) /e“OTQOdH,

Rn

where constants ki, ks, ¢ > 0 depend only on a, b, dy, dy and o .

(8.49)

(8.50)

(8.51)

(8.52)
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Proof of Lemma [-4. For our purpose it is convenient to assume that k£ = 1. Note that

~ ~ T A
/ |€i%¢1*a OTQ0+Rn(9) |d0 S / e*a BTQ9+d1 % de

Up(n=1/2+¢) Un (n=1/2+¢)
Using (B.2), we get that as n — oo
/ |ei%¢1—a 0T Q0+ R, (0) |d9 -0 (1) / e—aOTQOdO'
Un(n=1/2+¢) Un (n—1/2+¢)

Similar to (B.37), for m = 1,2 we find that as n — oo

/ ¢11n|6i%¢>17a0TQA0+Rn(9) |d0 _
Un(§n71/2+6)7Un(n71/2+6)

=0 (exp(—che))/ ea07Q0 19

for some ¢ > 0 depending only on a,d; and o. It follows that

n—1/2+e n—1/2+e 4 n—1/2+e
T
/ e / / (bm i ¢>1 ab Q0+Rn del d92 o den _
n71/2+€ 7n*1/2+6 4 —1/2+€

:/ ’lnei%m’“eTQO*R"(e)dO—i-O (exp(—chE))/ ¢=107Q0 19
U, (n 1/2+e) n

We define
R;(O) = R,(0,605,...,0,)

and

r1(8) = R.(0) — R, (6).

According to Mean Value Theorem, for 6 € Un(gnfl/ 27¢) we have that

IR, (0 -
m(0)] = [Ro(6) — R.(0)] = |0, 2FnO)] _ p-11e),
00
Using (B:G), we find that
n—1/2+e n—1/2+e 4 n—1/2+e
/ . / / PTe it — aeTQBJar(O)dgl db, ...dp, =
—n—1/2+e —n—1/24€ _4 n—1/2+e
n—1/2+€ 4 n—1/2+€

2
= / e*ag1(092 ..... 0n)+R.,(0) / ¢11n€l"¢1 a5 i1+r1(0)d91 dbs . . _dgn’

—p—1/2+e 4 n—1/2+e

(8.53)

(8.54)

(8.55)

(8.56)

(8.57)

(8.58)

(8.59)

(8.60)
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Using (B30), we get that as n — oo

4,—1/2+e
i£¢1—ai+7‘1(9)
/ ngne n di+1 d‘gl =
—gn e (8.61)
. #2
= (140 (exp(=en™))) / ge e m gy,

1| <nt/2+e

Combining (B-56), (B-60), (B-61)) with m = 2 and (B.I7) with = ¢;/n, we obtain (B.57).
Note that

b Gat
b +r1(0
Bre T dr il )d01 =

|p1]|<nl/2+e

) P (8.62)
— / (bl (1 + Z_(bl 4 10) (n1+26)) e*a T}rleTl(O)del
n
‘¢1‘§n1/2+e
Since 9r1 /06, = OR,, /06y, using ([B.21) with x = ¢ /n, we get that
¢7 67
/ qble*aril”l(e)d@l —0 (n—1/2+4e) / efariﬁrl(ﬂ)del (8.63)

|p1|<nt/2Fe |p1]|<nt/2+e

Combining (B.56), (B.60), (B.61)) with m = 1 and (B.59), (B-54) with b = 0 and (B.63), we
obtain (B:5T]). ]

Lemma 8.5. Let the assumptions of Theorem [2.1 hold. For positive constants a,b, dy,dy let
sequence of vectors {B,} and sequence of real differentiable functions {R,,(0)} be such that

|1Bnlloe <0, (8.64)
A
R,(0) < d10 7?0, (8.65)
and for @ € U, (2n~1/2T)
OR,(0) 1243
—_— < €. .
) <o

Then as n — oo

/ o BT0—a 6T Q0+ R, (6) dO — @151,122 / e—aeTQ0+Rn(9) a0 | +
Un(n=1/2+¢) Un(n=1/2+¢) (8.67)
_'_O<n71/2+46> / efaBTQBde’

Rn

where R, = R, — 3> 3767 and constants k1, ks depend only on a, b, di, dy and o .
=1
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Proof of Lemma [8-3. Using (B-54)), we get that as n — oo

/ o BR0-a8TQO+R(0) 19 —
Un(n—1/2+e)

292

= (1+i5191 - =

2

+ O(n3/2+36)> / ei (BLO—pB1601)—a BTQ9+Rn(0)d0 _

Un(n=1/2+¢)

(8.68)
_ / P (BZO—ﬁﬁl)—aOTQO-l-Rn(Q)—%B%G%de + O(n—3/2+35) / e—aeTQ9d0+
Un(n=1/2+¢) Up (n=1/2+¢)
+ 1516, / ¢t (Br0—F101)=a6TQO+Rn(0) g
Un (n=1/2+¢)
Taking into account (B.2§) and using Lemma .4, we find that as n — oo
Gbkei (529—5191)—119TQ9+Rn(9)d0 _
Un(n—1/2+e)
= O, 1y / ei(ﬂgﬂfﬁlel)faBTQ9+Rn(0)d0 +
Un(n—3/2+e)
0@ [0 ®ie = (5
R?’L
— @kl,kz / ei(ﬁgf’—ﬁl@l)—a9TQ9+Rn(9)—%559%d9 +
Un(n—3/2+e)
+O(n_1/2+4€)/e_“9TQ9d0,
Rn
where constants ki, ks depend only on a, b, dy, ds and o.
According to Lemma B.2, we have that
A N COO
1M = 10 e < 2= (8.70)
Thus as n — oo
/ 0! (B 0—5101)~a 6" Q0+Rn(0) 19| <
L (n—1/2+¢
(e (8.71)
< c / oi(B10—5101)—a 6T QO+Rn ()~ 55167 g +O(n‘3/2+4€)/e‘“9TQ9d0,
n

n(n73/2+6) R™

where ¢ > 0 depends only on a, b, d, d; and o.



Asymptotic behaviour of the number of the Eulerian circuits 29

Combining (B:6§) and (B:71]), we get that as n — oo

o BT0—a 6T Q6+ R, (0) 4o —

_ (1 I _> / (i(BLO-5101)-a 07 QO+ R (0)- 15303 g9 (8.72)

+O(n3/2+46)/ea0TQ0d0,

Rn
where [¢(D] < &8, < éb.
We define )
1
R = Ry= 5% 60 (8.73)
=1
We continue similarly to (B.79)
k ~
i<ﬁ59 > 5j9j> ~a67Q6+RY) (0)
/ e = e =
Up (n—1/2+¢)
k+1
(k+1) i BTO- ﬁ-0-> ~a67Qo+R ()
:<1+C ) RCISED ®0r  (874)
n

Un(n—3/2+e)

+ O(n73/2+46) /eaBTQOdH,
RTL
where |cFt1] < &3, < éb.
Combining all inequalities of (B.74) for k =0,1,...,n — 1, we get that as n — oo

/ oiBR0-ab0TQO+R(0) 19 _
Un(n—1/2+e)
(1) (n) A -
C C T
= (14+ =) . (14+— —a 67 Q0+R.(0) 19
() ) ] © o emw
Un(n—3/2+e)

+O(n_1/2+45)/e_“9TQ9d0.

R

Since |c®| < bé for k =0,1,...,n — 1, using (B.7H), we obtain (B:67).

Proof of Lemma [5.3. Note that for 6 € U,(2n~"/2") as n — oo

5% > AL =0m ), (8.76)

(Ujvvk)EEG 00
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We define 8,, = Qo,. Using Lemma B35, we find that as n — oo

/ exp | 107 Qan —ab’QO—b > Al +R,(6)|dO=

Up (n—1/2+¢) (vj,v)EEG
= Ok / exp | —a07Q0 — b Z A?k + R,(0) | do | + (8.77)
Un(n—1/2+¢) (v;,00)EEG

+O(n—1/2+45) / P GTQO’

R

where R, = R, — % > 6]20]2 and constants kq, ks depend only on a, b, dy, ds and o. Note that
j=1

for some d3 > 0, depending only on ¢ and o,

T
Z 3202 < 0 Qe (8.78)
Combining (B.9), (B.77) and Lemma B.3, we find that as n — oo

exp | 10" Qo —ab0"QO—b > Al +R,(6) | df =
Un(n—1/2+e) (Ujﬂ)k)EEG’ (879)

= Ok, (2 T /\/@)

where constants k7, &, depend only on a, b, dy, dy and 0. Note that

—+00

/e‘medaz / exp [ 1607 Qay —a Z A% —b Z A+ Ry (0) | dL =
o (vjvr)EEG (vjvr)EEG

ke ' ' (8.80)

_ / exp [107Qan —a8700 b S A 4 R,(6) | 6.

P(0)eLNV, (vj,or)EEG
We have that
exp [ 1607Qan —aBTQ8 —b 3" AL R, () || < 0TI (8.81)
(vjvE)EEG

Thus, combining (B.9), (B:12), (B:79) and (B-80), we obtain (5.33) [
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Final remarks

In fact, using Lemma B.]] and Lemma [6.3, the estimation of the number of the Eulerian
circuits is reduced (see proof of Lemma p.J) to estimating the integral

1 1 A
. AT 2 4 —1)\2
/exp 10" Qo — 5 E A — D E Al +tr(AQ™7)7 | a0, (8.82)

Vo (vjvr)EEG (vjvr)EEG

where a denotes the vector composed of the diagonal elements of Q*I, A denotes the diagonal
matrix whose diagonal elements are equal to components of the vector Q8. Apparently, it
is possible to estimate integral (B:82) more accurately for particular classes of graphs and
obtain asymptotic formulas for Ful(G), similar to (B.19).

Finally, we want to note that the following expression

2lEGI—3" n="  /1(G) ﬁ (% — 1)! (8.83)

gives a surprisingly good estimate for the number of the Eulerian circuits in graphs. Namely,
we calculated the exact numbers of the Eulerian circuits for small random graphs and in all
cases the values given by (B:83)) differ from the exact ones within not more than 30% error.
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