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OPTIMALITY OF CODES BASED ON CROSSED
PRODUCT ALGEBRAS

GREGORY BERHUY, RICHARD SLESSOR

ABSTRACT. In this paper, we explain how to construct reliable
codes for wireless communication channels using crossed product
division algebras, and we prove the optimality of the codes already
constructed on cyclic algebras and biquadratic crossed products.
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Within the last few years we have seen a notable increase in the use
of wireless communication, which has led to the need for higher data
rates. In view of this multiple antenna communication systems have
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2 GREGORY BERHUY, RICHARD SLESSOR

been investigated, which can provide very high data rates particularly
when there is perfect channel state information (CSI) at the receiver.
The design criteria of such codes established in [6] led to the develop-
ment of space-time codes[16], specifically space-time trellis codes
(STTCs). In this paper we will be concerned with another class of
space-time codes called space-time block codes (STBCs) [15]. A
STBC C consists of a set of N x T (N > T') matrices with entries in C.

In [16] the pairwise probability of error of a space-time code is derived,
i.e., the probability of receiving a message and decoding it incorrectly.
This bound led the authors to develop two design criteria: the rank
criterion and the determinant criterion. The rank criterion states
that in order to maximise the diversity gain we require the difference
of any two distinct matrices X, X’ € C to be full rank. A code satisfying
this property is called fully diverse. Once the rank criterion has been
satisfied, the determinant criterion states that in order to maximise the

——t
coding gain, the determinant of (X — X’)(X — X’), taken over all
pairs of distinct codewords in C, must be maximised.

Finding codes that are fully diverse led to an interest in constructing
codes from division algebras [13], in particular cyclic division algebras.
This work generated a lot of interest and in [14] constructions of codes
based on crossed product algebras were given that included the codes
given in [13] as a subset. An approach based on cyclic division algebras,
which differs from [13] was given in [10]. This paper introduced perfect
codes (PSTBCs). These codes satisfy a large number of properties
including a shaping constraint that is related to the cubic lattice. In
the paper the authors give examples of perfect codes in dimensions
2,3,4 and 6.

Codes from non-cyclic division algebras have also been investigated.
In [2] the authors consider biquadratic crossed product algebras and
construct a code with good performance in dimension 4.

In [3] it is shown that PSTBCs only exist in these dimensions, although
by relaxing the definition slightly PSTBCs can exist for any number of
antennas [4]. We will concentrate on the former case. The optimality
of perfect codes has been studied and in [8] it is shown that the golden
code, a PSTBC of dimension 2 presented in [1], is optimal with respect
to the coding gain.

In this paper we will prove the optimality of the perfect codes of dimen-
sion 4 and 6, as well as the optimality of the biquadratic code presented
in [2]. We will also generalise bounds on the minimum determinant of
codes based on cyclic division algebras to the case of codes based on
crossed product algebras.
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This paper is organised as follows. In Section 1 some basic aspects
of coding theory and the wireless channel are introduced as well as
the bound on the pairwise probability of error. It then explains how
division algebras can be used to give fully diverse codes and gives a
description of codes based on crossed product algebras. The section
also introduces the energy constraint and its link with the cubic lat-
tice. This leads to Section 2 which introduces complex ideal lattices
and gives results that will be necessary in deciding when it is possible
to construct the cubic lattice. Bounds on the minimum determinant of
codes based on crossed product algebras are also derived. Section 3 is
then concerned with proving the optimality of the PSTBCs of dimen-
sion 4 and 6 given in [10]. Finally in Section 4 we prove that the code
constructed in [2] is optimal.

1. FROM CODES TO CROSSED PRODUCT ALGEBRAS

1.1. Modelling a communication channel. Consider the follow-
ing communication problem. A transmitter, which is equipped with
one antenna, wishes to transmit some information to a receiver, also
equipped with one antenna, over a wireless channel. The signal that
the transmitter wants to send can be modelled by a vector

xy
x=|:]eC
Tp
At time t, t = 1,...,n the transmit antenna sends x;, which will reach

the receive antenna via different paths, that may include several reflec-
tions (this is due to the nature of the wireless environment). Further-
more, x; will be affected by some noise, coming from different interfer-
ences it may experience. Thus what the receiver will get is a modified
signal denoted by y;, where

yt:htl’t‘i‘vt, t=1,...,n.

The coefficients h; and v; are assumed to be complex Gaussian random
variables, and they model respectively fading (coming from the signal
propagation through multipaths) and noise.

The wireless channel from the transmitter to the receiver during n time
slots can thus be modelled as follows:

y = Hx + v,

where y is the received vector, and H is a diagonal n x n matrix called
the fading matrix or channel matrix. The vector v contains the
noise. Both H and v are assumed to have as coefficients complex
Gaussian random variables, all of them being independent and identi-
cally distributed.
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FIGURE 1. A channel with two antennas at both the
transmitter and receiver.

In order to be able to transmit more and more data in the wireless
environment, systems having multiple antennas at both transmitter
and receiver have been introduced. They are commonly called Multiple
Input Multiple Output (MIMO) systems or channels.

Let us first consider a channel with two transmit and two receive anten-
nas (see Fig. 1). At time ¢, the first and second antennas respectively
send x1; and xo;. Both these signals will be received by the two receive
antennas, and will follow a different path to access each of them. The
signals 114, yo; sensed by each receive antenna are

Yir = hiixy + hisxe + vy

Yo = hoixy + hooxo + vay

where h;; denote the fading from the jth transmit antenna to the ith
receive antenna, and v;; denotes the noise at the ith receive antenna at
time ¢.

Note that in the above equations, the fading coefficients h;; should
depend on t. However, it is reasonable to assume that the environment
does not change so fast, and that there is a period of time 7" during
which the channel (that is h;;) remains constant. This period T is
called a coherence interval.

For example, let us assume here that the channel stays approximately
constant over a period of length 7" = 2, and the transmission starts at
time t = 1.

The first and second antennas transmit respectively z1; and z9; at
time t = 1. At the other end, the first and second antennas receive
respectively the signals 311 and y91, each of them being the sum of the
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two transmitted signals with fading and some noise, that is

Y11 = hiixi + hisre + o1

Yo1 = ho1x11 + hogwor + va1.

Similarly, the transmit antennas send respectively x15 and x99 at time
t = 1, and the two receive antennas get vy and ys5. Since the channel
remains constant over a period of length 7" = 2, the fading coefficients
remain the same, and we have

Y12 = hi1xig + hiaway + V12
Yoo = ho1x12 + hooag + voa.

This can be written in a matrix equation as

Y11 Y12 _ hir hio 11 T2 + V11 V12
Y21 Y22 hor Do To1 T2 V21 V22 ’

This model can be generalised to the case where we have M transmit
antennas and NV receive antennas. At time ¢, the M antennas each send
one signal. Those M signals can be collected and written as a vector

L1t
X; = | . Each zj;, will be received by all the N antennas. Thus
Tt
follows n different paths, each corresponding to a given fading denoted
by hij, © = 1,...,n to reach its NV destinations. Now, each receive

antenna will sense a signal, which is the sum of noisy and faded copies
of the signals transmitted by all antennas.

Let us now consider 7' instances of the transmission, where T' is the
coherence time interval, during which the channel is assumed to be
constant. The model for transmission with multiple antennas over a
coherence time T' can be summarised as follows:

(1.1) Ynxr = HyxmXyxr + Vxr,

where all matrices have coefficients in C, and their dimensions are writ-
ten as subscript. Each column of the matrix X contains the vector x;
sent at time t. The matrices H and V are random matrices whose coef-
ficients are complex Gaussian random variables. They are independent
and identically distributed.

It is clear from the model that the transmitted signal X will be mod-
ified during transmission, both attenuated by the fading, and affected
by the noise. Actually, the fading a priori makes the signal even more
vulnerable to noise. However, whatever data the transmitter and re-
ceiver want to share, they would like it to be communicated reliably,
i.e., they want the whole message to be recovered completely from Y at
the receiver, despite the fading and noise. It is here that coding comes
into play. The idea behind coding is to send as signal X not the data
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itself, but a function of the data, which typically adds redundancy. In
MIMO communication, coding typically exploits the fact that fading
actually provides different paths from transmitter to receiver, since a
receiver with N antennas may get up to N faded copies of each trans-
mitted signal. Coding thus consists of designing codewords, that are
here the matrices X, as a function of the data to be sent, in such a way
as to protect the data encoded inside. The set of codewords is called
a codebook. A typical communication scheme can thus be seen as
follows: a set of information symbols, that is, the data to be sent, is
the input of an encoder. The encoder maps the information symbols
to a codeword X, which is sent over the channel by M antennas. The
receiver obtains Y = HX + V. [t is the role of a decoder to recover
the information symbols from Y.

In a multiple antenna setting, the data is encoded during time (we con-
sider a time interval of T slots) and space (since we have M antennas).
Thus, codes for multiple antenna systems are often called space-time
codes.

In a traditional coding setting, where transmission takes place over
a wire, there is no fading. Thus, a transmitted signal x will only
be affected by noise (which we assume Gaussian). Geometrically, the
transmitted signal x can be seen as a point in an n-dimensional space,
and the received signal y as another point, within a ball centered at x
of radius given by the variance of the noise. In this case, the decoder,
which knows all the possible codewords, can compute ||x — y||* for
all possible x in the codebook and decide that its estimate x of y is
given by the vector which minimises ||x — y||*>. If the codewords are
designed such that there is only one codeword in a ball of radius equal
to the variance of the noise, then the decoder will always get the right
estimate. The situation is different in the case of fading.

Let us for now assume that the receiver has the knowledge of the chan-
nel H. This is called the coherent case. The non-coherent case
considers the scenario when the receiver does not know the channel,
and will not be discussed in this paper. A decoding rule is obtained as
follows. Let C denote the codebook. The receiver knows Y = HX+V,
the codebook, and an estimate of H. It thus computes the “faded”
codebook {HX | X € C} by multiplying every codeword by H. It then
chooses as the decoded codeword the one which minimises the distance
between HX and Y. We thus have that the decoded codeword X is
given by
X = min |[HX — Y|?,
XeC

where the norm is the Frobenius norm:

() w”Q Z|mw|2-
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An error will occur if the decoded codeword X is different from the
transmitted codeword X. A way of formalising the reliability of a
channel is thus to compute its pairwise probability of error, namely,
the probability of sending X and decoding erroneously X # X. We
write such probability P(X — X).

Let us assume from now on that M = N = T, and let us call this
common value n. Therefore we get an equality

(1.2) Y = HX 4+ V € M, (C)

In this case, one can show that we have

K

P(X = X) < m,
where

Smin(C) = inf{| det(X — X)|* | X # X' € C}.
The real number 0,,;,(C) is called the minimum determinant of the
code C.

The quantity x is a function depending on the minimum determinant
and on the signal-to-noise ratio (SNR). This function is a decreasing
function of the SNR which converges to zero when SNR goes to in-
finity, and the speed of convergence is an increasing function of the
minimum determinant. In other words, a large minimum determinant
will ensure that we will have a small probability error for a SNR which
is not too large (meaning that we will not need too much power during
transmission to cover the noise). We refer the reader to [16] for more
details.

1.2. Algebra based codes. It follows from the results of the previous
section that a code C will have a better performance if we design the
codebook in such a way that the minimum determinant is as large as
possible. Of course, the first step is to ensure that §,,;,(C) > 0. The
main difficulty comes from the non-linearity of the determinant. The
idea is then to choose C to be a (large) finite subset of a subring D of
M,,(C), which is also a division ring. In this case, the difference of two
distinct codewords will lie in D* C GL,(C). But how to find explicitly
such a division ring?

This is where (central) simple K-algebras come into play. Assume that
A is a simple finite dimensional K-algebra, and let L/K be a field
extension such that L is a K-subalgebra of A (in particular L/K has
finite degree). The product law induces on A the structure of a finite
dimensional right L-vector space of dimension 7. In particular, if we
denote by M, € M, (L) the matrix of left multiplication by a € A
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in a fixed basis of the right L-vector space A, we get a K-algebra
homomorphism
A — M, (L) C M,.(C)
©:

Y

a+— M,
which is injective since A is simple.

In particular, if A is a division K-algebra, p(A) is a subring of M,.(C)
which has the required properties, and we may take our codebook C to
be a finite subset of C4 1 = {M, | a € A} C M,(C).

The previous way of encoding will introduce enough redundancy to
prevent the loss of too much information during transmission. However
we cannot introduce too much redundancy either, since sending an
information symbol has an energy cost. One goal is of course to encode
as much information as possible in a single matrix without losing too
much information after transmission. The rate of a code C C M,.(C)
is the ratio of information symbols per coefficients sent. Of course, it
is in our best interest to design codes with high rates.

Let us compute the rate r(C) of a code C C Car. The information
symbols that we would like to transmit are elements of K, which may
be used to define elements of A. Each element of a may then carry
dimg (A) information symbols. However, an r X r matrix may contain
r? information symbols, so we have

Y

r2
where r = dimy (A). Now since dimg (A) = dimy(A)[L : K] = r[L : K],
this rewrites as L K]
€)= G (A)

so we should choose L/K such that [L : K] is as large as possible. If A
is a central simple K-algebra, it is known that [L : K] < deg(A). In
particular, if A is a central division K-algebra, we may choose for L a
maximal commutative subfield of A to obtain a code with a rate equal
to 1, which is the maximal possible value in this case.

Now let us have a closer look at d,,;,(C). One major problem is that C
may have in practical applications a large number of elements. Thus,
it could turn out that d,,;,,(C) is very close to 0 if C is not chosen
carefully, simply because C4 ; contains matrices of arbitrary small de-
terminant. Therefore the idea is to force the values of the determinant
to be discrete, for example by choosing elements a € A in an order A
of A.

The next results will provide a way to achieve this. We first introduce
some notation. Let K be a number field, and let A be a central simple
K-algebra of degree n having a maximal commutative subfield L/K.
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Finally, let eq, ..., e, be an L-basis of A. For any ideal I of the ring of
integers Oy, of L, we set

AA,I =el®---De,l and CAJ = {Ma ‘ a e AA’[}.

Notice that A4 and C4 ; are additive groups, and therefore we have
5min(CA,I) = 1nf{| det(Ma)|2 | a < AAJ, a 7é 0}

Moreover, if C C Cay, the difference of two distinct codewords is a
non-zero element of C4 1, so we get

Remark 1.3. Keeping the previous notation, we have an L-algebra
isomorphism

where A is considered as a right L-vector space. Therefore, we have
Nrd4(a) = det(f(a ® 1)) = det(M,),

by definition of the reduced norm. In particular, det(M,) € K for all
ac A

a®@ A (2 az)),

We then have the following result:

Proposition 1.4. Let K be a number field which is closed under com-
plex conjugation. Let Ky = K NR. Keeping the notation above, there
exists a natural integer ¢ > 0 such that we have

1
| det(M,)|* € EOKO foralla e Ay .

Proof. Since every element x € L may be written as x = Y for some
s
y € Op and s € Z, the set
{m € Z | mM., € M,(Or) fori =1,...,n}

is a non-zero ideal of Z, hence generated by a unique positive integer
r > 1. We deduce that, for every a = eja; +...+e,a, € Ag s, we have

rM, = rM.a; + ...+ 1M, a, € M,(Oy).

Since det(M,) € K by Remark 1.3, we have det(rM,) = r"det(M,) €
O, N K = Ok, and we obtain that

1
det(Ma) S _nOK
r

Hence for all a € Ay, there exists x € Ok such that

det(M,) = .
,,nn
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By assumption, complex conjugation induces an automorphism of K.
Therefore, |z|> = 2T € Ok. Hence |z|> € Ox NR = Ok,. Thus

jz[* 1
| det(M,)[* = o € EOKO for all a € A.
Setting ¢ = r?" then yields the conclusion. O

Corollary 1.5. Let C be a finite subset of C4 1, where A is a central
division K-algebra. If K = Q or Q(v/—d),d > 0, then there exists a

natural integer ¢ > 0 such that

ol

Proof. The previous proposition shows that we have
c| det(M,)|> € Ok, for all a € Ay,

for some natural integer ¢ > 0. The assumption on the ground field
implies that Ok, = Z. Assume now that a # 0. Since A is division,
det(M,) # 0 and therefore ¢| det(M,)|? is a positive integer. Hence

1
| det(M,)|* > — for all a € Ay, a # 0.
c
Thus we get

Y

5mm(c) 2 5min(CA,I) 2

S N

and this concludes the proof. Il

The conclusion of the previous corollary is not true anymore if we
drop the assumption on K. For example, if K = Ky = Q(v/2), then
Ok, contains elements of arbitrary small absolute value. However in
practice, a signal is represented by an element of Q(i) or Q(j), where
j = €23 (see [5] for more details). We will assume therefore in the
sequel that K = Q(i) or Q(j), which both satisfy the assumptions of
the previous corollary. Notice that in this case, O is a principal ideal
domain, and any ideal I of O has an Og-basis wy, ..., w,.

Now that we have found a way to ensure that d,,;,(C) is not too close to
0, we examine another constraint related to encoding, called shaping.

An element X € C represents some information which is already en-
coded. In fact, if we write

X=M, a=ea;+...+e,a,,a; €1

the real information which is transmitted is represented by the elements
a;j € Ok defined by

n
a; = g ajwi, 1 =1,...,n.
Jj=1
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Sending the n? information symbols a;; has an energy cost, which is
represented by the real number

> Jayl*.
0,
Now sending X = (z;;) € M,,(L) will have an energy cost equal to

> i
i

Energy constraint: Encoding the information symbols a;; into the
matrix X = M, needs to preserve the energy cost.

We refer the reader willing to know more about shaping constraints to
[9].

Notice that, once an L-basis of A and an Og-basis are fixed, if x and
a are the two vectors whose coordinates are the x;;’s and the a;;’s
respectively, one may write

x = Ma,
for some M € M,2(L) which does not depend on a. The energy con-

straint then states
MM=1,.

Of course, in order to deal with this constraint, we first need examples
of central simple K-algebras for which we can find an explicit maximal
commutative subfield, and an explicit L-basis. A good family of such
examples is given by the family of crossed product K-algebras.

1.3. Codes based on crossed product K-algebras. Let L/K be a
Galois field extension of degree n, with Galois group G. If ¢ € G and
A€ L, we set

AT =1 (N).

Let £ : G x G — L* be a map satisfying the cocyclicity conditions,
namely

gld,f - fa,ld = 17 gg,fpg‘r,p = fof,pgg;r for all o,T,p € G.

The crossed product K-algebra (¢, L/K,G) is the K-algebra generated
as a right L-vector space by elements (e,),e subject to the relations

eolr = €585, Ny = e, A7 for all o, 7 € G, )\ € L.

One can show that (£, L/K,G) is a central simple K-algebra of degree
n, with maximal commutative subfield L.
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In particular, we get an injective K-algebra homomorphism
A — M, (L)
g M,
associated to this particular K-algebra. In order to derive explicitly

the energy constraint associated to this K-algebra, we first need to
compute the multiplication matrix of an element a € A.

Lemma 1.6. Let A = (¢,L/K,G), and let a = Zeaaa. Then the

oeG
matriz M, of left multiplication by a, relative to the L-basis (€,)secq 1S

M, = (6077177(12771)0,7-

Proof. For all 7 € GG, we have

ae, = E €olyCr

oelG

= E erera,

oelG

- Z eUTfU,Ta/;

oelG

_ E T
= 60'60'7'_177'0/0'7—*1

oelG

This concludes the proof. Il

We now derive the energy constraint we are looking for. Since any ideal
of Oy is a free Og-module of rank n = |G|, we will index any Og-basis
of I with the elements of G.

Let A = (¢,L/K,G) and let I be an ideal of Op. If we choose an
Ok-basis (wy)seq of I, we will (temporarily) encode n? information
symbols (a,.+)srec into the matrix M, € C4 s, where

a= Z eg(z Uy rWr).
oeG TG

Proposition 1.7. With this way of encoding, the energy constraint is
satisfied if and only if the two following conditions are fulfilled:

(1) [&- =1 forallo,7 € G
(2) The matrizx W = (w?),.» is unitary.

Proof. For o0 € G, set a, = Z o w-. We would like to have

TeG

D lorl? = 37 lorr sl = 37 lorail?

o,7eG o,7€G o,7eEG
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for all a,, € Ok. For o € GG, we consider the two column vectors of
Ln

Xa = (ga,pag)pEGvAa - (aa,p)peG-
Let D, be the diagonal matrix of M,,(L) whose non-zero entry at col-
umn p is & ,. Since aqr € K, we have

SU,TG/; = Zfaﬂ'a;pw; = Z gﬂ,TaU,pw;'

peCG peCG

Now if W = (w7]),, then D,W = (&, -w7)r,, and therefore we get

X, =D, WA, for all 0 € G.

Let x and a be the block column vectors defined by

and let M € M,2(L) be the block diagonal matrix
M = D, W

Then we have x = Ma. Since x contains all the entries of M, and a
contains all the information symbols, fulfilling the energy constraint is
equivalent to ask for M to be unitary. It is equivalent to say that D, W
is unitary for all 0 € G. Since Dyq = I,,, it is equivalent to ask for W
to be unitary and for D, to be unitary for all 0 € G. In view of the
definition of D,, this is equivalent to conditions (1) and (2). O

Finding an Ok-basis of [ satisfying condition (2) is not easy. In order to
simplify the problem, we will make the extra assumption that complex
conjugation induces a Q-automorphism on L, which commutes with
every element of Gal(L/K).

In this case, it is easy to check that W'W = (Trr/k (Wewr))s,r. Hence,
we may find an Og-basis of I for which encoding is energy-preserving
if and only if the hermitian Og-lattice

I xI— OK
(z,y) — Trp (Ty)

is isomorphic to the cubic lattice O} (see next section for the definition
of a hermitian O-lattice).

This has very few chances to happen, so we now modify the encoding
process as follows. Let A € L* satisfying the following conditions:
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(a) X =\

(b) A7 is a positive real number for all o € G.

(c) Trr k(ATy) € Ok for all z,y € I.

Notice that in this case, Ny k() and Try/k(A) are positive real num-
bers.

Let Dy € M,(R) be the diagonal matrix whose diagonal entries are
the real numbers VA%, 0 € G. If (w,)seq is an Ok-basis of I, we will
encode n? information symbols (Go,r)orec into the matrix

M.Dy = (V )\7—507—*1,7&;7-—1)0,7'7

where a, = Z a,-w; for all o € G.
TEG

The reader will check that this new way of encoding simply replaces
W by Wy = D,\W in the proof of the previous proposition. Now

WAWy = (Trpx (ADowr))or-

Hence we may find an Og-basis of [ for which encoding is energy-
preserving if and only if the hermitian Og-lattice

I x1I— OK
(z,y) — Trp/x(ATy)

is isomorphic to the cubic lattice OF.

We then set
Cari ={M.D, | a€ Aays}.

Clearly, we have 6min(Canrs) = Nijk(A)Omin(Car), and therefore is
bounded by a positive constant in view of Corollary 1.5 if A is a division
K-algebra.

At this point, we would like to summarise what we have done so far.

Let K = Q(i) or Q(j). Let L/K be a Galois extension with Galois
group G satisfying the following conditions:

(1) Complex conjugation induces a Q-automorphism of L which com-
mutes with every element of G.

(2) There exists A € L* and I an ideal of Oy satisfying the following
conditions:

(@) A=A, that is A € R
(b) A7 is a positive real number for all o0 € G

(c) Trrk(ATy) € Ok for all x,y € I
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(d) The hermitian Og-lattice

[X[—)OK

hy:
M (2, y) — T (ATy)

is isomorphic to the cubic lattice OF.

Then for any orthonormal Ok-basis (w,)seq of (I, hy), and for any
crossed product division K-algebra A = (¢, L/ K, G) such that

&,7)* =1 for all 0,7 € G,

the encoding map
O?{ — CA)\’[

(aU,T)a,TEG — (V >\T£U'T_1,Ta/;7—*1)0',T7

where a, = E a,-w, for all o € G, is energy-preserving. Moreover,

TEG
Omin(Ca 1) is bounded by a positive constant.

Notice that the conditions above also imply that other coding con-
straints are fulfilled. We will not go into details and let the reader refer
to [9].

The next steps are to give necessary conditions for the lattice hy to be
isomorphic to the cubic lattice, and to compute (or at least estimate)
Omin(Car) in terms of the data, in order to choose A and I such that
Omin(Ca ) is as large as possible.

2. IDEAL LATTICES

2.1. Generalities on hermitian lattices. In this section, we recall
some basic definitions on hermitian lattices and introduce some invari-
ants that we will need later on.

Definition 2.1. Let K/Q be a totally imaginary quadratic field exten-
sion with non-trivial automorphism K — K, u +— @ (which is nothing
but complex conjugation). A hermitian Og-lattice is a pair (M, h),
where M is a free Og-module and h : M x M — Ok is a hermitian
form with respect to .

We say that two hermitian Og-lattices (M, h) and (M', k') are iso-

morphic if there is an isomorphism of Ox-modules f : M = M’ such
that

R (f(x), f(y)) = h(x,y) for all z,y € M.

A hermitian lattice (M, h) is positive definite if h(z,z) > 0 for all
x € M,z # 0. This property only depends on the isomorphism class
of (M, h).
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Example 2.2. Let n > 1 be an integer. The cubic lattice of rank n
is the hermitian Og-lattice on O} given by
7;( X O?( — O K

ho . _t
(z,y) — T'y.
Therefore, a hermitian Og-lattice (M, h) is isomorphic to the cubic
lattice if and only if M has an orthonormal basis with respect to the
hermitian form h. In this case, it is positive definite.

Lemma 2.3. Let (M, h) be a hermitian Og-lattice. Let e be an O-
basis of M. Then Mat(h,e) € Z and does not depend on the choice of
e.

Proof. The matrix H = Mat(h, e) is a hermitian matrix, i.e., H = H,
which implies

det(H) = det(H) = det(H).
Therefore the determinant of H also lies in R. Hence det(H) € Ox N
R = Z, since K/Q is a totally imaginary quadratic field extension.

Let € be another basis of M, and let P denote the corresponding base
change matrix. If H' = Mat(h,€’), then we have H' = ?tHP7 and
therefore

det(H') = Nk g(det(P)) det(H).
Since P € GL,(Of), det(P) is a unit of Ok, and thus Nk g(det(P)) =
1, since K/Q is a totally imaginary quadratic field extension. This
completes the proof. O

Definition 2.4. The determinant of the lattice (M, h), denoted by
det(M, h), is the determinant of any representative matrix of h. It only
depends on the isomorphism class of (M, h).

Example 2.5. Assume that (M, h) is isomorphic to the cubic lattice.
Then det(M, h) = 1, since there exists an orthonormal O -basis, that is
a basis for which the corresponding representative matrix is the identity
matrix.

Remark 2.6. If (M, h) is positive definite, then det(M, h) is positive.

We now introduce the signature of a hermitian Og-lattice (M, h). Ex-
tending scalars to K gives rise to a hermitian form on V = M ®¢, K
over K, that we will still denote by h. Considering V' as a Q-vector
space, we then get a quadratic form
V—0Q

Wy h(v,v).
It is well-known that the hermitian form A : V x V — K may be
diagonalised, i.e.,

h~{ay,...,a,),a; € Q*
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and that in this case, we have
qn =~ (1,d) ® (ay, ..., a,),
where K = Q(v/—d),d > 0.

Thus, the following definition makes sense:

Definition 2.7. [12] The signature of a hermitian Og-lattice (M, h)
is defined as

sign(M, h) = %sign(qh) e 7.
Notice that we also have
sign(M, h) = #{i [ a; > 0} — #{i | a; < 0},
for any diagonalisation
h~{ay,...,a,),a; € Q.
It only depends on the isomorphism class of (M, h).

Remark 2.8. It follows from the definition of the signature that (M, h)
is positive definite if and only if sign(M, h) = rk(M).

If (M, h) is a hermitian Og-lattice, we have h(z,x) € Ox NR = Z for
all z € M. Thus, we may define the minimal distance of a hermitian
Ok-lattice (M, h) as follows:

Definition 2.9. Let (M, h) be a hermitian Og-lattice. The minimal
distance of (M, h) is the non-negative integer d(M, h) defined by

d(M,h) = xer&igédh(w, x)|.

Once again, two isomorphic hermitian Og-lattices will have the same
minimal distance.

Example 2.10. If (M, h) is isomorphic to the cubic lattice, then
d(M,h) = 1.

2.2. Complex ideal lattices. We now study the hermitian lattices
introduced at the end of the first section. We first recall the definition
of the codifferent ideal of a finite extension of number fields.

Definition 2.11. The codifferent ideal of an extension L/K of num-
ber fields is the fractional ideal

DZ/lK ={r el TI”L/K($y) C Ok forall y € O}.

Lemma 2.12. Let L/K be a finite extension of number fields. Assume
that L s closed under complex conjugation, and let Lo = LNR. Then
for any ideal I of Or and any X\ € L, we have

Trr x(ATy) € Ok for all z,y € I < MNI C DZ}K.
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Proof. Assume that \[I C DZ/IK. Then for all x,y € I we have A\xy €
DZ}K by assumption and therefore

Trr x(A2y) = Trpk(AZy - 1) C O for all z,y € 1.

Conversely, assume that Try,x (ATy) € O for all x,y € I. Since A1 is
generated as an additive group by elements of the form \Z x5, z; € I, it
is enough to check that Try k(AT 122y) € Ok for all 21,29 € I,y € O,
which is clear from the assumption. This concludes the proof. O

We now assume for the rest of this paper that Ok is a principal ideal
domain, and that L/K is a finite field extension of degree n, which is
closed under complex conjugation. We will denote by Ly the maximal
real subfield of L, that is Ly = LNR. In this case, Ly and K are linearly
disjoint over @, and any K-embedding of L into C is the canonical
extension of a Q-embedding of Ly into C. In particular, for every
A € Ly, we have

Ni/x(A) = Nryo(d) € Q.

Notice also that, since Ok is a principal ideal domain, any ideal I of Op,
is a free Og-module of rank n. In particular, the following definition
makes sense.

Definition 2.13. Let L/K be an extension of number fields where L
is closed under complex conjugation. A complex ideal lattice on
L_/K is a pair (I, hy), where I is an ideal of Oy with A\ € L satisfying
MI C DZ/IK and h, is the hermitian Og-lattice

IxI—O K

hy:
M (2, y) — T (ATy).

The rest of this paragraph is devoted to the computation of the invari-
ants introduced above for a given complex ideal lattice. We start with
a definition.

Definition 2.14. The relative discriminant of L/K, denoted by
dr/K, is the determinant of (Op, ho). In other words,

dL/K = det(TrL/K(wiwj)) €7
for any Og-basis wy,...,w, of Of.
We will assume until the end of the paper that complex conjugation
commutes with all the K-embeddings of L into C.
We are now ready to state our first result.

Proposition 2.15. Let (I, hy) be an ideal lattice on L/K. Then
det (1, ha) = N/ (M) Nrjo(dr k.
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Proof. Since Ok is a principal ideal domain, there exists an Og-basis
w = (wy,...,w,) of Op and elements ¢,...,q, € Ok such that
w = (quwi,...,qw,) is an Og-basis of I. Let oy,...,0, be the n
K-embeddings of L into C. Since complex conjugation commutes with
o1,...,0,, we have

Mat(hy, w') = W' LW,
where
A7
W' = (qjw]");; and L =
ATn

Clearly, det(£) = N x(\) and det(W') = ¢y ... ¢, det(W), where W =

(w?%); ;. Therefore, we get

J

det(1, hy) = Nk (NG Gn - q1 - - g det(W') det(W).

If ] =0Opand A =1, we get dp/x = det(Wt) det(W), and therefore

det (7, ha) = Ny (MGG - g1+ - qndr k-

Therefore, it remains to show that Ny ,o(/) =1~ ¢n-q1 - - - gn- Recall
that Ny (1) is by definition the number of elements of O /I. Notice
now that we have an isomorphism of Og-modules

OL/] = OK/ChOK X X OK/anK-

Thus, it remains to show that for a given ¢ € Og,q # 0, the group
Ok /qOk has Gq elements. But the number of elements of O /qOk is
by definition Ng,/(qOk ), which is nothing but gg. This completes the
proof. O

Remark 2.16. The proof above also shows that dy/x > 0.

Indeed, this follows from the equalities

dyi = det(W') det(W) = det(W) det(W) > 0.

We now relate dyx to the norm of the codifferent ideal. We first recall
a few definitions from number theory.

Definition 2.17. Let L/K be a finite extension of number fields. The
different ideal Dy x of L/K is the inverse of the fractional ideal
D;}K. This is an ideal of Op. The discriminant ideal of L/K is the
ideal of Ok defined by

/K =Nk (Drk).

Lemma 2.18. We have dL/K = \/NL/Q<DL/K) = \/NK/Q(DL/K)~
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Proof. 1t is well-known that 9,k is the ideal generated by the ele-
ments det(Trp/x (z;2;)), where 1,..., 2, run through the K-bases of
L consisting of elements of Oy. Since O is a principal ideal domain,
0;/k is actually generated by det(Trp/x(w;w;)), where wy, ..., w, is
an Ok-basis of Or. We then have

Now if W = (w{"), we have det(Trp g (wyw;)) = det(W!'W) = det(W)?,
and therefore

Nijo(0r/x) = Nisg(det(W))? = (det(W) det(W))? = df .

Since dr/x > 0 by Remark 2.16, we are done. U

Corollary 2.19. Let K C M C L be a tower of field extensions. Then
we have

(deyi)® = Nagjg(@rynr) - (dagyic) 1M
In particular, dE@/]\f{] | dpjkc.
Proof. By the previous lemma, we have (dy/x)?* = Nk/o(d1/x). More-
over, we have 07,5 = Nk (/1) DE\Z%{] Putting this into our equa-
tion we get

(doy)” = Naja@ynr) - Nicjo @)™ = Nagjg@uynr) - da

This completes the proof. O

Corollary 2.20. Let (I,hy) be a complex ideal lattice on L/K. Then
det(I,hy) = £1 if and only if NI = DZ}K.

Proof. Since we have M\[I C DZ}K by definition of a complex ideal
lattice on L/K, we will have NI = D;}K if and only if Ny (A ]) =
NL/@(DZ}K), that is

Npjo(MI)Npjo(Drjk) = 1.

Since complex conjugation is an automorphism of L/Q, we have

Nijo(I) = Nps(I).
Moreover, we have

Nrjo(A) = Nijo(Niyx(V) = Nij(A)?,
since Nz /k(A) € Q. Using Lemma 2.18, the condition above rewrites
as
(NN NLjo(Ddrx)* =1,
that is det(I, hy)?> = 1 by Proposition 2.15. This completes the proof.
0
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Remark 2.21. In particular, if (I,hy) is positive definite, we have
det(I,hy) = 1 if and only if A\II =D since det(Z,hy) > 0 in this
case.

-1
L/K>

We now compute the signature of a complex ideal lattice.

Proposition 2.22. Let (I, hy) be a complex ideal lattice on L/ K, and
let X(L) = Homg(L,C). Then we have

sign(I, hy) = #{o € X(L) | o(\) > 0} — #{o € X(L) | o()) < 0}.

In particular, (I,hy) is positive definite if and only if o(A) > 0 for
every K-embedding o : L — C.

Proof. We define two quadratic forms ¢y r, and ¢} ; by

Ly — Q
DoLo - T — TrLO/@()\x2)
and

L—Q
x — Trpo(A\Tx).
Since \Tx € Lg for all z € L, we have

TI‘L/K()\EJI) = TTLO/Q()\EZE) S @

ayr:

and therefore
i () = e (NT2) = 5 Trz g(\r) = 2444 (7)
for all x € L. Hence, we have
sign(I, hy) = %sign(qf\jL).
Easy computations show that
¢ = (1, d) ® qx 1o,
where K = Q(v/—d) and therefore
sign(/, hy) = sign(qa,z,)-
Set X'(Ly) = Homg(Lg, C). By [12, Proof of Theorem 3.4.5], we get
sign(I,hy) = #{r € X'(Ly) | 7(\) > 0} — {7 € X'(Lo) | 7(\) < 0}.

Taking into account that every K-embedding of L into C is extended
from a Q-embedding of Ly into C, we have the desired result. U

We now give an estimation of the minimal distance of a complex ideal
lattice.
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Proposition 2.23. Let (I, hy) be a positive definite complex ideal lat-
tice. Then we have

d(I,hy) > 0[Ny (A N o (D))",

In particular, if det(I, hy) = 1, we have

d(I,hy) >n-dp .

Proof. By Proposition 2.22, ¢(\) is a positive real number for every
embedding o : L — C. Since ¢ commutes with complex conjugation,
o(A\Tz) = o(N)o(z)o(z) is a positive real number for all € L. In
particular, the inequality of the arithmetic and geometric means implies
that

%TrL/K(/\Ex) > NL/K(/\Ex)l/” for all x € I.
Now for all z € I, we have ATz, C A1, and therefore
Nijo(MN1jo(I)* | Npjo(\zzOr) = Nijo(Azz).
In particular, if z # 0, we get
Nrjo(A7z) = Nijo(A)Nrjo(I)*.

Now since AZz € Ly, we have Nk (ATx) € Q and thus Ny o(A\Tx) =
Np k(ATx)?. For the same reason, N ,g(A) = Np x())?, and we get

NL/K()\E.’B) Z NL/K(A)NL/Q(I),

taking into account that Np,x(\) and Np x(ATx) are positive. We
finally get

Trre(ATx) > [Ny (N) N1V for all z € I,z # 0,

which proves the first part of the proposition. The second part follows
from Proposition 2.15. U

Since the cubic lattice has a minimal distance equal to 1, we get:

Corollary 2.24. If the cubic lattice is isomorphic to a complex ideal
lattice on L/K, then dp x > n™.

2.3. Minimum determinant of a crossed product based code.
We would now like to apply the results of the previous paragraph to
give an estimation of the minimum determinant of a crossed product
based code. Let us recall some notation from the first section.

Let A= (§,L/K,G) be a crossed product K-algebra of degree n, such
that |, .[* = 1 for all 0,7 € G, and let (I,hy) be an ideal lattice on
L/K which is isomorphic to the cubic lattice, with orthonormal basis

(We)oca-
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Let Ay = EB e.1, and let D) be the diagonal matrix whose entries are
oeG
the real numbers VA%, 0 € G. For all a = Zeaa(, € A4, we denote

oeG
by M, the matrix of left multiplication by a in the L-basis (e,)sec of

A and we set X, = M,D,. In other words, we have

M, = (507—1,7'@;—71)0',7 and X, = (V ATgaT—l,TaT )O’,T'

or—1

We finally set
Carxr ={Xa|a€Aas}.

By the results of Section 1, the encoding map

a = Z eg(z Uy rwr) — X,

oeG TeG
is energy-preserving.

We would like to evaluate the performance of our code. In order to
do this, we have to estimate 0, (Caxr) = inf,ol det(X,)|*. Let us
introduce some notation first. The set

&7 ={c€ Ok | by, € Op for all o € G}

is an ideal of Og. We will denote by Ag) the norm of this ideal.
Equivalently, we have

Ag) _ NK/Q(CET)) _ |C§T)|2,

for any generator céT) of Sg(T). Notice that by the definition of a cocycle,
we have Agd) =1.

By definition, we have

Ag) =1 <= &r1,€0 forall o €G.

Ae =TT AY.

oelG

We then set

We then have

Ae=1 < & €0 forallo,med.

Finally, we set

Noin(I) = i N .

Notice that Ny,m(I) = Np(I) if I is a principal ideal. In general,
equality does not hold.
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Proposition 2.25. Assume that A is a division K-algebra. With the
previous notation, we have

1
S 5min<CA,)\,I) S NL/K(A)Nmm(I)
AgdL/K
If moreover A¢ =1 and I is principal, we have
1
5min(CA,)\,I) - d .
L/K

Proof. Let x € I, x # 0 with minimal absolute norm. Then we have

Xeldﬂﬂ = MeldeA xM D>\ = l’D)\.

€1d

It follows that
det(Xeyo) = [ 2™ VAN = Nijie()y/ Niye(N),
TEG
and therefore |det(Xe,2)I* = Npo(@)Nik(A) = Nuin(I)Npx(N),

since we have

Nk (2)* = Nijo(Niyk () = Nijg().
The upper bound then follows from the definition of 0., (Cax1).

Now let X, = M,D, € Ca;. To establish the lower bound, notice
that

| det(Xo)[* = | det(Ma)[*Ni ke (N).
Recall that we have det(M,) = Nrdu(a) € K. Now let c ' be a
generator of £ (T), let C' be the invertible diagonal matrix whose dlagonal
entry at column 7 is céT), and let M! = M,C. By definition of cf , We
have M., = (¢”€,,-1 a7, 1 )or € Mu(Oy). Thus det(M) € O, N K =
Ok and | det(M))]* € Z.

Since each coefficient in the 7'-column of M lies in I™, the definition
of the determinant and the previous observation show that we have

det(M;) € (][ I") N Ok = Nk (I). Tt follows that

e
| det(M})]> € Niyx(I)Npyx(I) N Z = Ny jo(I) = Nyjg(1)Z.

Now we have

1
| det(X,)[* = | det(M;C ' Dy)|* = A—gNL/K(A)I det (M),

and thus .
| det(X,)|” € A_fNL/K()‘)NL/@(I>Z~
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Since det(X,) # 0 if a # 0, we get
1
| det(X,)|? > A—NL/K()\)NL/Q(I) for all a € Ay a # 0.
3

Using Proposition 2.15 and the definition of the minimum determinant,
we get the desired lower bound.

Finally, if I is a principal ideal, then Ny, (1) = Nz g(I). Using Propo-
sition 2.15 again, we see that the two bounds are equal whenever A, =1
and [ is principal. O

Remark 2.26. Notice that if x € I, # 0 is an element with minimal
norm, then the first isomorphism theorem applied to the surjective

morphism Op,/xOp — Op/I shows that Ny,m(I) = Npj()[I : 2Og).
Hence the equation in the previous proposition may be rewritten as

[[ . ZUOL}
dr/k

< Opmin(Cang) <

AgdL/K

This shows that maximising d,,:,(Ca ) is essentially equivalent to
minimising dy, . The lower bound also shows that it is in our interest
to choose the cocycle values to be algebraic integers whenever it is
possible.

3. OPTIMALITY OF CODES BASED ON CYCLIC K-ALGEBRAS

In [10] examples of codes with good performance were given for n = 4
and n = 6 that are based on a specific type of crossed product K-
algebra, namely cyclic K-algebras. In this section, we will establish
the optimality of these codes.

3.1. Preliminaries. First, let us recall the definition of a cyclic K-
algebra. Let L/K be a cyclic Galois extension of degree n with Galois
group G generated by o, and let v € K*.

The map
GxG— L”
fv:(i iy 1 ifi+j<n
7,0 Ny oifit >0
is a 2-cocycle.

We denote by (v, L/K, o) the corresponding crossed product. Such a
K-algebra is called a cyclic K-algebra. This K-algebra is generated
by a single element e(= e,) subject to the relations

e" =y, e =e)\ forall A\ € L.

Codes based on cyclic division K-algebras that satisfy the conditions
discussed at the beginning of this paper are called Perfect Space
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Time Block Codes (PSTBC). It has been shown that if 7 € O, then
these codes only exist in dimension 2,3,4 and 6 [3]. If the condition
that v € O is dropped then perfect codes exist for any dimension [4].
The case of the optimal PSTBC in dimension 2 has been addressed in
[8]. In this section we deal with the dimension 4 and 6 cases.

In order to study the optimality of these codes, we will need to study
the ramification of some Kummer extensions of K.

Let L = K(%/d) be a Kummer extension of K O p, of degree n. After
multiplying by a suitable n'"-power of an element of K, we may assume
that d € Ok and that 0 < v,(d) < n — 1 for every prime element 7 of
Ok.

The following result is well-known.

Lemma 3.1. The prime elements m of K which eventually ramify are
those dividing d or n. Every prime 7 | d ramifies and if v.(d) and n
are relatively prime, then w totally ramifies.

If furthermore w1 n, then w totally ramifies if and only if v.(d) and n
are relatively prime.

We continue these preliminaries by giving a necessary and sufficient
condition on d to have complex conjugation commuting with the Galois
group of L/K.

Lemma 3.2. Let L = K(3/d) be a Kummer extension of K of degree
n. Then complex conjugation induces a Q-automorphism of L which
commutes with Gal(L/K) if and only if dd € K*™.

Proof. Let ¢, € K be a primitive n'"-root of 1. Then a generator o of
Gal(L/K) is given by
L — L
o
a— (pa,

where o = /d. Assume first that complex conjugation induces a Q-
automorphism of L which commutes with Gal(L/K). Then @ € L, and
we have

o(@a) = o(a)o(a) = ao,
since (, ¢, = 1. Thus @a € K*. Now we have
(@a)" = ama™ = dd,
so dd € K*™. Conversely, assume that dd € K*™. Then we have

(@)™ = dd = c" for some ¢ € K*,
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C /
and therefore @ = — for some (' € u,. In particular, @ € L and

a
complex conjugation is therefore a Q-automorphism of L. Moreover,
we have

! !
o(@) = gfa - gn% i
that is (@) = o(«). Hence complex conjugation commutes with o and
hence with Gal(L/K). This completes the proof. O

We finish this section by computing Ag.

Assume that K = Q(i) or Q(j). Write v = fﬁ, where 1,7, € Ok are
72
relatively prime. For all 1 < 7 <n — 1, we have
fzjfl(oj)—lﬁ.j = fznq’gj =7.

This implies easily that £ = (v5). We then have AZ = ||? and
therefore

Agr = |7V,
Thus, if C C Ca is a codebook built on a cyclic division K-algebra
A = (v,L/K,o), then by Proposition 2.25 and the considerations of
the previous paragraph, we have

1 ‘2(71—1

< )y k.

3.2. The case n = 4. In [10], Oggier et al. constructed a suitable
code on the cyclic division Q(7)-algebra

(i> Q(Z)(QS + Cﬁl)/(@(z): U)'

The cyclic extension Q(7)(C15+¢r5' ) /Q(4) has relative discriminant 1125
as we will see later on. Hence for any C C C4 1, we get

< 1125.

We will show here that this bound is optimal, in the following sense:

Theorem 3.3. If C C Caxr 15 a PSTBC built on a cyclic division
K-algebra A = (v, L/ K, o) of degree 4, then we have

Ive|®dr 5 > 1125.

We will need several intermediate results. Assume that we may build
a PSTBC on a cyclic division K-algebra A = (v, L/K,0), where K =
Q(2) or Q(4), such that |y,|°dy/x < 1125. We would like to notice first
that the case K = Q(7) and y = i is the only one worth considering.

Assume that |v2|%dy, < 1125. Since we need the existence of an ideal
trace lattice on L isomorphic to the cubic lattice structure, we have
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dpx > 4* by Corollary 2.24. Taking into account that |y|? is a positive
integer, we get easily from the previous inequality that|ys|? = 1. Since
K/Q is quadratic imaginary, this implies that 75 is a unit, so v € Ok.
Now [7]? = 1, and thus 7 is also a unit of O.

Now if K = Q(j), then by the previous point v = +1,+j, +52, so
7% = 1. In particular, we have
6[A] = [+, L/K,0)] = [(1, L/ K,0)] = 0 € Br(K).

Since A has degree 4, we also have 4[A] = 0 and so 2[A] = 0. Hence A
has exponent 1 or 2, and since K is a number field, it implies that A
has index 1 or 2. Thus, A is not a division K-algebra.

Assume now that K = Q(4). In this case, v = 41, +i. Since the index
of A equals its exponent, A will be a division K-algebra if and only
if 2[A] # 0. Now if L = K(+/d), we have 2[A] = [(v,d)]. Since —1
is a square in K, we have (v,d) ~ (—v,d), and (v, L/K,0) is then a
division K-algebra if and only if (—v, L/K, o) is. Hence, it is enough
to consider the two cases v = 1,7. The first case has to be discarded
since it yields the split K-algebra M (K).

Therefore, we may assume without loss of generality that K = Q(7)
and A = (i, L/K,0). In this case, we are reduced to show that there is
no PSTBC on a cyclic division K-algebra (i, L/ K, o) satisfying dr x <
1125.

We now assume once and for all that K = Q(i) and that L = K (+/d),
where d € Ok is not divisible by any 4"-power of an element of O.

We denote by S35, S1, S the following subsets of O:

Sy = {p = 3[4], p prime number }
Si={r=a+bi|0<a<b, p;=a®+b* p; prime number }

glz{%"ffesl}.

Then any prime element of Oy is associate either to 1 —1 or to exactly
one element of Sz, S; or 5.

Decomposing d into a product of a unit and of prime elements and
using Lemma 3.2 then immediately gives the following result:

Lemma 3.4. Let L = K({L/a) Then complex conjugation induces a
Q-automorphism of L which commutes with Gal(L/K) if and only if
all the following conditions are satisfied:
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(1) vii(d) =
(2) vp(d) =0 0r2 for all p € Ss.
(3) (vr(d),v=(d)) = (1,3),(2,2) or (3,1) for all m € S; dividing d.

We will assume from now on that the conditions above are satisfied. In
this case, we have the following estimation of the relative discriminant.

Lemma 3.5. The odd part of dp/k is

C 11 »°C II »’C 1] w0

pE 53 ™ & Sl ™ & Sl
pld ve(d) =1,3 U (d) =2

Proof. Let p € S3 dividing d. By Lemma 3.4, v,(d) = 2, so p ramifies
but does not totally ramify by Lemma 3.1. Hence

(p) =% or PiP; in Oy,
where PB1,PB2 form an orbit under the action of Gal(L/K'). Now since
p is odd, p tamely ramifies, and thus vy, (Dr/x) =2 —1=1.
If (p) = B3, we have Ny, o(PBo) = p* and by Lemma 2.18, v,(dp k) = 2.

If (p) = PIP3, we have Ny /o(P;) = p* and by Lemma 2.18, we also
get vy(dr/x) = 2 in this case as well.

Assume now that 7 € S; divides d with an odd valuation. Then 7
also divides d with an odd valuation by Lemma 3.4. In this case, 7
and 7 totally ramify by Lemma 3.1. We then have (7) = B* and

(m) = §4. Thus Np,o(B) = Npo(B) = pr. Once again 7 and 7
are tamely ramified, and reasoning as before shows that v,_(d) = 3.
Finally, assume that v.(d./x) = 2 and so vz(d) = 2 by Lemma 3.4. By
Lemma 3.1, 7 and 7 ramify but do not totally ramify. We then have

(m) =B and (7) =%
or
(m) = B3 and () =B\,
In the first case we have Nz,o(PBo) = Ni,0(Bo) = p2. In the second

case we have Ny g(B:) = Npjo(B:) = p.. We now finish the proof as
before. ]

Example 3.6. The cyclic extension Q(i)((15 + (15 )/Q(i) has relative
discriminant 1125. Indeed, the only prime elements which ramify here
are the prime elements lying above 3 and 5, and we may apply the
previous lemma to conclude.

We now give an explicit criterion to decide whether or not A is a division
K-algebra.
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Lemma 3.7. The cyclic K-algebra A = (i, L/K,0) is a division K-
algebra if and only if there exists a prime element m € Sy diwviding d
with an odd valuation such that p, = 5]8].

Proof. As already pointed out, A is a division K-algebra if and only if
the quaternion K-algebra (7, d) does not split. In view of the previous
lemma, d is congruent to umm; --- .7, modulo squares, where wu is
a unit and 7mq,..., . are the elements of S; dividing d with an odd
valuation. Thus, we have

(1,d) ~ (i,umTy -+ T T,), u = £1, 410,

This implies that if p € S3, or if 7 € S} divides d with an even valuation,
the Hasse symbols (i, d),, (7, d)r and (i, d)7 are trivial. If 7 € S divides
d with an odd valuation, the Hasse symbol is the image of iP=—1)/2 in
Fx . Since i* = 1, it is equal to 1 if p, = 1[8] and to —1 if p, = 5[8].

We are now ready to conclude. If d is divisible by a prime element
m € Sy with an odd valuation such that p, = 5[8], then the Hasse
symbol (i,d), is not trivial, so (i,d) does not split and A is a division
K-algebra in this case. If d is not divisible by a prime element satisfying
the previous conditions, then all Hasse symbols (i,d),, 7" # 1 — i are
trivial. The remaining Hasse symbol is then trivial by the product
formula, hence (i,d) splits and A is not a division K-algebra. U

We may now finish the proof of Theorem 3.3. Assume that we may
build a suitable code on a cyclic division K-algebra A = (i, L/K, o)
with dp/x < 1125. By Lemma 3.7, there exists 7 € S; dividing d
with an odd valuation such that p, = 5[8]. In particular, p, > 5.
Then by Lemma 3.5, we have p? | d k. Thus, we necessarily have
m =1+ 2i and 125 | dy/x (Otherwise, we would have p, > 13 and
dr/k > 13° > 1125). Now if 7’ € Sy, 7" # 1+ 2i divides d, we would
have 125 - p2, | dy/k, and thus p2, < 9, which is a contradiction since
p > 5. Similarly, if p € Ss divides d, we have 125 - p* | dp/x and thus
necessarily p = 3.

Hence the only possible prime divisors for d are 1 — 4,3 and 1 + 2i.
Noticing that conjugate values of d generate the same field extension,
we see that the remaining possibilities for d are

d=u-3"(1+2i)(1—2i)%m=0,2u==+1,+i.

Using PARI GP [17] to compute the relative discriminants of the cor-
responding extensions, we see that the only possibility to have d/x <
1125 is

d=(1+2i)(1—2i)>



OPTIMALITY OF CODES BASED ON CROSSED PRODUCT ALGEBRAS 31

In this case, dr/x = 125 < 4*. Hence, using Corollary 2.24, we see
that no complex ideal lattice on L/K will be isomorphic to the cubic
lattice, and this completes the proof.

3.3. The case n = 6. If C C C4,; is a codebook built on a cyclic
division K-algebra A = (v, L/K, o), then this time we have

< ].Od
5mm(C) > ’72| L/K,

where we have written v = N with Y1, 72 € Ok relatively prime.
2

In [10], Oggier et al. constructed a PSTBC on the cyclic division Q(j)-
algebra

(=7, Q) (Cas + (25)/Q()), 0).
The cyclic extension Q(j)(Cas + Gog')/Q(j) has relative discriminant
26 7%, Hence for any C C Ca s, we get

1

Once again, this bound is optimal:

< 26.7°,

Theorem 3.8. If C C Caxs s a PSTBC built on a cyclic division
K-algebra A = (v, L/ K, o) of degree 6, then we have

‘72‘10dL/K Z 26 . 75.

Arguing as in the previous section, we see that we may assume without
loss of generality that K = Q(j) and A = (—j, L/K,0). In this case,
we are reduced to show that there is no PSTBC on A such that d,/x <
2075,

We now assume that K = Q(j) and that L = K(v/d), where d € Ok
is not divisible by any 6!*-power of an element of O-.

We denote by T, T}, T, the following subsets of Ok:
Ty = {p = 2[3],p > 2 prime number }
Ti={r=a+bj|0<a<bp,=a’>+b*—ab,p, = 1[3], p; prime }
T,={7|meT}.

Then any prime element of Ok is associate either to 1 — j, 2 or to
exactly one element of 15, T or T'.
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We then have:

Lemma 3.9. Let L = K(v/d). Then complex conjugation induces a
Q-automorphism of L which commutes with Gal(L/K) if and only if
all the following conditions are satisfied:

(1) U1_j(d) = 0.

(2) vy(d) =0 or3, forallp e Ty orp=2.

(3) (dv,r(ccil), v,rd(d)) =(1,5),(2,4),(3,3),(4,2) or (5,1) for all m € Ty
widing d.

We will assume from now on that the conditions above are satisfied. In
this case, we have the following estimation of the relative discriminant.

Lemma 3.10. The prime-to-6 part of dr,x is

C II »°C II  »rC II »C I »o*

p€T2 7T€T1 7T€T1 7T€T1
pld vr(d) = 1,5 v (d) =3 U (d) = 2,4

Moreover, the following holds:

(1) If 2 ramifies in L/K, then vay(dr k) > 6
(2) If 1 — j ramifies in L/ K, then vs(dp k) > 4.

Proof. Let p € Ty dividing d. By Lemma 3.9, v,(d) = 3, so p ramifies
but does not totally ramify by Lemma 3.1. Moreover, p tamely ramifies
since p is prime to 6. Write d = d'p® with d’ € O, pt d’. Then p totally
ramifies in Ky = K(\/El) = K(+/d'p) by the same lemma, so we may
write
(p) = po,

for some ideal py of Ok,. Since L/K, is a Galois extension of prime
degree 3 , either p, is totally ramified, inert or totally split. Since pg
cannot be totally ramified (otherwise p would be totally ramified), we
finally have

(P)Or = pj or pipzps in Oy,
where py, po, ps form an orbit under the action of Gal(L/K>).

If (p) = p3, we have Ny g(po) = p°®, and since vy (Dr/x) = 1, we get
’Up(dL/K) = 3

If (p) = pip3p3, we have Npq(p;) = p?, and since vy, (Dr/x) = 1, we
also get v,(dr/x) = 3 in this case.

Now, let 7 € Tj such that v,(d) = 1 or 5. Then vz(d) = 5 or 1
respectively. By Lemma 3.1, 7 and 7 totally ramify, so we have

(m) = p% and (7) = p® in O,
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with Nz g(p) = pr. We then have v,(Dr k) = 5 = v5(Dr k) and thus
Upn (dL/K> = 5

Let m € T} such that v,(d) = 3. Then we also have v=(d) = 3. Reason-
ing as above, we see that we have

() = pj or pip3ps in Ok,
and similarly for (7), so that v, (dr/x) = 3.

Finally, let 7 € T} such that v,(d) = 2 or 4, and set K3 = K (v/d). In
this case, we have

() = pj or pips in O,
where py,po form an orbit under the action of Gal(L/K3). One may
check as before that in both cases, we have v, (d/x) = 4.

We now examine the case of the wildly ramified primes. Let us start
with 1 — j. Since 1 — j does not divide d or 2, it does not ramify in
K5. Then it necessarily totally ramifies in K3, so we have

(1 _j) = pg in OK37
where N, 0(po) = 3. Now since 1 — j wildly ramifies, v, (Dg,/x) >
3. Therefore, 3* divides N, o(Dx,/x) = d%{;;/[(‘ Since dg, i is an
integer, we get that 3? | dg, k. By Corollary 2.19, we get 3* | dp k.

Assume now that 2 ramifies in L/K. Since vy(d) = 0 or 3, it does not
ramify in K3, hence it totally ramifies in K. We then have

(2) = p(% n OKzﬂ
so that Ng,/q(po) = 2%. Since 2 wildly ramifies, vy, (Dk,/x) > 2, and

we get as before that 2* | di, . Hence 2° | df,/k, and by Corollary
2.19, we get 2° | dy, k. O

As before we now give an explicit criterion to decide whether or not A
is a division K-algebra.

Lemma 3.11. The cyclic K-algebra A = (—j,L/K,0) is a division
K-algebra if and only if there exist (not necessarily distinct) prime
elements w, ' € Ty such that v.(d) is odd, v.(d) is prime to 3 and
satisfying the following conditions:

(1) pr = 7[12].
(2) por =4 or 7]9].

Proof. Since K is a number field, the index of A equals the exponent
of A. Thus A will be a division K-algebra if and only if 2[A] # 0
and 3[A] # 0. Notice that A is nothing but the symbol K-algebra
{_j7 d}G Hence 3[‘4} = {(_jv d)] and Z[A] = [{_j7 d}3] Since <_j7 d)
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and {—7j,d}3 have prime degrees, we conclude that A will be a division
K-algebra if and only if Ay = (—j,d) and A3 = {—j,d}3 are not split.

Using Lemma 3.9 and properties of quaternion K-algebras, we see that
we have

Ay = (—j,u2"mT .. T Tep1- - Ps),
where u is a unit, m =0 or 1, my,...,m € T} and py,...,ps € Ty are
prime elements dividing d with an odd valuation.

It follows in particular that if 7 # 7;, p;, then the corresponding Hasse
symbol is trivial. If 7 = p € T, then the number of elements of the
residue field x(7) is ¢ = p?. The corresponding Hasse symbol is then
equal to

—J 7 er(m)”.

Since p = 2[3] and p is odd, we have p = 5[6], so p? — 1 is a multiple of
12. Since (—5)® = 1, we deduce that the Hasse symbol is trivial in this
case as well.

Assume now that 7= € 7. In this case ¢, = p,, and the corresponding
Hasse symbol is then equal to

pr—1

—J ¥ enr(m)*.

This Hasse symbol will then be trivial if and only if 6 | 2= L that is
pr = 1[12]. In other words, since p, = 1[3] and p, is odd, the Hasse
symbol will be non-trivial if and only if p, = 7[12]. Notice also that
the Hasse symbols corresponding to 7 and 7 are equal.

It follows from our computations above that if no prime element 7= € T}
such that p, = 7[12] divides d with an odd valuation, then all the
Hasse symbols of A, are trivial, except maybe for the Hasse symbol
corresponding to 2. By the product formula, this last symbol is also
trivial, and A, is split in this case. If however such a 7 exists, then A,
has at least one non-trivial Hasse symbol, and is therefore not split.

Thus As is not split if and only if there exists m € T} such that p, =
7[12] dividing d with an odd valuation.

Using Lemma 3.9 and properties of symbol K-algebras, we see that we

have

2

=2 _'2
1. T T

. — — 19—

As = {j,umT cmimly T s,

. : , , :

where v is a unit and my,..., 7., m,...,m, € T} are prime elements

dividing d with a valuation prime to 3.

The Hasse symbol corresponding to each of these prime elements has

the form EmpT, where m = 1 or 2. This symbol is then trivial if and
only if p, = 1[9]. In other words, the corresponding Hasse symbol is
not trivial if and only if p, = 4, 7[9].
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Reasoning as above, we see that As is not split if and only if there
exists m € T} such that p, = 4,7[9] dividing d with a valuation prime
to 3. This concludes the proof. O

Assume now that we may build an energy-preserving code on a cyclic
division K-algebra A = (—j,L/K,0), where dyx < 2°-7°.

Let m € T} divide d with an odd valuation, such that p, = 7[12] (such
a 7 exists by the previous result). If p, > 7, then p, > 19. In this
case, Lemma 3.10 implies that 19° | dj k. Now let 7' € T; divide
d with a valuation which is prime to 3, such that p,, = 4,7[9]. We
then have p > 7 and thus Lemma 3.10 implies that 74 | dr k. Hence
7419 | dpk, which is a contradiction since 7*-19% > 26. 75,

Therefore, p, = 7. We then get 7 | dp k. If prr > 7, we have pr > 13
and thus 7% -13* | dp/k, which is again a contradiction. Hence pr = 7.

Hence we have proved that 7 = 7’ = 2 4+ 3j. Moreover, since 2 + 3j
divides dr/x with an odd valuation, which is also prime to 3, then
Vat3i(dr k) =1 or 5, and thus 7° | dp .

Assume that p € T5 ramifies in L/K. Since p = 2[3], we have p > 5,
and by Lemma 3.10, we get 5° | dj/x. We then get a contradiction,
since 5° - 7° > 20. 7% If 7" € Ty UT,, 7" 4 7 ramifies in L/K, we have
P > 13 since pr» = 1[3]. In this case, we obtain that 13 | dpk,
which again yields a contradiction. Notice that 1 — 5 and 2 do not
ramify in L/K either, since otherwise we would have 3* - 7° | dy i or
2075 | dp /K, which is a contradiction.

The computations above shows that dj,x = 7° < 6% so we may not
construct the cubic lattice as a complex ideal lattice on L/K by Corol-
lary 2.24.

This proves Theorem 3.8.

4. OPTIMALITY OF CODES BASED ON BIQUADRATIC CROSSED
PRODUCTS

Let L/K be a biquadratic extension, and fix two generators o, 7 of
G = Gal(L/K). Then any G-crossed product is isomorphic to the K-
algebra (a,b,u, L/ K, o,T), for some a,b,u € L*, which is generated by
two elements e and f subject to the relations

a b?
a’ =a,b" =buu’ = —,uu’ = —.
aT

Notice that these relations imply that (abu™)?" = abu’.
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A K-basis of this K-algebra is given by 1,e, f,ef. A triple (a,b,u)
satisfying the conditions above will be called (o, 7)-admissible.

The corresponding cocycle is the map £ : G x G — L* defined by

Siad = 1, &0 = 1, &4 = 1, &1dor = 1,
fa,ld - 17 ga,a = a, 50,7' - 17 ga,m’ - aT7
é.T,Id - 17 g’r,a = u, 67',7' = bv 57',07’ - buT7
fo’T,Id = ]-a ga’r,a - aTua fUT,T - ba 507’,07’ = abu’.
It follows that the cocycle values all have modulus 1 if and only if

la|? = |b]* = |ul* = 1, provided that complex conjugation commutes
with the elements of G.

Lemma 4.1. The multiplication matrix X of v = x1+ex,+ fr,+efry,

in the K-algebra (a,b,u, L/K,o,T) is given by

T ax? bxT  abu"x"

o T aT
Ty x{ bzl buTxlT
Tr a’uxr]. T] a’xl"
Tor — UTT x) ]’

In [2], Oggier and the first author constructed a suitable code on the
division Q(7)-algebra

1+ 2
A= (Cs,

i, Q(i)(V2,V5)/Q(i), 0,7),

where

T(V2) = —V2,7(v5) = V5
The biquadratic extension L = Q(4)(v/2,v/5) of Q(i) has relative dis-

criminant 400, as we will see later on.

Let us compute A in this case. Clearly we have

Al = A =1,

Moreover, we have
&N =& ={cerli]|cbe OL}.

We claim that Ag) = 5. Notice that 1—2i € 55(7) since (1 —2i)b = /5.
Hence Ag) divides |1 —2i|? = 5. Since b ¢ Oy, (its minimal polynomial
over Q is X* — 2X? +1 ¢ Z[X]), we have Ag) # 1 and therefore
Ag) = 5. Thus we also have Aéﬂ) =5 and Ag = 25.
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In particular, Proposition 2.25 shows that the minimum determinant
of any code C built on this division Q(7)-algebra satisfies

1
. >
Omin(C) 2 10000

1
Remark 4.2. Notice that in [2], the better bound —— was announced.

2500
This bound is not correct, since it was obtained by writing b = 1—+21,,
v1—2
and taking the denominator outside the multiplication matrix. How-
ever, the conclusion that the determinant of the remaining matrix was
an element of Ok was not correct, since /1 + 2i ¢ Op.

We will show in this section that the bound obtained above is optimal,
in the following sense:

Theorem 4.3. Let K = Q(i). If C C Cany is an energy-preserving
code built on a biquadratic crossed product division K-algebra A =
(a,b,u, L/K, o,T), then we have

dpyic A > 10000.

We will assume in the sequel that K = Q(i). We start with the study
of the ramification of biquadratic extensions of K.

Lemma 4.4. Let F = K(\/d). Then complex conjugation induces a
Q-automorphism of L which commutes with Gal(F/K) if and only if
all the following conditions are satisfied:

(1) ’Ul_z‘(d) =0.
(2) vy(d) =0 or 1, for all p € Ss.
(3) vx(d) = v=(d) =1 for all m € Sy dividing d.

Let L = K (\/c_l, Vd ) be a biquadratic extension, whose Galois group
commutes with complex conjugation. Then d and d’ have the form m
or mi, where m is a squarefree odd integer (apply twice the previous
lemma). Moreover, we have 4mi = 2m(1 + )%, so we may in fact
assume that d and d' are squarefree integers. Since —1 is a square, we
may also assume that d and d’ are positive.

We will then assume from now on that L = K(v/d,/d'), where d and
d' are squarefree positive integers.

Notice for later use that if 7 is an irreducible element lying above the
prime number p dividing d and d’, then p | d and p | d’ (This is clear
if 7 is a prime number, and if p = 1[4], it follows from the fact that 7
also divides d and d').

Proposition 4.5. Let L = K (V/d,/d'), where d and d' are squarefree
positive integers. Then the following properties hold:
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(1) The odd part of dp/k is sz, where p runs through the odd

P
prime numbers that divide d or d'.

(2) The element 1 — i ramifies in L if and only if d or d' is even.
In this case, 2* | dp k.

Proof. Let p be an odd prime integer and let 7 be an irreducible element
lying above p. Assume that p does not divide d and d’. Then 7 { d
and 7 t d’ (this comes from Lemma 4.4) ; and thus 7 does not ramify
in K(v/d) and K(v/d'). Therefore, 7 does not ramify in L. Assume

!
now that p | d for example. Replacing d’ by —- if necessary, one may
p

assume that p { d’, so that m does not ramify in M’ = K(v/d'). Since
7 divides d, it totally ramifies in M = K(v/d). Write (7) = p?. Since
7 does not ramify in M’, p does not ramify in L/M. Hence 7 ramifies
but does not totally ramify in L.

We then either have (7) = P2 or (7) = PP in Or. Reasoning as in
the proof of Lemma 3.10, we may show that v,(d./x) = 2.

We now study the ramification of 1 — i in M = K(v/d).

Assume first that d is odd. If d = 1[4] (resp. d = 3[4]), then z = 1
(resp. = = 1) is a solution of the equation z? = d mod 40k. Hence
1 — i does not ramify in K (v/d).

If now d is even, then the equation 22 = d mod 40k has no solution.
Assume to the contrary that © € Ok is a solution. Since d = 2m, m
odd, we have d = 2[4], so 22 = 2 mod 40k. Writing x = a+bi,a,b € Z
and comparing real parts show that a? —0? = 2[4]. But a®—b? is always
congruent to 0 or =1 modulo 4, hence we have a contradiction. Thus
1 — ¢ totally ramifies in M in this case.

It follows as before that 1 — ¢ ramifies in L if and only if d or d’ is even.
It remains to prove that 2 | dp /K in this case. Assume for example
that d is even, so that 1 — i totally ramifies in M. By [7, Theorem 1],
a Z-basis of O, is
1
Li Vi, — 'V,

Now let 3 be the unique prime ideal of Oy, lying above 1 — 4, and
consider the third ramification group of M /K

Gy ={p € Gal(M/K) | p(a) =a mod P* for all & € Oy}
={pe Gal(M/K) | p(a) =a mod 20, for all @ € Oy}

1
Now any a € Oy, has the form a = oy + i + azVd + oy 5 Z\/c_l,

where a; € Z. If ¢ is the unique non-trivial automorphism of M /K, we
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have
1
W) — o = —2(asVd + oy

Therefore (3 is non-trivial, which implies that

U%(DK(\/&)/K) = Z(|G2| —1) >4,

>0

;Z\/E) € 20,,.

since the ramification groups form a decreasing sequence. This then
gives as usual 24|d3, K which by Proposition 2.19 implies that 2*|dy, /.
O

Example 4.6. Let L = K(1/2,1/5). In this case, the only prime ideals
which ramify in L are those generated by the prime elements 1—14, 1421
and 1 —2i. Set M = K(v/2) and M’ = K(v/5). Notice that 2 remains
inert in Q(v/5)/Q and then totally ramifies M/Q(+/5). It follows easily
that 1 — ¢ is inert in M/K. In particular, 9./ is not divisible by
any prime ideal lying above 1 —i. Proposition 2.19 then implies that
va(dry i) = va(diy i)-

As pointed in the proof of the previous proposition, 1,1, \/_ =i /2isa
Z-basis of Op;. One may then check that ¢((s) — (s ¢ (1 —2)5(’)M, where
¢ is the unique non-trivial automorphism of M/K. Thus the fourth
ramification group of M/K is trivial. Hence vy(De(/z)/x) = 4, and it
follows that vy(dr k) = Ug(d?\/[/K) = 4. We then get dj,x = 2*5% = 400.

The following lemma shows that the existence of an energy-preserving
code built on a G-crossed product does not depend on the choice of the
two generators of G.

Lemma 4.7. Let L/K be a biquadratic extension, and let o, be two
generators of the Galois group of L/K. If (a,b,u) is (o, 7)-admissible,
then (a,abu™, u) is (o, oT)-admissible, (abu™, b, u”) is (o1, T)-admissible
and we have

(a,b,u, L/K,0,7) ~ (a,abu”,u, L/K,0,07) ~ (abu”,b,u”, L/ K, o1, T).

Proof. The first part may be obtained by easy (but slightly tedious)
computations. If e, f are the generators of the first K-algebra, the
isomorphisms with the second and the third one are obtained by taking
e,ef and ef, f as new sets of generators. O

In particular, if any of these three K-algebras is division, so are the
other two. Moreover, if complex conjugation commutes with the ele-
ments of G, we have

al? = PP =[u =1 <= |af* = Jabu"]* = |u]* =
> |abu > = |b* = |uT|2—1
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It follows that if one may build an energy-preserving code on a G-
crossed product K-algebra for a particular choice of generators, one
may also build a suitable code for another choice of generators.

From now on, if L = K(v/d,Vd'), we set

o(Vd) = Vd,o(Vd') = —Vd'
T(Vd) = —Vd,7(Vd) = Vd

Proposition 4.8. Let A = (a,b,u,L/K, o,7). Assume that A is a
division K -algebra. Then d or d' is divisible by an irreducible element
7 lying above a prime p = 1[4].

Proof. Let M be any quadratic subfield of L. Since M is a quadratic K-
subalgebra of A, Ay, is not a division K-algebra. (If A is not division,
this is clear, and if A is division, see [11, Corollary 13.4] for example).
In particular, Ay, has index at most 2 and 2[A]y; = 0 € Br(M). Hence
2[A] is split by any quadratic subfield of L.

It follows that any field extension K'/K in which at least one of the
elements d,d" or dd' is a square splits 2[A]. Indeed, in this case, K’

contains at least one quadratic subfield M of L, and since M splits
2[A], so does K.

Assume that d and d’ are only divisible by prime elements p = 3[4] and
eventually by 2, and let us prove that 2[A] = 0 in this case, showing
that A is not a division K-algebra.

Let m # 1 — i be an irreducible element of Ox. We are going to prove
that 2[A] splits over K.

If 7 is lying above the prime number p and 7 divides d and d’, then p
!
divides d and d’. Thus replacing d by —- if necessary, we may assume

that 7 1 d. Assume first that 7 t d and 7 1 d. If d or d' is a square
modulo 7O, since m does not lie above 2, applying Hensel’s lemma
shows that d or d’ is a square in K. If d and d' are not squares modulo
7Ok, they both represent the unique non-trivial square class of the
finite field Ok /mOk, hence dd’ is a (non-zero) square modulo 7Of.
Once again, we may use Hensel’s lemma to conclude.

Assume now that 7 t d and 7 | d. We are going to show that d is a
square in K. Since 7 | d’, then by assumption © = p, where p is a
prime number which is congruent to 3 modulo 4.

If d € Z is a square modulo pZ, then d is a square modulo pOk.
If d is not a square modulo pZ, then d represents the unique non-
trivial square-class modulo pZ, which is the class of —1, since p = 3[4].
Hence —d is a square modulo pZ, hence a square modulo pOg. Then
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d = i*(—d) is a square modulo pOg. As before, Hensel’s lemma implies
that d is a square in the corresponding completion of K in both cases.

Therefore, 2[A] splits over K, for all 7 # 1 —i. By the Brauer-Hasse-
Noether’s theorem, 2[A] splits at all completions of K, and thus 2[A] =
0. U

Lemma 4.9. Let F = K(\/Z), where A is a square free positive inte-
ger. Let x € Op such that |x|* = 1. Then x is a root of 1.

More precisely:

(1) If A # 2 or 3, then x is a 4th root of 1.
(2) If A =2, x is an 8th root of 1.
(3) If A =3, = is a 4th root of 1 or a 6th root of 1.

Proof. Since F' is stable by conjugation, we have ¥ € Op. Hence z €
Or. Since F/Q is totally imaginary, Dirichlet’s unit theorem shows
that @ = (e, r € Z, where ep € OF is a fundamental unit and ¢ € L
is a root of 1. Since |ep| > 1 and |z] = 1, we get = 0, so x is a root
of 1. Write z = e”t", ged(k,¢) = 1. Then Q(z) = Q((,) C F. Since
[F: Q] = 4, it implies that ¢(¢) < 4, so we get £ = 1,2,3,4,5,6 or 8.
If £ =5, we get Q((5) = F, which is impossible as the Galois group of
Q(¢5)/Q is cyclic, while the Galois group of F'/Q is the Klein group.
This implies that x is a m-th root of 1, with m = 6 or 8 in any case.

If /=1,2 or 4, we get that = is in fact a 4th root of 1.

If £ = 3 or 6, x is in both cases a 6th root of 1. Moreover, we get
Q(j) = Q(iv/3) C F, so Q(iv/3) is one of the three quadratic subfields
of F. The only possibility is that Q(iv/3) = Q(iv/A), and since A
is positive and squarefree, we get A = 3. Finally, if / = 8, we get
Q(¢s) = Q(i,v2) = F. Comparing quadratic subfields shows that
A = 2. This concludes the proof. U

Lemma 4.10. Assume that A = (a,b,u, L/K,0,7) is a division K-
algebra. Then the elements a,b and abu™ do not lie in K. Moreover,
if one may build an energy-preserving code on A, then at most one of
these elements lies in Of,.

Proof. If a € K, the elements e and v/d' generate a K-subalgebra of A
which is isomorphic to the quaternion K-algebra A; = (a,d’). Since A
has degree 4, the centraliser A; of A; in A has degree 2. Now as A is
central simple, the centraliser theorem shows that A ~ A; ®x As. Since
A; and A have degree 2, we get 2[A] = 2[A;] 4+ 2[A3] = 0 € Br(K).
Hence A is not a division K-algebra. If b € K or abu” € K, similar
arguments show that A is not a division K-algebra in these two cases
(consider the elements f and V/d for the first case, and the elements e f

and v/dd' for the second one).
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Recall now that a € K(v/d),b € K(v/d') and abu™ € K(v/dd'). Hence
a,b and abu™ all lie in a different quadratic subfield of L. Assume that
one may build an energy-preserving code on the division K-algebra A,
so a,b and u (hence abu™) have modulus 1.

Assume that two of the elements above lie in Op. Then they are units
of the ring of integers of the quadratic subfield of L they belong to. If
one of them is a 4th root of 1, then A is not a division K-algebra by
the previous point, which is a contradiction. Since they lie in a differ-
ent quadratic subfield of F, Lemma 4.9 implies that L = K(v/2,/3).
However, dy,x < 256 in this case, contradicting the existence of a code
built on A by Corollary 2.24. This completes the proof. U

Proposition 4.11. Assume that there exists an energy-preserving code
on the division K -algebra A = (a,b,u, L/ K, 0,7) with dr,;xAs < 10000.
Then we have 256 < dr/x < 2500, and L is one of the three following

extensions:
K(V2,V5), K(vV5,V7), K(v3,V13),

whose relative discriminants are respectively equal to 400,1125 and
1521.

Proof. By the previous lemma, at least two elements among a,b and
abu™ do not lie in Op. Assume first that a € Op. By examining the
multiplication matrix given in Lemma 4.1, we deduce that the ideals
55(0) and ES(UT) are proper ideals of O. Hence Aég) > 2 and Aé‘”) > 2.

If a € Op, then b ¢ Oy and abu™ ¢ Op and we get Ag) > 2 and

Aé‘”) > 2 in a similar way. In both cases, we then obtain A¢ > 4, and
thus dr/x < 2500. The lower bound follows from Corollary 2.24.
dd

Let us prove the second part of the proposition. Replacing d’ by R if
necessary, one may assume that d’ is odd. Assume first that d is even.
Then 2* | dy, i by Proposition 4.5. Since A is a division K-algebra, d
or d' is divisible by a prime p = 1[4], and thus p* | d;/x by the same
proposition. If d or d’ were divisible by an odd prime number ¢ # p,
we would have in the same way (2 | d, sk and thus

dr i > 2'p** > 2'5%3% > 2500,
hence a contradiction. Thus p is the only odd prime divisor of d and
d'. Tt follows easily that L = K(v/2, v/P). The upper bound on dy/k
immediately implies that p = 5. Hence L = K(v/2,v/5) and dp/x =
400 by Example 4.6.

Assume now that d is odd. Let p = 1[4] be a prime number dividing d
or d. We may assume without loss of generality that p | d and p 1 d'.
Since d’ is an odd positive integer, it has another odd prime divisor
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¢. Assume that d or d’ is divisible by a prime number ¢ # p, /. Since
q # ¢, one of them is necessarily > 5. Since p > 5, we get

drjx > p*q*0* > 5'3° > 2500,

which is a contradiction. Thus d and d’ are only divisible by p and ¢,
so L = K(/p,V¥) and dp;x = p**. Since £ > 3, the upper bound
on dr/x shows that p = 5 or 13. If p = 5, we get that £ = 3 or
7. The first possibility has to be discarded since 325? < 256. Hence
L = K(v/5,V/7) and dr/x = 1125. If p = 13, then necessarily ¢ = 3.
In this case, L = K(\/g, \/1_3) and dr g = 1521. O

Lemma 4.12. Let F/K be a quadratic extension such that complex
conjugation is a Q-automorphism of F' which commutes with Gal(F/K).
Assume that there is only one prime ideal of Op lying above 2. Let
v € F* x & Op satisfying |z|> =1 and let § € Ok such that 6x € O.
Then |6]? > 5.

Proof. Write Fy = FNR = Q(v/A), A > 0. Since = ¢ Op, ¢ is not a
unit of O, and thus |6]* # 1. Moreover, the equation |§|? = 3 has no
solution in O, so we need to prove that |§]* # 2, 4.

Assume to the contrary that |§|> = 2 or 4, and set y = dx € Op.
By assumption, we have |y|* = [0|*. This rewrites as Ny qyx)(y) =
Npjoa)(0) = 2 or 4. In particular, Nr/q(y) and Npg(d) are equal to
the same power of 2. Hence the prime ideals of O dividing 6Op and
yOr all lie above 2. The assumption then implies that 0Or and yOp
are powers of the same prime ideal, and since they have same absolute
norms, we get that yOp = dOp. It follows that there exists v € Of
such that y = dv, that is dz = dv. Thus x = v € Op, which is a
contradiction. U

We are finally ready to prove Theorem 4.3. Assume that there exists
an energy-preserving code on the division K-algebra (a,b,u, L/ K, 0,T)
with dr,xA¢ < 10000. By Proposition 4.11, we have, up to a change
of generators

L =K(\5,V10), K(vV5,V7), or K(V13,V39).

In each case, L = K(,/p, \/Z), where p is a prime number satisfying
p = 5[8], and A > 7. Notice for later use that there is only one
prime ideal lying above 2 in O ). Indeed, 2 is inert in Q(,/p)/Q by
assumption on p, and then totally ramifies in K(/p)/Q(y/P).

If p € G has order 2, we will denote by z, the element among a, b and
abu™ which belongs to L),

Let p, p' € G such that L = K(,/p) and L) = K(VA). Assume 2,
is a unit. Then 2z, € K by Lemma 4.9, and thus A is not a division
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K-algebra by Lemma 4.10. Hence z, is not a unit and by Lemma 4.12,
we get that Aép) > 5.

If A = 10, then 1 — 4 totally ramifies in L") /K, so 2 totally ramifies
in L) /Q, and the same reasoning shows that Aép ) >5 IfA=Tor

39, one may show as above that z, is not a unit, and then Aé’)l) > 2.
In all cases, we then get that

drjle > dpy AP ALY > 10000,

hence a contradiction. This concludes the proof.

Remark 4.13. Similar arguments show that the bound 10000 is also
optimal if K = Q(j).
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