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DIVIDED DIFFERENCES & RESTRICTION
OPERATOR ON PALEY-WIENER SPACES PW? FOR
N—-CARLESON SEQUENCES

FREDERIC GAUNARD

ABSTRACT. We study the restriction operator Ra, f — (f(A))aea
defined on Paley-Wiener spaces PWP? (1 < p < o0), where A is a
sequence of complex numbers. Lyubarskii and Seip gave necessary
and sufficient conditions for Ry to be an isomorphism between
PWP and some weighted [? space, involving Carleson’s and Muck-
enhoupt’s (A4,) conditions. Here, we deal with N—Carleson se-
quences (finite unions of disjoint Carleson sequences) and use the
methods of Lyubarskii and Seip to give necessary and sufficient
conditions for Ra to be an isomorphism between PWP and some
space of sequences, constructed with the help of divided differences.
For p = 2, this caracterization coincides with a result of Avdonin
and Ivanov on Riesz bases of divided differences of exponentials in
L2(0,7).

1. INTRODUCTION

Let X be a Banach space of analytic functions on a domain €2, and
A C Q a sequence of complex numbers. The restriction operator R
associated to A is defined on X by Rpf := (f(A))rea. We want to
describe the range of Ry, that we will denote by X|A, and to study
its injectivity. This problem is of course related with interpolation in
X. The central result was shown by Carleson [Cabg for X = H* the
Hardy space of bounded holomorphic functions on the unit disk, and
A C . By definition, X|A C [*°, but Carleson showed that

H*A=1* <= A e (O)

where

(C) inf [T 1.0 > 0.
b
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Here, b,(2) = %% denotes the Blaschke factor (of the unit disc) as-

sociated to . Three years later, Shapiro and Shields [ES61]] generalized
this result to X = HP, 1 < p < o0,

HPIA = P(1 — |A]?) <= A € (O).

Of course, these results are still true in the Hardy spaces of the upper
half-plane where the weight (1 — |\|?) becomes Im()). In the Hardy
space, it is obvious that R, cannot be injective : if A is a Blaschke
sequence (this is the case in particular when A is a Carleson sequence),
then for every h € HP, the function Bh, where

B:HbA

is the Blaschke product associated to A, is still in H? and also vanishes
on A.

Let us turn to the situation in half-planes. We will say that a se-
quence A lying in a half-plane

Cl:={2z€C: Im(z) >a} or C, :={2€C: Im(z) < a} (a € R)
satisfies the Carleson condition (C) if

A—p

inf > 0.

AEA
HEA
HFEX

The Hardy spaces associated with the half-planes C* := CB—L will be

denoted by HY.
We consider now the Paley-Wiener spaces PW? which consist of all
entire functions of exponential type at most 7 satisfying

+oo
17117 = / Pt < oo

o0

A—T— 2ia

Writing F the Fourier transform, it is well known in the case p = 2,
PW? = FL*(—7,7) ~ L*(—7,7). These spaces are connected with
so-called model spaces. More precisely, we recall that H?° denotes the
Hardy space of bounded analytic functions in the upper half-plane and
that an inner function I is a function of H{° such that

|[I(z)]=1aexzeR

The model space K7 is defined by K7 := HY NTH”. It can be shown
that PW? ~ K] with I;(2) := exp(2i7z). For more details, see e.g.
[N1021] or [Ee04]. So PWP can be seen as a subspace of the Hardy space
of the upper half plane HY (modulo analytic continuation in the lower
half-plane). This point of view permits to make a link with the results
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of Hrushev, Nikolski and Pavlov [HNPSI] about bases of exponentials
(e”))\eA in L*(—7,7), assuming that A C C} := {z € C: Im(2) > n},
where 7 is some real number. Minikin managed to get rid of this
restriction ([Mi92)]).

The technics in [HNP8]] are based on the invertibility of a certain
Toeplitz operator T} 5, and a criterion of invertibility for Toeplitz oper-
ators is known. This is the theorem of Widom-Devinatz for p = 2 (see
[Ni024, B4.3.1]) and Rochberg ([Ro77]) for 1 < p < oo and involves
the Muckenhoupt condition (A4,) (or equivalently the Helson-Szeg con-
dition for p = 2).

With a different method, Luybarskii and Seip [LS97] gave necessary
and sufficient conditions for Ry to be an isomorphism (with A lying
in the whole complex plane) between PWP? and the weighted space
1P (e7PI™MI (1 4 [Im(A)])). Their proof is based on the boundedness
of the Hilbert transform in certain weighted Hardy space.

The Hilbert transform H is defined by

H(2) = /_+°o ) g

o t— 2

It is known (see e.g [HMWTJ| and [Gar81]) that, if w > 0, H is bounded

from the weighted space

LP(w) := {f meas. on R : /\f|pwdm<oo}

into itself, if and only if w satisfies the Muckenhoupt (A,) condition

()

where the supremum is taken over all intervals of finite length. More-
over, if f € LP(R), 1 < p < oo, we deduce from properties of Hardy
spaces of the upper half-plane (see e.g. [[Ko80, p. 116]) that Hf = P, f,
where P, denotes the Riesz projection from L? onto HZ. In [ES97], the
authors also introduce the discrete Hilbert transform as follows. For
fixed € > 0 and two sequences I' := {v,}, and ¥ := {0,}, satisfying
|V — on| =€, and a = (ay),,

aj

Vi — On

(Hrx(a), =)

J
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It is proved in the same paper that Hry is bounded from ?(w,,) into
itself if and only if (w,,),, satisfies the discrete Muckenhoupt condition

| | ke p=1
—1/(p—1
(2,) sup (5 E wj> (5 E w; /@ )> < 0.

M2 AT j=kt j=k+1

We are now in a position to state Lyubarskii and Seip’s result. We
say that a sequence A C C satisfies the (LS) conditions (A € (LS)) if
the four following conditions are fulfilled

e (i)Va € R, AN CZ satisfies the Carleson condition in the cor-
responding half-plane;
e (i7)The sequence is weakly dense: Ir > 0, Vo € R,

d(xz,\) :==1infyep |z — A| <13
e (ii7) The limit
, z
S(z) = lim (1 - X>

R—o0
[A|<R
exists and defines an entire function of exponential type 7;

p
e (iv) The function z — (%) satisfies (A,).

The condition (iv) can be replaced by the condition (iv)’

e (iv) There is a subsequence I' = (v,,),, C A, satisfying (4¢), such
that the sequence |S’ (,)|” satisfies the discrete Muckenhoupt
condition (2,).

Note that if 0 € A, then the corresponding factor in (ii7) is just z. In
order not to complicate the notation we shall assume in all what fallows
that 0 € A which we can do without loss of generality (for instance, by
shifting the sequence).

We can now state Lyubarski and Seip’s theorem.

Theorem 1. ([LS97, Theorem 1])

Let A C C. The following assertions are equivalent.

(1) Ry is an isomorphism between PWP and the weighted [P space
1P (e7mmm (1 + | Im(N)])) ;

(2) A e (LS).

The aim of this paper is to replace the Carleson condition in (z) by the
N —Carleson condition and to describe the range of Ry, using results
of Hartmann ([Ha96H]) about N—Carleson sequences and interpolation
in Hardy spaces, involving divided differences.

This paper is organized as follows. The next section will be devoted
to divided differences, the following section will deal with N —Carleson
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sequences. We will state and prove our main result (Theorem [[4) in the
fourth section. Finally, in the last section we will discuss the necessity
of the N—Carleson condition with an appropriate definition of the trace
PWP|A.

A final word on our notation. If ¢ and 7 are two disjoint subsets,
the union will be denoted by o W 7. If § is a metric, we will denote
by diamgs(F) the —diameter of E and shortly diam(F) when § is the
Euclidian distance.

2. DIVvIDED DIFFERENCES

Divided differences appear in many results about interpolation or
bases of exponentials (see e.g. [Va84], [Ha96H|, [BNOIq or [AI0T]).
We give here the definition and some properties that we will need in
the following. We recall that the (non-normalized) Blaschke factors of
a half-plane C= are given by

E- K
b:l:,a - - 7
i) z— @ — 2ia
(They are actually the same for the upper and the lower half-plane).
The associated pseudohyperbolic distance will be denoted by

pralz,p) = [b54(2)]

For C*, we will write b, = b/" and use p for py ¢ and p_ .

Notice that, in order to simplify to the notation, we keep the same
notation b, as already introduced for the disk and we hope that it will
be clear from the context which one we have in mind. The same will
be true for the definition of divided differences.

Let I':= {p; : 1 <i < |I'| < oo} C C*. Forafiniteset a = {a;};o;p),
we can construct the sequence of (pseudohyperbolic) divided differences
of a relatively to I' as follows

aj — Q;
bui (:uj) ’

Ag(ai) = aj;, A%(ai,aj) =

and

Apk((l' a; ) — kI 1(ai17"'7aik717a’ik+1> Ak 1<ai17"'7aik>
1 ? 41 Zk( ik 1)

The following properties will be usefull in the next sections. The first
lemma gives us the expression of the divided differences of a product,
in terms of sums of products of divided differences.



Divided differences and restriction operator on Paley-Wiener spaces 6

Lemma 2. We have
j—1
. -
A% ! (ailbil, ceey aijbij) = ZAlF (ail, ey aim) A% ! (bil-u? ceey sz) .
1=0
For the proof, we refer to [BNOYG where the computation is done
in D, but the proof remains valid in C*.
We will also need estimates of the divided differences when I' lies in
a compact set K and a = {f(u) : p €'} for f an analytic function
bounded in K. Here K is supposed to be the closure of a non void
open connected set. Then, we say that f € H*(K) if f is holomorphic
in K and

||f||ooK =sup |f(2)]| < o0.
zeK
We have the following lemma.

Lemma 3. Suppose that I' lies in a compact set K with the proper-
ties mentioned above, and assume that there exists n > 0 such that
p(I',OK) > n. Then, for each function f € H®(K), we have

AL (F(u0+0)| < (%)H <1 — ) 11l

k=0 oM

where

WO = (g, pigan) and £ (9) = (F(u)s oo Fgsn) -

Proof. Let us introduce

Aj::{zEK: p(z,@K)Zﬁ}, 0<j<N-1.

We show by induction over j that for every z € A,

AL (P9, 2)] < ¢ 1o i

with the right coefficient ¢;. Since I' C Axy_1 C ... C A; C Ay, the
result will follow. The claim is obviously true for j = 0 since Ag = K
and f € H*(K). Now, the function

Z A%H (f (u(j), z))
is holomorphic on A;;; and by the maximum principle and the defini-

tion of divided differences, we have for z € A;,
(2.1)

. | AL (f (19,€)) = AF (F(uUTD))
j+1 (G+1) L
AT < s (1) |
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Let £ € 0A;1;. Tt is possible to find a point ¢ € 9K such that

p(C,€) = (%)n

and so, since pj1q € I' and p(I',0K) > n, we have, by the triangle
inequality,
J+1

(22)  p(& pye1) = p(C pga1) — p(€C) 21 (1 - W) -

From (B.1)), (B.3) and the induction hypothesis, we finally obtain

A (P, 9)] < - (i) 4 1 o

N 2N
which gives the required estimate. O
The next lemma will be very important in the sequel; we can define
a rational Newton type interpolating function which interpolates the
values {a(p): p €T} onT.
Lemma 4. The holomorphic function

| k—1

Pra(z) ==Y AR (a(p®)) T b (2)
k=1

satisfies
Pro(p) =a(p),  pel.
The proof is quite straightforward (see also [Ha96d, p.80]).

Remark 5. Divided differences with respect to the pseudohyperbolic
metric can be found in [BNO9d, Ha96H, Va84] but we can also find

other divided differences, based on the euclidian metric. This is what
is done in [[AIO1] where euclidian divided differences are defined by

a; — a;

DO = aq, |:|1 (ai,a') = )
3 3 ’ Hj — Hi

and

) = =i (ai“ =y Fig_ys aikﬂ) —Or ' (ay,, -, ai,)
M1 — fk '

It is possible to see that, if I' lies in a strip parrallel to the real axis,
then the pseudohyperbolic and the euclidian divided differences are
equivalent.

k
DF (aiu coy aik+1
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3. N—CARLESON SEQUENCES

We now deal with N—Carleson sequences, i.e with disjoint unions of
N Carleson sequences, N being a natural number. Let us make a link
between the N —Carleson condition and the Generalized Carleson con-
dition (CG), also called Carleson-Vasyunin condition (see e.g. [NiS(Q|
and references therein). The following result has originally been stated
in D.

Proposition 6. ([Ha96H, Proposition 3.1])

Let A be a sequence of comple:c numbers, lying in Ct. The following
assertions are equivalent

(i) A=W, A, with A € (C) ;

(17) There exists a 6 > 0 and a sequence of disjoint subsets {o, }n>1,
A=W, >, 0n, lon] <N, such that, if B (resp. B, ) denotes the Blaschke
product associated to A (resp. 0,), then the sequence (B, ),>1 satisfies
the Generalized Carleson condition (CG)

(3.1) |B(z)| > ¢ inf |B,.(2)|, zeC*.

When (B,,), satisfies (B.1), we write (B,,), € (CG).

Remark 7. The subsets ¢,, can for instance be obtained as intersections
7, N A for € small enough, where 7, are the connected components of
L(B,¢) :={z: |B(z)| < €¢}. Choosing ¢ in a suitable way, it is possible
to assume that the pseudohyperbolic diameter of ,, is arbitrarily small.

Remark 8. If A is N—Carleson in C*, and so we have the previous
decomposition A = |4, 05, it is possible to find a sequence (R,), of
rectangles of C* such that

o (i) 0, C Ry;
e (i7) if [, and L, denote the length and width of R,,, we have
L, < 1y;

o (iii) (6Rn, R) =< l,;
e (iv) the following estimates hold
0< 1r>1f1 p(on, 0R,) < sup p (A, 0R,) < oo
i 2
Moreover, since the diameter of o, can be chosen arbitrarily
small by the preceding remark, we can suppose the R,, disjoints
and even

Tllr;id (Rn, R) > 0.
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Results of Vasyunin ([Va84]), for p = 0o, and Hartmann ([Ha96H]), for
1 < p < o0, describe HP|A for N—Carleson sequences, using divided
differences contructed on o,,.

Theorem 9. ([Ha96H, Va84])
Let A =Y, AN €D, A" € (C) and 1 < p < oo. There eists
a decomposition A = |, 5, 0n such that sup,>,|o,] < N, and if we
choose definitely A\, € 0, (n > 1) , then
HP|A = XP(A) = {a = (a(A)yes © llallxea) < 00}

where, for 1 < p < oo,

B =

|on|

||a||XP(A) = Z (1 - |>‘n70|2) Z }Agll (a()‘n,la EaS) )‘n,k))’p )

n>1 k=1

and

lon|

llal|xe(a) := sg?z | AR @Aty oo M) |-
=t k=1

Let us translate this result to the upper half-plane. If A C C* is
N —Carleson and can be written as the union of o,. For each n, let

Ano be any point from o,, and write AP — (An1, - Anyj). We introduce
the space

|on|

XP(A) = ) sen Zlm .0 Z}Ak Y )\Sf)))‘p<oo

n>1
Corollary 10. Under the above hypotheses, we have
HE|A = X7(A),

Proof. We introduce the conformal mapping

v: D —» C*
—Zz

and set A = v Y(A). Observe that v conserves the pseudohyperbolic
metric and hence the (C'G) condition and so, we deduce from Theorem
that ) ) )

HYR = X*(R) = X7 (),
where

lom|

XP(A) =4 a=(a(N),ey : Z Z} a(A\P)[" < oo

n>1 |)\"0 + Z|
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Since (see e.g. [Ko8(, p. 118])
—1
fedl — (zHMGHﬁ),

it is enough to show
(@A +D7) € XA) = (alX)e € XT(A),

which follows directly from Lemmas B and B. O

4. MAIN RESULT

Let A be a sequence in the complex plane. In this section we will
always assume that there is some integer N > 1 such that for every
a € R, the sequence A* := ANCZ is N—Carleson in the corresponding
half-plane. In particular, it will be possible to write

+ +
Aa - Lﬂ Un,a’
n>1

+
where <Bgf

n,a

) satisfies the generalized Carleson condition in the cor-
responding half-plane C£ (ij being the Blaschke product in CE van-

ishing on o;;,). To simplify the notation, we will omit a if @ = 0 and

write
{ of, n>0
Op 1= n
o,, n<0
The reader might notice that o;F and o, can come very close for certain
values of n and m. This issue will be fixed below. Let us distinguish
the sets of points close to the real axis and the ones far away from it.

More precisely, for € > 0, we set

M.:={neZ: o,N{|Im(z)| <€} # 0} and M. :=7Z\ M.,

Ao = L—Ij on
neMe 0o
and
A=A\ Ao

Notice that A, is in the strip {z € C: |Im(2)| < €} which is in general
not true for |J,c ;. 0n- Now, since A, is still N—Carleson in CT,, , A,
breaks up into a disjoint union

Aezwa;

n>1
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such that the sequence of Blaschke products <B+,’_2€) € (GC) in
n n>1
C*,.. So,

A= tﬂanw(@¢>:ghr

nEMe, 00 n>1 nez
We will need both definitions of divided differences.
A { A, if3dkst o7, = T
™ O, if 3k st. 7, =0y
It is now possible to introduce a space of sequences that will be, as-

suming some hypotheses on A, the range of Ry. Choosing arbitrarily
Ano € Tn, N € Z, we define, for 1 < p < oo,

X2(A) 1= {a = (@N)sen  lallzn) < o0}

with
|7
lal%p iy == D (1+ [Tm(An0) Z ‘Ak (ae*m (AD)) 3
nez

and
ST _ { e’ 'if ANET, neN,,
e ifxerT,, neEN_,

where

Ny:={neZ: n,n(C*UR)#0}

and

N_:=7\ N,.
(The factor e*™ does not really matter close to R.) We will need
some well known facts about Paley-Wiener spaces that we recall here.

First, we have the Plancherel-Polya inequality (see e.g. [Le96] or [Be04,
p. 95]).

Proposition 11. Let f € PWP? and a € R. Then,

+oo
/‘ (@ + ia)Pdz < el | £,

—00

It follows that for every f € PWP, the function z — €™ f(z) belongs
to HY. It also follows that translation is an isomorphism from PW?
onto itself. The second fact is a pointwise estimate; there exists a
constant C' = C(p) such that for every f € PWP, we have

(41) @] <CIfIl, 1+ [Im(2)) 7 ez eC
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For a sequence A whose restrictions to every half-plane is N —Carleson,
and n € Z, with corresponding decomposition A = 4, ., 7,,, we intro-
duce the products p,(z) := [[,,, |7 — Al and we define the function

dv(e) = inf pu(s), 7 €R

We will say that A satisfies (Hy) if the following three conditions are
fulfilled
e (i) The sequence is weakly dense: there is some €y > 0 such
that d(x,A) < €, for every x € R.

In all what follows we will do the previous decomposition with € = ¢j:
A=Ay WA,

and suppose (which is possible in view of the Remark [q) that
€
max (. ) <

where

po := sup diam, (o,,)
nez

and
pé] := sup diam (aé) ,
n>1

which are both finite in view of the (GC') condition and the fact that the
pseudohyperbolic diameter of o, in C¥,, is equivalent to its Euclidian
diameter close to R.

e (ii) The limit

) z
5= Jim ] (1-75)
[A[<R
exists and defines an entire function of exponential type 7.

p
lfv(g)‘) satisfies the (continuous) Muck-

e (i7i) The function z — (
enhoupt condition (A,).

We will see in the following that (i7i) can be replaced by (éi7)’, which
1s

e (ii7)" The sequence

15" (o)l
[T [Ano=Al

\eo,
/\#/\n,o

n>1

satisfies the discrete Muckenhoupt condition (2,,).
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It is clear that for N =1, d;(z) = d(z, A) and (H;) with the Carleson
condition corresponds exactly to the (LS) conditions.

Remark 12. In the construction of the sets 7,, it is actually possible to
assume that for some 6 > 0, the sets

Q, = ZE(C:H|Z—)\|§5 : n>1
oy,

satisfy
inf d(Q,,2n,) > 0.

n#m
(Cf. also Remarks [ and [, in particular §(iv).)
Remark 13. The weak density condition (Hy) — () implies that
supdy(z) < 0.
z€eR

Clearly, in the definition of dy, the infimum is actually a minimum.
Also, by the (GC') condition, we have

!

dy 1= i;lf d(o,,0,) >0,

and so, for each z € R, there is n, > 1 such that dy(z) = p,,(z) and
we can also notice that

5/ N
inf inf p,, > (20 0.
inf inf p <x>_(2) >

N
Indeed, for z € R and m # n,, if p,(z) < (5—“> then, there is some

2
A1 € o, such that

%

|$‘—'A1|<i 5

and so, for A € n,, we have
A
|$—>\|Z|)\—)\1|—|$—)\1|Z5O—50=§0

and it follows that

2

from the infimum property of n,. This contradiction gives the required
estimate.

P (%) > p, () > <5—6)N

It is now possible to state our main result.
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Theorem 14. Let N > 1 and A be a sequence of complex numbers
such that, for every a € R, A* is N—Carleson in the corresponding
half-plane. Then, Ry is an isomorphism from PWP onto XP(A) if and
only if A satisfies (Hy).

We will discuss below the necessity of the N—Carleson condition in
Theorem [[7. It requires a different approach to the definition of the
trace which relies here on the decomposition A = [, 7,, coming from
the N—Carleson condition.

4.1. Necessary conditions. The necessity of (7) and (i) can be shown
exactly as in [LS97| and so we omit it here. We show that the condi-
tion (7i7)’ is necessary for Ry to be an isomorphism between PWP? and
XP(A). Then, with a technical lemma, adapted from [LS97], we prove
that (7i7)" implies (7i7).

Since R, is onto, for each A € A, there is a unique function f\, € PW?

such that
L =N
f)\(ﬂ)_{ 0, if,u#)\ :
As in [LS97], it can be shown that f, only vanishes on A\ {\}. More-
over, z — (z — A) fa(z) is a function of the Cartwright Class C vanish-
ing exactly on A (see e.g. for definition and general results on
C). Hence, S(z) =cx (2 — A) fa(2), z € C, or
5(2)
PV T
For each n > 1, the holomorphic function
5(2)
IT (=X

Ao,

gn @ 2

. . . / /
does not vanish in €2, (see Remark [[3). Moreover, choosing A, o € 0,,,

5’ (Ano)
TRCREY)
Aoy,
>\#>‘n,0

gn(An,O) -

Hence, it follows from the maximum and the minimum principle that

i

() S (Mo) | S(©)
¢conn | I[ (€= N) [T (Moo= A)| ~ ceonn | IT €=M

Aoy, Ao, Py
>\#>‘n,0

<
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From the intermediate values theorem, we deduce the existence of a
point 6,, € 092, such that

S0l _
I oA

o,
>\#>‘n,0

(4.2) |S(0,)] =0

Own,.

Setting I' := ()\;170)01 and © := (0,),, we show that the discrete

Hilbert transform Hr e is bounded from (?(w) into itself. Indeed, let
(an),>; be a finite sequence of [P(w). Then, the sequence

{ anS’(Xn,O) Jif N = Xn,o

a(A) =4 0 JEAE A\ U {\,)

belongs to XP?(A) because, if )\;170 is choosen as the “last” point of o,
Afj;l (ae’™ ()\g“))) =0, k <o,

and

JauS ()] e o)

I =yl

’
A€o,
!
)\7é)\n,0

B e ()|

Thus, from ([£3), we obtain, observing that 1 + ’Im()\,n’o)} and ’e”)‘},
\ € 0, are comparable to a constant since o, is close to R,

laley = 3 (1+]mx,0))) )A';’f“l (ac™ (A=)

p

a,5' (N, 0) pi.p
(4.3) = Y ‘H }Xno’—‘k} = whanl".

n

’
Aeo,
/
A”é)‘n,o

So, let f € PW? be the (unique) solution of the interpolation problem
f|A = a. Notice that, since Ry is an isomorphism onto X?(A), then

(1.4) 712 S kg n, -
This function is of the form f(z) =", a; ZE(/\ZJ)’O and so, with (f-2) we
have

P

(HP,G((aj)jZ1)>n

(4.5) Do)=Y wh
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On the other hand, the Polya inequality (see [Le9§, Lecture 20]), and
the inequalities (f.4) and ([.3) give

(4.6) D FOIF SIS Nlalfepay S D whlanl”

From ([.5) and (£.4), we deduce that Hr g is bounded from [P (w”) into
itself. The Lemma 1 of [LS97] allows us to conclude that the weight
(wP),,> satisfies the discrete Muckenhoupt condition (2(,). Notice that
we do not have exactly the required condition }Qn - )\;170} = ¢. However,
since sup,,»; diam (0;,) < oo and []|A — 6, = 4, it is easy to see that
}Gn - )‘In,O} = 1 and this is enough for the lemma to remain valid. Now,
in order to prove (i74), we use the following lemma, adapted from [LS97,
Lemma 2|. For technical reasons, we set 7 := (7,),,cz in a way such
that {7, : n € Z} =T and Re (7,) < Re(7n41). We then define o, to
be the cr; such that v, € 05, and w, will denote

15" ()]
H |>‘ - '7n|.

A€o,
AFEYn

(The sequence (wy,),, is a permutation of the sequence (w,),,).

Remark 15. It follows from the weak density condition ((Hy)—(%)), the
(GC) condition on (B(,W)n and the growth of the sequence (Re (7,))
that we have Re(y,41) — Re (7,) < 4€y. This implies that

n

52) < h/n - 7n+1| < 560-

Lemma 16. Suppose © € R and Re(v,,) < © < Re(Yn41). Then, there
exists an a = a(x) € [0, 1] such that

a,, 1l—-a _
U}nwn+1 =

uniformly with respect to x € R.

Assuming this lemma to hold, (7i7) follows directly from (éi7)" and
the inequality t%s'™* <t +s,t,s >0 and a € [0, 1].

Proof. For z € [Re(yn), Re(ynt1)], we set N(z) := {n: d(o,,z) < €}
and

A(zx) = H-J o, | Uo, Uao, .
neN(zx)
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n
that since A is a finite union of Carleson sequences, we have

Notice that o, and o,,,, may be subsets of ¢y, o,. Observe also

sup | N(z)| < oc.
zeR

For a € [0, 1], we want to show that ¢ =< 1, where

) wiwkdy(o)

S(@)
and = ¢ A (this is not restrictive since the expression extends continu-
ously to A). From the definition of S, we have that

In order to not overcharge notation, all infinite products occurring be-
low will be understood as symmetric limits of finite products.
Thus,

«@ 11—«
o =% |75 I (-2 dvl()
9 — AEA\{n} AEA\{Yn+1}
o T a 11—«
I1 (1_X) I1 A =l I1 A — Vg1
AeA A€oy, \{n} A€oy, 1 \{ i1}

For A € A \ {fyn77n+1}7

o 1 S vl I S 1 2 e 70

i3] ERY

}lfa

Note also that for the remaining two points ¥,, y,+1 we have:

«
S (s [ 1 (1 = 2ot
Tn Yn+1 Yn+1 Tn

(1-5) (1-55)

Now, we split ¥ in two products ¢ = IIj(z) - IIs(x) corresponding
essentially to zeros in A(x) and zeros in A\ A(z) (dy(z) appearing in

11—«

_ "VnJrl - 7n|a |’7n - ’7n+1|1ia
1V — 2| [Yns1 — 7|
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m):
[T M=%l I =7l " dy()
Hl ($) _ )‘EA(Z')\{'WL} )\EA(J:)\{'yn+1}
IT A== II M=l I1 A= Yora] "
AEA(2) A€oy \{n} A€oy, \{ 41}
[T D=l I A=yl “dy(@)
_ 2eh@)\oy, MA@\,
[T A==
AEA(x)
and
A — 7n|a A — 7n+1|1_a
II = .
AEA\A(z)

We can write
[T A=l TT A= Yol dn(2)

AEOT~,, A€oy,
Hl ("L‘) = - H |l‘ . )\|
Ty Yoy, 11
O T Y T
|z = Al
A@\(09n U, 41 )

and notice that if A € A(z) \ (o4, Uo,,,,), then X € o, for a suitable
[ € N(z), so that
LS d(04,,0) < A = < 205 +260 S 1
and, in view of Remark [, for A € o,, and p € 0, ,,, we have
A = Y1 < Tand |[p— 7, < 1.
These three relations imply that
dy(x)
II lz—=Al

AeA(x)
Now, let n, be such that dy(z) = p,,(z) (we refer to Remark [J).
Clearly n, € N(x). Note also that for A € o,,, m € N(x), we have

A —z| <d (o, z) + diam (0,,) < € + p,. Hence

I (z) <

! iy (2) 5 )N~<|N<x>|—1>

1

— < | =

o PO =T Je—A 0 ==
0 AEA(z) AEA(2)\ony
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and, from the end of Remark [[3, we obtain that

The relation

H2 (l‘) =1
is shown exactly in the same way as in [LS97], using the N—Carleson
condition. The lemma is proved. O

4.2. Sufficient conditions. We show the converse of the theorem in
two parts; first, the injectivity of Ry and then its surjectivity.

4.2.1. Injectivity of Ry. Let f € PWP such that f(A\) =0, A € A. We
want to show that f = 0. Let us introduce ¢ := f/S. It can be shown
that ¢ is an entire function of exponential type 0. The idea of the proof,
given by Lyubarskii and Seip in [LS97], is to bound ¢ by a constant on
the imaginary axis and to use a Phragmen-Lindelf theorem to obtain
that ¢ is a constant. Then, for integrability reasons, the only possible
value for the constant will be zero.

We will proceed as follows: since ¢ is analytic, it is bounded on the
compact [—2ieg, 2i€g]. In order to bound ¢ on iR\ [—2i€, 2ieg], we will
use a lower estimate for S in a certain area of C. Let us introduce

A, ={z€C: |Im(2)| > 26, p(Ao,2) <2py <€}, n€EL.
We begin to show that for z € (C3,, UC,. ) \ (U, An),

2¢0 —2¢g
(4.7) 1S(2)] 2 e @ (JIm(2)[)7 (1+]2)) "
Indeed, let us introduce

B, (2) :== H (c,\i) and S1(2) := (S/B,,) (2), z€CHt,

AEA, Z-)\"‘?)’lfo

where B,, is the Blaschke product in C* 30 and c) is the unimodular
2

normalizing constant which ensures the convergence of the Blaschke
product (we do not need the explicit value here). Let x € R. Observe
that for n > 1 and A € 0, , we have

’x—ﬂ = |z — A| < € + diam <0;1> < e+ py < 362—0.
Hence,

géo < }.CL’ — X"— 3’i60} < 560.
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It follows from these inequalities that

T — A
e, T — A+ 3igg
Writing
T — A T — A
|Bey(2)] = — —
0 /\gx T — X+ 3ieg AEAE{UM T — X+ 3ieg

and using the fact that A, is N—Carleson in C* 5., we have then that
2

(4.8) | Beo ()] = dn (),
and so x — [S1(2)|P € (4,).
In particular, the function z e”zs'zl—f‘;) = é — belongs to
€0

HY and the function z — e¢*S}(2) is a function of A", the Smirnov
Class in the upper half-plane (for definition and general results, see e.g.

[Ni024], A.4]). Hence, we can write
Si(2) = e "B (2)G4(2), z e CH,
where Bj is the Blaschke product associated to A* \ A, and G is
an outer function in C*. Thus, z — |G1(z)[P € (A4,) or equivalently,
x — |Gi(x)]7? € (A,), with % + % = 1. So, it follows from properties
of functions satisfying Muckenhoupt’s (A4,) condition, that
1
2 ——— € H!
G1(2)(z + 1) *

and we can write

1 _L/ 1 dt
Gi(2)(z+1)  2ir Jg Gi(t)({t +i)t —z

from where we get for z € CT,

1 _1
G| S e (e

Moreover, because of the N—Carleson condition of AT\ A

that
|Bi(2)| 21, zeCH\ (U An>
n>0
and so we do have the lower bound for S; stated in ([.7). We notice
that |S(2)| < [S1(2)], Im(2) > 2¢; and so we have the same bound for

S in (C;’eo. A similar reasonning gives us the estimate in C_,_ .

we have

€0



Divided differences and restriction operator on Paley-Wiener spaces 21

Using now ([£1]) and ([7), we have for z € (C5,, UCZ,,, ) \ (U, 4n),

2€0 —2¢g

f(2) (1 +[2]) erme)
o= ‘S(z) & eI |Im(2)[7 (1 + [Im(z)])”
<~ 0Dy
[Im(2)]¥ (1 4 [Im(2)])>
We notice then that if A, NiR # ), then
Im(z)

AnCSi::{zE(Ci:

Re(2) ”}’

where 7 is a suitable constant. Note that Sy are Stolz angles in C* at
x = 0. Since A, is far from R and has uniformly bounded pseudohy-
perbolic diameter, every A, hitting the imaginary axis will be in the
Stolz angle S, or S_. Obviously, there is some M > 0 such that for
every z € Ci,,, N Sy, we have

[¥(z)] < M.
In particular, |¢(2)| < M for z € 0A,, and by the maximum principle,
[v(iy)| < M for iy € A, NiR.

Hence, ¢ is uniformly bounded on iR and it follows, by a Phragmen-
Lindelf principle that ¢ = K. Let us now show that K = 0. Because
x> |S1(x)P € (A,) we have

/|51(x)p — %0

and, applying the Plancherel-Polya inequality, we also have

/‘51(37 + 2@60)‘17 =0

but |Si(x + 2iey)| < |S(z + 2ie)|, so

/ |S(z + 2iep)|P = 0.

We apply again the Plancherel-Polya inequality to obtain

[1s@r =

From the fact that f € PWP, we have by definition that f € L” and
since f = ¢S = K .S, the only possibility is K = 0 and so f = 0, which
ends the proof of the injectivity of Ry. Now, we can show the last part
of the proof.
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4.2.2. Surjectivity of Ry. Let a be a finitely supported sequence. It
suffices to bound the norm of the solution of the interpolation problem
f(A) =a(N), A € A, by a constant times the norm of a in X?(A). The
general case follows from density. Let

S(z
1) = ;a“)m'

We want to split this sum in two pieces. We recall that we have the

decomposition A = |#,,., 7, and we have already introduced

N.={n€eZ: 1,n(C*UR) #0} and N_ =7\ Ny.
We set
Ay = H-J T, and A_ = L—Ij o =N\ AL
neN, neN_
(Observe that since diam (7,,) < €2, we have A, C C*,). Now, we can
write f = f* + f~, with ’

P = X g = S Y aiWgn

AEA+ neENyt et

and we will estimate the norm of each sum separately. Here we will
only estimate the norm of f*, the method is the same for f~. In the
following, 8 will be the Blaschke product associated to At

—€0

Z— A
= I I _ ], e Ct_,
pz) (C/\z — N+ 22’60) : 0

xeAt

where again ¢, is a suitable normalizing factor. For z € (C+60, we
write S(z) = e""*(z)G(z), which implies, using 5(0) = [, ,\A_;Z,EO
(recall that we have assumed 0 ¢ A) that

G(z) = €78(2)B(2)"

_ eiT'Z H ()\ ; Z) H <C>\Z —ZX_+)\2@€O)

AEA AeAT

= BO) e ] (1 — i) ,

AeA

with A := (A\ AT, )U <Af€0 - 22’60). The function G is outer function
in C*_. As in (), we obtain |3(z)| < dy(z). In particular, we have
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|G(2)|P € (A,). And, since |¢"*5(z)] < 1 on every fixed line parallel to
the real axis, it is enough to estimate the LP norm of

D IP I
nENy N\ETy,

instead of the norm of f*. Let n be such that © <7 < €. Since Ais a
(not necessarily disjoint) union of two N—Carleson sequences in Cq,
2

so that in particular Im (5\ + in) <n—e€p <0 and thus every x € R is
far from A, we obtain

, - T —\—in

Gz —in)| =™ |G| [ [ |

AeA

So x +— |G(xz — in)|P also satisfies the Muckenhoupt condition (A,).
According to the Plancherel-Polya inquality, it is possible to estimate

the norm of f;" on the axis {Im(z) = —n}.
By duality, we need to estimate
sup  N(h),
heHa(ct,)
Ihllg=1
with

— a(A) [ G(z —in)h(z —in)
N(h) = /\;r S’(A) / T —in— A d

- |y g/<();\))7{((?ﬁ)(>\+m)
AEAT

= S’ ' (Gh)(\ +in)|,

AEAT

where z — G(z) = G(z—in) is an outer function in C*and the function
z + h(z) = h(z —in) belongs to H{. In order to compute S’'()), let us
recall that

S(z) = e T B(2)G(2), zeCt,.
For A € 7,, n € N, we have

6727—)\

‘0 = B
IO = 55 W)
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. Using that G(\) = G(\ + in), and setting

where bY(2) = cx— /\HZ

oo PG
the expression becomes

Iy o bgﬂn) (A= X+ 2ieo) |

nENy AeTy 7&)\

and a()) := a(\)e™, A e AT,

Writing
Ny = Neg W Nioo, with N, = {n €Ny 1,0 {|Im(z)| < 60} # ®}7
we set, with the help of the functions of Lemma

|7n|

k-1
’TnOé ZAk ! nla---a)‘n,k))HbAn’l(z)a ne N—i—ooa

|7n|

P o(2) = ZD’;’I (a(An1, ... H n € N,
k=1 =1
and setting 7, := 7, +in

[Tnl k—1

Qr(2 Z AE(@Ana 0, o A+ i) [ [ 0rnvin(2)-

=1
We notice that

-1y Pria HQggjﬂ()A“”) (A =X+ 2ieg) |-

HFEX

Recall now that 7, C R,, where (R,), are the disjoint rectangles
(constructed here in the half-plane Cfn so that in particular satis-
tying d (OR,,R —in) <, < L,) introduced in Remark §. (Note also
that here we have that A, C C'., and in particular, A, is far from

{Im(z) = —n}). Then, if ', := 8R2n, the function
_ Proa(?)Qs,u(z +1in)
z > hy(z) = 502)

is a meromorphic function in R, with simple poles at A € 7,,. Thus,
the residue theorem implies that

/ hn(z)dz = 2im Z Res(hn, A)

n )\ETn

nENy ATy
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and

Res(hn, A) = Pr, o(N)Qs,0(A +in) (b—i(A)) . (A =X+ 2ie) .
A

It follows that

o 1 PTn,aQ%n,w
h =5 Z/ e
nEN+ n

Obviously }b,\ ’ < 1. Observe also that by condition (iv) of Remark
Bfor z eIy, n E N, .00, We have that |z — A, | is bounded by a fixed
constant. Hence for every n € N,

|7n|

Pral § 30 A5 (@001, M)
k=1

Also

|Tn

Q| S DAL W (Any +im, o Ak + )|
k=1

and we obtain that

v s | (f

n6N+ n

—D i)A‘“ (@) i!A’l

For z € I',,, we see that

6(z)] = 11

A€A+\Tn

=: IIi(z) - Iy(2).

Since Ay is N—Carleson in C*_, it follows from the fact that R, is far
from 75, k # n that

zZ—A
Z—X+2Z'€0

zZ—A
Z—X+2Z'€0

(I

AET

H1 (Z) =1
and from the fact that R,, is far from 7,, that

Hence, choosing arbitrarily A, o € 7, the construction of R,, gives

J.

z
< dz| SIm(N,0) +17 S 1+ [Im (N,0)] -
S| S [ e S ) 40 S 1 )
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Applying Hlder’s inequality, we obtain

=

|70

NO) S (X ) Y AR (ema)|f

n€N+ k=1
[l a
< |3 (Ao +in) Y [AE ()
neNy k=1

Now, notice that by the Muckenhoupt condition on |G|~? and thus the
boundedness of H on
)]

1|7 1
Hq —= = €N+Z ELq <'T
' ('G ) {f ks G
= 1. But, since
i

we get that ¢ € H and [|¢][, < Hﬁ‘

U T, = A" +in
neEN4
is in fact N—Carleson in C;_OM C C* and ¢ € HY, Theorem [ implies
2
that

|7n]

> Qo+ i) O JAE @) | S Il S B =1
neNL k=1 +
Finally, we obtain
W\
N(h) S Z (1 +Im(Anp)) Z ‘A§;1 (ew.a)‘ = ”afo(A) )
neNL k=1

which ends the proof.

5. ABoUT THE N—CARLESON CONDITION

It is clear that the definition of X?(A) depends on the N—Carleson
hypothesis, and more precisely for the construction of the groups 7,.
In this last section, we show that in a certain way, the N—Carleson
condition is necessary.

It will be convenient to introduce the distance function

§(z,&) =
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which expresses that locally we deal with Euclidian geometry close to
the real axis and pseudohyperbolic geometry far away from the real
axis (see e.g. [BeJq, page 715]). Let A = {\,},., be a sequence of
complex numbers. Let NV > 1 be an integer and 7 € (0, %) For A € A,
we define

Dy, :={2z€C: i\ z2) <n},

N)\I:{,u)\’l': 1§Z§N}CA
as the set of N closest neighboors of A (including in particular\) with
respect to the distance §. Then we set

O\ ZIDA,nﬂN)\, ny = ‘O’)\|§N

Note that the set Ny, and consequently o, is not unique. It is now
natural to introduce the space (for 1 < p < o)

X2(8,N) = {a = (@N)ren : lallxzm <50}

where
nx
< , p
ol = 30 0 ) 30 [B5 s (1)
AEA k=1
with
A _JAn ifoxn{zeC: [Im(z)] <1} =0
o Os,, if not
and

virg | €™ ifpeoyand oxN{z e C:Im(z) >0} #0
€ “ | e | otherwise ’

It can be shown that if A N CF is N—Carleson in the corresponding
half-plane, for each a € R, then this norm is equivalent to the previ-
ously defined norm ||-[| xr(,) of the previous section. The result is the
following one.

Theorem 17. If Ry is an isomorphism from PWP onto XP(A, N),
then for every a € R, AN CE is N'—Carleson in the corresponding
half-plane, with N' < N.

The proof is in two parts. We begin to show that if R, is such
an isomorphism, then A* is N'—Carleson for some N’ € N. This only
requires the boundedness of Ry. We first notice that by the Plancherel-
Polya theorem (Proposition [[1]) the map

T, PWP? — PW?
foo= feti(l+lal)
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is an isomorphism and so RA := R o7, is still an isomorphism. Obvi-

ously, Ry = Rj, where A := A +i (1 +]a|) = {5\}~ _. Note that for
AEA

AeAST

|p —pIm(A)

Ak 1 :|:’l7'- (,u(k))) P

lax

and so X7 (A, N) injects into [? ((1 + ’Im(S\)D e’p|Im(’~\)|> so that
Ry PW? = (14 [m(3) ) e 7m0

is bounded. We set A} := AT + i (1 + |a|) and reintroduce the inner
function I,(z) = €*™*. We have mentioned in the beginning of the
paper that PW?P is isomorphic to K7., so

Ri+ = Ry

is bounded, where

Kp K?T — [P ([L]\g)

= 3 (s
NeAd
In order to show the claim, it is sufficient to show that p5+ is a Carleson

measure for HY. Since in particular A} C Cf, it is possible to find
€ (0,1) such that

A CcL(I,e):={z€C": |I(2)| <¢}.

Now, from a result of Treil and Volberg (see [TV9]] or [AI97]), the
boundedness of Rf{Jr implies that

pig (wr)
5.1 sup —+——— < 00,
(5.1) e
where the supremum is taken over all the intervals of finite length such
that the Carleson window w; constructed on [ statisfies

wr N L(I;,€) # 0.

Observe that L (I, €) is in the upper half plane C;, b = log(1/e), so
that if the length of the Carleson window is less than b, then we have
wr N L(I,,€) = 0. Hence, w; N A} = § and so pi+ (wr) = 0. Tt follows
that (B.1)) is true for all finite length intervals I, which is equivalent to
the fact that p15+ is a Carleson measure or also that A} is N’—Carleson
and hence A in the corresponding half-plane. Considering the map

s: PWP — PWP
fooe 1=
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which is also an isomorphism, we will also have the result for A .
Now, we want to prove that N’ < N. In the following, if A} is
(N + k) —Carleson, we write
AF = U T

n>1

where the groups 7% come from the Generalized Carleson condition,
and so it is possible to assume that

diam; (T,’f) < Z

(which in particular implies that 7% C D, ) and

= i;lf 4] (7‘5,7‘,@) > 0.
We need the following lemma and its corollary. For technical reasons,
let us assume (without loss of generality) that A C C so that we can
deal with the pseudohyperbolic metric and the corresponding divided
differences.

Lemma 18. If Ry is an isomorphism from PWP onto XP(A, N) and
Al is (N + k+ 1) —Carleson, k > 0, then it is possible to find n > 0
such that for every subsequence (7;); of (TF™1) with |7;] = N +k + 1,
we have diam,(7;) > 1.

Proof. Let us suppose to the contrary that we can find a subsequence
(7;) of (1) such that |7j| = N + k + 1 and diam,(7;) — 0, j — oo.

We set 7; = {X] : ¢ =0,..,N+k}. Let us now introduce the sequence
a’ = (a’(\))aea defined by

I1 ’b,\{ ()‘§V+k)’ eTIm()\J

a’(A) =0, X # )‘g\H—k’ a]<)‘§v+k) = ; i 1
a5, oy ()| 1 ()

Let
M;={NeAl: Ny, €a}.

Since diam (75) < 4 and Ny +x € T; we have for every A € 7; that
Myiw € oa. So 7; C M;. Let Bj := M;\ 7;. Also, since A} is
(N + k + 1) —Carleson, and thus D/\fv L Can only contain a uniformly

+ )
bounded number of points of A, it follows that

sup |M;| < oo.
J
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By construction,

We have to evaluate this expression. Take A € M;. We recall that
ny = |oa]. Note also that for every 1 <[ < n,, the divided difference

A6 (@e™ (AD)]

will be equal either to 0 or to

a’ ()\gv-i-k‘) e H by, ()\g\f—kk) ,

nx
y= 2 (L+Im() YA (@e™ (u®))["
=1

)\GMJ'

mew;
where w; C o) contains [ — 1 points. Now, w; = w1 W w2 where
w1 = ox N 7; and wyo are the other points. Note that w; cannot

contain )\NJrk By assumption, for p € wya, [bu(X N+k)| > 7. Hence,

DAL (@eF ()
=1

& olls I by )| 1
< . - -
=1 Zg}f}fk ‘bv ()‘ngc) " Im ()‘3V+k) “g)l }bu ()‘3V+k) ’p

’bé N+k) ’p

£ey 1
< . -
; 7p| wi,e | max, ‘bA{ (Nysx) " Im (Myie)

N
™ Im (X k)

where = {\ :i=0,...,N+k—1} \w;, are subsets of 7;. The last
of the above inequalities comes from the observation that €2; contains
at least:

)

N+k—|ui>N+k—ny—1)>N+k—-—(N-1)=k+1>1

points. We deduce that @/ € XP(A, N) and that its norm is uniformly
bounded. Now, since Ry is onto, there is f7 € PW?P such that f7|A = o’
and
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Setting fi .= €™ fi it follows from the Plancherel-Polya inequality
that f/ € HY and since A} is (N + k + 1) —Carleson in C*, Theorem
(ref:Hartmann) implies in particular that

. ~. . . p .
(M) [A27F (P04, - M) | S 1P S 1
But by construction, we have

(A ) ’Ag”“ (fi(xg, Agm)) ”’ - 1

1%, (Mg N)

which tends to oo, j — 0o because diam,7; tends to 0, j — oo, which
gives the required contradiction. O

The following corollary to the previous lemma allows us to end the
proof of our theorem.

Corollary 19. If Ry is an isomorphism from PWP onto X?(A, N) and
Al is (N + k + 1) —Carleson, k > 0, then A} is (N + k) —Carleson.

Proof. We write A} = U, o, 75" with 7771 < N + &k + 1. Let us
suppose that there is an infinity of n for which we have |[751| = N+k+1
and let Z be the set of such n. Because of the previous lemma, we can
find » > 0 such that diam,(7¥*') > 5 for n € Z. Then, for every
n € Z, it is possible to write 7FT1 = {\: i =1,... N+ k + 1} such
that

n Ui .
p()\ia)‘N+k+1) Zm, 1=1,...,N+k.

It follows that

A= H‘J Trlfﬂ S (L‘ﬂ Tr]fﬂ \ {)‘nN+k+1}> Y (H‘J {)‘Z+k+1}>

né¢Zz nez nez

is a disjoint union of sets o,, with |o,,| < N + k and it can be shown
that the sequence of Blascke products (B,, ), satisfies the Generalized
Carleson condition and hence that A is (N + k) —Carleson. O

I would like to thank Andreas Hartmann for his very helpful and
permanent support during this research and, more generally, from the
beginning of my thesis.
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